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0 Perturbation Methods (16 Lectures)

0.1 Introduction

24 lectures prised into 16.

e Any corrections and suggestions should be emailed to me at S.J.Cowley@maths.cam.ac.uk.

Closed book examination. Likely rubric:

Attempt no more than TWO questions.
There are THREE questions in total.
The questions carry equal weight.

Books

Hinch, Perturbation methods.

Van Dyke, Perturbation methods in fluid mechanics.

Kevorkian & Cole, Perturbation methods in applied mathematics.

Bender & Orszag, Advanced mathematical methods for scientists and engineers.

Philosophy

— Many physical processes are described by equations that cannot be solved analytically.

— One approach is to solve the equations numerically; however, often there exists a ‘small’ pa-
rameter, €, e.g.

* in low Mach number flows e = M = %, where u is the fluid velocity and c is the speed of

sound;

1
Re>

— We can use the smallness of € to simplify the equations, and then find analytic (or simpler
numerical) solutions.

x in fast flows e = where Re is the Reynolds number.

e Primarily interested in differential equations, but a number of the ideas can be illustrated for
algebraic equations and/or integrals. We will use algebraic equations to motivate some of the ideas.

e The only pre-requisites are (a) a course in ‘Sums’ (i.e. a competency to perform moderately messy
calculations), and (b) an ability to solve simple differential equations and evaluate simple integrals
(e.g. using integration by parts).
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Include Olver’s paradox as an example?
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1 Algebraic Equations

1.1 Regular Expansions and Iteration

Consider
2 4er—1=0. (1.1)

1
1 1 2
=——ex(14-%) .
x 2€<+4€>

If |e] < 2, then can expand in a convergent series:

Exact solution:

1 76+162 154—1—
2578 T 1
€T =
1 1
1o 12 4
57 8% Tt T

Since the series is convergent for |e| < 2, for small ¢ we can increase the accuracy by taking more terms.
We have

solved the equation and then approximated the solution

However, we cannot always solve the equation exactly, so can we

approximate and then solve the equation?

1.1.1 TIterative method (liked by Pure Mathematicians)

Based on
Tny1 = g(Tn) .
Suppose x,, = x* + 0, where 2* = g(x*). Then by Taylor Series
Snp1 =g’ (@) 6, + O (37) -
If we have a good guess, so that |0,| is small, this is convergent if
lg'(z") < 1.

Rearrange (1.1):
22 =1—cx.

For the root near x =1 try

Tpy1 = (1—530”)%
o = 1
1 1 1
T = (1—5)2:1—55—§52+~-
1\2 1 1 1
T2 = (1—5(1—5)2)2:1—§€+§€2+§53+"'

N

r3 = <1€(1€(16)é)2>

1 1, 4
1-getge +04+0 (%) + -

Hard work for the higher terms — also, how many terms are correct?
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1.1.2 Expansion method

For € = 0, the roots are x = £1. For the root near z =1 try
z(e) = 1+ exy +2x + g+ -
Substitute into equation (1.1):

1+ 2ex1 + 2e%wg + 223 + 26303 + 2832100 + - - -

+e  +eim + 329 +---
-1 =0
Equate powers of e:
v 1-1 =0
gl 201 +1 =0 , xlz—%
g2 2x2+x%+x1 =0 , 1:2:%
g3 2x3 +2x120 + 12 =0 , r3 =0

Easier than the iterative method for higher terms, but you need to guess the expansion correctly.

1.2 Singular Perturbations and Rescaling

Consider
ex’+r—-1=0. (1.2)
e=0 : one solution
e#£0 : two solutions

The limit process € — 0 is said to be singular.

—14 (1+4e)?
Exact solution: LE)
2e
Expansion for || <
. 1—e+2e2—5e3+...
Tl -l-14e—2e24--

The singular (i.e. extra) root — Foo as € — 0=+.

1.2.1 TIterative method
(a) For the non-singular root try
Tpyp =1 —ex? .

(b) For the singular root, we need to keep the ‘cx?’ term as a major player. The leading order approxi-
mation is
e +ax~0;

so try rearranging (1.2) to

1 n 1
Tyl = —— .
i € ey
Exercise. Confirm (1.3) by iteration.
Note that in (b)
1 1
n = n) s hy = - - -
vaii=g(e),  where  g(e)= -+
Hence
) 1 1 _
g@)=——7=, |¢(—=)|=e<l if 0<e<l.
ex €
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1.2.2 Expansion method

For one root try

r=xo+er; +2mp+ -, (1.4a)
and for the other try
T_
x:Tl—l—xo—i—sxl—i—--- (1.4b)
Substitute (1.4b) into (1.2):
22
%1 +2x_1x9+ € (x% + 2x_1x1) + .-
+5 4 g+ exy + -
— 1 =0
Equate powers
el 2 4wy = ; T = 0 , -1
e (2z_1+1)z0—1 =0 : Zo 1 ) -1
e z% +2x_1x1+x1 =0 ; T = -1 , 1
T T
(1.3a) (1.3b)
1.2.3 Rescaling before expansion
How do you decide on the expansion if you do not know the solution?
Seek rescaling[s] to convert the singular equation into a regular equation. Try
x= d(e)X
need to choose suitable § 4 N strictly order ‘unity’; say X = ord(1).
(1.2) becomes
e?X?+0X -1=0.
Consider the possibilities for different choices of § (|e| < 1):
0K 1: small + small — 1 = 0 %
0=1: small  + X — 1 = 0 regular root
1< S = smal 4+ X 4+ smal = 0 *

(since X = ord(1))
6= % % = X? + X +  small = 0 singular root
o> % I;ggs = X2 + small + small = 0 %

The distinguished choices are therefore:
=1 eX?4+X-1=0 ; X=14eX;+2Xo+...
§=1: X’4+X-e=0 ; X=-1+eX1+Xo+...
01/01
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1.3 Non Integral Powers
Inter alia, double roots can cause problems. Consider, with € > 0,

(1—e)z?—22+1=0. (1.5)
When ¢ = 0, there is a double root at x = 1. Try an expansion:

9::1+€x1+629:2+...

then
1 + 2exy + €2 (2z2+2%) +
- ¢ — % (2z1)
— 2 — 2m — 2% +
+ 1 =0
and equating powers of e:
0 1-241 =0
El 2.’,E1 —1- 21‘1 =0 *
We need ‘ex;’ to be larger.
From the exact solution: )
1+e2
xTr =
1—¢’

we see that we should have expanded in powers of 3
T = 1—|—£%x% +exq —i—E%x% + .-

1 + 26%1% + 2w + ex?
2

— €

- 2 - 26%1% — 2exq

+ 1 = 0

This time on equating powers of £ we see that
el 1—2+1 =0
€7 2:1:% - 2x% =0 no information
el: 2x1+x2l—1—2x1 =0 z%::tl
2

We must work to O(e) to obtain the solution to O(c2).

From the original equation
(x —1)* =ex?,

we see that, since the roots are near £ = 1 when ¢ < 1, a change in the ordinate by ord(e) changes the
position of the root by ord(e2).
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In general we must derive (guess) the expansion required, e.g. try

:c(g) = 1+51(€)$1+§2(5)$2+'”
1>6>60>---
xj = ord(1).
Substitute into (1.5):
1 + 2611 + 20029 + -+ + (5%33% + - 4+ 26102x129 +
— € — 2eb1x1 + -
- 2 - 2511‘1 — 262.’E2 +
+ 1 =0
The leading order terms are 8222 and —e.
Hence take 5 = 5%ﬁ

allow x; to absorb any multiple roots.

Exercise. Show that the choices §7 >> ¢, or §7 < ¢, lead to a .

Cancelling off these two terms, the leading-order terms become
26152$1$2 and — 26511‘1 .

Repeating the argument = 9 = ¢ (and z2 = 1).

1.4 Logarithms

Solve

One root is close to x = €, the other root is between

1

leng (ze™® =elnl >e¢)
and 1
x=2In- (ze™® =2e?Inl < ¢, for € small).
€

Note: doubling x reduces the e~ factor by an order of magnitude.

The expansion method is unclear, so try the iteration scheme. Consider a rearrangement that emphasises

the e~ % factor:
et =2
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so try

1
Tp41 = log - + log x,, .

Then
1
9o = log-—
€
1 1
1 = log—+loglog—
NN
Iy Lo
xy = Lij+log(Li+ L)

Ly L3 L3
= L[ 4+ L,+22_ 2, 72 4. ..
1+ 2+L1 2L%+3L‘;’+

Ly L2 L3
= L;+1 Li+Llo+——-——=S+—"+---
= 1+°g(1+ TPV
Ly —SL23+Ly, L3312
— L L e 2 3 2 .
1+ Lo+ I + 12 + i +

The iterative method can give more than one term per iteration.
Numerical disaster. Percentage errors for the truncated series:

g Ll L2 Lg/Ll 7L%/2L% LQ/L%

1071 36% 12% 2% 4% 0.03%

1073 24% 3% 0.02% 0.04% 0.04%

107° 19% 1% 0.04% 0.1% 0.001%

Do not separate terms
like —L2/2L% & Lo/L3.

A very small ¢ is needed before this is tolerably accurate.

Check convergence.

Tpn+1 = g(xn)
1
g(z) = log R + logx
1
/ — —
gl@) = -
1
/ x* ~ -
g (") log 1
Theed ¢ very small for |¢/| < 1.
01/19
01,20
(long)
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2 Asymptotic Approximations

2.1 Convergence and Asymptoticness

An expansion Y - fn(z) converges for a fixed z if, given € > 0, 3 N(z,¢) s.t.

> fal2)

¢

<e Vim>N .

Convergent series can be useful analytically, but hopeless in practice. For instance, consider

2 # 2
erf(z) = —/ et dt .
VT Jo
We know that

e = ()"
e :; n!

is analytic in the entire complex plane. Hence we have uniform convergence on any bounded part of the
plane = we can integrate term by term:

00 (—)7z2n+1
af(z) =2 ¥ G
l

also has oo radius of convergence

To obtain an accuracy of 10~° we need

8 terms up to z =1
16 terms up to z =2
31 terms up to z =3
75 terms up to z =5

However, intermediate terms can be large = problems due to round-off error on computers.

An alternative for large z is to proceed as follows. First rewrite the integral:

2 [ .
erf(z):l—ﬁ e" "t dt.
z

Then repeatedly integrate by parts:

/:Cet2dt - /:O <21t>d(ef2)

2
e * 1 2
= 5 */Z PR

2

1 1.3 1.35 \ e ?
= 1-— — R
( 27 " 2y <2z2>3> A

> 105 et > 105 2
= =2 =] ——d (7 —t )
B / 16 ¢ / 3240 “ ¢
105 [ >\ 10562
2 (e = 22
3229 /Z ( € ) 32 29
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The series in 27! is divergent (due to the odd factorial in the numerator), but the truncated series is
useful, e.g. 107 accuracy with 3 terms for z = 2.5
2 terms for z = 3.

“First term is essentially the answer, while subsequent terms are minor corrections.”

Problem: What if the leading term is not sufficiently accurate (e.g. in reality ¢ is not sufficiently small)?
Adding a few extra terms may help, but there is a limit to the number of useful extra terms if the series
diverges as N — oo at fixed €. It is not sensible to include extra terms once they stop decreasing in
magnitude. By suitable truncation, one can obtain exponential accuracy (see §3.1 and the first example
sheet).

2.2 Definitions

The expansion Z(J)V fn(g) is an asymptotic approzimation of f(e) ase — 0, if V. m < N,

>0 fale) = fle)
fm(€)

i.e. the remainder is less than the last included term.

— 0 ase — 0

If we can let N — oo (in principle) then we have an asymptotic expansion.

If f, = a,e™, then we have an asymptotic power series; however we frequently need more general expan-
. . . . -1 .
sions involving terms like €, (ln %) , etc. We write these as

Z anan(s) (21)

where the §,, form an asymptotic sequence:

On
6—“%0 ase — 0.

Note that sometimes we need to restrict to one sector of the complex € plane to keep the 4,, single valued.

Often € is real and positive. A useful set of asymptotic functions are then Hardy’s logarithm—exponential
functions obtained by a finite number of 4+, —, %, /, exp & log operations, with all intermediate quantities
real.

This class has the property that it can be ordered, i.e. either f(¢) = o(g(e)), or g(e) = o(f(e)) or
f(e) = ord (g(¢))-

2.3 Uniqueness and Manipulation

If f can be expanded asymptotically for a given asymptotic sequence, then the expansion is unique. For
if the expansion exists it has the form

fle) ~ Z andn(e) ,

then by construction

_ o fE)
% = ;l—];r(l) 50(5)
n—1
- S )
e—0 571
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However, a single function can have different asymptotic expansions for different sequences:

1, 2.
t ~ - il
an(e) €+3€ +15€ +

1 3
~ sine+ 5 (sine)® + 3 (sine)’ 4 - --

5
2 31 2
~ h/2 Il h/2
€ COoS \/;E—l— 270 <scos \/gz?) +

Part of the ‘art’ of obtaining an effective asymptotic solution is choosing the most appropriate asymptotic
sequence.

Worse: two functions can have the same asymptotic expansion:
> n
expe ~ Z — ase —0
n!

0
X _n

1
expa+exp(—€) ~ Ze— as e (0.

0

. 22 (1—si . .
Exercise. Does f = 22 + ¢~ 7 (1=sinz) have an asymptotic expansion as z — oo?

e Asymptotic expansions can be added, multiplied and divided to produce asymptotic expansions for
the sum, product and quotient (if necessary one may need to enlarge the asymptotic sequence).

e If appropriate, one can try to substitute an asymptotic expansion into another — but care is needed,

e.g. if
fe) =", ae)=_+e
then
1
f(z(e)) = exp Lz +2+ 62:|
1/2 2 s €
~ e er 14 e to o

but if we just work to leading order

1

z o~ =
€
ORI
Tmissing e?

The leading-order approximation in z is inadequate for the leading-order approximation in f(z).
e Integration w.r.t. € of asymptotic expansions is allowed term-by-term producing the correct result.

e Differentiation is not allowed in principle because O and o estimates do not survive differentiation.
For instance:

(a)

f = % =00) as T — 0o
d .
d—f = 2ixe“”2:(9(x) as ¢ — 0o
x
(b)
f = 1+e*1/12sin(el/“"2)~1+~~ asz — 0
df 2 1/22 2 .. 1/22
i —Ecos(e/x)—i—ﬁe /= sm(e/‘”)
[

No asymptotic expansion as x — 0.
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01/03

()

f=t>+tsint ~1?, f = (2+cost)t +sint £ 2t as t— oo.
However:

(i) If f'(z) exists and is integrable, and f(z) ~ ny:o anz™ as © — 0, then
fl~ Z napx"™ "t as z — 0.
n=1
(ii) If f(=) is analytic in 0 < argz < 62, 0 < |z| < R and

o0
f o~ Zanz” as z — 0 (0 < argz < 6)
n=0

then

o
o~ Z na,z" ! as z — 0 (01 < argz < 03).
n=1

(iii) There are lots more special cases. For instance, consider asymptotic expansions of solutions to
differential equations.

Suppose that y is the solution to
¥ +qy=0 (2.2)
where ¢ has an asymptotic expansion as x — 0.
Assume y has an asymptotic expansion as = — 0;
then from (2.2) y” has an asymptotic expansion (multiplication OK)

thus ¢’ has an asymptotic expansion (integration OK)
thus y has an asymptotic expansion (integration OK)

Hence if y has an asymptotic expansion, the equation ensures that its differentials have asymp-
totic expansions (the proof that y has an asymptotic expansion in the first place is often tricky).

2.4 Parametric Expansions

For functions of two (or more) variables, e.g. f(x,¢) (as might arise in solutions to pdes, etc.), we make
the obvious generalisation of (2.1) to allow the a, to be functions of x:

flz,e) ~ Z an ()0, (g) as e — 0. (2.3)

If the approximation is asymptotic as ¢ — 0 for each z, then it is called a Poincaré, or classical, asymptotic
approximation.

The above pointwise asymptoticness may not be uniform in z, e.g. it may require € < z (restrictive as
z — 0). Such problems sometimes need a further extension:

flx,e)~ 32, an(®,€)dn(e) (2.4)
e.g. an(w,e) = by (£).

Uniqueness extends to (2.3), but not to (2.4), etc.
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02/22

03/01
02/04
02/19
02/20

3 Integral Methods

3.1 Elementary Examples

Example 1. Rewrite an integral so that we can use a Taylor series. For instance:

Then

1—/OC —t' g
= e t as z—0.

I
—
e
~
B
|
O\H
(]
_n
1B
3
Q
~

I
—
—
ot
\
W~
=

|

Example 2. Use a Taylor series even when we cannot! For instance:

Then

Estimate the remainder using

Then
I
where
Rm (I )
and
| Ry ()]
Hence
I

t

N

as T — 00 .

S ¢ -1
L/‘ e—t<1+-> dt
o z
0o t t2 t3
/ 8_t<1—+2—3+>dt
o Tz x x
- w2t 3l Tdubious, since invalid for ¢t > z.
e Riw: S AREEE) B

TDivelrgent

t2
1—+f«”+<
x X

T

REICTS

1+%

x

m—1 n
1 e t
- g / (—> e tdt + R, (z) ,
X ne0 0 X

meft

o

1+ 1)

1 e m!
_— tmetdt =
‘xm+1| 0 xm+

1 1

2!

dt ,

x (1_z+332+"'+ (—TZ!)m +O((n;:+})!>)

Truncate the series when the remainder has the smallest bound, i.e. stop one before smallest term when
x ~ m. The error when we truncate is then (after using Stirling’s formula)

x!

(27T)1/267m

|Rm| ~ T+

~
1

21/2 ’

i.e. the error is exponentially small for large x (so the ‘dubious’ step wasn’t too bad).

Mathematical Tripos: Part IIl PM

11

(© S.J.Cowley@maths.cam.ac.uk, Michaelmas 2022



3.2 Integration by Parts

Integrals of the form [ f(t)g(t)dt can be integrated by parts and may so yield asymptotic expansions;
one automatically obtains the remainder.

Example 1. See §2.1 for erf(z).

Example 2. Consider the exponential integral

et e tdt
E1(:L’)E/ e—dt:e’I/ < .
T t 0 T+ t
Then integrating by parts

e—t o o e—t
e

x x  z? (—z)m
where
m—+1 o e_t
R,(z) = (=)™ (m—l—l)!/x P dt.
Hence ( e
m+ 1)le™
|[Rm(2)] < iz

and as in §3.1, the remainder is asymptotically smaller than the retained terms on truncation with m ~ z.
Example 3. The sine and cosine integrals.

ettt
t

—Ci(z) —isi(z) = —Ci(x)+i(g—31($>) = /
_ _g <1+;E+(Z‘£2E!)2+...+(Z.Zb)!m)+}%m($)7

where it
) > et dt

If we proceed to estimate the remainder as before

> dt m!
R < (m+1)! /x prr S R O(last term) ,

so this does not demonstrate asymptoticness. We seek an improved error estimate by integrating by parts:
le]™ < etdt
R, — {(mﬂ@} +i(m+2)! / etdt
. »

(it)m+2 Z't)m+3 ’

and then we can demonstrate that the remainder is asymptotically smaller than the retained terms:

Ro| < (m+1)!+(m+1)!20< 1 )

~ rm+2 rm+2 rm+2

3.3 Integrals with Algebraic Parameter Dependence

Example 1. Consider the integral

I(e):/lldx:2(\/1+5—\/§).
0 (z+e¢)

N|=

Mathematical Tripos: Part Il PM 12 © S.J.Cowley@maths.cam.ac.uk, Michaelmas 2022



02/03

The leading-order (¢ — 0) estimate is just

global contribution

from

all of integration range

In order to obtain an improved estimate one cannot expand

1+ e/x)_1/2 throughout the range as

(I+efe) ™ P=1—¢/20+...,

since for 0 < x < ¢ the expansion is not convergent.! Further, we note that when z = ord(e), the
integrand is ord (5’1/2) = contribution to the integral for this range of x will be ord (5’1/2 -5), ie.

ord (e'/2).

To account for this correction, one could subtract the leading-order estimate exactly; then

I:2+/O1 [(xjg)—

1
1:| dxr

xrz

z = ord(e), integrand = ord (¢71/2),
x = ord(1), integrand = ord (¢) ,

contribution to | = ord (61/2)
contribution to [ = ord (g)

The major contribution is from near x = 0 so, as in §0, try the scaling x = £ (£ = ord(1)); then

1

1roo
€
243 /
0

~ 292t

Further corrections can be obtained by now subtracting out
and difficult! There must be a better way.

Alternative 1: Solve a differential equation. Let
1

—11] e

(L+o* &

this contribution, but this method is tedious

J(z) = / T

Then we need to find J(1). This can be done by solving the differential equation

dj 1

dv (x+e)2

subject to the initial condition J(0) = 0. We will discover how to do this in §5.

Alternative 2: Divide & Conquer. In this method we

split the range of integration. Split [0,1] at

x = § where ¢ < § < 1, and then use Taylor series when we can use Taylor series:

/‘5 dx /1 dx
I = T+ 1
o (z+e)2 Js (v+¢)2

Nl

= £

—  9e3

5/8 1 1 2
/ d£1+/1(1—8+362+...>dx
o (14¢)z s T2 2x 8z

((i—l—l)é—1)+(2—265)+(6—(;>+(’)<§;€2>

1 e 1 1 e 52 2
= 2(52+1—282+2_2(52+8_1+O<3,€>
02 02 52

2

€ 2
3, & .
52

1 And in this case there is no exponentially small multiplier.

= 2—255+a+0<
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Remarks.

e Since ¢ is arbitrary, all terms containing a § must cancel.
e The error term is definitely small if £3 < § < 1.

e To organise the algebra it is sometimes helpful to tie § to ¢, e.g.

e

0 =Kes |

and then the answer must be independent of K.

Example 2. Suppose that we wish to estimate the integral

s .9
I(ng):/2 Smg 5 do 0<m< oo,
0o (1—m?2cos?6)” sin” 0 + c2

for 0 < e < 1. It turns out that there are three cases to consider: 0 < m < 1; |m — 1| < 1; m > 1.
(a) 0O<m<1

0 ‘ integrand ‘ contribution to [
ord(1) ord(1) ord(1)
ord(e) ord(1) ord(e)

T (1 —m? cos? 0)2 sin? 6 ~ &2

We will find the solution correct to O (52); to this end let 0 < ¢ < § < 1. Then

)

;o 6/2 sin?(eu) du—|—/w sin? 0 20
0 (1 —m2cos?(eu))?sin®(cu) + €2 5 (1 —m2cos?0)”sin’ 0 + 2
g 2d 3 1
= 5/ - +/2 5 d0 + O (%)
0o (1—-m2)"u?2+1 s (1 —m?2cos?0)
5
1—m?)u—tan! ((1 —m?)u) |° 2 — m? o do
= |t ()| Lot o)
(1—m?) o A1-m?z  Jo (1-—m?cos?0)

via a tanf =t = (1 — m?2)2 tan ) substitution

- N S (2_m2)1 0 - +O<52,62,52>

(1-m?)2  2(1-m2)3  41-m2)z (1-m?) )
since arctan (%) ~5—A
(2 —m?)r em
I = - — - 3.1
4(1 - mg)% 2(1 _ m2)3 + ( )
global local
Note that this is a non-uniform
approximation as m — 1. There
is a loss of ordering of the series
solution when
04/01 L
03/22 (1-m2): (1- m2)3

i.e. when

1
(1-m?) ~ei and I~ -.
€
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03/19

03/20

(b) This suggests that when [m — 1| < 1, we should introduce a scaled parameter: viz.

m=1-ge5\. (3.2a)

First let us examine the local contribution from near § = 0 (since on the basis of the estimates above it
will be leading order). Put 6 = ¢u, then

(1 — m? cos? 9)2 sin? 6 4+ &2 = (EMUQ + 25%)\)2525u2 +e24 ...
All leading order terms balance if § = %, ie.
0 =csu. (3.2b)
This is referred to as a distinguished scaling.

As a first guess, let us assume that this is the scaling in 6 to consider. Then

0 = ord(e3); integrand = ord <€%/52>; contribution to [ = ord (1/e)
6 =ord(1) ; integrand = ord (1) ;  contribution to [ = ord (1)

The ‘local’ contribution dominates. Hence introduce £3 < § < 1, and split the integral:

5 5
I = /...d0+/ ..df
0 5

_1
1 [%¢° u? du 1
~ [ oo ~ O
€ Jo (u2+2\)"u2+1 ¢

o u?du
fo) = /0 (W2 +2)0)%u2 +1

where

Hence for a given A (or equivalently m), we have a leading order asymptotic estimate. However, we should
check that as A — oo, we obtain the same estimate as in (a). In particular, when A > 1

u=ord(1) , integrand = ord (1/A?), contribution to [ = ord (1/A?)
u = ord(\z), integrand = ord (1/XA?), contribution to [ = ord (1/)\%)

This suggests that the largest contribution will come from where v = A2y = ord(1). Hence estimate f
in this range:

1 [ dv T
f) i = ,
( A2 Jo 2402 4020)f
and - -
I ~ 3 ™ 3 (33)
4de (20)2 4(1—m?)2

I

agrees with (3.1) for m ~ 1

We might also be interested in the other limit, i.e. A\ — —o0. This estimate is a little more tricky, since
(u? 4+ 2X) can now have a zero (when |[A| > 1, this term normally dominates the denominator). First we
test for a significant contribution from near this zero by introducing a scaled coordinate, say w:

u = (72)\)% +(=N)w .

Then

2 1 2
T+u? (2 +20)° ~ 14 (=2)) (2 (—20)% (=A\)w + . )

~ TN (NP w? 4.
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03/04

There is a distinguished scaling (that ensures the scaled integral is convergent) for the choice v = —1; in
that case the contribution to the integral from near the zero can be estimated as follows:

u= (—2)\)% +ord (1/|)\]); integrand = ord (JA| /1) ; contribution to / =ord(1) .

This is a much larger contribution than we found in (3.3) for A > 1.
In order to estimate the contribution set

u = (=2X) v

ey (3.4)

(B

then

fO) = /°° (=2X+...) dw

i
—21/2(_)3/2% _ oo (—)\) [1 + 16w2.. ] - 2

Hence as A — —oo, the value of the integral tends to a large constant, viz.

™
I~ 3.5
5 (3.5)

(c) Finally consider the case when m > 1.

The limit A — —oo (i.e. 0 < (m — 1) < 1) suggests that the main contribution will be local, and will
come from the region close to the point where

m2cos’0=1.

0,, = cos™! (;) (0 <On< g) .

In order to deduce the coordinate scaling that is appropriate close to 6,,, we note from (3.2a) and (3.4)
that the ‘inner’ scaling for 0 < m — 1 <« 1 can be written in the form

Define

Su=c5 (=2 + Y ) = (2(m — 1)) fwo 2ew
0 =c3u= (( 2)) —l—(/\)) (2( 1)) +(m71) Om + 62

This suggests that for (m — 1) = O(1) we might guess the scaling
0 = em + et )

in which case

(1 — m? cos? 9)2 sin?f +¢e? ~ 4e?mZsin 0,62 + ... 4 £2

and )
s /g(zem)%+oo esin® (O, + ct) di
—16,,~—o0 g2 (4m2t2 sin* 6, + 1) + ...
1 =
~ T 5 3.6
e 2m (3.6)

We note that (3.6) agrees with (3.5) in the limit m — 1.

3.4 Logarithms

As an illustrative example, consider integrals of the form

" ord (e7%) 1z = ord(e)
/ fz,e)dx with f(z,e) =< ¢ ekrkl
0 ord(1) x = ord(1).

e.g.
1 1

= (x+e)*l+a
There are three possibilities for the leading-order contribution depending on the value of a:
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(i) a<1. Dominant contribution from x = ord(1), e.g. with o = 3:

e el v

(ii)) a>1. Dominant contribution from z = ord(e), e.g. with a = 3:
o dx e d¢
/ T N3N / 1.1 3 (x = 55) :
o (rt+e)E(lt+z) Jo e2(l+¢)>
(iii) a = 1. Dominant contribution not from x = ord(e) or z = ord(1) but from the interme-

diate region between. Easiest to see by using divide and conquer, and splitting
the integration region, e.g. with ¢ < 6 < 1:

| eronrs - L woeestf eronee
{log(1+§)fe[f—log(1+§)]+...}o

+ {log (Iil) + 2 —elog (T) +
~ (1+¢)(logé—loge) + = +...

1)
elogd + ...

LYE

J?

€
5
1
(1+¢) log(s)-l-... .
T

‘fortunate’ ord(1) cancellation

—logd —

i

3.5 Integrals with Exponential Power Dependence

General case: limit as A — oo of integrals of type

b
I\ = / AEN f(2:\) dz

hs i T
paths in C ‘weak’ algebraic

dependence on A

Initially assume a, b, A, ¢, f, and the path of the integral are real. Then we estimate the integral by
assuming that the major contribution comes from close to the point where ¢ is largest (and the integrand
is exponentially largest).

There are different cases to consider depending on whether the maximum of ¢ is at an end point (Watson’s
Lemma), or in the interior of the integration range (Laplace’s Method).

3.5.1 Watson’s Lemma

In this section we assume the maximum is at an end point, say wlog z = a. We also assume that ¢ is
monotonic decreasing function of z (so ¢’ < 0). Write

xde¢&M)7<ﬂxMégi%mw”, ¢=g(a; ) — o(b:\) > 0.,

then

I(\) = /Oce“F(x;A) da .

Assume that F' is analytic in some sector S of the complex plane, and that as x — 0,

N
F(x;\) ~ Z apx™* —1l<ap<og <.... (3.7a)
k=0
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Also assume that ¢ is in S, that F' is bounded in S, and that, for simplicity, F(z; A) = F(x); the changes
when this is not the case are straightforward, but somewhat messy, since the a; are now functions of A
and themselves need to be expanded in A when A > 1. Then

c
_)\ Oélc + 1
/0 “F(z)dx ~ Z Uit (3.7b)

Unlectured Proof. For a given € > 0, 3 §(¢) s.t

N

-3
k=0

Split the range of the integral at A™! < §(¢) < 1; then

é c
I:/ e M F(z) dx+/ e MF(x)de =1, + 1.
0 5

First note that I is exponentially small as A — oo:
Y

< ez YV x in S with |z| < 0. (3.8)

A zes
Further, consider the difference between I; and the asymptotlc series (3.7b), then from (3.8)

/0 *MF()dx— ak</ dx—i—/ da:)a: Az

ke AT g

I = / e_MF(a:) dx < Fraz ¢ where Fp,q, = max|F(z)].
5

N
I — Z ak/\’ak’lf(ozk + 1) =
k=0

e_’\”” |z|*N dx —|—

ak

OKN“‘l (A—1)8
<e ‘ PCTES ’—I—‘ 1)’ Z|akx e d
Hence as A — oo,

€
error = O (|)\04N+1|’ exp) .

This proves the result since £ can be arbitrarily small (and A arbitrarily large).

This proof can be extended to the cases when

o |F(x)| < Ke™ for K,m > 0;
03/03 e ) is complex (by deforming the integration contour so that x\ is real).
04/19

How to obtain a practical answer
04/22

The introduction of the coordinate x is not always simple. If all that is required is a few leading-order
terms, then it is possible to proceed as follows (for ¢’(a) < 0). Assume, for simplicity, f(z;A) = f(z) and
@d(z; A) = ¢(z), where the more general case generally leads to more Taylor expansions. Then, for A > 1,
expand close to z = a:

b
I = /ew(z)f(z)dz

AP (b-a) t £\ dt t
/0 f(a—l—)\ﬁ)exp()\qﬁ(a—i—)\ﬁ)))\ﬁ, Wherez—a—l—)\ for some 8 > 0

M (b—a) + " 2 di

= t/‘ [faw4—Aﬂf%a)+n..]exp<A¢«0+—Aﬁ_1¢%a)+-2xx_l¢”@n+—”.> o
)\(b a)~oo

= fla Jr;f/ +...]e>‘¢(“)et¢,(“) [1+;i\¢”(a)+..l%\t, choosing 8 =1
W) DL L( L0 S o (L]
w5 (e~ o) o ()] rer
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Summary. This approach works since the major asymptotic contribution comes from near the maximum
of ¢, courtesy of the strong exponential decay of the integrand; the choice of 8 is made to pick out this
04/20 contribution.

3.5.2 Intermediate maximum (Laplace’s method)

Again consider

b
I:/ @) f(2) da

where the generalisation to ¢ = ¢(z;\) and
f = f(z;A), for algebraic A dependence, is
more messy than conceptual. Suppose that

Gﬁw§§%¢::¢@%

(b)ya<c<b, ¢(c)=0, ¢"(c)<0;

Similar to above, assume that the major con-
tribution to the integral comes from when the
integrand is close to maximal, and introduce a
scaled co-ordinate of the form

:EZCJFF'

Then expanding A\¢ close to the maximum at x = ¢ we obtain

AG(x) ~ Ad(e) + (x — A (€) + S — ¢)2Ad" () + A(w — A" (0) + ...
~ AB(C) + LEAIT286 (¢) + LANIT3BG () + ..

The choice 8 = % ensures that the decay of the exponential occurs over an ord(1) scaled distance t.

It follows that

06,/01
Example:

1 [-onz t t
= — c+—|exp || c+ — dt
Az x/(a—c))\% f( >\2> p( d)( AQ))

1 )\%(bfc)

t 12

s (ﬂ@+1f@+~>®mQW@+W@+
A2 A2 (a—c) A2 2

~ L[ Ab(e) 326" (0) -3

by /_OO f(e)e € (1+(’)()\ )) dt + exp

2r \* o) o(e)
() f .o

e +> dt
62

Q

Stirling’s Formula. Consider

—x

o0 o0
o) = / e PNl dy = / £ eMosT gy as A — oo
0 0 €

671

Then f(z)= ot o(x) =logx

max ¢(z) =00 for 0 <z < oo.

The method seems invalid! Instead, use the ‘generalisation’

r(\) = / —exp(—z + Alogz) dz
0o T ~—_———

1
(
¢(x) =logax —x/A
d()=1/x—1/A, ¢ =0atx=A.
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Let x = As.

> d
Ty = / % exp(=As + Mog A + Alogs)
0
= )\)‘/ — exp(—A (s —logs))
0 S
fls)=1 , ¢(s)=logs—s
(Z)/:%—l y Czl
y="k | o=~
T 2V e
04/16 3 e

3.5.3 Stationary phase

Let ¢(z) = ip(x), with ¢(z) real. Consider

b
I(x) :/ f(2)e™M@ dg

Generalised Fourier Integral

Riemann-Lebesgue Lemma. If f; |f(z)| dz exists, then

b
/ f(x)e? dx — 0 as A—o00.

Generalised Riemann-Lebesgue Lemma. If

(a) |f(x)] is integrable;
(b) ¢ (x) is continuously differentiable (¢'(z) = 0 is OK at isolated points);
(c) ¥(x) is not constant on any sub-interval,

then
I(z) =0 as A— o0,

" # 0 on [a,b]. In this case integrate by parts (note problems if ¢’ = 0):

b b I
I(QL‘) _ |:i>-\fw/ei)\¢:| _/ (Z)\J;/> ei)ﬂ/’dx

i f(a)iww)_f(b)uw(b)] i b<f>/ i
A{w%a)e EION *A/a w) e

J

J satisfies the conditions for the generalised Riemann-Lebesgue Lemma if f(x)/¢’(z) is smooth;

hence to leading order
i S@) gy S mp(b)}
T~ 5 {w«a)e EIOME

04/04 Remark. If we can continue to integrate by parts, we can obtain higher-order terms.

' =0 on [a,b]. Assume a unique zero at x = ¢

() =0,  ¢"(c) #£0.

Since cancellation is much reduced near
x = ¢, try a local scaling

e Y
m—c—i—/\ﬁ.
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05/22

1” Tl ! M"M,'ﬂ M
< Ml I AU < U | [
= \‘\ Wi = H\ Iy
E I \HH z ‘H\ H ‘
ey |y

. u““ . ‘W \ LUy \U

86 -4-20 2 4 6 8 8 -6-4-20 2 4 6 8
B B

I(z) = /((bC)/\B f (c—i— )\ﬂ> exp (i)ﬂﬁ (c—l— )TB)) %

a—c)\P
(b—e) Mmoo . PN 2N1—28 | iy, 3138

_ Y v+ 59" ()P N2 4 Gy ()P AT L] dy

_:K m[f@)+Aﬁfug+ ”}e[ 2 o ]Aﬁ

a—c)\P~—

again choose 3 = % for the distinguished limit

_ %eiw(c) /_o; exp (i¢"(2c)y2> " (1 vo ()\_%))

substitute y = <¢”2(C)|) ’ t, s=sgn[y"(c)]

~ 2 % iAY(c) > ist?
()\1/1”(0)|) f(e)e /_Ooe dt

L "
~ ()

1 .
72¢"™/* by contour deformation
T leading order; next order approximation can come from end points, etc.

Nl=

F(e)exp (iAv(e) +isen [w"(0) 7 ) -

One can tighten up the ‘proof’ by changing variables at the start:

() = P(c) + 39" ()Y

3.5.4 Steepest descents

This is a method for estimating integrals (for large |A|) of the form

I :/ f(2)er®) dz
c

where C' is an integration path in the complex z-plane, f and ¢ are analytic functions of z. In principle
A may be complex, but wlog ¢ can then be redefined so that we can take A to be real. There is a

straightforward extension to f(z) = f(z;A) and ¢(z) = ¢(z; N).

(a) The idea is to deform the contour and then use Watson’s Lemma or Laplace’s Method.

First some notation. Let ¢ = u + iv.
Then (i) uy = vy, uy = —v, Cauchy Riemann

(i) V2u=0= V.
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Figure 3.1: Plot of the tomography of the surface u = Re ¢(z; A) near the saddle point zo for a typical
function ¢(z; A). The heavy solid curves follow the centres of the ridges and valleys from the saddle point (i.e.
lines of constant v), and the dashed curves follow level contours, u = u(zo,yo) = constant. The curve AA’
is the path of steepest descent. Source: Mathematical Methods of Physics, by Jon Mathews and Robert L.
Walker.

(b) From stationary phase we have seen that rapid oscillations can cause cancellation. This makes esti-
mation of the integral difficult and in particular means that the dominant contribution to I may
not come from the part of C' where Re (Ad(z; X)) = Au is largest. We eliminate such oscillations by
choosing an integration path with

Im (¢) = v = constant .
The Cauchy-Riemann equations imply that

Vu-Vv=0. (3.9)

Thus the v = constant contours are || to Vu. It follows that the v = constant contours are paths of
steepest ascent/descent of u. [Note that we need the steepest descent path to obtain ‘all’ terms of
04/03 the series.]

05,20
(¢) The major contribution to the integral I then comes from close to the ‘highest’ point (w.r.t. u) on the

integration path.? If the ‘highest’ point is at the end of the integration path, then Watson’s Lemma,
is most likely to be appropriate (but see below for a case when Laplace’s method is needed), while
if the ‘highest’ point is in the middle of the integration path then Laplace’s Method is likely to be
needed.

(d) A constraint on interior mazima. For the case of an interior ‘highest’ point on the integration path,
i.e. a maximum, we will have at the maximum

s.Vu=0,

where § is a unit vector in the direction of the integration path. Further, since the integration path
is a line of constant v, it is perpendicular to Vv, i.e.

S.Vu=0.
It follows from (3.9), and the fact the integration path is two-dimensional, that at a turning point

[Vu|=0.

2 Those of you who already know about the method of steepest descents need to remember this — do not just go for the
turning points!
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Hence we conclude from the Cauchy-Riemann equations, that a maximum on an integration path
that is a steepest descent contour can only occur at points where

¢'(z)=0.

Further, since V2u = 0, from the maximum modulus principle, these points can only be saddles in
the surface u(z,y), i.e.

A = UggUyy — (umy)2 = f(um)2 - (uw)2 <0.

Example. Find an asymptotic expansion for

1
- 2
I:/ew‘z dz as A — 0.
0

The leading-order approximation can be obtained by a stationary phase calculation near z = 0. To obtain
a full expansion try to use steepest descent contours. From above

uw=—2zy, v=zx>—y>.
Hence
steepest contours through z=0: v =0, r = ty, u = F2y>
S.D. contour through z=0: T =y, u = —2y?
z=(1+1)y, iz? = —2y?
steepest contours through v=1, T =+1+192, u = F2y\/1+ y>

S.D. contour through

z=1:
z=1: x=+/1+y2
z=/1+y2 +1iy,

u=—2yy/1+y?
i22 =i —2y\/1+ 42

The contribution from Cy vanishes as ymax — 00; thus

I / e dz + / e dz
Cl CS
o0 ; 0 iA,—As d
C vy [Ty [T
0 2 Jo (1 + 18)5
substitute iz2 =i — s
TNE ix  de [ >\ (—is)"T (n+ 1)
- (47> € - j/ dse™™ Y e
1 0 . +1 1
SN CALE LSS (—’)” F(n+3)
1
4\ 2 o A Tr (5)
Mathematical Tripos: Part Il PM 23 © S.J.Cowley@maths.cam.ac.uk, Michaelmas 2022



06,17

Changing Steepest Descent Contours

It is often necessary to change from one
steepest descent contour comprising part
of the integration path to another steep-
est descent contour. As the above example
illustrates, two such steepest descent con-
tours should be joined in regions of the
complex plane where the real part of the
exponent, i.e. u, is asymptotically smaller
than its maximum value.

The Local Contribution from a Saddle

We have adopted the approach that you choose steepest descent contours, and then look for maxima of u.
If there are maxima in the interior of the path, then we have seen that they occur at a saddle points of

u(z,y).

An alternative view is that you deform the integration path so that w is as small as possible. If there is
an interior maximum of v on the path, then it will occur at a saddle.

Either way we need to evaluate the contribution to the path in the neighbourhood of a saddle, which
wlog we take to be at z = z;. Close to this point

Ap(2) ~ AB(z5) + Mz = 25)¢ (25) + 5A(2 = 25)°0" (25) + GA(2 = 25)°¢" (25) + ..

As in Laplace’s method introduce a rescaling such that A(z — z,)? = ord(1):

+w
Z=Zs 1
Az

where we have assumed A > 0. Then
M6(2) ~ A(z) + 30 (2 )w? + 0 (A7)

17 dw
2)er ) 4z :/ 24 (250" (z)w? (1 +0 (N2 aw
L1 [ 1) (1vo(x¥)) 5

1
_or 3
Ap(zs : _ 1
~ f(Zs)e (22) (M) —+ ... by usmg 1 = (7§¢)N(25)) w,
where we have evaluated the integral using Laplace’s method on the steepest descent path (by a suitable
rotation of the contour C), and the choice of sign of the square root depends both on the rotation and
the direction of traversed along the contour. That there is a dominant local contribution from close to
the saddle is ‘confirmed’ by the fact that the integral is convergent as |w| — oco.

ol

Note also that while it is not strictly necessary to choose the steepest descent path at the final stage (we
just need a path that goes downhill), the steepest descent path is necessary to obtain ‘all’ terms of the
series.

3.5.5 The Airy function and Stokes phenomenon

The Airy function is defined as

1 1
Ai(N) = %/Ce*zﬁz* dz, (3.10)
where C starts from oo with arg(z) = —27/3 and ends at oo with arg(z) = +27/3. Define, consistent

with our earlier notation,

)\(;5:(1):)\2—%23.
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Thus there are saddles at

243
Zs = :I:)\%, and e®() ei§>‘2 .

First consider A — 4o00. Then we see from the contours of Re(Az — %z?’) for arg A = 0 in figures 3.2

and 3.3, that it is only necessary to pass over the [lower] left-hand saddle in order to traverse the ridge
separating the end points of integration.

arg(A\)=0

Im(z)/|A|?

Im(z)/|A|?

Re(2)/]\Y?

Re(2)/]\Y?

arg(A)=21v3

arg(A\)=m

—

Im@)/AM2
Im@)/AM2

2
Re(@)/\? Re()/|\Y?

Figure 3.2: Contours of Re(3\z — 2°) (solid and dotted, where solid/dotted is higher/lower than the oper-
ational saddle), and Im(3\z — 2%) (dashed).

Seek a local contribution from near the saddle. Write:

2 o= A 4+iNuw
1
Az —32% = —%/\% — A2 4 Ia3Byd
To apply Laplace’s method choose 8 = *iv then
1 3 > 3 6
Ai(\) = T /67%)\267w2 <1—|—w; —ws—|—...> dw
2nA1 Jo A1 18A%
,ZA%
e s )
~ 1-— +... . 3.11a
2z \T < 48)\3 > ( )
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z3 )
®(z) = Az -y A=|1]e?

A 6 =0 B 6 = 0.042
Contours: v = Im(CID(Z)) = cst.
2
v = Im(P(z4))
others 1
= e Steepest d t path 0
Saddle points: & z-=-1 1
0 z, = +AY
2
_ H e
u=Re(®@) g 0 10
c 9 =0625m

Figure 3.3: Contours of Re(3\z — 2%) in colour

By brute force higher order terms can be obtained:

-3 = T(r+ Y0+ 2 .
05/04 AN ~ S 3V, where Y, = (r +TG) 48 £=—4r8, (3.11b)
06/19 2mz N1 = 2T (r 4+ 1)
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Consider next complex values of A, and in particular for what values of arg(\) result (3.11a) remains valid.
From above we have that the positions of the saddles, z,, rotate anti-clockwise. Further, the saddles swap
dominance at

2
arg(\) = g + 3T -

However, to go from the valley at coe to the valley at coe it is only necessary to go over the
left-hand saddle up to arg A = 7. Hence we deduce that (3.11a) remains valid for arg A < .

—27i/3 2mi/3

For arg A = m we need to go over both saddles. Hence

(M)

—2)
e 3
Ai ~ — +c.c.
2mz \1
1 2 3w
~ ————sin| = (=\)2 4+ — 3.11
(—Aiwésm(i’)( )+4)’ (3-41e)

where c.c. stands for complex conjugate. For m < arg A < 57/3 we need to go through the other saddle,
but (3.11c) is still an asymptotic approximation; in fact (3.11c) is correct for |arg A — 7| < 27/3.

This is an example of Stokes phenomenon, since (3.11a) and (3.11¢) are distinct expressions (note that
(3.11c) certainly is not valid for arg A = 0).

3.6 Stokes Phenomena in the Complex Plane

Suppose that f(z) is analytic, with say an isolated singularity at z = zo, where, say, zg = 0. If 2% f(2) is
regular for some a, then z®f(z) has a power series that converges. This suggests that if an asymptotic
power series is divergent, then the divergence must be associated with, say, an essential singularity, in
which case the asymptotic series could only be valid in a sector of angle < 2x. This suggests that a single
function may possess several asymptotic expansions, each restricted to a different sector; this is referred
to as the Stokes phenomenon, as illustrated by the Airy function.

As a further example consider

2 /Z 2 2 /°° 2
erfz = — el dt=1— — e " dt
ﬁ 0 ﬁ z

—z2

e
NG

One can extend this approximation into the complex plane as long as the contour for

2 [® .
— dt
ﬁ/z ‘

. . — 2
is kept in the sector where e™* — 0 as z — co. Hence

~1-— as z — 00, z real .

_22

N

erfz~1—

as z — 0o, |arg z| < m/4. (3.12a)

But erf is an odd function, so

_Z2

e

NL

For /4 < arg z < 37/4 we can integrate the defintion of the error function, i.e. erf z = % foz et dt, by

erfz ~ —1—

as z — 00, 3n/4 < |arg z| < 5w/4. (3.12b)

parts to show that
2
—Zz

erf z ~ — & as z — 00, /4 < |arg z| < 3w /4. (3.12¢)

N

We now have three different asymptotic expansions for erf z. This is because, while erf is analytic every-
where in the finite complex plane, there is a non-analytic essential singularity at co.
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3.6.1 Terminology

e The line where a term that is sub-dominant (i.e. much smaller) in one sector becomes comparable
with a term that is dominant in that sector, is called an anti-Stokes line by some (e.g. Stokes,
physicists and some mathematicians), and a Stokes lines by others (e.g. Bender & Orszag). For the
error function the anti-Stokes lines are at

argz = (2n+ 1)7/4 .
e The lines where the leading behaviours of the two terms are most unequal are called Stokes lines

by some (e.g. Stokes, physicists and some mathematicians), and a anti-Stokes lines by others (e.g.
Bender & Orszag). In the case above the Stokes lines are at

argz = nmw/2 .

Stokes lines are important since the coefficient of the sub-dominant term can jump at them.

3.7 What Happens At Stokes Lines?

If we concentrate on the steepest descent paths, then in the case of the Airy function there is a change in
topology of the integration path when arg A = 27/3. The aim of this section is both to demonstrate that
the sub-dominant exponentially small term is ‘turned on’ here, and to understand the ‘turn on’ process.

3.7.1 The Airy function

Lemma. We first need a lemma. Consider the integral I(o,n) defined for real integer n and Re(c) > 0 by

umnyzlwtmﬂwmgu_ﬂ)m, (3.13)

1-1¢

where the contour of integration is chosen, based on the hindsight that we are doing a ‘turn-on’
problem, to pass just above the pole at t = 1.

First we note that, by expanding (1 —¢)~! as a binomial, (3.13) can be formally expressed as a
[divergent] series (see (4.4) below for ‘justification’ of this):

I = / dtt"_lexp(a(l—t))z:tp
0 p=0

o o]
= e Z J*"*p/ dss"tP=le=s
p=0 0
oo
I'(r)
= 7y o (3.14)
r—n
Next, we seek an asymptotic expansion of I in the limit as n — oo, for the [inspired] choice
an—i—iun%—&—1/—1—...7 (3.15)

where p = O(1) and v = O(1).

One way possible way forward is to note that the exponent in (3.13), ¢ = o(1 —¢t) + (n — 1) logt,
is stationary at

-1 -1 )
L U USSR (3.16)
a n—+wunz +v n2
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and then to proceed using steepest descents. Alternatively, we note that

g
Jdo

Hence from using Stirling’s formula

oI
o

~

= /00 t"Lexp(o(l —t))dt
0

e? [
= — u" e du
" Jo
60'
= — T
O-n
o1 L
1 etettmte  (2m)EZnlte™™
m= . 1 1
(n+ipnz +v)" ns

z'(27r)% exp (—1p?) .

We now wish to integrate this expression; for this we need
a boundary condition. As noted in (3.16), the exponent in
(3.13) has a stationary point at,
R

nz2
Hence as u© — —oo the stationary point moves further and
further above the pole at ¢t = 1, whereas as u passes through 0
a contribution will be picked up from the pole. We can
show, say using a steepest descents estimate, that I — 0
as 1 — —oo (ezercise: do this); it follows that

o

I(o,n) ~ i(27r)%/ exp (—1t%) dt

—00

~ T (1 n erf(u/\/i)> . (3.17)

O

With this lemma in our armoury, consider the full asymptotic series for the Airy function (see (3.10)),

= omi

Ai()) L/e“_%z3 dz,
c

when |A| > 1 and |arg(A)| < 7. Recall from (3.11b) that this is given by

where

L(r+H0(r+2)

}/;,:

2rgT(r + 1)

and &= —%)\% .

We aim to estimate this when the asymptotic expansion is optimal. We note that Y,. is a minimum when

(r+1)&~(r+3)(r+2) ie when r~¢.

Let

and write

Ai(\) =

Mathematical Tripos: Part Il PM
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1
2)\i7T% C€Xp (55) ;Y; +Rn7
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where
1

n = I 1
2 172

exp (%f) Z Y, .

Next we need an estimate for R,,. Using Stirling’s formula we can show that

I'(r)
2mer

Y, — as 1 — 00.

Hence from the lemma, in particular (3.14), we deduce that

1 )
R, ~ ———e 35(&,n). 3.19
i Ee (& n) (3.19)

Finally, we consider values of £ which have small argument. Specifically, write

1
arg(§) = ;
€2 ]
so that )
i |
¢ =lelexs (1) ~ Ie-+inlg +0(1). (320)
Thence from (3.15), (3.17), (3.18) and (3.19) it follows
that®
iexp(—3)
Ry~ —— 257 (] 4 orf 2)) . 3.21
ot (1 et/va) (3:21)
Since ¢ = f%)\% we can interpret this result as saying

k)
that within an O(|¢|~2) angle, i.e. an O(|]A|~%) angle, of
arg A = :t%”, the sub-dominant exponentially small term
is ‘turned on’ by an error function. This is why Stokes
lines are more important than anti-Stokes lines. We note
that as u — oo then (3.21) is the contribution from the
sub-dominant saddle point in figures 3.2 and 3.3.

Asymptotics beyond all orders. In order to see the sub-
dominant exponentially small term ‘turn on’, it was
not sufficient to consider just the algebraic asymp-
totic expansion. We needed a clever trick to look
beyond the infinite number of algebraic terms; this
is an example of asymptotics beyond all orders. We
will return to this topic later.

% The choice of the contour going above the pole at ¢t = 1 means
that the remainder, R,,, ‘turns on’ as p increases; if the contour had
been chosen beneath the pole then the remainder would have ‘turned
off” as p increased.
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4 Summation Of Series By ‘Magic’

How do we sum series? E.g. how do we find the value of
n
Sn:Zar as n— 0o .
r=0

For instance what are the sums of

1 1 1
b))  1-1+1-1+...,
(€  1+2+4+8+....

For starters note that in the case of example (b)

lim S, =5=1-1+1-1+...

n—0o0
=1-(1—-14+1-...)
=1-5;

hence we might guess that

S=1.

More generally, we might expect that the value of the sum depends on the definition of the sum. We will

consider a number of different ‘magical methods’ (most of which are based on analytical continuation),
most of which, reassuringly, come up with the same answer.

4.1 Cesaro Sums

S — lim 50+S1+---+Sn.

n—00 n + 1

For example (b):

Sp =51+ ()",
1 1
S — lim +04+140+ :%.
n—00 n+1

4.2 FEuler Sums

Define o
flz) = Z arx’ .
r=0

Suppose that this series is convergent for |z| < 1; then, based on the idea analytic continuation, define
the Euler sum to be

S= lim f(z).

r—1—
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For instance:

(a) ar =(=)",

— 1
fl) =) (=)« = 7
; 142
andsol—1+1—-1+4...=f(1)=1 (again).
(b) a, =2" |
- 1
fa) =3 (@) = o
r=0
andso1+2+4+8+---=f(1)=-1.
(c) ay =7,

Zm‘ )2 )

r=0
and so the Euler sum of 1 +2+ 3+ 4+ ... is not defined.

4.3 Borel Sums

If the coefficients a, grow too fast, then Euler summation is not applicable. However, the power series
may still have meaning as an asymptotic series. Define

o) =3

r=0

and let

by Watson’s lemma (or by playing fast-and-loose with the interchange of the summation and integration).
We define the Borel sum to be:

S = ZaT— lim B(z) .

r—1—

4.3.1 An example: the Stieltjes series

The [divergent] Stieltjes series is given by

ad 1
p(x) =) (=)z" =
;0 1+
and
[e’e) e—t
Blz) = /0 T3’
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Hence

o] e—t
ol —11421 =3I+ ... :/ dt.
0

4.3.2 Summation in the Borel plane

There is another way of looking at Borel sums. Suppose instead that we have a series

oo

bla) =Y =, (4.1)

r=1

with a, o 7! as © — co. Let £ be the Laplace operator, with inverse £~!. We adopt a normalisation so

that - N
L{t" 1} = /0 e Tl dt = (r ;T ) . (4.2)
Then, analytically continuing in the Borel “¢” plane,
e O
I
tT‘ 1
= L
0 0 a.tr—1
_ —xt 7"
- /0 z o

7‘:1

= L/me*“¢@)ﬁ, (4.3a)
0

where ¢(t) is given by the series (which is convergent for small ¢)

:§:£fflﬂ. (4.3b)

r=1

4.3.3 An example
Suppose that a,, =0 for r =1,...,n — 1, and that
a-=(r—1! for r=nn+1,...

Then, using analytical continuation for |t| > 1

DN
and hence
> (r—1) < -1
w(m):ZT: ; e tl—_tdt, (4.4)

where the integration contour is assumed to pass just above the pole at t = 1. The sum I(o,n) = e“¢(0)
in equation (3.14), in §3.7.1 on Stokes lines of the Airy function, is thus a Borel sum (and relies on ideas
of analytical continuation in the Laplace transform plane).

Mathematical Tripos: Part Il PM 33 (© S.J.Cowley@maths.cam.ac.uk, Michaelmas 2022



4.4 Padé Approximants

Suppose we only know partial sums. Let

r=0 Z%:o B
Often if -
f(z) = Z arz”
r=0
then

even if Y ja,ax” is divergent.

1. If a,, = 1, then

Py (z) = T—% exact !
2. Stieltjes series, a, = (—)"r!
P2(1) = 0.59738... 11 terms
PY(1) = 0.59638.... 21 terms

B(1) = 0.59635... .

Padé Approximants work because they put

e poles near poles,
e a cluster of poles at essential singularities,

e sequences of poles and zeros along branch cuts.

4.5 Continued Fractions

A variation of the Padé method of summing power series. Define

Co

= C1X
1 + 14cox

FN(:L‘)

CN-1T
1+cnx

There are fast numerical methods for the evaluation of continued fractions.

4.6 Shanks’ Transformation

Suppose

then from eliminating A, B and C,

(Sn+1 - Sn)(sn — Sn—l)
(Sns1 = n) = (S0 = Sn1)

S(Sp) = Sn —
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This can be applied repeatedly, e.g. S(S(S,,)), to remove higher transients. For instance, consider

1 1 1 1
In2=1--+4+-—-+_—-+---=0.693147. ..
n 2+3 4+5+ 0.693147

Partial Sums 1-Shanks 2-Shanks 3-Shanks

1

0.5

0.833 0.7000

0.583 0.6905

0.783 0.6944 0.693277

0.617 0.6924 0.693106

0.760 0.6936 0.693163 0.693149

4.7 Richardson Extrapolation

Suppose instead

Sn~Q0+@+Q—22+Q—§+... as n — oo .
n o n n

Calculate the N + 1 partial sums S,,, Sp41,- .., Snt+n. Then it is possible to show that

Y Sppn(n 4 k)N ()N
Q=2 +k(k!(N)k()!) ‘

k=0

4.8 Other Methods

e Neville tables;
e Domb-Sykes plots (to find the nearest singularity);
e Euler transformations;

e etc.
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5 Matched Asymptotic Expansions (MAEs)

Matched asymptotic expansions are mainly used for solving singular perturbation problems that arise when
finding solutions to differential equations. MAEs are often needed when the highest-order derivative is
multiplied by a small parameter, say ¢, where 0 < ¢ < 1 henceforth. We will apply them primarily to
ODEs, but they are equally applicable to PDEs.

5.1 Regular Perturbation Problems: An Example

y' + 2y +(14+Hy=1, y(0)=0, vy (g) =0 where, as noted above, 0<e<1.
5.1.1 Exact solution
1 —e(x—7m/2) —ex
y = m{l—e sinx —e cosx}

= (1 —sinz —cosz)+¢ [(l’* g) sinerxcos:z:}

2 : 1 ™2 . 1,2
—€ 1—cosx—s1nx+§ x—g smx—|—§x cosx| +...

5.1.2 Perturbation solution

Try
y:y0+5y1+€2y2+...

Then

0 " e

0 w oty =1, yo(0) =0, M(§>:m
Vi

el Y+ =2y, y,(0) =0, %(ﬂ=ﬂ,
s

e Yo T Y2 = —2Y1 — Y ¥>(0) =0, w(QZO

Hence

Yo =1—sinx —cosx ,

s
Y = (:1:7 5) sinx + zcosx

2

Yy = —1+4cosz +sinz — % (.13 — g) sinz — %xQ COST .

5.2 Singular Perturbation: Example
ey’ +y =—e7", y(0)=0, y—0 asz— oo.
5.2.1 Exact solution
e T efz/s
LS
Limit ¢ — 0, x fixed:
y~e P (I+e+e+...) . (5.1)

This expansion satisfies the boundary condition as x — oo, but does not satisfy the boundary condition
y(0) = 0.
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The limit ¢ — 0, with z fixed, is a non-uniform limit since
—x/e m : 1
e <™ onlyif |x|> melog-— ;
€

hence we cannot put z =0 in (5.1).

For x small we obtain an asymptotic expansion by first setting = = ¢, and then expanding:
y~(l-—e)+e(l-—e -+ (1-e -6+ +... . (5.2)
Now
y(0) =0+e0+£%04... ,
while
y—=l+e(l—¢+e?(1-€6+31%) +... as & — 00.

‘Outer’ (e — 0, z fixed) expansion satisfies the © — oo boundary condition,
‘Inner’ (e — 0, £ fixed) expansion satisfies the £ = 0 boundary condition.

Ezercise. Put z =¢2n in (5.1) and expand to O(¢);
E=clz=c"29in (5.2) and expand to O(e).
Compare the results.

5.2.2 Expansion solution

Outer Approximation. Pose a Poincaré expansion for x fixed (#£ 0) and € — 0:

y=Y_ "yn(x) = yo(x) +en(z) + 2() ... .
n=0

Then, from substituting into the governing equation and equating terms with the same power of ¢,

O(e°) : Yyo=—-€7, yy=Ag+e T,
0(51): y(l)/+y/1:0a yp=A1+e*,
OE"):  Yp1ty,=0, Yp = Ap +e7 7.

We wish to apply two boundary conditions at each order, but have only one unknown constant. From
comparison with the exact solution we choose not to satisfy the boundary condition at x = 0. From
applying the boundary condition as x — oo, it follows that A,, = 0, and

y=e " (1+e+e+...) . (5.3)
This is in agreement with (5.1).

Inner Approzimation. Since we wish to apply two boundary conditions, we need the £y’ term to be
important somewhere at leading order. Note that in a somewhat rough and ready sense

&,y// ~ gy
(x — x0)?
y this suggests rescaling for (x — xp) ~ €.
/
Y (x — xp)
Hence try
o0
r=wotel, y)=Y() =) "Yu(),
n=0
where Y(€) satisfies
1d?Y 1dY et
S b= e
e d&? e dE
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From substituting into the governing equation it follows that

O™): Yy +Yy =0, Yo = By + Coe ¢,
ICRE Y/ +Y=—-e", Yy =By +Cre ™ — e .
Since we need to satisfy the boundary condition at = = 0, take o = 0. Then
Yo = By(l—-e9),
Y: = B, (17675)75,
(5.4)
Yo = By(l—ef)—&+436%,

Match. We have two asymptotic expansions valid in x fixed, i.e. (5.3), and & fixed, i.e. (5.4). They must
represent the same function in the intermediate region

ekl ielcé<e .

Forcing the two expansions to be identical determines the B;. To this end introduce an ‘intermediate
variable’, 1, where
T g€

n:—a:—

. o (O<a<l,eg a=3),

so that

r=¢e%, £=e""1n.
When 7 = ord(1), then as required ¢ < = < 1. Expand both outer and inner asymptotic expansions in
powers of n:

Outer: y ~ 1 —e% I ik tledapd 4o
1e _€1+a,r] +61+2a%n2 4.

+e2  —g?ten +...

[6]

+...

Inner: y ~ DBy + exp
+eB;  —e%y +exp
+e2By  —e*Tlnp  +3e%n? +exp

[6]
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After reordering the expansions should be the same; hence
B():]., _Blz].7 BQZ].

Terms jump order when matching. This indicates that there are terms in the governing equation that,
although small in one region, are to be treated as dominant in the next region.

z = 0(1) §£=0()

&y _ - d d Py -
e ="+ & dfzé+fg—*€€€£
small common term small

Note that if the smallest retained terms, i.e. the O (52) terms in both expansions, are to be bigger than
the largest [small] ignored terms, i.e. the O (530‘) terms in both expansions, then we require

2>, e 2<ax<l.

If matching to higher order by, say, retaining the terms up-to O (EQ), then for the O (5(Q+1)"‘) ignored
terms to be formally smaller, we would require that

9> E(QH)", ie. @ <a<l.
Q+1

5.3 Van Dyke’s Matching Rule

This can be simpler than using an intermediate variable, but sometimes fails (beware of logs).

Notation

n—1
E,y = Outer limit (z fixed, € | 0) of y retaining n terms = Z e"yr(x)
r=0

m—1
H,,y = Inner limit (¢ fixed, € | 0) of y retaining m terms = Z 'Y (&)
r=0

Van Dyke’s rule is
E.Hpy =HpnEny .

T Take m terms of the inner expansion, re-express £ in
terms of z, and then take n terms of the resulting

expansion.

Forcing equality determines the unknown constants. We illustrate this using our model problem:
EyHyy = Ey (Bo (1—e %) +eBy (1 —e %) —&f)
= Fs (BO (1 — e_”/e) +eB; (1 — e_”/a) - ac)

=By —z+¢ebBy,

H2E2y = Hg (efm + 867:6)
= H2 (6765 + 66766)
=1—-ef+e.
Hence require
By—x+eBi=1— &£ ¢,
~~

T
and

By=1=5B;.
Ezercise. Do for general m and n.
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5.4 The Choice of Scaling

There is no magic law that enables one to make the correct choice of scaling. However, there are tips.?

(a) First find ‘the’ regular solution:
y=yo+ey +etya+ ...

If for some z it happens that, ey; ~ 3o or €2y, ~ €y, or . . ., then the solution is no longer asymptotic.
This often suggests a rescaling for x. For instance suppose that the regular-perturbation solution
yields

14 2e n 72 n
v (x —10)2  (x—m0)*

This breaks down when (x — zg) ~ 5%, which suggests that an appropriate rescaling would be
1
r=ux0+c2&.

(b) Look at the equation and see if one can predict the scaling from there, i.e. seek distinguished limits.
For instance consider the problem

dy
iy =1 H=2.
($+w%m+y , y(1)

This has the leading-order (i.e. € = 0) solution

d 1
=1, yo=1+4-. (5.5)
dx x
Now, using(5.5), compare the size of the terms in the equation:
2
x (g) Ly
x T

x
comparable when y ~ —.
€

Hence the neglected term is comparable with the largest retained term when % ~ £, i.e. when

1
r~E2.

5.5 Where is the ‘Inner Layer’?

The ‘inner layer’ could be anywhere! One way to try and track it down is to look at regular solution and
see where it breaks down. However, this method does not always work, as illustrated by the following
examples.

Ezxample 1. Consider the problem

For € > 0 this has solution

N
N

—1/e
Y = L= eV N [ mased | amy/e

N

1—e2/¢

3 In a forest, a fox bumps into a little rabbit, and inquires, ‘Hi, what are you up to?’. ‘I’'m writing a dissertation on how
rabbits eat foxes’, says the rabbit. ‘Come now rabbit, you know that’s impossible’, replies the fox. ‘Well, follow me and I'll
show you’, says the rabbit. They both go into the rabbit’s dwelling and after a while the rabbit emerges with a satisfied
expression on his face.

Along comes a wolf who asks, ‘Hello, what are you doing these days?’. ‘I’'m writing the second chapter of my thesis, on
how rabbits devour wolves’, says the rabbit. ‘Are you crazy! Where is your academic honesty?’ explodes the wolf. ‘Come
with me and I'll show you’, says the rabbit. As before the rabbit comes out of his dwelling with a satisfied expression on
his face, and with a diploma in his paw.

Switch to the rabbit’s dwelling to find a huge lion sitting next to some bloody and furry remnants of the fox and the wolf.
The moral: it’s your supervisor that really counts.
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The asymptotic solution is

y=0+c0+%0+....

There are inner layers at both =0 and = = 1.

Now consider the case € < 0. This has solution

What happens if sin (1 /|

Ezample 2.

sin (/ |e|*) = sin (@ = 1)/ |e|?)

y:

sin (1/ \5\%)

In this case there are ‘inner layers’ everywhere.

5|%) =07

%EQf”—f(fz—l) =0, with f(co) =1, f(—o0)=-1.

f(f*=1)=0, hence f=—1or0Oor +1.

T

an exact solution is f = tanh (5) . (5.6)

There is a inner layer in the interior of width O(e). Within the ‘inner layer’

E2f”Nf(f2_1)7

i.e. the inner layer is confined to a region where (x — zg) ~ €.

Ezercise: Is (5.6) unique?
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5.6 Composite Expansions

The outer solution in (5.3) fails as # — 0 due to the missing e~/ term.
The inner solution in (5.4) fails as £ — oo due to the missing gl—f,n terms.

By correcting either one we can obtain a uniformly valid asymptotic expansion called a composite expan-
ston — this is useful for real answers/comparison with experiment.

It takes little effort to obtain the composite when using Van Dyke’s matching rule — just use the composite

operator:
Comy=Eyy+Hpy—E,Hpy -

Note:
Encnmy = Eny 3

For the example we have been considering
Copy=(e"+ee ™)+ ((1 — e’r/s) +e (1 — e’z/s) —x) —14+z—c¢

=(1+¢) (e_x — 6_1/5) .

(i) This is correct to O(e). Such expansions tend to be accurate to O (emin(m’")).

(ii) The expansion is not of Poincaré form — so it is not unique.

The above additive composition is not always [most| effective, e.g. if there are exponents or singularities
in the expansions. However, other rules exist, for instance the multiplicative composition:

E.yHuy

Cnm -
Y= B Huy

Alternatively, suppose that F' is a sufficiently smooth functional with an inverse, then a composite ex-
pansion can be defined by

Comy = FH{F(Ewy) + P(Hyny) — F(E Hny) }

Hence, additive composition corresponds to F(z) = x, while multiplicative composition corresponds to
F(z) = log(x).
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13/14
10/17

10/01
07/03
08,/04

5.7 Matching Involving Logarithms
5.7.1 A model equation
We consider a model equation which can be thought of representing heat conduction outside a spherical

cavity with a weak nonlinear heat source. The equation can be written in two forms. In the first form the
small parameter € occurs in the equation

fw("rl) frteffr=0 , f(1)=0, f—=1 as r—o0, (5.7)

while in the second form, with p = er, € occurs in one of the boundary conditions

fper(Tl;l) fo+ffo=0; f(e)=0, f—=1 as p—o0o. (5.8)

5.7.2 The case n =3

First seek a regular expression (r fixed, € | 0):
f(rye) ~ folr) +efa(r)+... .
Then from substituting into (5.7) we find that

2
0. é’+;f6:0» fo(1)=0, fo—1 as 7 — o0;

1
with solution fo=1-——,
T

ol %(ﬁfﬁ)/:—fofé, fo(1)=0, fo—0 as r— oo.

On integrating and applying fo(1) = 0, we obtain

fg_A2<1i)lnr<1+i> : (5.9)

The boundary condition at oo, i.e. fo — 0 as r — 0o, cannot be satisfied for any choice of As. As a result
the expansion cannot be uniformly asymptotic at large r. In fact for r > 1

2 €
" /
0 N_Tig) ) ngfONﬁ,

and hence the O(e) term is no longer a small correction to the equation when

-ofl)

Remark. Unfortunately, trying to derive the scaling from balancing the first two term of the series, i.e.
elnr ~ 1, does not work. Scalings are a black art.

Since € fy ~ € In(1/¢) when r = (9(5*1), we try the asymptotic sequence
1, eln(l/e), e, ...

Note that we can view the In(1/¢) term as coming from the particular integral:

T d S
== 5 [ enopoa

~ S as s — 0.
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Asymptotic expansion for r fired and ¢ | 0. Try the Poincaré expansion:

fo0+€ln(1/E>f1 —|—Ef2+ , fj(l):() (510)

Substitute into (5.7) and solve.
1
o (1-1)
r

O(eln(1/e)). At this order the same linear equation is obtained as for fy, hence

fl_A1(1_1)~
;

O(e). This order is the same as (5.9), viz.

f2:A2<1—1>—1n7‘<1—|—1>.
r r

The constants A; & As are to be determined by matching.

O(g%). At leading order, as before

Asymptotic expansion for p fized, and € | 0. Try the Poincaré expansion:

f~go+eln(l/e)gi(p) +eg2(p) + ..., (5.11a)
where from the outer boundary consition
go(0) =1, g1(o0) = g2(c0) =0. (5.11b)

go satisfies the nonlinear equation (5.8), which we note is satisfied if gg is a constant. Since fo — 1
as r — 0o and go(o0) = 1 we guess that go = 1. Then on substitution of (5.11a) into (5.8) we obtain
the same equation for both g; and gs:

2 .
Gt od g =0 e (Peg) =0,

with solution

00 =T
gj:Bj/ = dr , gj(00) =0.

14/08 p

Match by intermediate variable to fix Ay, Ay, By & Bs. First observe that (e.g. by integrating by parts)

e T 1
/ S dr ~ ;+(lnp+7—1)—%p+0(p) as p—0,
P

where v = — fooo e~TlogTdr is the Euler[—Mascheroni] constant. Introduce n = &% = e~ 1p, with
0 < a < 1. Take the limit of n fixed, € | 0:

e El-l—a
(5.10): f~ 1 — +... +eln(l/e) Ay — In(1/e) A1 +...
glte cl+a clto
+eAs — ; As —aeln(1/e) —elnn —« In(1/e) — Inn +...
(6] [6]
(5.11a): f~ 1 —&—%ln(l/s) By +e(In(1/))?Bi(a—1) +eln(1/e)Bi(lnn+ (y = 1)) +...
+%BQ teln(1/e)By(a — 1) +eBa(Iny+ (v — 1)) +...

[6]
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10/16

10/15
10/18
10/19
10/20
10/22

Make the expansions agree:

el 1=1;

e* In(1/e) : 0=D5, By =0;
e 1=B,, By = —1;
e(ln(1/¢))?: 0= B, consistent ;
eln(1/e) : Ai—a=(a—1)By, A =1;

€ As —Innp=Bslnn+ (y—1)By, As=1-—1~.

Hence

r fixed: f~<1—i) +eln(1/e) (1—7{) +€<(1—7) (1_7{) —lnr<1+i>)+... ,

p fixed: fwl—e/ esz—i—....
o T

Match using Van Dyke’s rule. Identify E and H with the coordinates r and p respectively. Then

HyEs>f = Ha Kl — i) +eln(1/e) 4y (1 — i)]
=1+¢eln(1/e) 4y,
EyHof = Es {1 +eln(l/e) By /:o e CZ}

=1+ % In(1/e) — eln®(1/e) By + Bieln(1/e) (Inr +~ —1) .

If these two expansions are to agree then By = 0 and A; = 0, which is incorrect. The trouble is a Inp
in the O(e) term when p = O(1) — this changes to a €In(1/¢) term in the intermediate scaling.

In general, terms like (In7)? lead to failures near to the diagonal where |n — m| < p. However, in general
there is success sufficiently far from the diagonal, e.g.

H3E2f =1 +51H(1/€) A1 — % s
E>Hsf = Es 1—|—(€1n(1/5) By —1—632)/ €2d7_:|
T
P
1
=1+ - (B1In(1/e) 4+ B3) —eln(1/¢) (In(1/e) By + Bs)
+eln(l/e) By (Inr+v—1) ;
so By =0, By =—1, and A; =1 as before.
It is best to apply Van Dyke’s rule (and composite expansions) only at changes in the power of e:

1 eln(l/e) e  e2In*(1/e)  e2ln(l/e) &2
T T T

Because of the way that logarithmic terms jump order, apply Van Dyke’s rule only at the arrowed orders:
do not split logs! The mindless application of rules can be dangerous.

5.7.3 The case n =2

In this case the governing equation is

fort L febeffr=0, J1)=0 , o1 asr oo
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15/06

Try a regular expansion, f ~ fo+¢ef1 +...; then
1
20 . (’)’_|_;f6:() , fo=Aglnr+ Cy.

No choice of Ag or Cy will satisfy the boundary conditions both at » = 1 and as r — oo. Choose to satisfy
the boundary condition at r = 1, i.e. set Cy = 0. At next order

1
el {/+;f{:_f0f67 fi=Ailnr+Cy — A2 (rlnr —2r 4+ 2) .

Again satisfy the boundary condition at 7 = 1 (i.e. f1(1) = 0) — this time by setting C; = 0. Note that if
Ap # 0, then f; has even worse behaviour as r — oo than fy. By comparing where the expansion for f
becomes non-asymptotic, it follows that we should introduce p = er as the stretched variable.

Note that when r = O (l),

€
fo ~ AO 111(]./5) .
Since fy ~ 1 as p — oo, this suggests trying Ag = ﬁ, and the asymptotic sequence
1 1
n(1/e)  (In(1/e))?

Remark. This asymptotic sequence is likely to have non-wonderful convergence properties.

Asymptotic expansion for r fired and € | 0. We propose the asymptotic expansion

h(r) [

flrye) ~0+ + (5.12)
In(1/e)  (In(1/))”
Then 1
fl+~=f =0, and f,=A,Inr.
r
Note that the ef f’ term never enters into the expansion for » = O(1).
Asymptotic expansion for p fized and € | 0. In this case we propose

(/e (n(1/e)?
Then

1
gi’+(p+1)91=0,

oo e~ T
g1 = Bl/ dr = B1E1(p) ;
o T

ﬁ+(;+09&>wwb
g2 = B2Ei(p) — BY (¢ "Ei(p) — 2E1(2p)) -
Match using the intermediate variable
n=cr=c""1p 0<a<1)
and the asymptotic expansion

Ei(p) > —Inp—v+p+0(p*) as p—0.
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11/01
08/03
09/04
15/08
14/14

Then

(5.12) f Nmm (aln(1/) +Inn) + (ln(ll/g))QAg (aln(1/e) +1nn) + ... (5.14)
(5.13) f~1+ ln(Bil/E) (—(@—1)In(1/e) —Innp—vy+e""n+...)
1

+— (B2 [~ (a=1)In(1/e) =lnnp -~y +...
e e v

+ B} [—(a—l)ln(l/e)—'y—lnn—lnél—l—...]). (5.15)

On equating equal orders of ¢ we find that (again noting that terms jump order)

In°(1/¢) : ad; =1—(a—-1)By,
— if this is true Vo then By = —1, A = 1;
In~'(1/e) : Ailnn+ady =— By (Inn+v) —By(a—1) - Bi (a — 1),

— if this is true Va, n then By = —(1+7), Az =1.

Match by Van Dyke’s Rule (if you must). Put a =1and n = pin (5.14), and « = 0 and n = r in (5.15).
Then Van Dyke’s rule gives

E\H =1, H{FE, =0, Contradictory ;
EHy =1, HiEy = Ay, Ay =1;
E\Hy =1+ By, H2E =0, Bi=—1.
Similarly
B
EyHy =14 B, — —— (Inr +7)
In(1/¢) .
np AT r Contradictory.
HyEy = Ay (1 =1
2= A ( i 1n<1/s>> In(1/2)
However
EsHy =1+ B B (In7 +7)
= ——— (In
3112 1 In(1/2) Ty
1 Al lnr A2
HoE3 = A1 + —— (A1 Ay) =
2By = A+ 7y Uhlne+ A2) = (s + e
and hence

Alzl, Blz—l, AQZ’)/
As before, Van Dyke’s rule works if n # m.

5.7.4 A ‘terrible’ problem
Consider the equation with n = 2 plus a new term:

f”+%fr+f3+gffrzo, f1)=0, f—1 as r—oo.

First compare the size of terms using the solution calculated in §5.7.3:

1 ) 1)’ 1
r=od), Sepag o B <ln(1/€)> EEATVER ,
1 ) 1 1
p=ord(l), f~1 v wae fﬂ“(ln(1/5)> IRCRS VSR

From this comparison of terms we might expect a small perturbation to the previous answer.
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Asymptotic expansion for r fired. As in §5.7.3 propose the asymptotic expansion
1 1 1
f ~ fl + P} f2 +
n(i/2)" (n(1/e)° " (in(1/9))

Then from substituting into the equation we find:

s it (5.16)

1
=t (1/e): T4-f1=0 . hi=Ailr,
_ 1 2
In"%(1/e): é/—i—;fé:— ! , f2:A21nr—%A%1n2r,
1
In"?(1/e): Y+ —fi==2f1fs , fs=Aslnr+3iAtn®r— A A In’r .
r

By induction, one can show that as r — oo,
n 1 ni,n n—2 n—1
fo~ (=) _gAl In"r+ AT A, In"" " r )

and hence by summation that

(w1
1+ + s+... | Inr as 1 — 00 .
In(1/e)  (In(1/e))

f~1In

15/07
11/16

Lemma (for future reference). Instead of adopting the above approach, ignore §5.7.3 and assume
f=fo+....
Then 1
O+ St fP=0 = fo=ln(l+Alnr) i fo(1)=0.
fA=0 (ln_l(l/e)), this suggests that the natural variable is, say,

Inr
t= n(1/2) O (5.17)

Asymptotic expansion for p fized. In this variable € does not appear in the equation:
1 2 _
fpp +Efp+fp +ffp—0'

We pose the Poincaré expansion:

frolg 24 92 4 (5.18)
In(1/¢) (ln(l/&))

Substitute, equate, etc:

-1 /1 1 / / e’ P\
In""(1/e) : 91+;m+gr:7;@em):07
g1 = Bl/ eT dr = B1E1(p), setting g1(c0) = 0.
P
-2 e’ YAV /2 /
In™%(1/e) T(Pe %) =—9" — 9191,

92 = B2Ei(p) + BY (2E1(2p) — $E7(p) — ¢ PEx(p)) -
As p — 0 we have
g1~ Bi(-lnp—7v),
2 1 2 1.2
g2 ~ By(=Inp—9)+B} (—5In*p—(y+1)Inp—37°—7—In4) .
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The leading-order behaviour as p — 0, go ~ —%B% In® p, comes from the balance

Similarly we can show that for small p

1 In 1
9§4-;gé~J—2ghé'~<—2Bf45§-—(QBfCY+1J-%2Ble);5,

gs ~ —%Bf In®p— (B} (v +1) + B1By) In?p .

By induction it is possible to conclude that as p — 0

1
g, ~ —ﬁBgﬂn”p—(B;’(7+1)+B;‘*2Bz)1n"—1p.

11/15
Match using the intermediate variable
n=¢c% =pe '
Then
1
16) : ~———A In(1 1
(5.16) o~ e A (@mn(1/9) )
1 2
+————[—%¥cﬂnls+m, +”l+”.
1n2(1/5) 241 ( ( / ) 7])
1 (_ n+1
— | —= A} (aln(1 Inn)™ +... cee
+1nn(1/5) n 1 (O[ Il( /8)+ nn) + + ’
(5.18) Jolt —BY [ C(a—1)ln(1/e) -1 +..]
18) : ~ —(a—1)In —Inn—
n(1/e) o
1 B? 2 ]
+ ——( a—1)In(1/e) +In +...)+... +...
s | (e om/e) + )
1 BT n
—_— | —— —1)In(1 | cee
s |k (- D) g |+
Equate these two expansions. At leading order
In°(1/e) : ad; —1aPAT+ 1043+ =1-Bj(a—1) - 1B} (a—1)+....
or from summing the series
In(l+ad;))=14In[l-(a—1)Bq] .
This must be true Vo, hence
6(1—|—Bl)—1=0 , A1 +eB; =0,
ie. .
Blz—<6_ ) s A1:(6—1).
e
Note that:
e in matching, an infinite number of terms jumped order — hence the need for general expressions
11/18 for f, & gn;
11/19
11/20 e hence there is no hope for Van Dyke’s rule. ©
11/22
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Is there an easier way? Recall from earlier that a natural variable is

Inr
t = . 5.19
In(1/e) (5.19)
Note that
{r=1}={t=0} ,
and that

k
p=ord(l) when r= - for k=ord(1),

i.e. when

Ink
i_’_ln(l/s) or ord(1)

finite value
Let 7 =1 —t, so that p = ord(1) when 7 = ord(In"*(1/¢)). Next substitute into the equation to obtain

Jor + 17 = =Im(1/e) e O f
Seek a Poincaré expansion for 7 > 0 (so that the r.h.s. is ‘exponentially’ small):

o= fO"‘mﬁ-ﬁ-..., (5.20)

then
forr + 13, =0 .
If we require fo(1) = 0, then
fo=log(1+ap(l—1)) . (5.21a)

We need to match with the outer solution that is valid for p = ord(1), i.e. we need to match with the
solution that is valid in the region where 7 = ord(In~*(1/¢)). Since

B Inl/r  Inl/p
=N T e

introduce
s=Inp=—(n(1/e))r

and seek an expansion

Gl (S) + GQ(S)

1 . (5.21b)
In(1/e)  (In(1/g))
As before
G1 = B1/ i du )
s U
Gi — Bi(—s—vy+...) as s — —oo.

Now try matching by Van Dyke’s rule using s = —(In(1/¢))7:

- QoS - aps
HzElf = H2 |:10g <]. “+ ag + 1n(1/€)):| = ln(l + Olo) + —(1 T 040) ln(l/s) 5

- Bl - o Bls
E\Hyf = F |:1+1n(1/€) ((111(1/6))7' ’y—i—)} =1+Bi7r=1 111(1/5) .

Hence, as before,
1—e
ap=e—1 , By = .
e
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5.8 Strained Coordinates
The method of strained co-ordinates is a better, but less general way, of solving certain singular pertur-

bation problems. However, usually such problems can also be solved either by using MAEs, or by means
of the method of Multiple Scales.
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6 A Little More on Asymptotics Beyond All Orders

As we have seen in the case of Stokes lines, sometimes it is not sufficient to consider just the algebraic
asymptotic expansion of a solution. This section is concerned with looking at further examples where
exponentially small terms can play a key role. For a more general overview I recommend The Devil’s
invention: asymptotic, super-asymptotic and hyper-asymptotic series by John P. Boyd (Acta Applicandae,
56, 1-98, 1999) which is available at

http://www-personal.engin.umich.edu/~jpboyd/boydactaapplicreview.pdf

6.1 More on What Happens at Stokes Lines

In §3.7 we looked at what happens near the Stokes line of the Airy function when arg A = 27/3. In this
section we return to the ‘turn-on’ of the sub-dominant exponentially small term at a Stokes line, but this
time for the complementary error function.

6.1.1 The complementary error function
There are a number of ways of getting a handle on what happens at Stokes lines. In §3.7 we used Borel

summation and and an integral estimate obtained using steepest descents in the complex plane. Here we
will use a differential equations approach for model problem of the complementary error function:

erfe(z) = = / (6.1)

From the first part of the course (see also (3.12a), (3.12b) and (3.12c))

e & —)%(2s)!

erfc(z) ~ Zﬁ; s'(4z2) for |arg(z)| < 37, (6.2a)
efz2 e )s(

erfe(z) Zﬁ; s'(4z2 for |arg(—z)| < 3. (6.2b)

We note that erfc and ‘2’ are solutions to the differ-
ential equation

w” 4+ 220" =0. (6.3)

Moreover, if we let

2
e * 5(2s)!
erfe(z =T ; 427y + Ry, (6.4a)
then
2 N
z 2N)!
T e ol "
Ry +2:8y = = v —pyaviv - (64)
Write z = re? and consider the case of fixed 7, so that
d —ie”" d
L=, 1 (6.5)
12/17
Then (6.4b) becomes
6721‘0 ‘ —2i6 eXp ( 2 220 4N — (2N 4 1)10) (2]\])]
- 2 (RN)99 +1 ( T2 - 2> (RN)9 ﬁ(N — 1)!4N_1T2N+1 . (66)
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Now assume that |z| = r > 1, then it is possible to show using Stirling’s formula (see §3.5.2) that the
right-hand-side forcing is smallest when N ~ 2. Guessing that the remainder, Ry, will be smallest then,
we let

N =int(r?), =N +a, (6.7a)
then
8 )
RHS ~ — exp (—ia(20 — ) —i0) exp (—r* (e + 1 +i(20 — 7)) . (6.7b)
V2r
This has a local maximum when cos(20) = —1, i.e. when 6§ = £7/2. Moreover we note that when

0 = +m/2, then at leading order the RHS both stops oscillating and is independent of .

On the basis of this try an asymptotic rescaling of the form

L 0:g+5¢, (6.8)
where ¢ < 1 and 0 < 1 (and for simplicity we have focused close to § = +7%). Then, from (6.7a),

N = 0(¢7?), and

T =

2 —2i6¢ 42 .2 2i5¢
%62 dQRN_Z<€62 2>dRN
0% p? do¢ ) p do
8Pl (_aispa—ise) </)2 256 , >
~ ————e\ TP TP oxp | — (P — 1 — 2i6
c 27T p 82 ( d))
8pi 9 252>
~ - exp | —2 — | . 6.9
o p< P (6.9)

There is a distinguished scaling when § = O(¢); for simplicity take 6 = e. Then

d 4p 2 12
%RN ~ mexp (—2p%¢7%) , (6.10)

and thus
Ry ~ A+ erf (\/§p¢> ) (6.11)

= Lo (5 +29))

and hence for ‘matching’ with (6.2a) we deduce that that we require that Ry — 0 as ¢ — —o0, i.e. we
require A = 1. Thus

where A is a constant. We recall that

Ry ~1+erf (V2pg) . (6.12)

We can interpret this result as saying that within an angle of O(]z|~!) of argz = +3, the sub-dominant
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term is ‘turned on’ by an error function (as was the case for the Airy function). In fact the turn on by

an error function is generic.

This agrees with question 1 on Example Sheet 2. There you will find that

2
—% #(2s)!
erfc(z zﬁz S(1:2) + Ry,

where

2 ()NEN) [Z et
RN:F 22N N / v 4t

On the basis of the above scaling (i.c. e = § = O(N~2)), take

Z—N2exp(2 —i—;\;{)
2

(6.13)

(6.14)

(6.15)

For large N try applying the method of steepest descents to (6.14). The stationary point is found to occur

. 1
at t =iNz. Let t = iN2e®/N? | then

. 1
—t> —2Nlogt = Ne*/N® _2Nlog(iN?)—2NZiv
~ N(1—logN —in) —2v?+....

Hence

oo —t2 —oo (_\N_N
/ ;—th ~ —/ (;\,7]\,6@_2“201”
z P

_\N_N V2%

()NN

G (5) (1t (vav))

Ry ~ (1 +orf (ﬁw)) :

and thus, as before,

since pg ~ 1.

6.2 A Model Equation (With Wider Implications)
Consider the asymptotic solution to

for large |A|, and real y. Try

fi f fn
)\f f()+7+F+ now-
Then
f 71 d f 0,1,2 f fn
= _ , andforn=20,1,2,... ntl = — — .
0 1+iy i (1+1y)
Hence 5
=——" __ cte
/i (it °°

(6.16)

(6.17)

(6.18)

(6.19)

(6.20)

Thus an asymptotic expansion can be found to all orders, irrespective of the sign of A. Further, the
expansion satisfies the boundary conditions as |y| — co. However the expansion (6.20) is only valid Vy if

A — —00.
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Figure 6.4: Contours of Re(3uz — z*) (blue: high; red: low), and Im(3uz — 2%) (black).
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To see this we start from the fact that the exact solution is
fly,A) = / exp (A(1 +iy)z — %23) dz , (6.21)
C

where C starts from z = 0 and extends to z = oo in the sector |arg(z)| < 7/6. For large |\|, we can
estimate the integral using steepest descents. In the figure 6.4 we plot contours of Re(3uz — 23) and
Im(3pz — 23), where u = A(1 + iy). There are two cases to consider.

A — —oo. If A = —o0, then | — argpu| < 7/2, in which case we deduce from figure 6.4 that (6.20) is
recovered by Watson’s Lemma.

A — 4o00. However, if A = 400, then the asymptotic behaviour depends crucially on whether the Wat-
son’s lemma contribution from the end point at z = 0 is larger or smaller than the Laplace’s
method contribution from the saddle point. As indicated in figure 6.4, if 7/3 < |arg u| < /2, i.e. if
ly| > v/3, then the Watson’s lemma contribution dominates, and (6.20) is again recovered. However,
if |arg u| < 7/3, i.e. if |y| < /3, then the Laplace’s method contribution dominates and

S

™

f~ ;exp(§A%(1+%y)%); (6.22)

Ai(1+iy)a

this is exponentially large.

To understand this result, note that equation (6.19) has a turning point at

1+iy=0.
Set
(i
y:Z+ (A3> S,
then
fss - Sf = _Z% .

The complementary function solutions to this equation are Ai(s) and Bi(s), which have anti-Stokes lines
in the complex s-plane at

™ T
args = ——, —, .
8 33

We plot these anti-Stokes lines in the complex y-plane:

A>0 A<O0
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Hence when A\ > 0, we see that since two anti-
Stokes lines cross the real y axis, the solution
that decays as |y| — oo can be exponentially
small as A — oo for |y| > /3, but exponen-
tially large for |y| < V/3. This is not possible
when A < 0, since only one anti-Stokes line
crosses the real y-axis. Note that in the case
when A > 0, it is possible to get from y = —o0

to y = oo without seeing the exponentially
large solution, by deforming into the complex
A>0 y-plane.

The idea of deforming into the complex plane to sidestep regions where the solution is exponentially large
has wider applications (e.g. eigenvalue problems in stability, nonlinear models of crystal growth).

6.3 A Model of Crystal Growth (Unlectured)

A simple geometric model of crystal growth is:

20" + 6 = cosf —00<8§< 00 (6.23)
€ represents surface tension;

s " arclength along the solid-liquid interface;

0(s,¢) " the angle between the local normal and the direc-

tion of propagation of the crystal.

A ‘needle crystal’ is a monotonic solution satisfying

O(s,e) — :I:g as s — $o0o. (6.24)
6.3.1 Regular perturbation

Try
0 =0y + 8291 + 8492 + ... (625)
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We fix the apex at s = 0 by requiring that 6;(0) = 0.

e 0y —cosbpy =0,
90 = —g + 2tan_1(es) s
90—>:|:g as s — £oo,
0y increases monotonically.
e 01 +sinfy 0, = -6 ,
01 = (2tanh s — s)sech s ,
0 —0 as s— +oo.
et 0y = (—%32 tanh s + 5s — 4ssech? s — % tanh s + % tanh s sech? s) sech s ,

0 -0 as s— £oo.
It is possible to prove that: (a) 0;(—s) = —0;(s) = 07(0) =0,
(b) Zév e?"0,(s) Fm/2 — 0 as s — +oo,
(¢) the solution is monotonic for small e.

Hence we appear to have a solution correct to all orders!

6.3.2 Too many boundary conditions

How many boundary conditions are implied by (6.24)? Suppose we linearise about s = —oo by setting
™
0=——+ae™.
5 +
We find that
e2m? +m =1
1—e2+4... decays as s — —00
m = ) 1
j:g—§+... grow as s — —oo.

Hence we have effectively imposed 2 boundary conditions as s — —oco. Similarly, we have imposed 2
boundary conditions as s — +o0.

Thus we have imposed 4 boundary conditions on a 3rd order ODE!

6.3.3 A well posed problem

Suppose that we just impose
9+g%0ass%fm. (6.26)
Then a one-parameter family of solutions will exist. We fix the solution by requiring that
0(0;e)=0. (6.27)
The question is: ‘Does this solution satisfy (6 — 5) — 0 as s — +00?’
Suppose that it does, then a second solution is
O(s;e) = —0(—s;¢) .

© and 6 differ by at most a translation, hence 6 is antisymmetric about some point. However, 8 is
monotonic, analytic and vanishes at s = 0, thus

0(s;¢) is antisymmetric about s =0 .
We conclude that a needle crystal satisfies

0"(0;¢) =0 . (6.28)
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6.3.4 Analytical continuation into the complex plane

We analytically continue solution into the complex s-plane; the continued solution still satisfies
20" +0' = cos .

For future reference we note that if 6(s; ) is antisymmetric, then
oo
O(s;e) = Z Ap st
0

and hence Re (f) = 0 if s is pure imaginary.

Next we analytically extend the asymptotic expansion (6.25) into the complex s-plane. We note that this
asymptotic expansion breaks down near

s
Szi(Zn—i—l)? n=0,1,2,...,

because sech s = oo near such points. We seek an asymptotic expansion near to one of the points closest
to the real axis, i.e. s = “F. In particular, if we let

2'7T+
s=—+o0
2 b
then
6o = —g + 2itanh ™' (e%) ,
and
. 2 ™
Og ~iln—— | — =+ ... as o0 — 0.
o 2

Further, from HOT (i.e. higher order terms),

aw_gﬂ[ln(_j)_z(jfﬁ;(;)‘u‘..] as 050,

This expansion becomes disordered for o = O(e). Hence when o is this small we rescale:

s
825—1—5,2,

. 2 T .
0 =iln <€) —5—1—190(2,6) .

Then )
s0/// +<,0/ —e¥ — (g) e ¥ , (6.29)
and from matching we require that
2
¢ = —In(—2)— 5 +... as Re(z) = —o0.
z
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We seek an asymptotic solution to (6.29):

<p:g00+52<p1+... ,

then
(6.30)

"

9o + @ =€,

and
2

0o = —In(—2z) — = as Re(z) = —o0.
z

(6.31)

It is possible to prove that 3 a unique solution for ¢y in Re (z) < 0. The strategy is therefore to:

(a) integrate (6.30) from Re (z) = —oo to Re (z) = 0 along a line on which Im (z) = constant < 0;

(b) continue this solution down Re (z) = 0 to s = 0 and compute 6”(0, ¢).

Write 9
(poz—ln(—z)—?—i—...—l—@7 (6.32)

and linearise (6.30) for large |z|. We find that
¢ = a1+ BP2 + 793,

where
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The matching condition (6.31) implies that if we let Re(z) — —oo along Im (z) = constant, then we
deduce that in this ‘direction’

a:ﬁ:"yzo.

This does not mean that « = § = v = 0 in the direction specified by Im (2) — —oo with Re(z) =0
because p3(z) is exponentially small in that direction. Hence, while we might expect that

a=p=0 for Im(z) > —o0, Re(z)=0,

it is possible that v # 0 in that direction.

In order to get a handle on these terms, we note that when Re (z) = 0, the algebraic terms in (6.32) are
real valued, hence as Im (z) — —oo with Re (z) =0

m 3. l2] -1
Im (p(2)) ~ =5 +Tlz2e7 (10 (I27))
where I' = Im (ye~"/). Moreover, numerical solutions to (6.30) subject to (6.31) show that
I~211;

a result that can also be obtained analytically using Borel summation. Hence
1
Re (6(s,€)) ~ —T'|2]2 e~ *! (1 e (\zrl))

as Im (z) - —oo with Re(z) = 0 = Re(s). With a little more effort one can conclude, by integrating
along Re (s) = 0 back to s =0, that

0" (0,¢) ~ 202 exp(—7/2€)

which is exponentially small. This term is non-zero because of a Stokes-line effect.

Often exponentially small terms do not matter, but they do here. We conclude that 6(s, €) is not antisym-
metric, and hence the well-posed problem does not represent a needle crystal. Indeed, no needle crystal
solutions exist for small ¢.
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7 Method of Multiple Scales

Multiple scales is a useful technique for a number of problems. For instance, it underlies much of the
theory of ‘ray-tracing’.

One of the simpler, if important, uses of multiple scales is to describe the evolution of linear waves through
slowly varying media (e.g. sound waves through the atmosphere). For such examples, the different scales
are often immediately apparent (e.g. the wavelength of sound, and the depth of the troposphere).

We will concentrate on nonlinear problems where the need for two (or more) scales is necessary, but may
not be immediately apparent.

MAE: Two or more processes with different scales; processes act separately in different regions.
MS: Two or more processes each with own scale; processes act simultaneously.

7.1 Van der Pol oscillator

The Van der Pol oscillator is described by the equation

iter(z®—1)+x=0, t>0, (7.1)
———
nonlinear friction

—ve: |z]<1

+ve: Jz|>1
where 0 < ¢ <« 1. Typical initial conditions might be z =1, & = 0 at t = 0 (although the precise initial
conditions are not crucial for what follows).

Solutions are found to tend to a finite amplitude oscillation, during which energy losses when |z| > 1 are
balanced by energy gains when |z| < 1.

7.1.1 Regular perturbation

Try
r=x9+€ex1+ ... . (7.2)
Then at leading order
To+xo=0 = x9=cost. (7.3)
At the next order
B+ =do(1 —ad) = —sin’t
= —3sint + §sin3t, (7.4a)
and
x1 =2 (tcost —sint) — 35 (sin3t — 3sint) . (7.4b)

Note that the expansion loses its asymptoticness when
ex; = ord(zp) i.e. when ¢ = ord (é) . (7.5)

The ‘problem’ is that the e-damping term slowly changes the oscillation amplitude on a time scale of
ord(e~1) by the slow accumulation of small effects.
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7.1.2 Multiple scales expansion
The oscillator has two processes:

Harmonic oscillation on time scale of ord(1). Slow drift in amplitude (and possible phase)
on time scale of ord(s™1).
T=1 T=c¢t
The ‘fast’ time scale. The ‘slow’ time scale.

We treat 7 and T' as independent variables:

e the rapidly changing features are modelled by T,

e the slowly changing features are modelled by T

Hence we seek a solution with the form
z(t;e) = x(7,Tse) (7.6a)

where the two variables are introduced as an artifice in order to remove secular effects. We use the chain
rule to compute derivatives:

d Ox Ox
S altie) = SLTie) +egn(n Tie) | (7.6b)
&= XTyr + 26k, + E2xpr (7.6¢)
We now seek an asymptotic expansion of the form
z=zo(1,T) +ex1 (1, T)+ ..., (7.7)

and require the expansion to be valid for 7' = ord(1), i.e. t = ord(¢~1). Then at leading order

g% Torr +20=0, t=0, (7.8a)
ro=1 , xo,=0, at t=0. (7.8b)

This has solution in terms of trigonometric functions (we could alternatively use complex notation, as we
shall see below),
xo = Ro(T') cos (74 600(T)) , (7.8¢)

where, in order to satisfy the initial conditions,
Ro(0)=1 , 6p(0)=0. (7.8d)

The functions Ry and 6y are not fixed at this stage — we need equations for them. At next order we have
that

et T1pr + 2y = —2o, (€5 — 1) = 20,7
= 2Rofor cos (T + 6p) + (2Ror + TRy — Ro) sin(r + 6y) + 2R3 sin3(7 + 6p), (7.9a)
together with the initial conditions
I = 0 5 T1ir = —XoT — _ROT at t=0. (79b)

The solution is

z1 = Robor 7sin(r + 0o(T)) — 1 (2Ror + 1R — Ro) 7 cos( + 0o(T))
— £ R3sin3(t + 0o(T)) + Ry sin (1 + 6,(T)) . (7.9¢)

However, the asymptotic expansion will not be valid for 7 = ord(e~!) unless

Ryfor =0 , 2Rgp+ Ry — Ry =0. (7.10a)
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This is the ‘secularity’ or ‘integrability’ condition of Poincaré. Using the initial conditions we deduce that

2
0p=0 , Ry=——7—7—. (7.10Db)
(143e"T)>
In particular note that Ry — 2 as T' — oo. It follows that the solution for z; becomes
z1 = Ry sin (7 +601(T)) — 5 R) sin3(7 + 6(T)) , (7.11a)

while the initial conditions for R; and 6; become

R1(0) sinf1(0) =0,
R1(0) cos61(0) — 2 R3(0) cos300(0) = —Ryr(0),

- 01(0)=0 , Ri(0)=—=%. (7.11b)

The equations governing R; and 6; are determined by the secularity condition for the x problem.
However, we then find that there is insufficient freedom in R; and 6 to avoid breaking the asymptoticness
when T' = ord(1). This problem can be avoided by introducing a super slow time scale, Ty = £>t.

Alternative approach to deriving (7.10a). Instead of solving explicitly for x1, we could use a condition
based on requiring x; to be periodic over the time scale 7. For instance, we could require that (cf.
inner products and Sturm-Liouville operators and integrating by parts twice)

27
/ (xlTT + .131) Zgg (T + 90) dr =0 ) (7123‘)
0
i.e.
27 X
/0 (w0, (57 — 1) + 220,) S0 (r + 8) dr = 0. (7.12b)

On performing the integrals, (7.10a) is again recovered. This is known as the Fredholm alternative.

7.1.3 A simple example of super slow time scale
Consider the exact solution to the equation
T+2c+2=0,

i.e.

Nl
~
~—

z=e " cos((1—¢?)

This has:

(a) an oscillation on the time scale ¢ = ord(1),
(b) an amplitude drift on the time scale ¢t = ord(¢~!), and

(c) a phase drift on the time scale t = ord(s~2).

In general, when working to ord (ek) on a time scale ord (6k_"), one must expect to have a hierarchy of
n slow time scales.
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7.2 Mathieu Equation

As a further example of multiple-scales consider solutions to the Mathieu equation:
gj+(w2+acost)y20. (7.13)

The coefficients are 27-periodic. This equation describes the small amplitude oscillations of a pendulum
whose length changes slightly in time. If the natural oscillation frequency is near a multiple of half
the forcing frequency, then the amplitude of the pendulum will increase in time. This is an example of
parametric excitation.

7.2.1 Floquet Theory (for second order ODEs)
First note that, since the coefficients of the Mathieu equation are 27 periodic, if y(t) is a solution, then

y(t + 2m) is also a solution. Further since the equation is second order, we can write the general solution
as

y(t) = Ayr(t) + Byal(t) . (7.14)
Combining these results we see that we can write
yi(t +2m) = a;yi(t) + By2(t) (7.15a)
and hence
y(t+2m) = Ayi (t + 27) + Bya(t + 2m) (7.15b)
= (Aa1 + Bag) n (t) + (Aﬂl + Bﬁg) ya(t)
= A'yi(t) + B'ya(t) (7.15¢)
where, in matrix notation,
/
(g,) = (gi g;) (g) : (7.15d)
T

Suppose (A, B) is an eigenvector of P with eigenvalue A; then

A'=)A, B =)\B, (7.16a)
and
y(t +2m) = Ay(t) forall t. (7.16b)
Let = In\/27 and define
o(t) = e My(t) . (7.17a)
Then from (7.16b)
ot 4 2m) = e P2y (1 4 o) = e Hy(t) = p(t) for all t (7.17Db)
and hence
y(t) = e'o(t) (7.17¢)

where ¢(t) is a 2m-periodic function.

Since the Mathieu equation is second order, there will be two eigenvalues A, or equivalently two con-
stants u, and two eigenvectors (we sidestep the degenerate case of one eigenvector). Then the system is
said to be

unstable if, for either eigenvalue, Re(u) >0,
stable if, for both eigenvalues, Re(u) <0.

In the case of the Mathieu equation, if y(t) is a solution, so is y(—t). Thus for stability we must have
Re(u) = 0 for both eigenvalues.

It is possible to show that there are regions of the (w?,¢) plane where solutions are stable, and other
regions where solutions are unstable. We will attempt to find the ‘stability boundaries’ when |e| < 1 by
seeking small amplitude periodic solutions, and identifying regions of parameter space where they do not
exist.
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7.2.2 w#+n/2

Try the Poincaré expansion
y=yo(t) +ey(t) + 2y (t) + ... . (7.18)
From substitution into the Mathieu equation we obtain:

O(") : fio + wyo =0, (7.19a)
O(eh) i + w?yy = —yocost. (7.19b)

If we seek a real solution, then

yo = Ao exp(zwt) + A5 exp(fzwt) , (7.20a)
= Ap exp(wt) + c.c. , (7.20b)
and
i1 + w’yr = —3Ag exp(s(w + 1)t) — 3 4q exp(e(w — 1)t) +c.c . (7.20¢)
It follows that there are ‘secular’ terms if w+1 = —w, i.e. if w = :F%. Further, it is possible to show that

higher-order terms are secular only if w = 4+n/2. Thus if w # +n/2, we can solve at all orders to show
that

y(t) = exp(wt) p(t) + c.c. ,
where ¢ is 2m-periodic. We conclude that for ¢ < 1 and w # £n/2, the solution is stable.
723 |WP-1| <1

See Example Sheet 3.

724 |w?-1|«1
Suppose that |w? — 1| < 1, and seek a solution of the form
w2:1+5a1 +€2a2+...

From §7.2.2 we anticipate that resonance will only occur at second order. Hence if a; # 0, we expect
there to be no instability; thus we set a; = 0.

g0 15t harmonic
el . 0th & 224 harmonics
ez . 1% & 3" harmonics

Tcan force resonance
This suggests that we should consider an ord(s~2) slow time scale. Try
T = t, T = {-:2t7 (721&)
y=y0(r,T) + e (r,T) + >ya (7, T) + ... . (7.21b)

At leading order the governing equations is

el Yorr + Y0 =0, (7.22a)

with solution
yo = Ao(T)e'™ +c.c. . (7.22b)

At next order
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e Yirr + Y1 = —YoCOST
=—2A0(e* +1) +cec., (7.22¢)

with solution

y1 = —5(Ao + A7) + § (Aoe™ + Age 7)) (7.22d)

where any homogeneous component can [usually] be absorbed by a suitable redefinition of Ag. At next
order

e”: Yorr + Y2 = —2yorr — azyo — 341 (¢ +e7'7)
= (=20dor + (% —az)Ao + 3 A}) €7 — L A0e® + cc., (7.23a)

where * denotes a complex conjugate. For asymptoticness not to be lost when T' = ord(1), it follows from
the secularity condition that

287+ (S —a2)a=0 , 2ar+ (& +a)B=0, (7.23b)
where Ag = a + 183. Hence the oscillation is unstable on the slow time scale T if
(55 —a2) (f5 +a2) >0, (7.23¢)

ie. if
1
~ 13 < ag <

& o o /
.

(7.23d)

Ju
N‘Cﬂ

- T
N

7 77 7

i s
L

Figure 7.5: Plot of the stability boundaries of solutions to the Mathieu equation. In the white regions of
the (w2,z~:) plane, all solutions of the Mathieu equation are stable, while in the cross-hatched regions there
is an unstable solution. When ¢ = 0, the cross-hatched regions meet the w? axis at w = n/2, n = 0,1,2....
Source: Advanced Mathematical Methods for Scientists and Engineers, by C.M. Bender and S.A. Orszag.

Mathematical Tripos: Part Il PM 67 (© S.J.Cowley@maths.cam.ac.uk, Michaelmas 2022



7.3 WKBJLG Theory

Terminology: omit the J if not in Cambridge, and omit the LG if a physicist.

This theory is concerned with asymptotic solutions to equations with slowly varying coefficients, e.g.
i+ flet)z=0. (7.24)

It has both linear and nonlinear variants. A generalisation to two or more independent variables is called
ray theory.

7.3.1 Leading-order solution

Initially assume that f = w? > 0, and seek a multiple scales solution with

T=t, T=c¢t, (7.25a)
x=x(r,T) =xo(r,T) + ex1(r, T) + ... . (7.25b)
Then at leading order
Torr + WZ(T) 20 =10, (7263‘)
with solution
xo = Ro(T) cos (w(T) T+ 6o(T)) . (7.26b)
At next order
Tirr +win) = 230,71
= 2(wRp) sin(wt + 0y) + 2wRy (wr T + o1) cos(wT + bp) . (7.27a)
The secularity condition implies that
0r(T) = —1wr(T) (7.27Db)

but this is ‘impossible’, because the fast variable appears in the ‘drift’ equation for the slow dependence.
In some sense we want ‘0 to be larger’. Instead replace the solutions for zy with

2o(1,T) = Ro(T) cos(6(T)) , (7.28a)

where
0=10o(T)+06:(T)+..., (7.28b)
so that small variations in ©g on the T timescale produce O(1) changes in 6.

Since
0, =Ogr +eO1T7 + ..., (7298.)

it follows that

To = —Rpbor sinf + E(ROT cos ) — RyO1r sin 0) +...
‘{C.O = _ROQEZJT COSG — 5((2R0T®0T —+ RO(—)OTT) Sin9 —+ 2RO®1T®OT COSs 6) 4+ ...

On substituting these expansions into (7.24) we find that at leading order

Opr =w?, ie Oyp=w, (7.29b)

where w > 0 wlog. On applying the secularity condition to the equation for z; we obtain

2R¢©1700r =0 ©; = const. (7.29¢)
2RorOor + Ro©orr =0 Riw = const. :
Remark. While the local ‘energy’ E' = %Rgaﬂ is not conserved, the ‘action’ E'/w is conserved (recall that

for a standard harmonic oscillator E = (i + w?z?))

Mathematical Tripos: Part Il PM 68 © S.J.Cowley@maths.cam.ac.uk, Michaelmas 2022



13/95
15/17

15/15

15/18

Hence the multiple scales solution has the form

T~ W (acos@ + bsind) , (7.30a)

where a and b are constants, and

[SE

dq . (7.30b)

0= /0 (o)

A similar analysis is possible if f < 0, except that exponentially growing/decaying solutions are found
rather than harmonically oscillating ones. In particular

X ~ W (Ae_(P + Be‘p) ; (730C)

where and A and B are constants, and
t
¢=i/[—f@®]
0

Remark. In order to obtain higher order approximations, at first sight it might appear that super slow
time scales, T;, = "¢, are needed. However, with care, this is not necessary (see the last example
sheet).

[N

dq . (7.30d)

7.3.2 Turning points

What if f = 0 at some point? The solutions (7.30a) and (7.30c) are then singular. In order to investigate
this case, we assume without loss of generality that f(0) =0 and f'(0) < 0.

We recall that when et = ord(1), we have (7.30a) as solution for ¢ < 0 (since f > 0),
(7.30c) as solution for t > 0 (since f < 0).

In order to have a complete solution we need the relationship between (a,b) and (A, B). To this end we
observe that when |et]| < 1,
Z+etf'(0)z~0. (7.31a)

Therefore, all times are of a comparable scale when
gwsf’(om =t~ e 7. (7.31b)

Thus we introduce ‘medium time’, s, defined by

1

s =t(—ef'(0))*. (7.31c)
Based on the magnitudes of (7.30a) and (7.30c) when ¢ = ord(¢~3), i.c. s = ord(1), we scale by

1
r=-Xo+... . (7.31d)
€6

The leading-order governing equation is then Airy’s equation,
Xoss —sXo =0, (7.32a)
with solution
Xo = aAi(s) + BBi(s) , (7.32b)
where o and 8 are constants.

This solution must match with those valid when et = ord(1). First we match (7.32b) as s — oo to (7.30c)
as et — 0+. From the asymptotic expansions for the Airy function, etc.

(7.32b) : Xo ~ ﬁ (éa exp (— %s%) + Bexp (§s§)> , (7.33a)
(7.30c) : Zo ~ % (Aexp(—¢p) + Bexp(y)) , (7.33b)
[—etf/(0)]"
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15/20
15/22
(long)

where L3 3
o 3[-ef O] 7t = 3t (7.33¢)

Hence from matching A 3
o B
: - 7.33d
T po)t VT p] o

Note that the determination of A this way is ‘dangerous’ since that part of the solution is exponentially
small in (7.30c).

We can similarly match (7.32b) as s — —oo to (7.30a) as et — 0—. From above

1 3
(7.32b) . X ~ Ve (asin®+ Bcos®) , O =2(—s5)> + i, (7.34a)
1 1 3 3
(7.30a) : To ~ ———— 77 (acosf+bsind) , O~ —2[—cf'(0)]*(-t)> = —2(—s)2 (7.34b)
(et f/(0)]
These two expansions match if:
a B+a b 8 —a
= , = . (7.34c)
[—f’(O)}l/ﬁ (2m)1/2 [—f’(O)}l/G (2m)1/2
We therefore have the connection formulae
a—>b a+b
A= , B= . 7.35
e 7 (7.35)

7.4 Ray Theory

Consider waves propagating through a slowly varying medium. Assume that they are governed by

L(04, Oy; ez, et)p = eN (04, Oy, 05 €T, 68, €) (7.36a)

where L is a linear operator,
N is a nonlinear operator,

and X = ex and T = et represent the slowly varying nature of the medium. For instance

Lp= (a@; - a% <c2(X, T)gﬂ))@ =0. (7.36b)
Seek a solution of the form
0 =[A0(X,T)+eA1(X,T)+...]exp (g 0(X, T)) +cc. . (7.37a)
Then
@r = i0p[Ag + Ay +...1€" + e[Aor + eAip + ... 1€/ + cc. | (7.37b)

and the leading order approximation to (7.36a) becomes

E(iGT,iHX;X, T) =0 5 (738&)
i.e. the dispersion relation
L(—iw,ik; X,T) =0, (7.38b)
where w = —0p is defined to be the [real] frequency, and k = 0x is defined to be the [real] wave number.
(7.38b) is often rewritten in the form
w=QkX,T) . (7.38¢)
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Consider small variations about the values Xy and Ty by writing X = Xy + edx and T = Ty + €t where
ledx|, [edt] < 1. Then

exp (2 0(Xo+6X,Tp + 5T)> ~ exp (ZQ(XS’TO)> exp (W‘;X edxr+ ...+ ZQ?T 55t>
A exp <M§’m> exp (ikdx —iwdt +...) .

Hence the definitions of w and k are consistent with convention. Further, because

Oxr —0rx =0, (7.392)
it follows that
kr +wx =0, (739b)
and hence from (7.38¢) that
o0
]CT + CgkX = —87 s (7390)

where ¢, = ‘3—2 is the group velocity. In characteristic form

dk 99 dX

= . A
o7 53X on Cq (7.40a)

dr
A ray is a path along the characteristic traversed with speed ¢4. In general rays are curved.

FEzxercise. Show that

dw 09 dX
diT = 87T on d7T = Cg . (740b)
Hamilton’s Equations. Consider the transformations:
X = q
KX, T) — p (7.41a)
Qk; X, T) —  H(q,p,T) ,

then (7.40a) becomes
dp _ OH dg _OH
dT 0q > dT  Op

These are just Hamilton’s equations; hence waves move like particles with speed c4. Further, from

(7.38¢)
00 00

This is the Hamilton-Jacobi equation with the phase, 6(q,T'), as the action.

(7.41b)

7.4.1 Model example

Consider the equation

H? 0 /[, 0
—_— = — X, T)— =0. 42
<8t2 5 (40X, )833)> p=0 (742)
Substitute X T
o= (A(X,T)+eA1(X,T)+...)exp (Z(E’) +c.c., (7.43a)
then
e —w?Ag+ Pk*Ag =0, (7.43b)
el —OJ2A1 + CQk'QAl = i(wTAo + 2wA0T) + 2cexikAg + i62<kxA0 + Qk}on) . (7430)
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Hence at leading order we deduce the dispersion relation

w = *xck, (7.44a)
and at first order it follows that
(WAR)T + 2cex kA + (kA x =0, (7.44b)
or equivalently
(WADT + (cqwAf)x =0, (7.44c)

where ¢, = ¢ = . In this case no further information comes from the complex conjugate equation.
Write

Ag = e’ | (7.45a)
then, on taking real and imaginary parts,
Yor + cgthox =0, (7.45b)
and
(wri)r + (cqurg)x =0 (7.45¢)

Wave action. The local time and spatial averaged energy density of a wave satisfying (7.42) is given by
2n/w 27 /k
E = 47r2 / / % <pt + 02903) dx dt
= 2w2r(2) + O(¢) (7.46)
Hence (7.45¢) represents conservation of wave action E/w.
7.4.2 Conservation of wave action for sound waves (only outlined in lectures)

For 1D sound waves the governing equations are

plug +uuy) = —p,,

Pt + (pu)z :0’
St + ’U,SZ :07
p=p(p,S).

Consider small perturbation from a basic, slowly varying, state of the form

p=po(Z)+p,

P = po(po,So) + D,

S=50(2)+8,
where

z=¢/.

Assume that the basic state is at constant pressure so that

dp

87)5 Soz =0

dp
poz + % )

or equivalently
5(Z)poz + pos(Z)Soz = 0.
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Linearised perturbations satisfy the equations

pout = _ﬁ27
pr + (pou), =0,
St +euSpz =0,

p=ch(2)p+posS.

Hence
P = capi + Pos St
= —c3(pou)s — epos uSoz
= —cg(pou): + ecfpozu,
and

~ 2
Ptt = —CoPoUzt

2 p
=c — .
0P (Po)z

The governing wave equation for pressure perturbations is thus (cf. (7.42))

B — A D)po(2) (pp(z)) 0. (7.47)

Multiple-scales analysis. On the basis of earlier, seek a solution of the form
i i0(2,T
p=lao(Z,T) 4+ ca1(Z,T) +...]exp <(€)) +c.c.,
D zz'lmoeig + e(ikay + aoz)eig +c.c.,
Doz = — kzzaoeig + e(—k*ay + ikzao + 2z'lcccoz)eig +c.c.,
D= — io.)aoeig + e(—iway + aoT)eig +c.c.,
Dt = — (,uZaOeig + 5(7w2a1 — dwrag — ZiwaoT)eig +c.c..
Substitute into the governing equation

2
ECHPOZ ~
0 p. =0,

Dt — Cgﬁzz +
Po

then on collecting terms of the same power of € one obtains

el —w?ag + c%kgao =0,
chpoz
el —w?ay — iwrag — 2twagr + kzcgal — ikzcgao — Qikcgaoz + 0 ikag = 0.
£o

These yield the dispersion relation

w? = k%,
and the amplitude equation
(wad) + ca(kad)z — ppo—zcglm2 =0.
0
From the governing equations
kay
u =it +...+cc.,
wWpPo
~ ika,
S=—-e— OSOZengr. +c.c.,
Po
a
p :—gezg +...4cc
€
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The mean local energy density is given by

E = (3pou®) + (3¢37°/ po)
~agl?

= o
2pocy
and hence
2
E _ ao
= —
W 2pocyw

where w = %kc is the dispersion relation, and the [local] group velocity is given by ¢, = %¢o. Thus
cgB  klao|?

w o 2pow?’

Henceforth assume aq is real for simplicity. Then

w

w

FE L cgb _ Qodor wrad kagagz _pozka% kadwy kza?
T 7z Pocw  2p0cdw?  pow?  2pw? powd  2pow?

2 2
ag 9 9 pozkcgao  2kagciwz
= —5— |2waor —wrag + 2kcjaoz + kzcgao — - )
2pochw £0 w
a? kcdwy
- — 2 2 wr + )
Pociw w

from making use of the amplitude equation. Further, because the dispersion relation is independent
of time, from (7.40Db)

wr +cgwz =0,
i.e.

kc?
wr + 70(4)2 =0.
w

(5,(£),

Hence wave action is conserved:
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