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3P1c Quantum Field Theory: Example Sheet 3 Michaelmas 2019

Corrections and suggestions should be emailed to B.C.Allanach@damtp. cam. ac.uk. Starred ques-
tions may if you wish be handed in to your supervisor for feedback prior to the class.

1. The chiral representation of the Clifford algebra is

0 __ 0 ].2 i 0 O'i
Y= 12 0 ) Y= _O.z' 0 .

Show that these indeed satisfy {7*,7"} = 2n*”1. Find a unitary matrix U such that
(v')* = Un*UT, where (7')* form the Dirac representation of the Clifford algebra

ar=(g 5) =%

2. Show that if {v#, vV} = 2n*", then
(YY" APyT] = 2Pty = 2ty 4 20 Pt — 2P

Show further that S* = %1[7“, v = %(fy“fy” — n*). Use this to confirm that the
matrices S*” form a representation of the Lie algebra of the Lorentz group.

3. Using just the algebra {v#, ~*} = 2n*” (that is to say without resorting to any partic-
ular representation of the gamma matrices), and defining v° = i7°y'v*+3, p = p, "
and S = }1[7“, ~*], prove the following results (these are useful when calculating
cross-sections or decay widths involving spinor fields):

(a) Try* =0

(b) Tr(y"y") = 4n™
(c) Tr(y*9y*) =0
(

d) ()" =1

(e) Try® =0

(f) pg=2p-q—q P=p q+25puq
g) Tr(pg) =4p-q

(g)

(h) Tr(py... p,) =0if nis odd

1) Tr( Py Do Dy Da) = 4101 2)(P3 - pa) + (D1 - Pa) (P2 - P3) — (D1 - 3) (P2 - Pa)]
i) Tre(v° py y) = 0

)
)
(k) yu oy =-2p
)
)
)
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1) 7 751 152’7(1 = 4p1 - p2

(m Y ﬁl ﬁz 753’7“ = -2 ]63 ﬁQ 751

Tr(75 ﬁ1 ﬁz ﬁs ﬁ4) = 44 €0 P vy s g
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4% The plane-wave solutions to the Dirac equation are
s vp_o_gs ) s < vp_o_gs )
U = _ and v = _ ,
0= ( Vst D= Ve
where o = (1,) and ¢ = (1, —&) and &°, with s € {1,2}, is a basis of orthonormal
two-component spinors, satisfying (¢)7 - €% = 6. Show that
W) w(@) = 2ped™
@) @) = 2mo (1)
and similarly,
V@) 0(@) = 2ped™
o"(p)-vi(p) = —2md". (2)
Show also that the orthogonality condition between u and v is
u®(p) -v"(p) = 0,

while taking the inner product using T requires an extra minus sign
u'(p)' v (=p) = 0. (3)

5. Using the same notation as Question 4, show that

S w@u@ = p+m, (4)

2

S v @eE = p-m, (5)

s=1
where, rather than being contracted, the two spinors on the left-hand side are placed
back to back to form a 4x4 matrix.

6. The Fourier decomposition of the Dirac field operator ¢(x) and the hermitian conju-
gate field ¥7(Z) is given by

— d3 1 ss ip-T st,.s ip-T
@) = [ 5 mzb (PP + v (Pe 7]

hod d3 1 S 8 —ip-x S, ,S 1T
V@ - [ ﬁz[“ @' 4 @] ()
The creation and annihilation operators are taken to satisfy

{ bsT} — (27T)3(STS 5(3)(ﬁ_ (T),

{ ﬁa Z"T} = (27T)35TS 6(3) (ﬁ_ J) )

with all other anticommutators vanishing. Show that these imply that the field and
its conjugate field satisfy the anti-commutation relations

{$a(@), 05} = {LL@), 05} =0,
{0a(@), 05(0)} = 0apd® (T~ §).
Note: the calculation is very similar to that for the bosonic field, but at some point

you will need to make use of the identities Eqs. (4),(5).
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7 Using the results of Question 6, show that the quantum Hamiltonian
H= /d?’:v V(=i 0; + m)

can be written, after normal ordering, as

d3p
H= E;
| oy

Note: the calculation is very similar to that of the bosonic field. This time you will
need to make use of the identities in Eqs. (1), (2) and (3).

(o510 + el er]

2
=1

T

8. A fermionic Yukawa theory has the Lagrangian density
_ 1 1 _
L= 00 P = 1)+ 50"90,0 — 5m*6* — giuo.

Show that the differential cross-section in the centre of mass frame for nucleon-nucleon
scattering (1) — Y1) including the masses m and p is

do _ lgl* (u—4p®) | (E—4p?)® | 1(s —4u?)° — (u— 4% — (t — 4p°)°
dt  16ms(s —4p?) | (w—m?)?2 ~ (t—m?)? 2 (u—m?2)(t —m?2)

9. Consider the theory of a fermion v and a real scalar ¢ with Lagrangian density
_ 1 1 _
L= Ui = m)+ 50"00,0 — 126" = Xy 0,0,

Draw and write momentum-space Feynman rules for the interactions of the theory.
What is the mass dimension of \?
What is the spin averaged /summed cross-section for 1) — 1))?

What is the tree-level width for the decay ¢ — 1), assuming that p > 2m?
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