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Abstract. Effective field theories offer a powerful method to unify diverse models under
a small set of control parameters, allowing systematic expansions around well-established
theories. These techniques, developed in particle physics, were designed for experiments where
the initial state — the vacuum before a scattering event — is as clean and isolated as possible.
Besides colliders, realistic environments are often noisy and dissipative. The recognition of the
limitations of traditional EFT techniques has, over the past decade, sparked intense progress
at the interface of high-energy physics and condensed matter. These considerations motivate
a new approach to gravitation and cosmology, one that models the gravitational sector as
evolving in the presence of an unobservable medium. Open Effective Field Theories provide
a systematic and controllable field-theoretic framework for modeling dissipation and noise
in gravitation and cosmology. These notes aim to introduce this versatile toolkit, enabling
model-agnostic assessments of how unknown environments shape our observational probes.
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0 Introduction

Theoretical cosmology is a hybrid discipline, situated at the intersection of general rela-
tivity, quantum field theory, and statistical physics. The strength of the current cosmological
paradigm lies in its ability to synthesize insights from all three. For example, the formation
of heavy elements in the early universe — known as Big Bang nucleosynthesis — depends on
a subtle interplay between the universe’s expansion rate, quantum decay processes, and both
equilibrium and non-equilibrium statistical physics.

Contemporary open questions in cosmology — such as the nature of dark matter, dark
energy, or a possible early phase of inflation — all share a common feature: the absence of
direct experimental probes. As a result, these phenomena must be studied indirectly, through
their gravitational and electromagnetic imprints. From our perspective, they act as an effective
medium through which gravity and light propagate. To characterize this medium, we cannot
afford to neglect any of the three theoretical pillars of cosmology: general relativity, quantum
field theory, and statistical physics.

That said, every physicist has their own trajectory in acquiring knowledge, and naturally
gravitates toward certain methods. Over the past 75 years, effective field theories (EFTs) —
developed primarily within particle physics — have proven invaluable in systematically param-
eterizing our ignorance about unknown physics. The EFT of Inflation [I] and the EFT of Dark
Energy [2] provide universal frameworks for describing single-clock models of the early and late
universe. While this particle-physics-inspired approach efficiently incorporates symmetry prin-
ciples and scale hierarchies, it is less suited to phenomena that lie outside the realm of collider
physics. At the same time, the universe is neither empty nor static; it is a setting for rich and
complex phenomena, including dissipation and noise, decoherence and classicalization, entropy
production, and non-equilibrium dynamics.

The aim of these lecture notes is to provide readers with a background in particle physics
a set of tools to extend EFT techniques to gravitational systems that exhibit such phenomena.
For readers more familiar with general relativity, we hope the notes offer a gentle introduction
to quantum field theory methods applied to cosmology.

e In Lecture 1, we introduce the Schwinger—Keldysh formalism, an approach for handling
non-equilibrium and open quantum systems.

e In Lecture 2, we construct a first example of an open effective theory for relativistic
scalar fields.

e In Lecture 3, we apply this framework to the scalar sector of single-clock inflation.

e In Lecture 4, we extend the formalism to the simplest gauge theory: electromagnetism
in a medium.

e Finally, in Lecture 5, we develop an open effective field theory for gravity in a medium,
which serves as a foundation for exploring dissipative and stochastic effects in cosmology.

References. Readers may find useful material in the following reviews [3-5] and textbooks

[6-5].



Nomenclature. There are a lot of variations in the terminology used by different commu-
nities to describe open and non-equilibrium dynamics. In these notes, we mostly follow the
nomenclature from [6] used in the open systems community. Unitarity refers to the existence of
a unitary evolution operator U(t,tg) mapping an initial state p(ty) to a final state p(t) through

p(to) = p(t) = U(t. to)p(to)U' (¢, to), (0.1)
with
UT(t, to)U(t, to) = U(t, to)UT (¢, to) = 1d, (0.2)

and initial condition U(tg,tg) = Id. We further consider density matrices which are (i) nor-
malised Trp = 1, (ii) Hermitian pf = p and (iii) positive definite p > 0. As we will see at length
throughout these lectures, not all physical evolution can be written under the form of Eq. (0.1).
Whenever some degrees of freedom are experimentally inaccessible, initially available informa-
tion can get distributed in the unknown environment and eventually lost. Such evolution maps
pure states to mixed states which can be computed by performing a Schwinger-Keldysh path
integral. This path integral is controlled by an effective functional that we decompose into

Seft [90+7 90—] = Sunit [904—] — Sunit [‘P—] + Shon—unit [‘P+7 90—] ) (0-3)

for a generic scalar ¢, where Syi; alone leads to evolution of the form of Eq. (0.1) while Spon—unit
contains terms mixing the + and — branches of the path integral. These terms are the ones
responsible for driving pure states into mixed states. Later on, we will encounter a convenient
basis known as the Keldysh basis, in which the field ¢ is decomposed into a retarded ¢, and
advanced component ¢, through

Pr = %7 Pa = P+ — P—. (0'4)
We will often call stochastic the operators O(@?P) that are even in powers of ¢,. These
contributions never come from the unitary part of the functional are related to the noise
sourcing the open systems. The operators O(p?*!) that are odd in powers of ¢, can always
be decomposed into a unitary contribution of the form Supnit [¢+] — Sunit [p—] and a remaining
part, intrinsically non-unitary, that we refer to as being dissipative. This terminology slightly
departs from the one used in dissipative hydrodynamics. In particular, dissipation does not
relate to the eventual conservation laws that the system may have.

Note: These lecture notes are meant to be improved. Please report typos, mistakes or poorly
written sections to
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1 Lecture 1: Schwinger-Keldysh formalism

Primordial cosmology relies on the correspondence between late-time observables and
early-time cosmological correlators. While the former involves classical statistics of cosmo-
logical tracers (temperature anisotropies of the CMB, density contrast of the LSS, ---), the
latter features quantum expectation values of quantum field theoretic operators. Schematically,

(I <« (I o(k;)). (1.1)
i=1 i=1
While many lecture notes (e.g. [9]) and textbooks (e.g. [10]) develop the physical origin of

the relation between the right and left hand sides of the above equation, our goal in this
Section consists in reviewing the perturbative computation of the right-hand side only - that is
the computation of cosmological correlators through the Schwinger-Keldysh formalism'. The
presentation closely follows [12].

1.1 Cosmological correlators
Let us consider a homogeneous and isotropic universe described by a FLRW background
metric

ds? = a*(n) (—dn2 + de) . (1.2)

The scale factor a(n) expressed in terms of the conformal time 7 controls the expansion of the
universe. During inflation, approximating the universe by a de Sitter geometry, we have

o) = —f}n, n € |00, (1.3)

where the Hubble parameter H is a constant (up to slow-roll corrections). The conformal time
1o corresponds to the end of inflation and the beginning of the hot Big-Bang, which is often
taken in practice to ng — 0.

On the top of the background geometry, we consider a massless scalar denoted ¢(n, ) with
a speed of sound c2. Tts linear action is given by

1 _
s = =5 [ dndea () [e20 — (@19)7] (1.4)
One can Fourier transform the field variable
ontn) = [ daoln,a)et. (15)

in order to take advantage of the spatial homogeneity. Following the canonical quantisation
prescription, field variables are promoted to quantum operators obeying the equal-time com-
mutation relations

[0x(n). Tq(n)] = i6(k + q), (1.6)

'For an investigation of the left-hand only, see [11] and references therein.




with ﬁq the conjugate momentum. Making use of the linear evolution, one can relate the field

operators at time 7 to dg and aT_ k> the creation and annihilation operators of the Bunch-Davies
vacuum |Q2) in the asymptotic past through the mode-function decomposition

S(n) = Sr(n)an + Gf(m)a’ (1.7)
The mode-functions obey the classical equation of motion. Explicitly, rescaling ¢ by the scale
factor a, the equation of motion for ¢ takes the familiar form of a parametric oscillator
"

(atn)" + (282 = 2 (a0n) =0, (1.8)

Choosing the outgoing branch

H
V2c.k?

The Hilbert space of the ¢ field is constructed out of the tensor product of each mode’s Fock
space, that is H = ®xHg with

or(n) = (1 4 dcshkn) e~k (1.9)

He = {19) .3}, 1) afal 1), -}, (1.10)

the Bunch-Davies vacuum being defined from ag |2) = 0.

We are now in position to define the observables presented on the RHS of Eq. (1.1) we aim
to compute. Cosmological correlators are defined as the expectation value of the Bunch-Davies
vacuum of equal-time product of local operators at the future conformal boundary of dS,

(IT o(k:)) = lim (QITT o, (n0)19). (1.11)
i=1 i=1

77()—)0

Note that the terminology observable may be misleading. Contrarily to scattering amplitudes,
cosmological correlators are not field redefinition invariant. Instead, correlators dictate the
summary statistics of the field ¢ at time 7y (its mean, variance, skewness, kurtosis, - - ), which
might be more familiar in the context of statistical field theory. The knowledge of an increasing
number of cosmological correlators in general provides an improved characterization of the full
Probability Distribution Function (PDF) for ¢.

1.2 In-in formalism

The in-in formalism [12, 141, 15] is a well-established framework aiming at computing
perturbatively cosmological correlators. Let us review its basic structure.

2This is not always true, as the moment-generating function does not necessarily converge. Moreover, the
complete knowledge of the PDF does mot correspond to the complete characterization of the quantum state
pa = |){(Q, but only the diagonal density matrix element in the field basis Po(¢r,n0) = {(¢Pr,n0|pa|dk,n0).
Off-diagonal density matrix elements <<;~5k7 no|paldk,no) or, equivalently, correlators of the conjugate momentum
Ik are needed to fully characterize the state [13].



1.2.1 Weinberg formula

From Schrodinger to Heisenberg. In Schrodinger picture, the state |¥(n)) obey the
Schrédinger equation

d [P (n))

I —iH (n)|(n)), (1.12)

where H (n) is the Hamiltonian. This equation can be solved formally to obtain the quantum
state of cosmological perturbations at the end of inflation

% (110)) = U(mo, —00) €2) , (1.13)

where we have introduced the evolution operator
. no A
U(no, —o0) = T exp [—z/ dn/ H(n')} (1.14)
—00

T (T) representing (anti-) time ordering of quantum operators. This is the so-called Schrédinger
picture, where the state |¥(n)) evolve with Z/ and observables ggkz are time-independent. Using
the unitarity of the evolution operator Ut = Ut =1 and the mapping from the Heisenberg
to the Schrodinger picture

U (1, —o0) [k, (m0) ] U 10, —00) = i, (1.15)

we find the Schrédinger picture representation of cosmological correlators

n

(T o) = hm (o) \H D1, ¥ (10)). (1.16)

Interaction picture. To conveniently compute these quantities in perturbation theory, we
divide the Hamiltonian into a free part and an interaction part,

~

H(n) = Ho(n) + gHint (1) (1.17)

and introduce the free evolution operator ﬁo, defined as in Eq. ( ) where H is replaced
by Hy. This approach is known as the interaction picture which provides an in between the
Schrédinger and Heisenberg pictures. In this picture, quantum states evolve with the interaction
Hamiltonian gHmt and operators evolve with the free Hamiltonian Ho The link between the
Schrédinger and the interaction picture is given by

| (110)) = U (10, —00) [¥(m0)) (1.18)

where tildes denote quantities evaluated in the interaction picture. From Eq. ( ) it is easy
to show that the state evolves according to

d[¥(n))

an —ig Hiny(n)| ¥ (1)) , (1.19)

where

Hine (1) = U (1, —00) Hin (1)Uo (1), —00) (1.20)

and we have used that the evolution operator is Hermitian, i.e. LA{OLA{g = LA{gZQO = Id, since
Hy = H].



In-in correlators. Given an interaction Hamiltonian gHj,, cosmological correlators can be
written in the interaction picture

n

N — 10 /I I7. ’ no_ i 10 ! I7. ’
<H ¢(kz)> = lim <Q| T@ gffoo(lfig)dn Hing(n ):| H d)ki (770) |:7'€ gffoo(1+i5)d77 Hing(n') ‘Q> .
=1

i—1 =0

(1.21)

The ie deformation is here to ensure the projection of the adiabatic vacuum of the interacting
theory onto the vacuum of the free theory in the asymptotic past, see Refs. [16—18] for in-depth
discussions. In practice, the correlation functions of the theory are computed perturbatively, at
a given order n in ﬁim, leading to

LLEPN o [T Nn 72
(I] o(k:)) = lim (ig) / dn, [ dgpor--- [ dm (1.22)
i=1 —00 0 0

77()—)0

Q| [ﬁfim(m), [ﬁmt(m), e [ﬁint(nn)7 ﬁ%ki(ﬁo)] ] Q) + O(g" )

i=1

where the appropriate ie prescription must be used depending on which branch of Eq. ( )
provides the time integration. This approach has been used in a variety of problems in primordial
cosmology to compute cosmological correlators of scalar and tensor perturbations.

1.2.2 Path integral representation

While the operator formalism has the advantage to make computations explicit, it relies in
practice in performing a large number of commutation relations and Wick contractions, which
makes it rapidly unpractical. The path integral representation aims bypassing these steps, often
at the price of losing transparency. Here, we aim at making the connection between the operator
and path integral formalisms explicit. A detailed derivation can be found in [19].

Let us reconsider the Heisenberg’s picture of our cosmological correlators given in
Eq. (1.11). An equivalent representation of the quantum state |Q2) is given in terms of the
density matriz po = |Q) (Q] [6]. The advantage of working with a density matrix, which ac-
comadotates both pure and mized states, will become transparent in the next section 1.3. In
terms of the density matrix, Eq. (1.11) is restated

<f[ (ki) = lim Ty []E[ $ki(no)ﬁsz] (1.23)
=1

—0
o i=1

where the trace is over the full Hilbert space defined above Eq. ( ). One can explicitly
compute this trace in a given basis. For instance, considering that the theory only contains one
scalar degree of freedom ¢, one can express this expectation value in the field basis constructed
out of the eigenstates of the field operators in the Heisenberg picture

Ok (10) B, 0) = Dk (10)| D, 700) - (1.24)

In this basis, the expectation value becomes

Lok = tim, [ den(én,ml 1] dw, (r0)poléns o) (1.25)
i=1 =1
= lim [ don [ adq(n, ol [T Or, (00)1dq: m0) (@0 mlpalonsmo)  (1.26)
00 i=1



where we used in the second line a resolution of the identity

1= [ B4l m) (b, (1.27

Cosmological correlators being diagonal in the field basis,
(D1 10| [T Dr: (10) 0 m0) = [T r: (10)0> (k — @)3(6 — ). (1.28)
i=1 i=1

all the information of interest is contained in the diagonal element of density matrix in the field
basis

Po|dk(no)] = (dk: nolpaldk. no)- (1.29)

This objects define a Probability Distribution Function (PDF) from which one extracts expec-
tation values in the usual way,

n
(1) = Jim )/ d¢kH¢k 0) Polée (o)) (1.30)
When the state is pure (p3 = pq), this definition matches the wavefunction approach

Po[¢r(n0)] = [¥[¢r(no)][*-
The purpose in life of a path integral is to prepare the statistics sampled by an experiment.
While single-branch path integrals sample a wavefunction,

Uon(10)] = (61> m0l92) = (DK (n0)) = (Slth (10, —00)|) (1.31)

Pk )
= [ Dy el (1.32)
Q

a density matrix necessitates the use of double-branch path integrals,

Palor(no)] = (dk: 10|2) (@b, 10) (1.33)
_ [P o, [ Dy eiSie-sle-)), (1.34)
Q Q

Such a path integral contour is presented in Fig. 1. Known as the Schwinger-Keldysh, in-in or
closed-time path contour, it can be intuitively understood in the following manner. Starting from
some initial state |€2), the path integral evolves the dynamics forward up to 79, then backward to
initial state (] again. Compared to the familar in-out formalism used in particle physics which
specifies the state both in the asymptotic past and asymptotic future, the Schwinger-Keldysh
formalism only relies on initial conditions, leaving the state at time 7 unconstrained. It allows
one to access transient dynamics which can be really far-from-equilibrium, which is the primary
reason for introducing such a formalism.

The second important feature of the in-in contour is the apparent doubling of the degrees
of freedom of the theory, one for each branch of the path integral: ¢ for the forward branch
and ¢_ for the backward branch. It is important to bear in mind that this is nothing but a trick
to capture describe statistical and quantum fluctuations in the formalism. Physically, there is
only one dynamical degree of freedom, a fact we can make manifest by computing dispersion
relations and propagators.



2
vk Dy eiseff[so]

\ = |
b) Pg = QW Dy, QW Dp_ eiSett[p+,p-] |:> | ))

Figure 1: Comparison between a) the single-branch path integral contour used in the compu-
tation of the wavefunction, and b) the double-branch path integral contour used in the compu-
tation of the density matrix. While the two approaches are equivalent in the case of pure states
(see e.g. [21]), the in-in contour also accomodates mixed states, which have no single-branch
analogue.

a) Pq =

At last, note that the exponential in Eq. ( ) factorises between the + branch contri-
bution and the — branch contribution, S[p4+] — S[ep_]. This is a peculiarity of unitary/closed
theories in which information is conserved [20]. In Sec. 1.3, we will discuss what happens when
¢ exchange information with hidden sectors, leading to the emergence of mized states. At the
level of the path integral, this will correspond to investigate the appearance of terms mixing
the branches of the path integral, leading to Seg = S[¢+] — S[e—] + Fle+,p—]. The generic
construction of these effective functionals describing pure and mixed states in a single way is
the object of Lecture 2.

1.2.3 In-in diagrammatics

We now aim at computing Eq. (1.30) in perturbation theory. To do so, we spell a set of
Feynman rules and associated diagrammatic.

Invariance by spatial translation (homogeneity) implies that correlators must contain at
least one Dirac delta for momentum conservation. While disconnected diagrams, proportional
to two or more Dirac, can always be substracted by removing all products of lower n-point
functions, connected correlators, proportional to a single Dirac, are the main objects of interest
at a given order n. We introduce the notation:

<ﬁ$(ki)>z 2m)*3( Y ki) Ba({k}). (1.35)

=1
To compute this quantity in perturbation theory, we separate the free action from the interac-
tions,
Slel = Sole] + Sint[¢] (1.36)

where Sint[e] is at least cubic in ¢. While the Sy[¢] part can be exactly solved to obtain the
propagators of the theory, we perform a systematic expansion in Sint, leading to

Ok Ok " ) ) 1 o
A(8D) = [ Dos [ Do {1+ iSumlos] — iSulio-] - 35Eules] - 55hule-)
1 :
+ §Sim [0+]Sint[p—] + - - ) }el(so[‘”}so[“"—}) — (disconned diagrams)  (1.37)
where we inserted ¢’} to compute the associated n-point function [12].” In the operator language,

the contribution from the “+” branch corresponds to acting on the left with Hiy in Eq. (1.22),

30ne could equally insert ", given the boundary conditions considered.



“_»

while the contribution from the acting on the right. In the end, it amounts to evaluate
these various correlators in the free theory using Wick contractions:

1

Bn({k}) = () + {0} Simal 4D — it Smelo- 1)@ — 5 (et Sl N

1 n n . .
= (@ SRle-1) + (0 Sl 1Sl N® + - — (disconned diagrams),
(1.38)
where ((---)(©) stands for correlators evaluated in the free theory. Reproducing this computation

everytime we have to evaluate a correlator is tedious, this is why people develop a set of rules
to perform these steps in a systematic manner:

~

Feynman rules.

1. To compute B,, in perturbation theory, draw a diagram with V vertices, I internal
lines, each connecting two vertices, and n external lines connecting a vertex to the
future boundary ny — 0 represented by a horizontal line at the top of the diagram,
see e.g. Fig. 3. Times run from bottom at n — —oo to top at n — ng.

“_»

2. Each vertex can either be a “4” vertex, coming from Sin[py] or a vertex,
coming from Sin¢[p—]. The final expression for B,, is obtained by summing over the
2V to label the V' vertices.

3. To each of the n external lines, associate a spatial momentum k;. Internal momenta
are associated to p,,, withm =1,--- 1.

4. Internal lines represent four different types of bulk-to-bulk propagators:

D_(k;ni,m2) = du(m)érn(m),  Dy—(kini,m2) = [D—y(k;sni,m2)]", (1.39)
Do (ksmi,m2) = Dt (k;n1,m2)0(m — nm2) + D (ksn,m2)0(n2 —n1),  (1.40)

depending whether + or — vertices are connected by these propagators. ¢g(n1) is
the Bunch-Davies mode function found in Eq. (1.9). External lines are associated
to the bulk-to-boundary propagators

Ki(k,n) = ¢p(mdr(no),  K-(k,n) = [Ky(kn)]" (1.41)

5. Vertices controlled by a coupling constant g are associated to

10 d
iig/ A for A=1,--V, (1.42)
—oo(1Fie) (HUA)
where the Fie are there to project onto the interacting vacuum in the asymptotic
past in the + and — contour respectively [I7] and the (Hna)~* comes from the

volume factor y/—g. The £ in front depend whether it is a 4+ or a — vertex that is
considered. Moreover, each vertex comes with a delta conserving spatial momenta, a
consequence of spatial homogeneity. All internal momenta p,, should be integrated
over. Using the topological identiy I — V + 1 = L, there should remain in the end
L internal momenta integrals to perform, corresponding to the L loops.

,10,



ky ky, ks ky k, ks ky ky ks

+ = 2Re

Figure 2: In-in diagrammatics of tree-level three-point correlator. The “+” and “—” diagram
are related by complex conjugations for parity even interactions.

6. Combinatorial factors may need to be added, when permutations generate the same
contribution. Check [1?2] for a detailed discussion.

In the absence of parity odd operators, there exists a simple relation between diagrams
with V “+7 vertices and V “—7 vertices denoted B) " ({k}), and the same diagram with
exchanged “+” and “—” vertices, BY"V ({k}) = (BYV ({k}))*, see Fig.

“We follow the notations in [12]. Notice that the four bulk-to-bulk propagators are not linearly
independent due to the identity D4 +D__ =D _ 4+ D__.

Let’s illustrate these diagrammatic rules through a simple example. As a first example,
we consider the leading cubic interactions in single-clock models of inflation [1]

dT] )\1
o 3 a3y | 3 _ T WAY)

We explicitly treat the A\; interaction. The associated contact bispectrum, represented in Fig. 2,
is given by

Bj}' = 2Re —i& x 3! x /no dr (—Hn)3K' (k1,n)K' (ko,n) K", (k3,m)| . (1.44)
: 37 i (H)? H R

Let us discuss term by term the various contributions. First, the real part comes from the fact
that the “—” diagram is nothing but the complex conjugate of the “+”, as shown in Fig.
The —\;/3! is the vertex contribution, while the 3! is the combinatorial factors, coming from
the Indistinguishability between ki, ko and k3. At least, the integrand contains the (—Hn)?
factor from the vertex and the bulk-to-boundary propagators for the three field insertions. The
latter feature a conformal time derivative coming from the fact we considered ¢ and not 3.
Injecting the expression of ¢y (n) found in (1.9) into the bulk-to-boundary propagator expression
(1.11), we obtain

"o dn H? ik

B! = 2Re |i) / — A lk2neicskin 1.45
3 [ —oo(1—ie) ( 77) Zzl_ll QCsk? ( )

,)\1H503 0 2 JE
= 2Re 17‘9/ dnnet =T 1.46
[ 8k1koks J—oo(1—ic) i (1.46)

A\ H? 3

_ s 1.47
2k1koks B3 ( )

- 11 —



where in the last line we defined the total “energy” Er = cs(k1 + ko + k3) and took the ng — 0
limit. The contribution from the Ao interaction can be computed through similar methods,
though leading to a much more involved results [22]. In the Problem Set part of this
Lecture, the reader can practice in-in diagrammatics through simpler examples.

1.3 Integrating out heavy fields

Foreword. This section provides partial solutions to Problem 2 of the problem set in
Section 1.4, based on [23]. Readers who wish to practice the methods introduced in Lecture 1
are encouraged to attempt the problem set first, before consulting this section.

To illustrate the difference between in-out and in-in formalism, we make a short detour in
flat spacetime, where the metric reads:

ds? = —dt? + dz?, t€]—o00,0,, xeR> (1.48)

This “half-Minkowski” patch introduces subtle differences compared to the “full-Minkowksi”
case where t €] — 0o, 0o], which have been the object of recent investigations [24, 25]. As we will
see, the t — 0 limit introduces a finite-time boundary, leading to time-translation symmetry
breaking, particle production and emergent dissipative and stochastic effects.

Model. Following [23], we consider the following two-field toy model with the Lagrangian,

1 2 1 2 1.5 o L
£[907O—] = _5(8/L90) - §<8M0—) - iM 0"+ ﬂ(p g, (149)
with ¢ being a massless scalar and ¢ a massive scalar with mass M. Here A is the cutoff scale for
the dim-5 operator ¢?c, and we denote derivatives with respect to physical time t by overdots.
After quantization, scalar fields can be expanded in terms of creation/annihilation operators.

For instance,

Bk g \
o(t,@) = / — e® = g (k, t)a, k + uf (k. )al ], (1.50)

where u, (k,t) is the mode function of o determined by solving the Klein-Gordon equation with
appropriate initial conditions. Assuming the Bunch-Davis (BD) vacuum, the mode function is
given by:
e_iEkt
Ug(k,t) = —=, E. =V M?+ k2 1.51
0’( ) \/E k ( )

Similarly, the energy of massless ¢ is Ey = k, so the mode function is:

—ikt

e
uy(k,t) = —. 1.52

Correlator. Below we will compute the s-channel four-point correlator:
B = (ky PhsPhs Pl )59 (1.53)

where we use a prime to denote the momentum conservation factor (27)36(k1 + ko + k3 + k4)
has been stripped off. Focusing on this process, we study the diagrams presented in Fig. 3. Our
goal is to characterise and physically interpret the influence of the heavy field o while focusing

- 12 —



k4 ky ks k., k4 ky ki ky

2 Re ( + )
+ S — + S +

Figure 3: In-in diagrammatics of tree-level s-channel four-point correlator with a massive
exchange. The massless scalar ¢ is represented in blue and the massive scalar o in orange.

on the massless field ¢. We proceed with the calculation via Schwinger-Keldysh formalism.
Following Sec. , we double all the field content, and the equal-time correlator (defined at
t = 0) can be expressed as the path integral:

g

® ® o ,
©lp.ol) = [ Dos [ Do [ Don | Do_Olp,ale 4 Elenal=Llomo D (154)
BD BD BD BD

By perturbation expansion of the interaction term in the Lagrangian ( ), we can compute
the momentum-space four-point correlator B (1.53) as an “in-in” integral:

1 0
Bi= 13 > (—ab)/ dtydte 0y, K2 (ky1,t1) x O, K¢ (Ko, 1)
a,b=+ o

X ng(s; tl,tg) X 8t2KE)p(k23,t2) X 8t2KgD(k‘4,t2). (1.55)
Here D (k;t1,t2) are the bulk-to-bulk propagators of o:

e~ 1Bk (t1—t2)

D7 (k;t1,t2) = ug(k, t1)uy (k,to) = ——F%—), (1.56a)
2F;
. etiBk(t1—t2)
DS _(kit1,t2) = [D7  (kit1, t2)] = ————, (1.56b)
2FEy
Dii(k; t1, t2) = g:i(k; t1, t2)9(t1 — tg) + Di:‘:(k); t1, tg)@(tg — tl), (1.56C)
and KY are the bulk-to-boundary propagators of (:
. . ikt . . . ekt
K+(k>t) = uw(k:,t)u@(k‘,O) = %7 K—(kat) = [K—i-(k?t)] = 2% (157)

We then plug the propagators ( )-(1.57) into Eq. (1.55), and it is straightforward to compute
this “in-in” integral. The result is:

B kr + E

_ , 1.58
4 8A2E kr (ki + Es)(k3s + Es) (1.58)

where we have defined the total energy k7 = k1234 with the shorthand k;;.. = k; + k; + - - -

“Here the spacetime integral should be understood as f d*z = ffoo dt f d3e.
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S AT At

Figure 4: Illustration of the difference between amplitudes and correlators. In the in—out
formalism, integrating out the heavy field produces a local effective action, while in the in—in
framework it also gives rise to dissipative and stochastic operators involving odd powers of 1/M.

Discussion. Let us consider the heavy mass limit of Eq. (1.58). As noted in [21-20], it is
impossible to recover all terms in Eq. (1.58) in the traditional O/M? expansion of the heavy
propagator. To see this, we expand Eq. ( ) in M > k; for all momenta (recall that Ey =

VM? + s2):

11 kiak °) 1 kigkss 1 1
s (k12k3s + 57) 12k34 1 (9< )’ (1.59)

Bi=— —_ et 7 —
47 8A2k M2 8A2ky MY T 8AZ M5 M6

where we find some odd powers of 1/M that cannot be produced from the 0/M? expansion.
This departs from the common expectation from scattering amplitudes, illustrated in Fig.
Then, what is the physical origin of the 1/M?3 term appearing in Eq. (1.59)?

1.3.1 Keldysh basis perspective

This puzzle is first considered through the perspective of the Keldysh basis, which provides a
physical interpretation of the origin of the odd powers of 1/M. Finite-time QFT is conveniently
organized in the Keldysh basis of fields, which is a linear combination of 4+/— fields on the two

Schwinger contours [7]. The retarded and advanced fields are respectively defined as:
or = %, Og =04 —0_, (1.62)

and the propagators can be easily derived from the bulk-to-bulk propagators ( ):

—iGE (ks ty, 1) = (op(tr, k)ou(te, —k)) = D7y (ki b1, ta) — DI (ks ty, o), (1.63a)
—iGA (ks ty, 1) = (0a(tr, k)or(t2, —k)) = D7y (ki b1, ta) — D7, (ki ty, ), (1.63b)
LGB (Bt 1) = (ov(tr, k)or(ta, —k)) = %[Di+(k;t1,t2) + D7 (kith, )], (1.63¢)

(0a(t1, k)oa(ts, —k)) = 0. (1.63d)

®Indeed, the scattering amplitudes result can be recovered by looking at the kr pole [24, 27-30]

lim Bj Re{

kp—0

A(KY KBS K KL) }

e (1.60)

where k! = (k;, k:) is a set of null momenta which characterize the incoming particles in the flat-space scatter-
ing process associated with the same graph. A(k{, k5, k5, k) represents the corresponding 4-point scattering
amplitude. The general relation is given by

in+1
lim By(k — LR i 1.61
kq}lll() ( )O(Re{(sz)A'A(k17 7kn) ( 6 )
where Ar quantifies the degree of divergence of the total energy singularity, see [30] for more details.
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As will be discussed in depth in Lecture 2, both the retarded propagator G and the advanced
propagator G4 are the Green’s functions satisfying:

(07, + (K + MAIGE A (k; t1,t2) = 6(t1 — ta), (1.64)

but are only supported on t; > t9 and t; < to, respectively. On the other hand, the Keldysh
propagator G¥ is not a Green’s function, satisfying the sourceless Klein-Gordon equation. We
will come back to the physical interpretation of the propagators in the next lecture.

For later convenience, we further define the principal-value propagator G¥ and the Pauli-
Jordan propagator® G* as a linear combination of retarded/advanced propagators:

v
2
G2 (kt1, t2) = GR(kyt1, ta) — G2k t1,ta) = i[D7, (k;t1,t2) — DT_(K;ty, t2)] - (1.65b)

1
G{:(k;tl,tg) = Q[Gg(k;tl,tg) + G?(k;tl,tg)] = [DiJr(/{?; tl,tg) — sz(k;tl,tz)}, (1.65&)

In terms of the mode function u,(k,t) and its complex conjugate, we can write down the three
linearly independent propagators:

i

Gy (kity, ta) = 5 [ug (k, tr)ug (K, ta) — ug (k01 )ug (K, ta)lsn(ty — ta), (1.66a)
G?(k; tl, tg) = i[ug(/{?, tl)u:;(k, tg) — uf;(/{:, tl)ug(k, tg)], (1.66b)
GE (k;ty,t) = %[ua(k,tl)u;(k,tz) + ul (kb1 )ug (K, t2)], (1.66¢)

where sn(z) = 0(x) — 0(—x) denotes the sign function. Finally, we insert the explicit expression
for the mode function (1.51) and obtain:

sin Ey(t1 — t2)

GE(k;ty,t0) = 5 sn(t] — ta), (1.67a)
k
e
G2 (ki 1) = PN 1), (1.67)
k
o B
GE (ki ty, tg) = 22 ;](;1 t2) (1.67c)
k

We summarize some basic properties of the propagators GF, G®, and G¥ in Tab. 1, including
that they are either real or (pure) imaginary; either symmetric or asymmetric under t; <> to;
and either factorised or nested in time order. By factorised, we mean that it can be written
by a finite sum of factorized terms, and by nested, we mean that time integrals involving
this propagator exhibit nested time integrals due to sn(¢; — t2). These characteristics can be
easily verified from the explicit expressions ( ), but they are actually fundamentally defined
properties from ( ), and thus remain valid in arbitrary spacetime.

To gain some insights from the Keldysh basis, we turn to the new basis of propagators
(1.66) for o in the “in-in” integral (1.55), and extract the contribution from each one. More
explicitly, the four “in-in” propagators ( ) can be expressed in this basis:

. )
DTy (ksty,ta) = —iGE (ksty,t2) F icﬁ(k;tl,tg), (1.68a)
Dfl::l:(k; t1, tz) = —’in(/{; t1, tQ) F Z'G{:(k; t1, t2). (1.68b)

5We here use propagator in a lose sense - referring to the fact these functions encode how information propa-
gates in the environment o.
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Propagators Real/Imaginary Symmetric/Asymmetric Factorised /Nested

GT (ki t1,t2) R S N
GA(k;ty,t2) R A F
GE(k;tq,t2) I S F

Table 1: Basic properties of propagators in the Keldysh basis

Therefore, we can substitute the bulk-to-bulk propagator DZ, with Eq. ( ) in the integral
( ) to obtain the corresponding contributions. In particular, the principal-value propagator
GF contributes to =4 branches:

1 0
TP — p Z(—l)/ dt1dts 8t1K;p(k1,t1) X 8t1Kép(k2,t1)
a=+ -0
X [— ain(S;tl,tg)] X 8,52Kf(]€3,t2) X 8t2K;P(k4,t2)

1 1 1
_ 1.
16A%kp (k%Q — E2 * k3, — E§> (1.69)

and the Pauli-Jordan propagator G® contributes to +F branches:
a_ 1 0
1" =1 > / dtydta 0y, K7 (K1, t1) % O K7 (K2, t1)
a=4 Y X

X [%G?(S;tl,h)] x Oy, K2, (K3, t2) x O, K7, (ka, t2)
ko

=— . 1.70
168207, — B3)(, — B%) L
Finally, the Keldysh propagator GX contributes to all SK branches:
1 0
7K = 1= > (—ab)/ dtydty O, K (K1, t1) x 0, K¢ (Ko, t1)
ab==£ %
X [— G (s:t1,12)] X O, K (K, t) X O, K (K, to)
k12k
1220 (1.71)

~ SA2E (K, — E2)(K3, — E2)’
Indeed, one can easily recover the full correlator (1.58) by summing up Egs. (1.69)-(1.71).

Physical interpretation. There are two main distinctions among the above three contribu-
tions (1.69)-(1.71). First, it is only Z¥ that possesses the total energy pole (or the kr pole),
namely it diverges when k7 — 0. This is because the (residue of) total energy pole corresponds
to a unitary scattering amplitude (in flat spacetime) [24, 27-30], and thus it could only appear
in a unitary theory. As we will see in Sec. , when integrating out o, the principal-value
propagator encodes all the information about the unitary single-field EFT for ¢. Conversely,
the Pauli-Jordan and Keldysh propagators capture dissipation and noise, which are non-unitary
effects. It explains why Z” is unique in possessing this k7 pole. This can be also understood
from a technical perspective: both G® and G¥ are factorised in time, see Table 1, so they
cannot maintain singularity in k7 which is not factorisable. We also observe that Z? vanishes
at k7 = 0, and it would be interesting to explore the underlying reason and whether this is a
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universal feature. Aside from the total energy pole, we find all these three parts have partial
energy poles (k12 + Es = 0 or ksg + Es = 0) and folded poles (k12 — Es = 0 or ksy — Es = 0),
while the latter will be canceled when the three parts add together to the full correlator (1.58)
due to the BD initial condition.

Second, let us expand each contribution in the heavy mass limit M — oo:

1 1 k2, + k2, — 252 1 1
P _ 12 34
 8A2kp M2 16A2kp M4+O<M6>’ (1.72)
kr 1 1
A__ Fr L o
= 16A2M4+O<M6>’ (1.73)
kiokss 1 1
K N12R34
T = =25 WJFO(W). (1.74)

We can find that both Z” and Z* contain even powers in 1/M, while ZX only contains odd
powers. This can be traced back to the fact that G and G2 vanish in the coincident time
limit while G¥ does not, see Eq. ( ). Hence, GF and G® are built from the sin function,
while G follows from the cos function. Since the traditional (unitary and local) EFT is the
0/M? expansion of the heavy propagator, it could only have even powers of 1/M and each term
contributes to a contact graph possessing the total energy pole. That is, the traditional EFT
reproduces the contribution from the principal-value propagator ( ). Corrections to this
include even powers of 1/M from the Pauli-Jordan propagator ( ) that vanishes at kp = 0,
and odd powers of 1/M from the Keldysh propagator (1.71).

1.3.2 Top-down open EFT

We now construct an EFT for the massless field ¢. This Section aims to convince the
reader that in order to fully recover the results found above, the EFT has to be open, that is
cannot be written in the form Seg[¢+, p—] = Sunit[¥+] — Sunit[¢—]. This serves as a motivation
for the construction of generic open EFTs in the Schwinger-Keldysh contour.

We define the retarded and advanced fields for ¢

P+t -
br="5 Pa = P+ — P—- (1.75)
Under this basis, the path integral (1.54) becomes:

® 0 o 0 . . .
(Ol = [ Do [ Do [ Do [ Do Ol o]t lersali5 omil il
BD BD BD BD

(1.76)
where the free action reads:
—1
1 GE GE
© —_ = [ gt ¢ Yo #r
-1
1 4 GE GgE o
Sqlor,04) = — i/d x (UT oa) <GZ4 0") <02> , (1.79)
"Here the propagators are written in position space and are the Fourier transform of the form in Eq. ( ):
Bk ik (w—
G(z,y) = / Wc(k;tl,tz)e kele=w), (1.77)

where we have omitted the superscript (H, A, K) and subscript (¢, o) for the propagator. The retarded and
advanced propagators in position space are defined similarly.
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and the interaction part is:

1 ; .
Sint [@ra Pa,Or, Ua] = ﬂ /d4x (9010'4- - (p%O'_)

= i/d‘im (gbrcpaar + %gb,%aa + é@?laa). (1.80)
We will develop in Lecture 2 the physical description of the various terms appearing in this
functional. For the moment, let us simply take it as the initial theory rewritten in a funny
basis.

We now aim to integrate out the field o and to obtain the single field open EFT for ¢
only. In practice, we follow a procedure similar to the one described in [31]. We first define the
influence functional Sip [32]:

. o 0 - ‘
e'LSIF[ﬂ"ryT"a} — / DO’T Do,a e’LSO [Ur,o'a}elsint [907«75011,0'7«,0'@]7 (181)
BD BD

and then expand Siy to the second order in 1/A to obtain:

) 1
e =1+ i(Si)o — 5 (Sh)o + - (1.82)

The theory being linear in ¢ and having removed the tadpole contribution, we assume for the
moment that (Sint)s = 0. We then identify the influence functional in the leading order:

i
Sie = 5 (Si)o- (1.83)
Therefore, the second-order effective action is simply obtained by replacing internal o legs by
its propagators, leading to:

1 .2

Stwloriod = 537 [ 4' [ du{r@)ala) x GEy) x 5080 + 524w (18)

+[5920) + §220)]| X Gla,n) X 2r (1) 2aly) + &r(@)pu(w) X G (2,1) x 2r(y)ealt) |
Notice that when doing the contraction, the two vertices give 1/A%. We emphasize that the last
term in Eq. ( ) is manifestly non-unitary: it contains an even number of advanced fields,
and thus if going back to the original +/— basis, it can never be written in a factorised form
Seft [P+ -] = Sunit[p+] — Sunit[p-] [33].

The first two terms in Eq. (1.81) are more subtle. It is more intuitive to express G*/4 in
terms of G/ using Eq. (1.65), where the influence functional becomes:

1‘2

Stelerivd = 37 [ 45 [ du{en@)ta@) x 265 @) x [3020) + g0 (189)

+r(a)ala) x G (o) % | 5630) + S8 + 60 (@)u(a) x G (2,0) X 2ry)eav)

where we have used GZ (y, ) = GP(2,y) and G2 (y,r) = —G%(x,y) to simplify the expression.
Now the three terms in the non-local EFT action (1.85) have clear physical meanings:
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1. The term of principal-value propagator GZ is a unitary EFT. Written back in the 4/—
basis, this term can be expressed as Sunit[@+] — Sunit[¢—] With

Swilps) = o7 [d' [ Aty 2 @R WGE @), (1.56)

If we further expand G in the heavy mass limit M — oo and integrate over y, we will
recover the traditional (unitary and local) EFT.

2. As a contrast, the term of Pauli-Jordan propagator Gﬁ‘ is a non-unitary contribution which
we interpret as the dissipation. It cannot be decomposed into separable contributions
in the +/— basis and encodes energy exchange between ¢ and o [3]. The asymmetric
property of G? discussed in Table | may relate to the fact that dissipation generally
breaks time translation symmetry, creating an effective arrow of time.

3. Finally, the term of Keldysh propagator GX is the noise term that is also non-unitary.
Physically, it originates from the fluctuations of the ¢ medium sourcing the ¢ dynamics.
This can be seen from the fact that GX controls the amplitude of the perturbations in
the o field (that is the power spectrum), which makes it a natural candidate to encode
the environmental noise onto the system.

Summary. Eq. ( ) represents the second-order effects of o on the dynamics of . It
can be decomposed into three distinctive effects:

1. The line controlled by GE (x,y) is unitary and corresponds to the generation of an

effective (non-local) vertex in the Lagrangian of ¢, sometimes called the Lamb shift.

2. The line controlled by G?(m,y) is non-unitary and corresponds to the dissipative
evolution of ¢ through the ¢ medium.

3. The line controlled by G (x,%) is non-unitary and corresponds to the noise gen-
erated by fluctuations of the ¢ medium backreacting on the evolution of .

This example illustrates how integrating out certain degrees of freedom (o) along the
Schwinger—Keldysh contour can induce non-unitary effects on the remaining fields (¢) — effects
that lie beyond the scope of standard EFT treatments. Our goal now is to understand how to
systematize these observations.

8Conversely, the symmetry property of GE makes it a natural candidate to control the unitary /Hamiltonian
evolution which is time-reversal symmetric.
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1.4 Problem set
Exercise 1. Flat space in-in diagrams
Consider a massless scalar field in flat spacetime where the metric is given by
ds? = —dt* 4 dz?, t €] —00,0], =R (1.87)
The action is given by
S= /d% {; (62— (0:0)?] + cim} . (1.88)
1. Write down the mode function of the field.
2. Write down the propagators.
3. Compute Bs(ki, ko, k3) at order A for Ly = —(A/3!)3.
4. Compute Bs(k1, k2, k3) at order A for Ling = (A/2)p2¢p.
5. Compute Bs(ki, ko, k3) at order Ag for Lin = —(Ns/2)(9ip) 2.

6. Comment the common structure of these correlators. It might be useful to consider
By (k1,- -, ky) at order A\, for Liny = —(Ap/n!)e™.

FEzxercise 2. Integrate out heavy fields

Consider the following two-field toy model with the Lagrangian,

1 1 1 1 .
‘C[SO> (T] = _5(8ﬂ@)2 - 5(8,&0—)2 - §M202 + ﬂQOQUv (189)

with ¢ being a massless scalar and ¢ a massive scalar with mass M.

1. Draw the four diagrams contributing to the s-channel massless trispectrum. Why is there
in practice only two diagrams to compute?

2. Compute B§(k1, ka2, k3, k4) at order 1/A%. Comment the pole structure of the result.

3. The expansion of Bj in powers of M > k; reads

11 (kigksa+s%) 1 kigkss 1 ( 1 >
Bi(k1, ko ks, ky) = —5——5 — — o — L —— — — ). 1.
e Ty VE sa%kr T saz s O\ (1.90)
The associated 2 — 2 scattering amplitude is
" 1
A= (1.91)

Ll eY P vers

Comment the difference with the correlator result in the heavy mass expansion.
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4. Tt is well known that A5 can be reproduced order by order in 1/M? by considering a
single-field EFT containing an infinite tower of higher-order operators,

1 o 2 (0" o
n=0
In the Schwinger-Keldysh contour, is such a tower sufficient to reproduce the above result?

5. Propose a strategy to investigate the difference of a single heavy exchange in amplitudes
and correlators, and for characterizing the corresponding effective field theories.

Some answers to the last questions can be found in Sec.

— 21 —



2 Lecture 2: Open scalar theory

Open systems primary aim at describing physical systems exchanging energy and infor-
mation with their surrounding environments. The system is made of the degrees of freedom we
experimentally access - for instance the curvature perturbations ¢ in the early universe. On the
contrary, the environment is experimentally inaccessible and poorly specified. It characterises
unobservable degrees of freedom that may have played a role in the description of the system but
that we do not physically access. For instance, the cosmological collider considers the impact
of heavy fields and higher-spin particles on ¢ which can constitute a cosmological environment,
denoted F. Fig. 5 summarizes the setup considered.

Total System

System
{ g ﬁint

Environment F

Figure 5: Schematic setup of open systems. The system, made of the degree of freedom (,
is embedded in the environment made of F. Their interaction is specified by gﬁim. From the
point of view of the system, this interaction renormalizes its energy level, generates energy loss
through dissipation and information exchanges through noise. Figure adapted from [34].

Open systems theory provides a toolbox of effective methods to describe dynamical evolu-
tion of systems losing energy and information [0, 35—37]. These techniques originate from the
XIX" century with the study of particles of pollen immersed into water by Lord Brown [35].
The investigation and theoretical modelling of Brownian motion lead to the discovery of atoms
by Jean Perrin in 1905 [39] following the pionerring work of Albert Einstein [10]. To illustrate
the scope of open system methods, let us briefly discuss the case of a Brownian particle im-
mersed in a bath. We consider a scalar variable ¢ and aim at describing its dynamics in the
presence of an environment. The effect of the surrounding medium is encoded through a set of
stochastic variables known as noises, which promote the deterministic equations of motion to
stochastic differential equations such as the Langevin equation

Sbr +vor + CngSDT = f (2‘1)

The new variable £ has to be understood in a statistical sense, for instance obyeing the Gaussian
statistics

@) =0,  (E@)E(y)) = 284(x —y). (2.2)

In flat space, the late-time dynamics generated by Eq. (2.1) is controlled by the equilibrium
between the drift term ¢, which slows down the Brownian particle and the source term &
which generates its erratic jumps. This is the well-known Brownian motion of a random walker.

There exists several ways to describe this dynamics, which can be mapped one to another
[6]. Averaging over many stochastic realisations of the Langevin equation, we derive a dynamical
equation for the probability distribution of being at a given position at a given time, known as
a Fokker-Planck equation. This probability distribution has a path integral formulation known
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‘Classical Brownian motion‘ Quantum Brownian motion

|Stochastic Schrodinger equation|
10 = {H, O}dt + d¢ dy) = —i [;,@} dr+d§
“r s

|Wiener path integral (wiener, 1923]| Fokker-Planck equation ||“ﬂ”e"Ce functional vernon, 1059] REPRY Master equation
_ scias <:> dp (@l = [ PGS Gy A _ 5
P / DgDpe P(to) — = Lpp[P] “ 1 = Llbred

at S (G o)

Figure 6: Open Classical and Quantum Systems. The effect of the surrounding environment
is encoded through a set of stochastic variables called noises. It generates an effective dynam-
ics which renormalizes the free evolution, dissipates energy into the environment and source
the system’s dynamics through noise. These effects are captured at the classical level by the
Langevin equation, the Fokker-Planck equation or the Martin-Siggia-Rose path integral. These
techniques have quantum analogues where they are replaced by the stochastic Schrédinger equa-
tion, the master equation and the influence functional respectively.

as the Martin-Siggia-Rose (MSR) path integral [11]. These techniques rely on the same physics
and represent different aspects of a same problem. For instance, the Langevin equation focuses
on the equations of motion and is well-suited for numerical simulations. The MSR path integral
allows us to describe relativistic settings in a manifestly covariant formalism while the Fokker-
Planck equation has been widely studied for its ability to implement resummations. As shown
in the Right panel of Fig. 6, there exists an exact same language in the quantum framework
where the Fokker-Planck equation is supplemented by master equations, the MSR path integral
by the influence functional and the Langevin equation by a stochastic unravelling [0].

Since the main focus of these notes is relativistic QFT, the path integral formulation of
open dynamics will be particularly suited. In particular, we aim at understanding the rules
obeyed by the influence functional that do not depend on the microphysical details of the
environment. Indeed, one can always try to model the environment in order to deduce its
impact on the system. We will qualify this approach as the top-down approach”’. For instance,
Caldeira-Leggett model [16—15] is a simple model coupling a harmonic oscillator ¢ to a set of
N harmonic oscillators o, (n =1,---, N) through

S, 0] / / dk? { }WLZ [ (k2+m )0,21} +7§gn¢an}, (2.3)

where m,, are the masses of the environment oscillators and g,, the coupling between the system
oscillator ¢ and the set of environment oscillators o,. By choosing m?2, g,, such that the N
environmental oscillators form a thermal bath, we indeed recover the Langevin equation given
in (2.1) when deriving the dynamics of ¢ - a clear derivation can be found in [19]. While having
a microphysical construction is often insightful, it also often obscures the fact that many prop-
erties of the systems dynamics do not depend on the microphysical details of the environmental
model. Instead, these properties are imposed by physical principles such as symmetries, locality

9Examples of top-down approaches in cosmological open quantum systems can be found in [42—45].
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and unitarity. This is for instance the main message of Lindblad theorem [50] which states that
any Markovian (memoryless) open systems evolves according to a rigid framework, the Lindblad
or Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) equation. By developping bottom-up ap-
proach agnostic of the microphysical details of the surrounding environment, we aim at finding
similar types of constraints. This will be the strategy followed in these notes.

2.1 Effective functional

The Schwinger-Keldysh formalism [51, 52] aims at computing expectation values of oper-
ators in far-from-equilibrium systems and/or open systems. In this Section, we follow the EFT
philosophy and aim at providing the most general description of the system while remaining as
agnostic as possible about the environment. We assume separation of scales between system
and environment such that interactions mediated by the environment can be modeled by a finite
number of local, possibly dissipative, interactions of the system. We will therefore refrain from
a detailed description of the environment, trading it for a self-consistent description of the sys-
tem interactions. This is similar in spirit to the Lindblad description of open quantum system
[50, 53] where the focus is made on the derivation of a well-defined open dynamics, avoiding
microphysical modeling of the environment. For concreteness, we assume that the environment
is homogeneous, isotropic, and invariant under time translation. Moreover, we neglect the back-
reaction of system on the environment. There are there three steps in constructing local EFTs:
i) choosing the degrees of freedom; ii) determining the symmetries of the theory, iii) keeping a
finite number of operators in a radiatively stable power counting scheme.

Here, we consider the latter situation where a system of interest interacts with an unspec-
ified environment. The setup assumes a unitary {system + environment} evolution. Starting
in a pure state and upon tracing out the environment, the system eventually ends up in a
mixed state described by the density matrix p(¢). In this open quantum system, equal-time
expectation values of fundamental operators are schematically computed by

(©(1) = Te[100)] = [ d6dd’ paw (1) (] O) |6) (2.4)

with

o] ¢ )
pos (0= (815 |¢)) = [ Doy [ D el (2.5)

Seff is a functional of the fields that we will refer to as open functional. This is the sum of terms
describing the unitary dynamics of the system plus an influence functional describing effects
mediated by the environment [32]. Notice that d¢ denotes an average over boundary conditions
at some time-slice ¢, while Dy, and Dy_ denote path integrals over histories [19]. The initial
conditions, which we left implicit in the formulae, are specified in terms of an initial density
matrix, which we will always to be a pure state in the infinite past. For the moment, we will be
interested in operators that are diagonal in the field basis, namely (¢| O |¢') x §(¢ — ¢'). This
is the case for the product of fields ¢ at different spacetime points, but it is not the case if one
includes their momentum conjugate. Hence we will be interested in the diagonal elements of
the density matrix pge(t) appearing in Eq. (2.1) for which ¢’ = ¢.

In our case, Seg is a functional that integrates an integrand over the whole of space, for
example R3, and over some interval of time. Sometimes it might be convenient to break up the
functional Seg into a part that describes unitary evolution on a normalizable pure state and the
rest, that is

Seft [+ -] = Sunit[p+] — Sunit[p-] + Flp4, -] (2.6)
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Figure 7: Illustration of the Schwinger-Keldysh path integral, where time is running from
left to right in both contours and the arrow represent path ordering (time ordering in |2) and
anti-time-ordering in (€2|). We consider an initially pure state |$2) (2| at initial time ¢;. The
unitary time evolution, which preserves the purity of the state, is the same with opposite sign
on each branch of the path integral, captured by Syuit. Dissipative and stochastic effects are
then captured by F' which has no unitary counterpart and cannot be captured through a single-
branch contour.

The decomposition is summarized in Fig. 7. F' is often called the Feynman-Vernon influence
functional and encodes the effects of the environment on the system [32]. We will not derive F
from an explicit model of the environment. Instead, our goal here is to model F' in the most
generic way possible by assuming a set of symmetries and, most importantly, a separation of
scales that ensures locality in time and space in the system sector.

2.1.1 Non-equilibrium constraints

By definition, p obeys the following constraints [(]
Trp=1, b\T:ﬁ7 p=>0, (2.7)

where the last is a shorthand notation for (| p|¢) > 0 for all |¢)) € H. These conditions are
crucial to ensure that the quantum mechanical formalism makes meaningful statistical predic-
tions. These three defining properties of a density matrix impose additional constraints on the
functional Seq [/, 8] that are respectively

Seff [()0+7 §0+] =0, (28)
Sef‘f [()0“!‘7 QD—] = _S:ff [90—7 30-‘1-] ) (29)
Im Seg [0+, -] > 0. (2.10)

The derivation of these constraints is slightly cumbersome and may be skipped by the reader:

Derivation of Seg constraints. The derivation follows from [51]. Let us consider a
UV evolution operator U(t,tp) under which the UV state evolves according to

pt) = Ut 10) 192) (1T (¢, o), (2.11)
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starting from an initial vacuum state |2). The reduced density matrix is obtained by
tracing out the environmental degrees of freedom denoted o such that

Prea(t) = Try [U(t, t0) 12) (AU (t,10) (2.12)

- /da (|8, to) 1) QT (¢ o) |o) (2.13)

Let us consider the field-basis matrix element of reduced density matrix

Pt (t) = (] Brea ) | ) (2.14)
= /da (ol ® (o (t, to) 1) (QUTT (2, to) |¢') ® |o) (2.15)
= [ deide] [ do [ dowdol (el @ (old(t,to) o) @ |

PPy (] © (S| U (8, t0) | ') © 1) (2.16)

where |¢), |o) are eigenstates of the position operators ¢, & and we used four representa-
tions of the identity, two on each side of the vacuum density matrix. The initial matrix
elements are

o8, = (@il (Qleh), (2.17)
P = (01l Q) (o), (2.18)

where we consider |2) = |Q0,) ® |€2;). The path integral representation of the evolution
operator is

PN 2 o .
(1@ (018t t0) lpi) ®103) = | Doy [ DeryeiSolisr, (219)
®i g;
N @’ a .
(| ® (at| Ul (t,t0) |¢') @ |o) :/ Dgp,/ Do_e~Wole—0-] (2.20)
¥ %

such that we obtain
0 7 14 iSet[o+,9-] ,(0)
Poy (t) = | dpidy; .. Doy g Dy_e R e (2.21)

with the influence functional

eWSeftlp+op-] — /da/daidaz{ /g Do, /U Da_eiso[<P+70+]*i50[50—»0—]p(0) ,

00

(2.22)

The central step of the proof is to consider o evolves as if ¢ is a background (external

source) see Appendix A of [54]. In this case, we can consider the sourced evolution
[ DoseSlerod = (o) d(t,t0; {4 }) o) (2.23)
[, Do-emisite-a- = [ta|(t,tos (-} |oh)] (2.24)
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where U (t,t0; {¢+}) is the sourced evolution acting on H, only. One can the reconsider
the influence functional as being

I

eiSutese) — [ do (o]t to {4 ) | [ doilo (] 192) (2.25)
@l | [ dotlod) (ol | 1t t0s (D) o)

which finally reduces to

eSerlorw=l — (Q | Ut (¢, to; {p_} U do |o) ( ] (t, to; {o+}) 190 (2.26)
that is
eSenlor o] — (le-} (1) |Qle+d (1)) (2.27)

where we defined the sourced-evolved states

@l (1)) = At to; {13 19) (2.28)
(083 (1) = (T (2, t0; {0 ). (2:29)

In this sense, the influence functional can be interpreted as a probability of obtaining a
configuration (¢4, ¢_) given the unitary evolution of the UV theory and taking into con-

sideration the lack of knowledge about the environment. The transition rate is physical
if

Qi @) 105+ (0)1P< 1 (2.30)
such that
|eSetlore-l|< 1 = Im Segt [0+, 0—] > 0. (2.31)
Then, from Eq. (2.27), one can easily see that
e~ iSaaler -] = (Qle+) (1)|Qle-1 (1)) = iSerle—o+] (2.32)
from which we deduce

Seff [90-1-7 ()0—] = _S:ff [()0—) Qp-i-] o (233)

Lastly, the causality structure which is obvious in the unitary theory, So[¢+]—Solp—-] =0
if o4 = p_, is much less straightforward in the non-unitary case yet still holds as

efelered] — (Qletplet )y =1 = Serlpt,e4] =0. (2.34)

Note that an alternative derivation may be possible using the classical effective functional,
that is the saddle-point evaluation of the path integral.

,27,




We often work in the Keldysh basis

P+ - ¥ 4
pr="mo s $a=er—9- S pr=ort o e =g (235)
The retarded and advanced components ¢, and ¢,, which respectively correspond to the mean
and the difference of the field inserted along each branch of the path integral, turn out to
conveniently organise the perturbative expansion [55]. In this basis, the above non-equilibrium

constraints become

Seft [¢ry0a =0] =0, (2.36)
Seft [SOT’ ‘Pa] = _S:ff [SDM _‘Pa] ) (2-37)
Im Set [@r, ©a] > 0. (2.38)

While this basis is convenient to make manifest the causality structure of the theory [7] and to
understand the structure of non-unitary operators [50], it renders much harder the identification
of a unitary subset, for which the 4+/— basis remains the best option.

Despite their simple looking, the constraints (2.8), (2.9) and (2.10) are imposing important
model independent and non-perturbative restrictions on Seg:

1. Following ( ), Seff starts linear in g;
2. Following ( ), odd powers of ¢, are purely real and even powers of ¢, purely imaginary;

3. Following (2.38), some EFT coefficients have to obey a positivity bound.

If the theory is unitary, that is, if Flpy,p_] = 0 in (2.6), it is straightforward to show that
Seg contains only odd powers of ¢,. However, the converse is not true, as there exist operators
that are odd in ¢, but do not originate from a unitary theory. At last, even powers of ¢, only
appear in stochastic field theory and will shortly be related to noise variables.

A natural way to organise open EFTs is in powers of the advanced field

Sef = »_ Sn with S, = O(¢})) (2.39)
n=1

The reason is that if the scalar field can be decomposed along a background profile,

pxr =¢(t) +0px (2.40)

the retarded component carries the background value of the field while the advanced components
starts linear in perturbations,

or = Pt
T2

Hence, terms in S),>3 are at least cubic in perturbations. While in a vacuum QFT, d¢, and
0y, scale the same, the power counting of NEQ QFTs strongly depends on the occupation
number of the state, N, = (@La@ [3, 57-59]. At large occupation Ny, > 1, ¢, ~ O(h) < @ ~
O(1), operators contained in S>3 become irrelevant and the influence functional reduces to its
semiclassical limit, Seg = S1 + S2 known as the Martin-Siggia-Rose (MSR) formalism. ’ We
will come back to this point below when we will derive the equations of motion for the scalar
field ¢, .

P(t) +0pr,  Ya =1 — - =0dp, (2.41)

'0This is pretty much the same story as the difference between a vacuum and thermal QFT [58]. The power
counting is modified in the latter in which interactions become irrelevant. In this case, it is enough to work with
the Matsubara propogator to explore the equilibrium properties of the thermal QFT.
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2.1.2 Free functional

To explore the basic features of this formalism, let us first consider a single scalar degree
of freedom ¢ evolving in flat space according to

Sett[ipr, 0a] = / 'z (e — C20ipr 0 Pu + V0000 + P2 (2.42)

where a dot represents a time derivative. First, note that the first two terms can be written in
a factorized form in the original 4+/— basis,

: 1 ,
Switlpr] = Sulp-]  with  Sunlel = 5 [d'a [ - 200)7],  (243)

and hence represent the unitary evolution. Conversely, the last two terms have no analogue in
the unitary case and encode the dissipative and diffusive effects of F[py,¢_] characteristic of
the open dynamics. Note that both v and 5 should be real, in accordance with the conditions
above.

Let us first discuss the first non-unitary contribution v¢,¢, appearing in Eq. (2.12). This
dissipative operator is crucial in describing the loss of energy of the system ¢ into its surrounding
environment. In the original +/— basis, it contains the boundary term

Suilos] = Sunle-]  with  Sule] = — [ a'z (C?t {cpﬂ) , (2.44)

together with a mixing between the two branches of the path integral

Floy,p-] = —% /d4x (D19 —p49-). (2.45)

Upon specifying the boundary conditions of the diagonal density matrix element appearing in
Eq. (2.4)

pr(m,to) = ¢ (,t0) = ¢(), (2.46)

it is clear that the boundary term does not contribute to the diagonal elements of p. On
the contrary, the mixing term F[p,,¢_] has no reason to vanish. This effect has no unitary
counterpart and is precisely responsible for damping of ¢ fluctuations due to dissipation. To
make this fact manifest, we now need to derive the equations of motion.

The latter are obtained by varying Se.g with respect to g, then setting ¢, = 0. One
could naively think that it implies only the functional S; o< O(y,) linear in ¢, contributes to
the equations of motion of .. It turns out that this is not the case, because of the boundary
conditions of the path integral. The boundary conditions for ¢, are those responsible for ¢,
not propagating, despite the fact that ¢, appears in the quadratic action in a way that is
very similar to ¢,. If it was not for the boundary conditions, the theory would inevitably
suffer from an instability.”” Because of the boundary conditions, ¢, does not propagate and

1To see this, imagine to incorrectly assume that ¢, has standard initial conditions (as opposed to satisfying
a boundary condition problem) and integrate it out. Its equation of motion is given by ¢, = O¢,, which, once
substituted back into the action would give terms as ¢,0%p,. This theory is the iconic example of a ghost, as
seen from the fact that the propagator can be partial fractioned into two terms with opposite signs (this is best
seen introducing a small mass, which can be sent to zero at the end). Another way to see this is that ¢+ and
»— have opposite sign kinetic terms (since we have ¢Sunis[p+] — iSunit[¢—]) and one of the two would end being
a ghost.
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the theory is healthy. However, something peculiar happens as a byproduct: the ¢, path
integral does not admit a stationary phase! This is because, in the presence of fluctuations
iBp?, the stationary phase would be ¢, ~ Op,. This relation is manifestly incompatible with
the boundary conditions that ¢, is anything but ¢, vanishes at t = 3. In other words, if @,
appears non-linearly its path integral does not admit a stationary phase.

Things would change if ¢, appeared linearly. Then, its stationary phase would be some
equation of motion for the other fields, not involving ¢,, and that would always be compatible
with the vanishing of ¢, on the boundary. This is indeed the magic that ensues from the
Hubbard-Stratonovich (HS) transformation [60, 61]. Upon introducing an auxiliary noise field
¢, the open functional becomes linear in ¢,. It is only at this point that the path integral in ¢, is
well approximated by a stationary phase and it is only now that .5/d¢, can be interpreted as an
equation of motion, namely the Langevin equation. Explicitly, the key trick is the mathematical

identity
exp (—/d‘*:cﬁc,ﬁ) :NQ/D§ exp l/ d*z (—i; +i§g0a>1 , (2.47)

with Ay being the normalisation constant. Note that because of the positivity constraint
Eq. ( ), convergence is always ensured. After this transformation, the path integral in ¢, is
well approximated by a stationary phase which generates the Langevin equation

Gr +yor + CngSOT =& (2.48)

The new variable £, satisfying ({(z)) = 0, behaves as a Gaussian field with a prescribed two-
point function

(€(@)€(y)) = 286(x —y). (2.49)

We conclude that Eq. ( ) provides a path integral representation of the Langevin
equation introduced in (2.1). We stress that we are not assuming that the system or the
environment are in thermodynamical equilibrium. In particular £ is not in general related
to the inverse temperature.'© If desired, one could impose additional constraints, known as
Kubo-Martin—Schwinger (KMS) conditions (see [(62, (3] and [64] for a review), to specify our
construction to the thermal case. We do not follow this approach because our goal is to develop
a formalism for problems in cosmology and gravity where thermalization does not necessary
take place.

2.1.3 Interactions

To get familiar with interactions in the Keldysh basis, let us first consider the simple toy
model of a massive scalar with A\p? interaction

. 1 1
Seft[r, Pal = Sunit[p+] — Sunit[p—]  With  Sunit[p] = /d4=77 [_2 (8u90)2 - 57712%02 - )\(pg} )
(2.50)

that is

A
Settl@r, Pa) = / d'z (Bwrf)"soa —m2ppa — 3Xp2Pq — 4s03> : (2.51)

1211y other words, Schwinger-Keldysh path integral considered prepares a density matrix that is not a thermal
state.
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Note that the theory fulfills the NEQ constraints presented above. The unitary interaction
)\(cpi — gozi ) generates two types of vertices, gozgoa and 902.

If we vary Seg with respect to ¢,, the terms linear in ¢, precisely generate the classical
equations of motion, with all the right coefficients. This type of interactions can be understood
as classical non-linearities. One may wonder what is the role of the 3 term? It is not easy to
see how they contribute to the Langevin equation because we have to perform more complex

version of the Hubbard-Stratonovich transformation, as done in [56] for ¢ (see also [65]). If
one manages to do so, it appears 3 can be understood as a white non-Gaussian noise,
(€(2)E(y)E(2)) o< d(x —y)o(y — 2). (2.52)

We will come back to these terms below when we will compute some flat-space correlators, for
which these contributions are crucial to recover the flat space vacuum results.

So far, we considered unitary interactions. Note that if we detune the fine balance between
20, and 3, for instance considering

A
—3\p2pq — = (1482, (2.53)

Seﬂ”[SDra(Pa] D) /d4~75 1

the theory stops being unitary, Seg # Sunit[©+] — Sunit[¢—], as long as § # 0. Importantly, the
theory still fulfills the constraints (2.36), (2.37) and (2.38). The theory can still make perfect
sense if understood as an open theory. At last, we could also have considered some interactions
of the form O(g,)p? with p an integer. These interactions couple the operator O(¢;) to the
noise variables. For instance, let us consider

Seft[@rs Pa) = / d'z |:Sb7"§ba — 201010 Pa + Y orpa + iBP2 (2.54)
~ A
—3\p2 04 + iBorp? — 7+ 5)@2}, (2.55)

where the first line contains the linear operators discussed above and the second line some
interactions. The associated equations of motion are given by the non-linear Langevin equation

[50]

Gr +vpr + cngSOT = 3)‘803 + <1 + g%pr> g, (2.56)
with noise statistics
(§(x)) =0, (2.57)
(€(2)€(y)) = 2B6(z — y) (2.58)
(€(@)E(Y)E(2)) = 6A(1 +6)d(x — y)d(y — 2). (2.59)

It is interesting to understand if we can complete an operator to obtain a unitary combina-
tion. A proposal to unitarize an operator is the following. Let us consider an operator O (¢, ¢q)
made of field insertions of ¢,, ¢, and their (at most single) derivatives. The combination of
operators

UIO (rall =0 (5r0:) + 050 -0 (5o ) — 05 —00) 200
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is unitary by construction. For operators such as @2 (the diffusion operators) that are intrin-
sically non-unitary, the above combination vanishes. Also note that some operators such as
Orpq (the dissipation operators) are unitarized into total derivatives and so do not add any net
contribution to the open effective functional. Lastly, some of the contributions obtained out
of Eq. ( ) eventually violate symmetries of the problem (e.g. the fact that ¢, non-linearly
realises time-translations and boosts) and must then be discarded.

2.2 Free theory
2.2.1 Path ordering

Ultimately, the path integral aims at computing expectation values of observables. To
achieve this task, we need to acknowledge what the path integral is actually computing. In
this Section, we discuss the link between path integral and quantum operators. To make the
following discussion more streamlined, it is useful to introduce the following shorthand notation
for the path integral average over some function

©lpro )= [d0 [ Dor [ Do Ol o jeirtonse). (261)

Let us now focus on the closed-time contour of the Schwinger-Keldysh formalism, which has
only two timefolds, one going forwards and one backwards in time. Along the “+” branch of the

path integral, expectation values are time ordered (Eienoted T), whereas along the “—” branch,
expectation values are anti-time ordered (denoted T), [57]
(1 (s (1)) = (TH(1)S(1)) , (2.62)
(-t (")) = (Tot)o(t)) - (2.63)

When there is one insertion on each branch of the path integral, the expectation value is neither
time or anti-time ordered and we obtain a Wightman function,

(P4 (- (1)) = (D(1)o(1) , (2.64)
(- D+ () = (B(1)()) - (2.65)
Using these results repeatedly it is easy to check that

{or(t)ea(t)) = %<<[90+(t) +o- ()] [+ () — - ()]) (2.66)

= 2 [(TO03) (T30 + (BOH) — BE)dw)]  (@67)
— 0t = £)(18(0), (1) (269)

which is the definition of the retarded propagator. Similarly one finds the reversed time argu-
ment to correspond to the advanced propagator:

(pat)er()) = 0t = t)([B(t)), (1)) (2.69)
The two-point function of the retarded propagator corresponds to the anticommutator of the
field operator:

—

(or (0 (E)) = Sl () + o (] [o—(B) + (D)) 2.10)
= % (o) + (B)(E)) + (B()B(1)) + (ToH)B(E))] (2.71)
=SB0, 3, 2.1)
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where we have expanded the anti-time and time orderings in terms of theta functions and used
O(x) 4+ 6(—x) = 1. At last, a similar calculation gives

(La®)pa®)) = (lo+ ) — o-@)] [0+(t)) —o-(t)]) (2.73)
= (TH(1)d(t)) + (THH)S() = (S(H)(t) — (S()(t')) = 0. (2.74)
This illustrates the fact that ¢, (t) cannot be considered as a propagating degree of freedom.

These four two-point functions constitute the propagators of our theory, that we will now derive
in an explicit model.

2.2.2 Gaussian generating functional

Let us consider the quadratic part of Eq. (2.54). The form of Eq. (2.54) allows us to write
the action as a bilinear on the fields

(2) _ 1/d4 0 Da (e )
Seff 2 ':U(QOT’QOG) (.DR _2’LDK Soa 9 ( 75)

the matrix being a second order differential operator acting to the right, which is made of

Dy = 02 — 8, — 202, (2.76)
Dp = 0} + 40, — 202, (2.77)
Dk = 8. (2.78)

The following path integral of the free theory computes the diagonal of the density matrix of
the system

p (t)z/d)Dso /01?@ exp{i5(2)[<p sO]} (2.79)
(020} o T o a eoff |Fr>sPal (- .

Upon the introduction of sources, we obtain the generating function

D ,
Z[Jr, Ja] :/ D%/ DwanP /d4 ©Or, Pa) <f?R ngK> (SO)
+ [ @' (apr + Trpa) } (2.80)

Completing the square for ¢, and ¢, allows us to factorise the dependence on the sources J,
and J,. This is done by introducing a shift in the path integral

S

Demanding that the terms linear in II, /, vanish, we find

i(o D Avi(a,y) Arp(z,y)) | 1 (6(z—y) 0 \ _ (00
825 e )20 ) (1) e

13There exists a similar equation where we integrate by parts on ﬁA/R/K which yields the same information.

,33,



where the Dirac delta d(z — y) is a tensor density. These equations can be rewritten in a
covariant form such that it becomes straightforward to recognise the advanced and retarded
propagators

Dr(z)An(z,y) = —id(x —y), Ap(z,y) =—iG¥x,y), GEE"<y’) =0
Da(x)Agi(z,y) = —id(x —y), Aoi(z,y) = —iGMa,y), G >y") =0. (2.84)

A fundamental property of the retarded and advanced propagator is that they are mapped to
each other under the exchange of the arguments:

GB(z,y) = GA(y,aj) . (2.85)

The Keldysh propagator is obtained from the matrix element Ay (x,y) = —iG* (z,y), which
obeys the differential equation

Dp(z)An(z,y) = 2Dk (2)G(z, y). (2.86)

Notice that GX is thus not a Green’s function of some equation of motion. We choose to
symmetrise in = <> y such that

GE(z,y) :i/d4zGR(ac, z)f)K(z)GA(z,y)
+i / d* =GRy, 2) Dy (2)GA (2, ) (2.87)

where we have used the property (2.85) to write Aq1(z,y) in the most symmetric way *. Note
that causality is implemented in a natural way as the retarded propagator requires 2% > 2% and
the advanced propagator requires 2% < 3/°.

This leaves the partition function to be

{ K(x Rz
2t = o] =4 [ [ duato.n@) (Gal) 00 (10} e

where we used the fact that Z[0,0] = 1 in the closed time contour from trace normalisation [7].
The two-point function reduces to

2
{pr(T1)or(z2)) = Wz[%’ Jr) = —iGN (21, 22). (2.89)

Jr,aZO

Evaluating the two-point function at coincident times in Fourier space provides an expression
for the power spectrum of the system

(or(k,m0)0r (K, m0))) = Prl(mo)(2m)30(k + K')  with  Py(mo) = —iG™ (ksmo,mo).  (2.90)

The generalisation to non-local noises is straightforward from here by upgrading the local lA)K(z) to a non-

local ﬁK(zl — 22), where now we have the integrand to be G¥(z, zl)lA)K(zl — 22)G* (22, y) with the appropriate
factors of the square root of the metric.

,34,



2.2.3 Propagators

Let us now derive the propagators in the explicit theory prescribed by Eq. (2.75). The
equations of motion for the propagators read

(87 70 + ) GRIA (ks 1, 12) = 3t — 1), (2.91)
and, from Eq. (2.87),
GE(k;ty,t2) = 21’6/dt’GR(k;tl,t’)GA(k:;t’,tg). (2.92)

One must first solve for the retarded propagator to deduce the advanced and Keldysh ones.
The retarded and advanced propagators are easily found in frequency space, where

1
w? +iyw — 2k?

G/ Ak w) = — (2.93)

The dispersion relation
w? +iyw — 2k =0 (2.94)

characterises the propagation in the system. Explicitly, it is the fact that Eq. ( ) admits
non-trivial solutions for the frequencies w(k, ) that ensures the existence of a dissipative degree
of freedom. In this case, the solutions are
gl 72

Wt = —ZE + E} and E]l =4/2k? - T (2.95)
which have both a real and imaginary part whenever 2c;k > ~v. Note that in the limit £ — 0 with
~ finite, the dispersion relation is purely imaginary. We notice a gapless mode, corresponding
to wy — 0 for k£ — 0 and a gapped mode associated to w_ — iy for £k — 0. Importantly, for
~ > 0 both modes have a negative imaginary part

v >0 = Imwy <0, (2.96)

so that the retarded Green’s function

1 1 1 1
GR k- - _ [ — 2.97
(k) w? + iyw — c2k? (e —wy) lw—w- w—wi]’ (2:97)

is manifestly convergent, that is

) , i Y+ —
kst~ 1) = [ ottt = - B 1)
™ k

e 3y (1 — 'y, (2.98)
where we defined E] = /c2k? — (7/2)2. Note that the causality property encoded in the above
Heaviside theta function indeed implies analyticity of G in the upper-half complex frequency
plane. Therefore, v > 0 ensures causality and stability, via late-time convergence.

Note that the noise term i8p? appearing in Eq. ( ) does not affect the propagation
of the dissipative degree of freedom [7]. Indeed, the noise sources the dynamics of the system
but does not directly transform the propagation of information within it (said it differently,
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the former relates to the Keldysh function whereas the latter to the Green’s functions). The
Keldysh component is also easily obtained in frequency space where

23
(w2 — c§k2)2 + ~72w2’

G5 (k;w) = 2GR (k;w) D (k; w)GA (K w) = (2.99)
We assume EJ to be real (damped regime), keeping in mind that the overdamped regime for
which E} € iR can be obtained by analytic continuation. One can analyse the pole structure
and obtain the real-space propagator from

—lUJT
K (k) = 2i8 / (2.100)
z 1 W= wl)
with the poles satsfying wo = —wi, w3 = —w], ws = wj and

A long but straightforward derivation leads to

e 37 26 sin (E}'T)

GE(k;7) = 2k2 cos (E]'T) + 8 5 (2.102)
In the coincident time limit, we obtain the dissipative power spectrum
2B
= —. 2.103
= o (2.103)

From the fact that the equal-time power spectrum must be non-negative we conclude that the
B’s must be positive. Note that the vacuum contribution to the power spectrum, the usual
P.=1/ ZEZZO term, is absent because of the exponential decay in time caused by dissipation.
Nevertheless, with hindsight, one could still recover the standard vacuum Minkowski power
spectrum by taking both 81 and « to zero while keeping their ratio fixed. This will be the
object of the next Section.

This computation highlights several features of the formalism. While Gf(k, 7) encodes the
dynamics but is oblivious to the state of the system, G* (k, 7) captures the state of the environ-
ment by probing the statistics of fluctuations [7]. The final outcome is an interplay between the
dissipation of the system into its surrounding and the fluctuations of the environment getting
imprinted onto the observable sector. Crucially, these two effects cannot be easily disentangle
from one another.

2.2.4 i€ prescription

Foreword. This section provides partial solutions to Problem 1 of the problem set in
Section 2.4. Readers who wish to practice the methods introduced in Lecture 2 are encouraged
to attempt the problem set first, before consulting this section.

We make a quick detour to highlight how to recover the standard vacuum QFT propagators.

In the case, it is required to introduce an e prescription in ( ) to set up the correct initial
conditions. This prescription is [3]

Sett[0r Pa) = /d4:c {—8"@7«8%0@ — 2€prpq — (m2 + 62)%30@ + iefgoz} . (2.104)
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The first term featuring e corresponds to an arbitrarily small dissipation that enforces the
convergence of the time integrals as t — —oo for the retarded Green’s function. The € correction
to the mass term is present to ensure that the left-hand side Langevin equation is deformed as

[(Go+?+m?|p=¢+.. (2.105)

which yields the small imaginary displacement of the real-axis pole in the frequency plane for the
computation of the retarded and advanced propagators. At last, the iefp? term corresponds
to the particle population of the state at initial time on which we are computing the in-in
propagators. It directly relates to the initial occupation of the state through f = 2Ej(1 + 2ng)
with

1

no

for a bosonic system initially prepared in a thermal state at temperature T, with E), = V/k2 + m?
in this case. The vacuum limit is recover when taking 7" — 0, that is ng — 0 and f — 2F}.
The Hubbard-Stratonovich trick in this case works just as above, that is

exp {—/d‘lx efgog] = /[D{] exp [/ d*z <_§42S”) + é(pﬁ)] . (2.107)

Eq. ( ) generates the equations of motion for the propagators
(0= 2+ k2 + m?| G/ A (ks t1,85) = 3(t1 — 1) (2.108)
and
GE(k;ty,t0) = —ife/dt’GR(k;tl,t’)GA(k;t’,tQ). (2.109)
One can benefit from the flat space frequency decomposition to solve Eq. ( ) in temporal

Fourier space

1 1 1 1

GRIA (b ) — _ { _ 2.110
(k3 ) (wFie)? — E? 2k |w— (B +ie)  w— (—Ey *ie) ( )
The real-time Green functions are given by
dw . in |[E
GR/A(k; 7) = /—we“”GR/A(k;w) _snlBerl, (2.111)
27 E

where 7 = t; — t5 and taking the limit ¢ — 0. We can then compute the Keldysh function either
in Fourier or real space. For instance, in real space, it writes

G (ks ty,ts) = —iée / at’ {sin[By(t: — ¢)]e" 0t — 1) | (2.112)
k

x {sin[Ex(#' — ta)]e =0t 1)}

5The normalization 2Ej, should be double checked by confronting to the expected results for the thermal
propagators. Here, it has been chosen following [3], in order to recover the vacuum QFT results.
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which leads to

GR(k;7) = z‘f(E’;) cos [Ey7] . (2.113)
4E;

As mentioned above, the f factor characterises the occupation of the system’s state. The
vacuum result is indeed recovered for f = 2E} which we assume to be the case below. Note
that the ie prescription in the Schwinger-Keldysh formalism relies on a subtle balance between
fluctuation and dissipation controlled by the € prescription. Indeed, € appearing in D R ensures
the convergence of the integrals. Taking ¢ — 0 makes the field interact for longer and longer in
the asymptotic past. Then, the amplitude of the fluctuations controlled by Dy must be rescaled
by € accordingly such that the contributions equilibrate despite longer interactions and a finite
result is reached. This provides a mathematical trick to setup initial conditions through weak
interactions between the system of interest and a fictitious bath with the desired properties.

If the € prescription is so crucial to impose initial conditions and recover vacuum expecta-
tion values, the reader may wonder why it is so rarely discussed in the non-equilibrium literature.
The reason is that whenever the open system experiences a small but finite dissipation v¢, g,
initial conditions get erased after a finite time. Asymptotic observables do not depend on the
initial occupation of the state and information about it has been lost throughout the dynam-
ics. At a mathematical level, one can see that ~ induces a pole in the frequency plane that
guarantees the convergence of the integral contour used to compute the retarded and advanced
Green’s function, such that the small ¢ deformation becomes unnecessary in practice.

2.3 Interactions and diagrammatics

Beyond the Gaussian statistics, higher-point functions are computed following the usual
perturbative approach. Once the propagators are known, we can derive a new set of Feynman
rules from which we construct correlators order by order in perturbation theory. In this section,
after reviewing the standard in-in treatment of interactions, we study the structure of the
bispectrum (three-point function in Fourier space) in flat space where analytic results are easily
obtained.

2.3.1 Feynman rules

Interactions are treated as in the familiar in-in approach presented in Sec. . This
provides a comforting unified treatment for the cases of an open and closed system. The only
small difference from some references is that we find it convenient to work in the Keldysh basis,
¢rq instead of the ¢4 basis. Expectation values of Q) = @(n,x1) - P(n, x,) are defined
through

~ ¢ 0 '
(@) = /d¢ /I.C. Do, /I.C. Doy [or(n,x1) - or(n, xy)] oSt [Propal (2.114)

where initial conditions lie on the boundaries of the path integral. Once the generating func-
tional is known, (Q) is extracted out of functional derivatives

~ ) )
= e S 2, (2415)

just as we did in Eq. ( ) for the two-point function. The Feynman rules are derived as in
[12] and lead to Fig. 8. Compared to the previous rules, the main differences are the following:

6Note that one needs to vary with respect to the advanced source to obtained a retarded field insertion. This
comes from the NEQ constraint which imposes @,J, + @qJr [ }
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o There are two propagators that are —iG™(k;n,7’) (continuous line) which connects
or(k;n) to o.(k;n') and —iGE(k;n,n') (continuous-to-dashed line), which connects
or(k;n) to pa(k;n'). Notice that the latter is directional, with the continuous line be-
ing attached to the ¢, (k;n) insertion and the dashed part to the ¢, (k;n'). This leads
to certain properties of the Feynman diagrams known as causality flows [59, 66]. There
is no propagator connecting ¢, (k;n) to p.(k;n’) which is a consequence of the causality
structure of the closed time contour [7].

o Then, diagrams evaluation follows the exact same rules as in [12]. As seen from Eq. ( ),
external legs connecting to the conformal boundary 19 — 0~ are continuous, corresponding
to (o, insertions.

An example is given in Fig. 9 for a contact bispectrum. One can easily be convinced of these
Feynman rules by recovering some known results as we do in Problem Set

Flat spacetime de Sitter spacetime
t—— ¢ AL n—— 1 GG
t—-=---t' -iGRKtt) N—--- 71" -iGR(kn1)

e g
. .
‘ "\Z: '8 f wsio ‘ "{: '8 f o(14i6) (Hn (H)*

Figure 8: Feynman rules in the Keldysh basis.

2.3.2 Flat-space dissipative bispectrum

Before turning our attention to primordial cosmology in Lecture 3, it is instructive to
discuss the generic structure of the contact three-point functions in Minkowski in the presence
of dissipation. We derive these results following the Feynman rules enumerated in Fig. &, the
propagators being given in Eqs. (2.98) and ( ). For the sake of clarity, we temporarily set
cs = 1.

¢3 interactions Let us first consider
.z 3\ Q.9 1
;Cmt = 31 (SO+ <,0_> = 9 <§07«S0a + 1290(1) . (2116)

where the minus sign in front comes from the Lorentzian signature, assuming o > 0. We aim
at computing the bispectrum

<90k:190k2§0k3> = (271‘)35(]61 + ko + k3)BSO(k17 ko, k3)7 (2'117)
for which we have two contact diagrams to consider presented in Fig. 9, By (k1, k2, k3) = ng +

23
ps’
The first one leads to

. t
Df’ = %/O At [0G" (ks to, D] [G" (asto, )] [0:GR (ks to, )| +5 perms.  (2.118)
1+41ie)

,39,



’ + \ Y
’ N
’ \,7
 J
D, D,
Figure 9: The two diagrams to compute the interaction given in Eq. ( ). Left: diagram
corresponding to the vertex ¢2p,, resulting in Egs. ( ). Right: diagram corresponding to

the vertex @3, resulting in ( ).

Upon injecting Egs. (2.98) and ( ) in Eq. ( ) and summing over the six possible per-
=3

mutations, we observe that Df = 0. The second diagram is made of the ¢, components only,

and reads

. 1
Dy = / at[aG (ks te.1)] [G (ke to.1)] [G (ks to.1)] + 5 perms. (2.119)
24 —oo(1+ie)

Under the same procedure, this diagram leads to a non-zero contribution to the bispectrum
such that

ay Polyg (e}, €5, ¢3)

By, (ki, ko, ks) = 2.120
4,0( 1, 2, 3) 2 Sing7 ) ( )
where we defined the singularity structure
: Y Y v 3, ’ Y Y v, 3. ?
Sing, = |Ey + Ey + E5 + 34 B/ +FEy + E5 + 5
Y Y v 3, 2 ¥ Y v 3, 2
x |E] — Ey + E3 + 3t El+E; —FE; + R (2.121)

remembering that E} = /c2k? — 42/4. This singularity structure captures most of the speci-
ficities of the non-unitary dynamics. It emerges from time integrals of the form

to . . . 3
/ dteiZE;/ (toft) ei’LE; (toft) ei’LE;{ (toft)efg’y(toft) , (2122)
—oo(1=ie)

which follow from the structure of the propagators given in Egs. (2.98) and ( ). Physi-
cally, it represents 3 <> 0 and 2 <+ 1 interactions mediated by the environment. Fluctuations
generate folded singularities while dissipation displaces the pole and regularises the divergence.
Consequently, the singularity is not located in the physical plane and the bispectrum remains
under perturbative control over the whole kinematical space. As we will see below, this singu-
larity structure is generic and does not depend on the details on the interactions. The details
of the particular interaction are imprinted into Poly,,, which is a n'"-order polynomial of the
elementary symmetric polynomials

¢] = E] + B} + E], ¢} = EJE] + EJE] + EJE] ] = E]EJE]. (2.123)
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Figure 10: The shapes of accessible triangles fulfilling the momentum conservation 6 (k; + ks +
ks3). The triangles are parameterised along xo = ka/k1 and z3 = k3 /k; such that z3 < z9 < 1
and xo+x3 > 1, the two conditions to construct closed triangles. A region of particular interest
for the scope of this article is the folded region where x5 + x3 ~ 1, which interpolates between
the squeezed and isofolded points. The singularity structure discussed in Eq. ( ) peaks close
to the folded region, and provides a smoking gun of dissipative dynamics.

For this specific case,

Polyg (€], €3, e]) = 243+ — 792v%e] + 3967 (])* + 57672 (e3)” — 1088~2¢] (€])°
+27272( ) + 10247 eleg +512( }) (e])? —384 (1) el (2.124)

Note that in a unitary shift symmetric theory, the operators ¢* and (3i<p)2<,b do not generate
any contact bispectrum in Minkowski due to the time reversal symmetry ¢ — —t and ¢ —
—¢ (one can check explicitly that there is zero contribution to the bispectrum, each diagram
vanishing independently). Dissipation spontaneously breaks this symmetry and we observe that
the diagrams now lead to a non-zero contribution to the bispectrum.

In [56], we found that other cubic interactions follow the same structure. The generic
structure is:

Dissipative bispectrum in Minkowski

Pol YY)
By (k1, k2, ks) = f(EFT) Oy"s(?l’e”e?’) (2.125)
g,

where f(EFT) a rational function of the EFT coefficients (and possibly the kinematics for
spatial derivative interactions), Poly,, are polynomials of the variables given in Eq. ( )
and Sing, is the singularity structure expressed in Eq. ( ).

The simplicity of the structure, which originates from integrals of the form of Eq. ( ),
might suggest the future development of bootstrap techniques for this kind of local dissipa-
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Figure 11: Shape function of the contact bispectrum generated by ¢2 in Minkowski given
in Eq. (2.120). Left: In the small dissipation regime, the singularity structure Sing., given in
Eq. (2.121) becomes small in the folded region xs + x3 ~ 1 which enhances the bispectrum.
Right: In large dissipation regime, the imaginary contributions from the dissipation in dominates

Sing,, such that no bispectrum enhancement is observed in the z3 4+ x3 ~ 1 folded region.

tive dynamics. It also suggests the physics is well captured from the interpretation of Sing,
controlling the amplitude of 3 +» 0 and 2 <+ 1 interactions mediated by the environment.

Shape function and non-Gaussianities phenomenology. It is instructive to consider the
shape of the bispectrum, an object that informs the kinematic configuration that maximizes the
signal. The momentum conservation in §(ki + k2 + k3) in Eq. (2.117) forces the momenta
to form a close triangle. As different inflationary models predict maximal signals in different
triangular configurations (see e.g. [67, 68]), the shape function

o B(k1, xok, x3ky)
B(kla kl) kl)

S(xe,x3) = (wox3) (2.126)

is an informative probe of the mechanism generating primordial non-Gaussianities. The vari-
ables 9 = ko/ki and x3 = ks/k; control the shape of the triangles and are restricted by
d(k1 + ko + k3) to the region max(zs, 1 —x3) < xz9 < 1. In Fig. 10, we present the main shapes
of interest. It appears that the singularity structure Sing,, presented in Eq. (2.121) exhibits two
different behaviour depending the magnitude of the dissipation coefficient «. In the strong dis-
sipation regime (right panel of Fig. 11), the %ify appearing in Eq. (2.121) always dominates the
bispectrum contribution such that the signal peaks in the equilateral shape where xo ~ x3 ~ 1.
On the contrary, in the small dissipation regime, Sing, can become small in the folded region
where z9 + 3 ~ 1 such that the signal predominantly peaks near the isofolded configuration
where x9 ~ x3 ~ 1/2 (left panel of Fig. 11).

This type of singularities have already been encountered in cosmology, mostly in the con-
text of non-Bunch-Davies initial states [68—76]. The main difference with the current investiga-
tion is that, due to the presence of the dissipative environment, the would-be folded singularity
is regularised, i.e. Sing, # 0 whenever v # 0. This clearly appears in Fig. 12 where the peak
of the shape function as one approaches the folded singularity xo + 3 ~ 1 is plotted on the
top-right panel. The resolution of the singularity is a useful feature of the formalism as it allows
one to keep perturbative control over all configurations. In particular, one does not have to
introduce an artificial cutoff to handle the dissipative interactions.
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Figure 12: Top left: 3d shape function of the contact bispectrum generated by ¢? in Minkowski
given in Eq. (2.120) for three different values of the dissipation parameter v € [0.08;0.12;0.16].
We observe the equilateral-to-folded transition of the shape function as the dissipation parameter
decreases. Top right: 2d cut along the direction zo = x3 = = appearing in red in the 3d plot.
The singularity is resolved such that the bispectrum remains well defined for any triangular
configuration and any value of the dissipation parameter . Bottom left: 2d cut along the
direction xo = 1 appearing in black in the 3d plot. Consistency relations ensure the signal
vanishes in the squeezed limit z3 < 1. Bottom right: 2d cut along the direction z9 = 1 — z3
appearing in purple in the 3d plot. Consistency relations are again observed in the squeezed
limit z3 < 1.
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2.4 Problem set

Exercise 1. A condensed matter approach to the ie prescription

Consider a massless scalar field ¢ with free functional in the Keldysh basis given by

Set = [ 4% (@160 = Dordipa — 26000 — Fipria +ief ) | (2.127)
with € a small parameter and f a function to be determined.
1. Interpret the various terms appearing in Sefg.
2. We first find the retarded Green’s function.

(a) What is the equation of motion obeyed by the retarded Green’s function G¥(k; t1,t2)?

(b) Solve it it frequency space. Draw the poles of G¥(k;w) in the complex plane. What
is the role of €7

(c) Give the expression of GT'(k;t1,ts) in real space. Take the limit ¢ — 0 and comment.
3. We now find the Keldysh propagator.

(a) Express the Keldysh propagator in terms of the retarded Green’s function.

(b) Give the expression of G (k;t1,t) in real space. What is the role of ¢? Take the
limit € — 0 and comment.

(¢c) Which value f should take to recover the vacuum power spectrum of a massless
scalar, 1/2k? Can you guess which physical parameter is controlled by f?

You have recovered the vacuum propagators. The ie prescription is a way to implement the
system’s initial conditions in a vacuum or a thermal state. More details can be found in
Sec.

Ezxercise 2. Diagrammatics in the Keldysh basis

Consider the free theory specified in Eq. ( ), completed by the unitary interaction

A
Sert = —3; /d4x (goi’; - goi) . (2.128)

1. Write down the interaction in the Keldysh basis and comment the structure of the oper-
ators.

2. Draw the two diagrams contributing to the contact bispectrum Bs(ki, k2, k3) at order A.
Compute these diagrams separately and comment their singularity structure.

3. Combine these results and recover the expression of Bs(ki, ko, k3) found in Ezercise 1 of
Sec.
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3 Lecture 3: Open inflation

Despite the variety of microphysical models compatible with the current cosmological
observations, the EFT of Inflation (EFTol) [1] and its modern avatar through the cosmological
bootstrap [77] have extracted a vast number of model-independent results. Solely based on
symmetries (scale invariance, homogeneity and isotropy), principles (unitarity, locality) and
scale hierarchies (slow roll expansion), cosmological correlators can still be constrained to a
large extent. In this Section, after reviewing the original construction of the EFTol in Sec. 3.1,
we develop its extension to capture local dissipation and noise Sec. 3.2. As we will see in Sec. 3.3,
model-independent phenomenological implications can still be derived in this case, some of which
constitute a set of smoking-gun signatures for dissipative and stochastic dynamics.

3.1 The Effective Field Theory of Inflation

We first briefly review the original construction presented in [1, 2, 78]. We consider a single
scalar field ¢(t,x) evolving unitarily in a perturbed Friedmann-Lemaitre-Robertson—Walker
(FLRW) geometry. Both the scalar field and the metric are expanded around their background
value

o(t,x) = o(t) + do(t, x), G (t,X) = guu(t) + 09, (t, %), (3.1)

and we aim at understanding the dynamics of the fluctuations. The theory is conveniently
constructed in the unitary gauge, which is defined by the condition' d¢p = 0. In this case, all the
perturbations are absorbed into the metric and the homogeneous scalar field ¢(t,x) = ¢(t) can
be used as a clock. Indeed, one can parametrize the time slicing in terms of the homogeneous
value of the scalar field t = #(¢4(t,x)) and construct geometrical objects based on this time

foliation of spacetime. For instance, the unit vector perpendicular to the foliation is

50
n, =— Ot = K (3.2)

/—9“”3u¢au¢ /_go ’

where the second equality holds in the unitary gauge

Effective action. This formulation allows us to write down the most general (unitary) EFT
compatible with the symmetries of the problem [!]. The presence of the inflaton background
qg(t) spontaneously breaks time-translation symmetry, such that the resulting action is made of
terms that are invariant under spatial diffeomorphisms only. Of course allowed terms include
4d covariant operators such as R, which are a fortiori 3d covariant. But one should also allow
time-dependent functions (A(t), ---), contractions with n, such as g%, or geometrical objects
constructed out of the foliation such as the extrinsic curvature

K, = (5Z + n,m”) Von, = 6L5£F?j(—goo)fl/2 . (3.3)

The most generic action takes the form [1]

S = /d433v —gF(R#ypg,gOO,KW, Viit), (3.4)

17T this subsection, we use = to denote an equality that holds in unitary gauge.

'8 A related useful expression is n* = —g*?/,/—¢% and /—g%° = n® = —1/ng. Note that n* is a future-
pointing time-like vector.
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where F' is an arbitrary function. Expanding the metric in powers of the perturbations we
obtain [2]

S = / d*zy/—g [MflR — A(t) — e(t)g™ | + 5P, (3.5)

where R is the Ricci scalar and A and ¢ are functions of time, and S® starts at second order
in perturbations, and consequently does not affect the background Friedmann equations

3MEH? = A(t) +¢(t),  2M3,H = —2¢(t), (3.6)

together with the continuity equation

A(t) + é(t) + 6He(t) = 0. (3.7)
The first three terms in Eq. (3.5) constitute the universal part of the EFT of Inflation. Details
about S can be found in e.g. [79]. At lowest order in derivatives acting on the metric, it takes
the form

5@ = / d*zy/—g li MA@+ g . (3.8)
n=2

Stiickelberg trick The space-diff invariant unitary-gauge action is the starting point to derive
a fully diff-invariant theory for the Goldstone boson 7 of time translations via the Stiickelberg
trick [1]. This degree of freedom can be made manifest by performing the time diffeomorphisms

t—t+mn(t x), X — X. (3.9)

Under this transformation, objects that are not 4d diff invariant do transform, such as time-
dependent constants

c(t) = c(t +7) = c(t) + ¢(t)m + O(n?) (3.10)

or the time component of the metric

8 t 4+ 8 t + 7 v
9 = (axa ) (am o8 = g 1 200, + ¢ B,m,m, (3.11)
9t . o

Under this transformation, the effective action
M2
S = /d4x\/—g [;R —At+m) —c(t+m) (goo +2¢%9), T + g‘“’@lﬂraﬂr)

+ ) Myt + ) (1+ g%+ 29% 0,7 + gwawaﬂ)"} , (3.13)

n=2

is manifestly 4d diff invariant as long as 7 non-linearly realises time-translations, that is when
t — t — ¢, m transforms as

w(t) —» 7'(t) = w(t+¢€) +e (3.14)
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Decoupling. Foreword. This paragraph provides partial solutions to Problem 1 of the
problem set in Section 3.4. Readers who wish to practice on problems related to the EFT of
Inflation are encouraged to attempt the problem set first, before consulting this paragraph.

The main interest of reintroducing the dynamical scalar 7 is that in a certain limit known
as decoupling, one can safely neglect the fluctuations of the metric. It is easier to see this in
the flat gauge where

5gf;alar =0 , dgoo=—-20=—-06g" | Ogoi=a(t)dF =dg". (3.15)
Let’s consider the universal part and the minimal extension controlled by Mj(t). It leads to
the Einstein equations

M3 At

V3G + H) - Mgl(t)] 900 — [e(t) + 2083 (1)) 7 + 3He(t)m =, (3.16)

M3 At ¢
—Pl5Go + {() — C()} 0goi — 2¢(t)0ym = 0, (3.17)

2 2 2
where §G |, is the perturbed Einstein tensor. In this case, solving for the constraints, one finds

_ 2 _aeH . 2

¢ =2eHm, V*F = 2 [ﬂ' + (305 26) HT['} ) (3.18)
where we introduced the first slow-roll parameter ¢ = —H /H? and the speed of sound ¢;2? =

[e(t) + 2M3(t)] /c(t).

One can then perturb Eq. ( ) at second order in perturbations, substitute ¢ and V2F
found in Eq. (3.18) and compare the contributions from ¢ and F' to the self dynamics of 7 itself.
For instance, the kinetic term of the 7 roughly scales as

OF c(t)(Oum)? ~  eMBH?7* ~ eMjH'7? (3.19)

where we used the background expression of ¢(¢) found in Eq. (3.6) and the heuristic estimate of
the time derivatives during inflation 7 ~ Hm [56]. Comparing this expression with the leading
mixing with gravity [!]

(I1) : c(t)og™r  ~  eMPH?¢r ~ EMEH R, (3.20)

where in the last line we used Eq. (3.18), we find that (II) < (I) as long as ¢ < 1. This
explicit computation shows that the contribution of the fluctuations of the metric on the scalar
dynamics of 7 is suppressed by the slow-roll parameter ¢ < 1. A more rigorous derivation of
the decoupling limit may be found in [30], where we perform an analogue computation in the
Keldysh basis, extending the results of [1] to include dissipation and noise.

In this limit, the action dramatically simplifies to

o;m)?

)2
Sp = /d4x\/jg{;MF2,lR+ eMp H? ler | 5 (i)

+ 2M3
a

(3.21)

where the ellipsis represents terms at least quartic in 7. From a theory with two tensor modes
and one scalar degree of freedom, we end up with a theory with a single shift symmetric scalar
[31]. This framework is the starting point of the study of [56] which aims at extending this
framework to include dissition and noise.
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3.2 Opening the theory

The starting point to study an open system is a choice of the degrees of freedom that
we want to describe. Given our focus on single-clock inflation, our system will consists of a
scalar field =, the Stiickelberg field introduced above. We aim to construct an EFT for 7 in
the presence of dissipative and stochastic effects induced by interactions with the unknown
environment. The statistics of the system is characterized by its density matrix in the field
basis

Pred [TFMT/;T]O] :/Q DW-F/Q Dﬁ—eiseﬁ[ﬂ+7ﬂ_]' (322)

Here Q) represents the choice of initial state, we assume to be the Bunch-Davies state. The open
effective functional Seg [74, 7] admits a Hermitian and a non-Hermitian part

Seft [T+, m_] = Sr [74] — Sz [m-] + StF [74, 7] . (3.23)
Following [56], our goal here is to construct and study Seg [74, 7] for single-clock inflation.

3.2.1 Symmetries and locality

Time-translation symmetry breaking. Symmetries further restrict the number and struc-
ture of EFT operators. Let’s consider a schematic microscopic theory Syv|[m, x] with x a col-
lective variable capturing the presence of an environment. Following the EFTol construction
presented above [1, 1], Syy[m, x| is invariant under shift symmetry of the 7 field. Then, the
Schwinger-Keldysh action Syy[my, x+] — Suv[r—, x| for the closed system is invariant under
shift x shift_ = shift, x shift,. Integrating out the x field generates terms mixing the branches
of the path integral. In general, these terms do not transform nicely under transformation
along each branch of the path integral. This leads to a symmetry breaking pattern under which
Seft [T+, 7—] becomes only invariant under the smaller diagonal subgroup,

shifty x shift_ = shift, x shift, —  shift,. (3.24)

Explicitly, let us consider a UV-action that is invariant under independent time-
translations, one transforming the 4 branch of the path integral by ¢t — e, and the other
transforming the — branch of the path integral by ¢ — e_. Under these transformation, w4
non-linearly realise the symmetry,

T(t) > 7 () =7 (t+ey) +ey, T (t)—=>a (t)=n_(t+e )+e_, (3.25)

that is they shift, while additional environment fields act linearly on the transformations. Upon
tracing over the environment, the open effective functional Seg [74, 7_] is not in general invariant
under general eL translations. More precisely, the effective functional remains invariant under
the translation (see the left-hand panel of Fig. 13) [64]

€L =€_ =€, (3.26)
while the translations

€= —€_=— (3.27)
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Figure 13: The ¢, and ¢, transformations on the closed time path, where time is running
from left to right in both contours and the arrow represent path ordering (time ordering in |in)
and anti-time-ordering in (in|). The €, transformation translates the “ +” and “ — ” variables
in the same direction while ¢, transformation does it in the opposite directions. While the ¢,
transformation is preserved, the €, one is explicitly broken due to dissipative effects [(4].

are explicitly broken (see the right-hand panel of Fig. 13). In this way, out of two time-
translational symmetries of the microscopic action, we are left with a single diagonal subgroup
€4 = €_.

Let us consider the transformation of w,. and 7, under the diagonal subgroup of time
translations and boosts. In the Keldysh basis, the e,-transformations read [61] (see left-hand
panel of Fig. 13)

m(t,x) = m.(t, ) = 7 (t + €, ) + €, (3.30)
mo(t,x) — m(t, x) = Tt + €, ), (3.31)

whereas the A,-transformations follow
m(t,x) = 7. (t,x) = 7, (AS Hx“,Ai lﬂ:“) + A2 LI =t (3.32)
Talt, @) = (1 @) = o (AD 2#, AL 2t (3.33)

K, € SO(1,3). The important point is that m, non-linearly realises
time-translations and boosts whereas m, transforms linearly, just as ordinary matter [6].

where we introduced A#

Locality. In the most general case, tracing over the environment yields an unwieldy non-local
effective functional that is intractable unless one knows the exact UV-completion. Instead, just
like for standard EFTs, a dramatic simplification takes place in the presence of a separation of
scales. Here we focus on precisely this possibility: we envisage that the typical length and time
scales characterising the environment are much shorter than the Hubble time and the Hubble
radius at which we compute cosmological correlators. This hierarchy ensures that our open

90ne can check that Seg [y, ,] is left invariant by the transformation given in Eq. (3.30). To see it explicitly,
one can consider the expansion

m(t, ) = m(t, ) + & [1 + 7 (¢, )] + O [(€T)2] , (3.28)
Ta(t, &) = ma(t, @) + er7a(t, ) + O [(ET)2] . (3.29)
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EFT is local in space and time, i.e. it features operators that are the product of fields at the
same spacetime point and a finite but arbitrary number of derivatives thereof. Not all UV-
models display such hierarchy. For example, the much studied models of inflation featuring the
tachyonic production of gauge modes engendered by a ¢FF coupling [32] would give a non-local
open EFT for m because the gauge fields are mostly produced around Hubble crossing. The
fact that our open EFT is not useful to describe these models is nothing new or specific to open
systems: the same would happen for a standard EFT if one tried to integrate out very light or
massless fields. Instead, the construction that follows is able to match gauge and warm inflation
models that features a hierarchy of scale such that the particle production can be contained
within the sub-Hubble regime. Such a model was constructed and studied in detail in [33], to
which we match our EFT description.

3.2.2 Open effective functional

Now that we motivated a local open EFT, we want to write down all possible local operators
compatible with the non-equilibrium constraints (2.36), (2.37) and (2.38), and retarded shift
symmetry ( ). We can do this by using invariant combinations as fundamental building
blocks [24]. The open effective functional can be constructed out of

building blocks: Ta, t+ 7, OuTa, Ou(t+m). (3.34)

It will turn convenient to define P, = 0u(t + ) = 50“ + Oum,. Working at leading order in
the derivative expansion, we now restrict ourselves to operators with at most one derivative per
field. We now aim at writing the most generic local open effective functional. In addition to

the derivative expansion, a useful way to organise the open effective functional is in powers of
7, such that Seg = [ d*z/—gLeg with

Leg =Y Ly with L, =0(r}) (3.35)
n=1

where we used the unitarity condition (2.30) to notice that Leg starts from the first order term
in m,. Restricting ourselves to cubic operators for practical applications, we focus on Ly, Lo
and L3 for which we illustrate the general procedure, the next order being at best quartic in
g

L1 functional. Let us illustrate the procedure by first considering £;. We aim at using the
building blocks ( ) to construct invariant combinations that are linear in 7,. The only option
consists in multiplying 7, and P*0,m, = (=7, + O*m,.0,m,) by powers of

(P,P* 4+ 1) = =270, 4 (8,m,)?, (3.36)
leading to [(4]
Ly = Z (PMP“ + 1)71 h/nﬂ-a - O‘npﬂa;ﬂra] . (337)
n=0

The EFT coefficients v, and «,, are in general functions of ¢ 4+ m, which have to be real because
of the conjugate condition ( ). In the slow-roll regime, one can assume time-independence
for the EFT coefficients at leading order in slow-roll [64].

29The sign in front of the 7, term is chosen for later convenience.
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Background evolution. Before describing the dynamics of the fluctuations, let us
connect with the standard background evolution of the EFTol by discussing tadpole
cancellation [1, 85]. As mentioned below Eq. (3.35), the unitarity condition (2.30) imposes
that Leg starts linear in m,. Therefore, the only available tadpoles are [, 3(]

St O / /=5 Tl = ()] (3.38)
which leads to the continuity equation
—Y0 + & + 3Hap = 0. (3.39)
We can compare this expression with Eq. (3.7) to identify
ap(t) = 2¢(t) and Yo(t) = é(t) — A1), (3.40)

such that (3.7) and Eqgs. (3.38) are equivalent. The main physical outcome is that, as
noticed in [36], there is no new tadpole for this class of local dissipative models of inflation.
The background evolution is fixed by the slicing and probes the global energy density,
which does not distinguish the contributions of the inflaton from those of the unknown
environment.” It is only at the level of the fluctuations that the distinction between
system and environment becomes relevant, as we can disentangle observable degrees
of freedom associated to the hydrodynamical direction = and unobservable degrees of
freedom that have been integrated out. We come back to this point in Lecture

“Tt would be interesting to further investigate if there exists a slicing where system and environment
are distinguishable from the background dynamics, for instance through different charges.

Now we have fixed the background dynamics, £1 takes the explicit form

> . 21"m .
L1 = —00"'m,.0,mg — Z o, {—271} + (Ourr) } (—7q + OH'm0ymy)
n=1
oo 9 n
+ 3 |2 + (0m)?] T (3.41)
n=1
Notice that only «ag, a1 and 1 provide quadratic terms in 7 relevant for the dispersion relation
of the Goldstone mode [(1]. The ap term is the usual kinetic term written in the Keldysh basis.
The a7 term generates a non-trivial speed of sound accompanied by higher order operators
controlling the appearance of equilateral non-Gaussianities [!]. In contrast to the «g and oy

terms, the v term has no unitary counterpart and leads to a dissipative term in the =, equa-
tion of motion. Interestingly, the dissipation term .7, is accompanied by a cubic interaction
(Bum)2 Ta, as first noted in [$0], such that the combination is invariant under Lorentz boosts.

Let us explicitly consider the quadratic and cubic contributions. Indeed, in addition to
the expansion in powers of 7., one can classify

Lo = Z £ with £ = o™, 7, 7 (3.42)

n,m=1

where m labels the number of field operators. The quadratic contributions are

£§2) = (OZO — 2041) T Tg — aoaiﬂraiﬂa — 27T, (343)
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where ag and «; control the unitary kinetic term with a non-trivial speed of sound and ~;
encodes the linear dissipation of the system onto its environment. At cubic order, £q reads

,653) = (4a2 — 30[1) 7:1'27:('@ + a1 (8i77r)2 Ta + 20417:(}8@'71'7»87;77'@

+ (472 - '71) 7:"37['(1 + 7 (8,‘7['7«)2 Ta (344)

where the first line corresponds to parts of the unitary operators 72 and (9;7)%# and the second
line to the non-linear dissipation induced by the non-linearly realised symmetries, as discussed
in [806].

Ly functional Following [64], let us now construct Lo, which is quadratic in 7,. Just as
above, working with operators containing at most one derivative, in the slow-roll limit, we
obtain

Lo =i|Bim2 + By (Oua)” + B3 (—Fta + 0 m0ua) Ta + Ba (—Fa + 0" Opma)” + -+ | (3.45)

where the third and fourth terms are obtained from P09, 7,7, and (P“@MTQ)2 respectively and
the dots represent higher order terms obtained by multiplying the first four terms by arbitrary
powers of (P*P, + 1) = =27, + (8u7rr)2. The action being at least quadratic in 7, there is no
tadpole contribution. The ¢ in front directly follows from the conjugate condition ( ). While
the term proportional to 7 is the standard noise term appearing in the Langevin equation, we
observe the presence of derivative corrections such as (8“%)2 and 72 in the B2 and B4 terms
which make the noise scale-dependent.

There exists a positivity condition on the 3’s coefficients due to Eq. ( ) which imposes
Im Seg[m,, mq) > 0. In flat space, making use of the derivative expansion which tells us that
w? k? < |B1/B2.4| (the quadratic term in B3 can be written as a total derivative and removed),
the authors of [(4] concluded that §; dominates in Ly, such that the positivity constraint
imposes

p1 > 0. (3.46)

This positivity constraint on the noise kernel directly translates into consequences for the non-
Gaussian signal if we multiply this operator by higher powers of (P*P, +1) = —27, + (8MWT)2.

As above, let us explicitly consider the quadratic and cubic contributions for £o. The three
quadratic noise are controlled by

P =i [51772 — (B2 — Ba) 7o + Bo (81-77@)2} ; (3.47)

where we removed the total derivative related to (3 at quadratic order. At cubic order, we
obtain

ﬁgg) = ’L[ — (63 — 2B7)ﬁrﬁaﬂa + B?,aiﬁraiﬂ'aﬂ'a + 2(ﬁ4 + /86 - /88)7:"r7:‘-2
— 2B404m,0' Watta — 2570, m2 — 2B (Oima)?] (3.48)
where we needed to introduce the Wilsonian coefficients (s, 8¢, 57 and fg associated to the
higher-order operators included in the dots of Eq. ( ), obtained from multiplying the first

four terms in Eq. (3.45) by (PP, + 1) = =27, + (8M7TT)2. The physical interpretation of these
terms is discussed below in Sec.
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L3 functional One can carry on this construction to access L£3. We have
L3 = 8178 4 02(0,uma)? 7o + 03 (— g + 0P m,0,ma) T2 + 64 (— g + 0' 1, 0,ma) (0,70 )?
+ 05 (—7ta + O*7,0,ma)° Ta + 06 (—Tq + 'm0 0uma)® + - -, (3.49)

where the 3 term originates from (PF9,m,)m2, the d4 term from (P*8,m,)(0,74)?, the 85 from
(P“auwa)2 7, and the dg term from (P“@uwa)g. As above, the dots represent higher order terms
obtained by multiplying the first terms by arbitrary powers of (P*P, 4+ 1) = =21, + (8MWT)2.
As we will see below, the interpretation of these terms is ambiguous, as they can either be
associated to unitary or non-unitary operators depending on how they relate to contributions
from L£;. For this reason, we develop in Sec. a classification of these terms.

As above, let us explicitly consider the quadratic and cubic contributions for £3. Since
these contributions are at least cubic in m,, there is no quadratic contribution. If we restrict
ourselves to the cubic order, we obtain

L) = 6173 + (85 — 82)i2mq + 02(0ima) *ma — 04(0ima) 27t + (84 — 06)72, (3.50)

the 03 cubic contribution being a total derivative.

Summary Under the symmetry breaking pattern specified in Eq. ( ), the most
generic local second order open effective functional is

£3 = (g — 2001) TrpTrg — 0,047,
— 217t mq + 6 | Buma — (B2 — Ba) 2 + B2 (Bima)? (3.51)

where the EFT coefficients are chosen to match the notations of [64]. The first line
corresponds to the usual unitary dynamics which the kinetic term and an effective speed
of sound. The first term of the second line controlled by ~; corresponds to the dissipation
due to the surrounding environment. At last, the (; coefficients control the diffusion
(noise-induced) process.

At cubic order, the most generic open effective functional (up to total derivatives)

writes
LB = (day — 3a1) 727q + a1 (8imy)? 7t + 2007, 0;m,0 g (3.52)
+ (4v2 —71) 7'737Ta +m (8@-7@)2 Ta
+i[ — (B3 — 2B7)Frr7taTa + B30imr ' Tama + 2(Ba + Bs — Bs) vy (3.53)
- 2/84ai7rrai7ra7:"a - 2/357:['7"772 - 2/867:"7“(82‘77(1)2}
+(517T2 + (55 = 52)7?37@ + 52(81'7@)27% = (54(81'7%)27'% -+ ((54 = (56)#2, (3.54)
where originates from £§3), originates from Eé?’) and from 55(33).
In de Sitter, in terms of the conformal time and the scale factor a = —1/(Hn), the open

effective functional up to cubic order reads
Se(?f) = /d43:{ (o — 20a1) d’xl 7!, — apa®dim,0'm, (3.55)

—2a* 1) + i | Bratn? — (B — Ba) a*7 + Bra? (9ima)’] |,
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and

Sg’f) = /d4a:{ (4dovg — 3ary) a7r;27r; + aja (81-7@)2 ol + 2a1a7r,'né?i7r7«8i7ra (3.56)

+ (4'72 - ’71) a27T1I“27Ta + ’Yla2 (8i77r)2 Tq

+ Z{ - (53 - 2,87)0,271';,71';7['& + B3a2ai77rai7ra7ra + 2(54 + 66 - 58)6”";77-2?
— 2B4a3i7r,a0i7ra7rfl — 265@377;7321 - 266(177;,(817%)2]
+ 51a47r2 + (05 — d2)a’ w1y + 6202 (0ima )y — Saa(0sma)*ml + (64 — (56)a7r;3}.

3.2.3 Classification of the EFT operators

The above construction exhibits a wide zoology of terms compared to its unitary counter-
part: 5 free parameters in £(2) compared to only 1 in the standard EFTol [1]; 13 free parameters
in £ compared to only 1 in [I]. While some operators describe faithful non-unitary effects
generated by the presence of additional degrees of freedom, others are simply a consequence of
writing unitary interactions in the Keldysh basis. In this section, we develop a procedure to
distinguish unitary from non-unitary operators.

Recovering the EFTol We expect the open effective functional S.g to be able to reproduce
in a certain limit the EFTol [1]. This limit defines the unitary direction of the parameter space
of the theory. Let us first consider the quadratic terms of the EFTol which reads in the Keldysh
basis

1 1
5 [71'_2,_ - cg(aiw+)2} ~3 [w% - cg(am'_)ﬂ = iy — 2O 0iTg. (3.57)
It can be matched with the first line of Eq. (3.51) for
2_ %
ol = P (3.58)

We can go to the next order in the EFTol and consider cubic operators. Starting with 72, the
unitary interaction in the Keldysh basis reads
78 — &% = 3il, + 7o, (3.59)

Comparing with the terms in Eqgs. (3.52) and (3.54) which include 727, and #2, the unitary
combination in Eq. ( ) imposes the relation among the EFT coefficients

1
(54 — (56 = E (4&2 — 3&1) . (3.60)

A similar procedure follows for (9;7)%#. In the Keldysh basis, this vertex reads
1
(aiﬂ+)2fr+ — (aﬂr_)QfT_ = ((91'7TT>27'Ta + 20,7, 0; Ty Ty + Eﬁa(&-m)? (3.61)

Comparing it to the operators appearing in Eqgs. ( ) and (3.541), it specifies the unitary

direction )

One can then be reassured that in a certain limit, the current constructions reduces to the usual
EFTol of [1].
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Unitary and orthogonal directions What about the other operators? The open effective
functional has more Wilsonain coefficients than the EFTol. Does it imply that all the remaining
operators are intrinsically related to non-unitary effects? The symmetry structure of the theory
allows one to answer this question is a systematic manner. In the limit where non-unitary effects
are absent, Eq. (3.23) reduces to the unitary effective action

Seff [T, m_] = Sz [m4] — Sx [7-]. (3.63)

This restriction is obtained by restoring the ¢, symmetry explicitly broken by the non-unitary
effects (see Right panel of Fig. 13) [64]. Indeed, in the unitary limit, the two branches of the
path integral must transform equally under e4

mi(t,x) = o (t,x) = T (t + €4, @) + €x. (3.64)

One can impose this by acting on Seg with the ¢, symmetry given by egL = —€) = ¢,/2.
Expressing Eq. ( ) in the Keldysh basis and expanding linear order in €, we obtain

Tt @) = Tt @) = m(t, ) + %“fra@, z)+0 (e2) (3.65)
To(t, @) = () = To(t, @) + € [1+ 7 (t,2)] + O (€2) . (3.66)

Unitary combinations of operators must leave Sy invariant under the above transformation.

Let us illustrate this procedure with the kinetic terms 7,7, and 0;m,.0'r, appearing in
Eq. (3.51) that have been identified as being unitary through the comparison with the EFTol.
Under the ¢, transformation Egs. (3.65) and (3.66), we notice they lead to total derivatives.
Hence, S.g made of these terms is €,-invariant, indicating they can be encountered in a unitary
theory as one would expect. On the contrary, the quadratic dissipative term 7,7, and diffusive
terms 72, 72 and (9;7,)? are not invariant. Consequently, they have no unitary counterpart
and represent genuine non-unitary effects.

For cubic interactions the effective action is invariant under €, only for the specific combi-
nations identified in Egs. (3.60) and (3.62). Indeed, one can check the combinations 3727, +72 /4
and (9;m,)?7rq + 27, 0im 01y + (0ima)?74/4 are invariant. From these, one recovers the usual
cubic interactions 72 and (9;m)%7 expressed in the Keldysh basis. Any deviation from these
fine-tuned combinations would be associated to non-unitary dynamics. In particular, notice
that unitary combinations only involve odd powers of 7,. Hence, any even powers of m, always
relate to diffusive/noise processes [(4].

3.2.4 Scales and estimates

The EFT coefficients are dimensionful quantities, such that [ag] = [a1] = E*, [11] = E5,
[31] = E® and [32] = [84] = E*. One can then ask what are the relevant scales controlling the
physics and the regime of validity of our EFT description.

Energy scales and canonical normalisation

To treat the problems of the scales, we first canonically normalise the fields such that
they have dimension of energy E. This canonical normalisation relates the original Wilsonian
coefficients to quantities of physical interest such as the speed of sound cg, the dissipation scale
~ or the fluctuations of the environment ;. We first define the energy scale

4:
T =

ag — 2a7 . (3.67)
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From this we construct the canonically normalised field
2
™ —w/fx.

It follows that at leading order, the curvature perturbations are given by the relation

C=—fr

In terms of the canonically normalised variables, the quadratic action takes the form
eH = /d4 a27r'7r' —c; 220, 0',,
—a*ym o + i [51@ T — (B2 — Ba) &’ + Paa” (82'7Ta)2} },

where we used rescaled coefficients

(old) 2,)/§Old) B(Old)
5=t

f4 ) ’Y - f4 Y

The dimensions of the parameters appearing above are

[W] =F, [fw] =FE, [CS] = E07 h] =FE, [/81] - E27 [/82] = [54] = E°

® N

for 7=1 to 8.

Expressed in terms of the canonically normalised variables, the cubic action becomes
S = d'z{ [4a 3 1)]a ’2’+1(c2—1>a[(a» ), + 27 Oy, O
H_f2 2= 5 ™o + 5 (€ i) T, 4 27,0;m 0" T,

+ <4’yg — g) a277’27ra + ga2 (8i7rr)2 T

+1 { (2ﬁ7 — ﬁg) CL27TI 7 oTa T ,6’3a26i7r,,6i7ra7ra + 2(,84 + /86 — ,38)0,71'/71'/2
— 2B4a0;m, 0" T, — 285a° . 71' — 2Bsar..(0;74) }

(3.68)

(3.69)

(3.70)

(3.71)

(3.72)

(3.73)

+ 61a* 7ra + (05 — d2)a? s 20 + 020%(05mq) T — 04a(95m,)? 7+ (04 — 56)(177'3}

where we defined the rescaled coefficients

(old) (old) (5~(Old)
O‘QEajM , 725%}4 , 0= lf4 for i=1t06,

with dimensions

[a2] = an [72] =FE, [ﬁﬁ] = [58] = E07 [/83] = [ﬁ7] =FE, [55] = E27
[01] = E®, [65] = [0o] = B, [d4] = [06] = E°

(3.74)

(3.75)

From now on, we work in this canonical basis and use the rescaled action given in Egs. (3.70)

and (3.73).

2INotice that ap can be related to the EFTol [1] parameter M3 = — faas.
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Heuristic estimates

We are now in the position to carry out a rough estimate of the non-Gaussianities sourced
by the cubic operators of Eq. ( ). For simplicity, we set 2 = 34 = 0 and focus on the leading
noise term of Eq. (3.70) controlled by /1. The estimate relies on the following rules:

e We can approximate 7, from the amplitude of the primordial power spectrum Ag, ac-
counting for the canonical normalisation and the leading-order relation with ¢ such that

2

e We can estimate spatial derivatives by the spatial momenta. The value of spatial deriva-
tives in different directions is, on average, the same by isotropy:

O0iTyq ~ KTy q. (3.77)

Adiabatic perturbations of momentum k freeze at a scale factor a, that depends on the
dissipation parameter « [$0]. In [56], we derived this freezing time by comparing the early
and the late time limit of the power spectrum. This leads to the relation

H A+~
_H M

csk ~ a.H (3.78)

where we use the expression (H + v) as a shorthand reminder of a quantity that scales
to leading order in v — oo as v and to leading order in v — 0 as H. While freezing still
occurs at wavelengths around (sound) horizon crossing at low dissipation, it is displaced
to sub (sound) horizon wavelength at large dissipation.

e The characteristic frequencies of the retarded =, and advanced m, components are esti-
mated to be [50]

o~ aHmy . (3.79)

Ty

e The retarded component 7, evolves according to a dynamics sourced by the advanced
component 7, and controlled by the environment noise 51 [7]. This sourced dynamics
implies that 7, and m, are not of the same amplitude, their ratio being controlled by

Ty 61

T H(H+7) (3:50)

This relation can be obtained from evaluating the equation of motion for m,. at a = a.

[50]-

These prescriptions imply some hierarchies among the quadratic operators. Comparing
the kinetic terms a?n.7! and c2a?0;7,0'1, and the linear dissipation a®yn.m, with the noise
a*B1m2, we observe that

2, 1 1 22 ! 3 /
a“m,.m, H c;a”0;m 0", a’ym,.m, ¥

at P2 ~ H+~

T

~ ) ~ 17
a*fim2 H+7 atfym?

(3.81)

This illustrates the dynamical regimes of a driven-dissipative harmonic oscillator. At low dissi-
pation, a3ym! 7, is negligible and the system is mostly controlled by the other three operators.
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27! ! becomes subdominant

At large dissipation, we enter the overdamped regime in which a
compared to the other contributions.

To estimate the size of non-Gaussianities, we can first approximate the ratio between the
cubic operators in Eq. (3.73) and the dominant quadratic terms in Eq. (3.70). Based on the
above estimate, a choice of operator that is valid both at large and small dissipation is a*3;7>

(or equivalently c2a?9;m,.0'r,), leading to

L3

Ay~ ——,
InBe~ g

(3.82)

Like in the EFTol, one of the amplitudes of the unitary vertices in Eq. (3.73) is controlled by
the speed of sound cs;. The associated non-Gaussianities can be estimated through the above
prescriptions, leading for instance to

(2 -1) ) (2—1)
£3 D) ;Ta (azﬂ'r) T — fNL ~ ST (383)
This matches the usual expectation from [1]. We can then consider the two dissipative vertices

(Bm,«)Qwa and W{?Wa controlled by 7 and related to the quadratic dissipation 7.7, through
non-linearly realised boosts. Using the above prescriptions, we find for the first operator the
linear-in-vy scaling

2
£3 D) f2 (817'('7‘) Taq — fNL ~ éﬁ, (384)
in agreement with the results of [23, 86]. The second vertex can be estimated by
T2 2
L3 D f2a T, Mg — fNL ~ H+7' (385)

Noise terms quadratic in 7, can also be estimated in the same manner, leading for instance to

£3 D) ﬁ61371’/71' — fNL ~ & (3.86)

E 1
Noticeably, this ratio of the noise amplitudes 51 and 5 is independent of the dissipation param-
eter v and leads to approximately constant fxy, for any value of v/H. At last, cubic operators
in m, also source a bispectrum signal such as

,Cg D) —a 71'2 — fNL ~

e e
The ratio of §; over 3% controls the amplitude of the non-Gaussian noise compared to its
Gaussian counterpart. Similar estimates can be obtained for all cubic operators of Eq. ( ).
This heuristic derivation correctly accounts for all contributions found in [56], hence providing
a valuable insight to the rich physics of the open EFT of inflation.

(H+7) (3.87)

3.3 Phenomenology of open inflation

Now the theory is established, we derive the phenomenology associated to this class
of model. We first work out the power spectrum, before characterizing primordial non-
Gaussianities expected from dissipation and noise. At last, we illustrate the scope of this
construction by matching with an explicit model of gauge-inflation [33].
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3.3.1 Power spectrum

To derive the power spectrum, we follow the procedure introduced in Sec. 2.2. Embedded
in the inflating background, the retarded and Keldysh differential operators become

~ 1 24 X
Dr= s l@? — 0= 036?] (3.88)
and
A 1 B 2
Dk = H2p? [Hzlnz — (B2 = Ba) (32 - nan) + 5281-2} . (3.89)

From now on, we set ¢; = 1 for simplicity. The inclusion of ¢ is discussed in [50].

Scaling dimensions Before deriving the propagators of the theory, let us briefly comment on
the two homogeneous solutions of Dg in Fourier space (mode functions). Obeying the dynamical

equation
2

the two homogeneous solutions are given by

2 2
J; 19, + /<:2> e =0, (3.90)

mr(n) o n"VH,Si)(—kn) and x n””H,f)(—kn) , (3.91)

where

3.0
2

= 3.92
o (3.92)

Yy
and H® and H® are Hankel functions. Selecting positive frequency mode functions of the
form e~ in the asymptotic past, —kn > 1, one can safely discard one of the two solutions.
At late times, where —kn < 1, the dissipative mode functions acquire scaling solutions

m(z = —kn) = 025 [14+0(%)] + 024 [1+0(z%)] (3.93)

where Oy and O_ depend on v and H, and the scaling dimensions are

Ay=0 and A_=3+ % (3.94)
Comparing this result to the well-known relation for closed systems Ay + A_ = d, involving
representations related by a shadow transform, we note that dissipation acts in the same way
as a continuation to a non-integer number of dimensions.

These relations crucially depart from the unitary theory case. Yet, let us stress it would be
misleading to derive the power spectrum simply by squaring these mode functions. Indeed, in an
open theory, dissipation is inextricably linked to the fluctuations generated by the environment.
Instead, the power spectrum is derived as follow.
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Retarded Green function Eq. ( ) determines the equations of motion obeyed by the
Green function

2+ 2
(87271 - mH O, + k2> GB(k;m,m2) = H*ns(m — n2). (3.95)

The normalisation is fixed by the continuity of the retarded Green function at coincident time
and its first derivative discontinuity is controlled by the time-dependent prefactor of the 6%1
term in Eq. (3.95), that is

Gf(kimpp) =0, and 9y, G (kipum)| = HPB. (3.96)

This imposes

e

T 3 2H
G (ko) = 5t () i (1) kS (<kn)] 0m — ). (397)

2H 2 ' 2H

It turns out to be sometime convenient to express the retarded Green function in terms of Bessel
functions of the first kind
2 v
R ™ H (21\"
Gk, m2) = ENEa (z2> 25 (Yo, (21) 0, (22) = o, (21) Y, (22)] 0(22 — 21) (3.98)
where z; = —kn;.
Keldysh propagator We now turn our attention to the computation of the Keldysh prop-
agator of the theory from which the observables such as the power spectrum can be derived.
The Keldysh function is obtained from

G5 (ks m1,m0) = i/dn’GR(k‘;nlan’)ﬁx(n’)GA(k; ' m2) + (1 < n2) (3.99)

= i/dn’GR(k;m,n')ﬁx(n')GR(k;nz,n’) + (m & 7). (3.100)

Notice that this equation has precisely the structure one would expect for the power spectrum
of a field obeying the Langevin equation with source fluctuations possessing a power spectrum
Dk (n'). Injecting Eq. (3.89) into the above expressions, we obtain three contributions

By (72 dnf

G (kym,m2) = ZH% /_ WGR(k;m,n’)GR(k;na,n’) + (m ) (3.101)
Pa— B2 [ dyf 2

G¥(kym,m) =i 4H2 2 L WGR(k?;m,??/) <372;/ - 77,377’) G (k;nz,n') + (m +» n2) (3.102)
Bok? (2 dn

GE (kimmp) =i ;Ig /_ TZGR(k;m,n')GR(k;m,n’) + (1 < 1), (3.103)

which correspond to the three noise terms appearing in Eq. ( ). Here we assumed n2 < my
without loss of generality. The power spectrum is obtained from the coincident time limit
m =mn2 = "o-

Let us compute the first contribution Eq. ( ). Injecting Eq. (3.98) in Eq. ( ), we
obtain the Keldysh propagator

7T251

G (ks 1, me) :iw(

2122)””{1% (21)Yo, (22) A (22) + T (1), (22) O (20)  (3.104)

= [y (1) Yo (22) 4 T (Ve (1)) B (22) | + (1602
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where

o]
A,(}W)(z) = / dz' 2?72 J,i (2 (3.105)
1 Zoo ! 12—2 ! /
BY(z) = / 42’22, ()Y, (7)) (3.106)
(o]

c(z) = / A2/ 2220y 2 () (3.107)
are complicated functions given explicitly at the end of the Lecture, in Egs. ( ), ( ) and
( ) respectively.

Power spectrum Considering that ( = —Hn/f2 where 7 is the canonically normalised field,

the reduced power spectrum

k3 )

AZk) = g5 Pek)  with  (GuGok) = (2m)°6(k + k) Pe(k) (3.108)
is obtained in the coincident time limit of the Keldysh propagator given in Eq. ( ), such
that

77261 H2
P:(k) = —

Uy v Vs

2 [V2 () AP () + J2 (2O (=) = 20, (2)Ys, ()BP(2)] . (3.109)

In the super-Hubble regime z < 1, the power spectrum freezes and

1/ HY L, Ty =)L ()

O S D) r (- )

(3.110)

which is indeed dimensionless. Keeping in mind that v, = % + 557, one can expand this result
in the small and large dissipation regime leading to

Dissipative power-spectrum

B HY (’7)
ﬁf—#-i-(’) E ) ")/<<H,

Ao (5)) e

The observational constraint Ag = 1077 is easily obtained by imposing hierarchies be-
tween the various scales of the problem. Note that if one further imposes thermal equi-
librium of the environment such that the fluctuation-dissipation relation holds, the dy-
namical KMS symmetry imposes 81 = 2my1 where T is the environment temperature
[64], such that in the large dissipation regime (y > H)

T H*
A? o EF’/% (3.112)

which reproduces the warm inflation expectation [37-92].

AZ(k) o (3.111)
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The two other contributions given in Egs. ( ) and ( ) follow accordingly, the details
of which can be found in Appendix C of [56]. For completeness, we here just state the result
of computation. These two derivative noises also lead to equally valid scale invariant power
spectra on super-Hubble scales

15 T (vy—2)T (vy)?
A e il CRI
2 RICEHEICA)
Az (k) D ) (3.113)
,6’2 I'(vy —2)T (vy) B, ( )
f4 F(VV—%>F<2VV—%)7 ’
which expand in the large dissipation limit (y > H) to
H* |H H
A2 (Ba — B2) f4\/>{1+(9(7)], Eq. ( )s a1
2 .

o]

The obtained contributions may again satisfy the observational constraint Ag = 107Y by im-
posing some hierarchy between the various scales (more stringent for the last contribution due
to the \/v/H enhancement in the spatial derivative case).

3.3.2 Primordial non-Gaussianities

The computation of primordial non-Gaussianities closely follow the flat space example
given in Sec. . Remembering that the curvature perturbations are defined though ( =
—Hr/f? in the spatially flat gauge, the primordial bispectrum reads

3
<Ck1§k2gk3) = —F<7['klﬂ'k27rk3> = (271')3(5(’{31 + ko + k3)B(k1, ko, kig). (3.115)
Quantities of interest to characterise the non-Gaussian signatures are the amplitude of the signal
5 B(kb k2a k;3)
k1,ko, k3) = = , 3.116
Inuths ke ks) = 6 B0 S Pl) & P(kn) Pks) + Pka) P(ks) (3.116)
discussed for specific configurations below, and the shape function, already defined in Eq. ( )
which we reproduce here for clarity
B(k k k
S(xa,w3) = (w223)° (b1, 221, 2aks) (3.117)

B(kla k17 kl)

Here x9 = ko/ky and x3 = ks/k1 are restricted to the region max(zs,1 —x3) < xo < 1. One can
proceed just as in the flat space case presented in Sec. to evaluate contact bispectra. The
generic structure of the integrals is

H® g 0 dn
ng+ng+1
B(ky, ko, k3) = (—i) 6 HA=na /oo(um'e) nina
D({ki}, By) | G*/% (k, 0,m) X/ R (ky, 0,7) G (k3, 0,m) + 5 perms| (3.118)
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where nx counts the number of Keldysh progagators, nr the number of retarded ones and
ng the number of (spatial and temporal) derivatives. ﬁ({ki},ﬁn) is a differential operator
schematically representing the nzlh spatial and temporal derivatives acting on the propagators.
Note that there is always at least one G due to the at least linearity in m, inherited from
Eq. ( ). The bulk-to-boundary propagators are

H2 2\ Y
R __= 3(z T y A1
G0 =557 (5) TG (3119)
and
. T V.
GH (k,0.1) = ~i 7561 (22)7 D) Vo, ()AL (2) = o () BV (2)] (3.120)
where we expressed the quantities in terms of = = —kn and v, = 3 + 5%, and Al(,lw)(z) and
1 . . . .
B,(,W)(z) are defined in Egs. ( ) and ( ) respectively. It is also useful to consider
R H? 5 (z\™"
9,G"(k,0,m) = 52 |3 L(vy) [2dy,-1(2) = (2vy — 3)Ju, (2)] (3.121)
and

0,6 (1,0.1) = i 71351 (220 D) { [~2¥ 2 (2) 4 20 %5, (2) 4 Y5, 1 (2)] AD ()

(=21 1(2) + 20,00, () + 200 1(2)] B2 . (3.122)
It is now a matter of evaluating the time integral of Eq. ( ) injecting the above expressions
for the propagators. This task is analytically hard in full generality, therefore, below we mostly
rely on numerical integration and only derive analytical results in some specific regimes.

Numerical results

In this section, we summarise the main phenomenological implications of the contact bis-
pectra generated by the cubic operators of Egs. ( ), (3.53) and (3.51). Many of the sixteen
cubic operators appearing in Eqgs. (3.52), (3.53) and (3.51) lead to similar signatures for the
contact bispectrum. Hence, we only display the results for a subset of these operators. The
shapes of the contact bispectrum generated by these four operators are displayed in Figs.
and (the other operators essentially follow the same trend). Just as for the flat space case,
different behaviours emerge in the large (v > H) and small (v < H) dissipation regime. While
the former peaks in the equilateral configuration as already noted in [20], the latter reaches an
extremum near the folded region.

This smoking gun of open dynamics might seem degenerate with other classes of models
that also lead to a signal in the folded triangles such as non-Bunch Davies initial states [658-70].
A crucial difference, which appears in our numerical treatment and is confirmed analytically
below, is that dissipation regularises the divergence by smoothing the peak and displacing it
from the edge of the triangular configurations, leading to finite values of the bispectrum for
any physical configuration. In particular, it implies no divergence in the squeezed limit of the
bispectrum k; ~ kg > k3, which is displayed in Fig. 16. Small values of v/H may eventually
lead to an intermediate peak due to the regularised folded singularity, yet consistency relations
hold [93, 94] and the squeezed limit goes to zero because of the symmetries of the theory. Notice
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Figure 14: Shapes of the bispectrum at large dissipation v = 5H. In this regime, the signal
peaks in the equilateral configuration xo = x3 = 1. Consistency relations hold in the squeezed
limit z3 < 9 = 1. a. (8¢7rr)2 T, operator; b. 7'77%7ra operator; c. 7'mr§ operator; d. 772 operator.

that operators such as 7> follow this trend despite what one may have naively thought in the
absence of derivatives. This is because of the modified propagators compared to the free theory,
which for instance ensure IR convergence.

The amplitude in the equilateral configuration is controlled by

10 k% B(k,k,k)

= . 12
fNL 9 (27T)4 Aé (3 3)

In Fig. 17, we display the dependence of fy] on the dissipation parameter /H from numerical
integration of the bispectrum B(k, k, k) for the operators considered above. One can use ob-
servational constraints fyj, = 26 £ 47 from [95] to place bounds on the EFT parameters in the
large dissipation regime. For instance, a numerical fit of the (8Z~7T,a)27ra contributions leads to

N1~ —7/(4H). It naively implies that v/H < 80 at 68% confidence. Of course, this is more
of a proof of principle than a realistic estimate due to the cumulative effects of different cubic
operators that cannot be disentangled one from another. Yet, it demonstrates how this class
of model can be confronted to data. Such observational bounds could tighten thanks to future
LSS experiments such as SPHEREX [96] or MegaMapper [97, 98], further constraining on this
class of models.
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Figure 15: Shapes of the bispectrum at low dissipation v = 0.001H. In this regime, the signal
peaks near folded configurations xzo + x3 = 1. Consistency relations still hold in the squeezed
limit x3 < 9 = 1. The tiny oscillations are artefacts of the numerical integration over a finite
range. a. (8i7rT)2 7, operator; b. 72w, operator; c. 7,72 operator; d. TS operator.
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Figure 16: Shape function along the direction x9 = 1 for different contributions to the contact
bispectrum at large dissipation v = 5H. Consistency relations ensure the signal vanishes in the

squeezed limit x3 < 1.
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Figure 17: Amplitude in the equilateral configuration as a function of the dissipation parameter
v/H. Continuous (dashed) lines are positive (negative) values. Left: The four cubic operators
appearing in the matching with [$3] performed in Sec. . All the curves well reproduce
the results from [33]. The otherwise arbitrary values of the EFT coefficients were chosen to
qualitatively reproduce the results from [$3]. Right: New operators of the open EFTol that
may lead to specific signatures on the non-Gaussian signal. Again, numerical values of the EFT
coefficients are arbitrary, chosen to be comparable to the Left panel. All scalings with ~ are
consistent with the heuristic estimates of Sec.

Analytical discussion

An interesting question is the fate of folded singularities in an expanding background.
In general, a folded singularity appears when two modes resonate with a third for an infinite
amount of time. For this reason, the origin of the divergence can be derived from the early time
oscillating behaviour of the propagators. Hence, let us consider the simplest cubic operator 7>
and the cubic bispectrum it generates

B(k1, ko, k3) = —6H351/0 dr GE(k1,0,17)G" (ka, 0,7) G (k3,0,m) (3.124)
1, 2, h3) =— f76r f% —oo(14i0) H4774 1,Y,Mm 2,U, 1 3,Y,1). .
Injecting Eq. ( ) into the above expression and expanding at early time in the sub-Hubble

regime when 7 — —o0, we observe the time integral reduces to a collection of terms of the form

e—i(:l:]ﬁ:l:kz:l:k;:;)n v
‘/dn - < 00 when T 0. (3.125)
’[7 2 H
This is the analogue of the flat space case discussed in Eq. ( ) from which we concluded the
resolution of the singularity in presence of non-vanishing dissipation. In the vanishing limit, we
recover the log-folded singularity familiar to non-Bunch Davies initial states [68—-76]. Contrarily
to this dramatically uncontrolled divergence along the folded region of Fig. 10, dissipation tames

the peak and displaces it from the edge of the physical region such that the folded singularity
remains resolved and under perturbative control for any value of the kinematic variables.

One may wonder if there are implications of the above mentioned singularity on the
squeezed limit of the bispectrum ki ~ ko > k3. As long as m, transforms as the usual
pseudo-Goldstone boson, which non-linearly realises time-translation and boosts, the standard
arguments [94, 99, ] should hold. As a consequence of the singularity being resolved, the
curvature perturbation bispectrum still goes to zero in the squeezed limit with an eventual
intermediate peak in the small dissipation regime, when v < H.
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3.3.3 Matching with a gauge-inflation model

For an EFT construction to be of interests, it has to encompass a class of physically
motivated models. For this reason, we consider in this section the matching of the open EFT
of inflation to a concrete “ultra-violet” model constructed and studied in [33]. This is not the
first model of dissipative dynamics, but it has the distinguishing feature of leading to a local
low-energy dynamics around and below the Hubble scale. This is related to the fact that the
window of instability for particle production involves wavelengths that are parametrically sub-
Hubble. In addition to the inflaton field ¢, the model features a massive scalar field y with a
softly-broken U(1) symmetry. The action of the model is given by

S = [ dtav=g|MBR - 5 00 = V(&) ~ |ox? + M |x

—% (xO*x* — x"o"x) — §m2 <X2 + X 2) } (3.126)
The last term in Eq. ( ) breaks the U(1) symmetry x — e’y for a € R. An important
parameter for the dynamics of the system is p = ¢o(t)/f, which controls the mixing of ¢ with
X- Here ¢g(t) is the time derivative of the inflaton background ¢g(t). The hierarchy of scales
for which the treatment of [33] is valid is

f>p>M>m>H. (3.127)

The model exhibits a narrow instability band in the sub-Hubble regime, during which parti-
cle production occurs. The amount of particle production is controlled by the dimensionless
parameter

m4

€= i oap 2 O (3.128)

The inflaton fluctuations experience a dissipative dynamics due to the presence of an environ-
ment of y particles generated by the instability. The inflaton dynamics is effectively described
in terms of a non-linear Langevin equation [83]

2 !

T
apf

2
1" P92 N2 ] am
™ 4+ (2H +v)an’ — 0jm ~ 20] [(&W) 2rém } 7
where we neglected the inflaton potential contribution a?V”7 which is slow-roll suppressed.
The dissipation parameter 7 (with units of mass) is determined by the following combination
of microphysical parameters

(1 + 27 ) §0g,  (3.129)

£m4 27€
~ 1
y 77Mf26 (3.130)
The effect of noise is captured in terms of its two- and three-point statistics
(605(k,n)00s(K',n')) ~ (21)35(k + kK)o(n — ') H*n*vo (3.131)

(605 (k,m)30s(K',11)80s (K", 1")) = (27)*3(k + k' + k")3(n —1)d(n — 0" ) H*Pros , (3.132)
with the amplitudes of the noises being controlled by

M e7é ef7¢
_—— and Vi3 )
m 42 © m2m?

(3.133)

Vo ~
m
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Parameters:

UV completion [53] M m f p 19 v Vo [Vos
Open EFT ( ) /2 Cs Y 72 B Bs 01
Matching: f2=npf
cs =1 v = ﬂgj\r/[”fze é
892 = (1 —27€) v B =y
Bs = 2mpfEPr 66, = p f%yog

Table 2: Matching of the EFT coefficients appearing in Eq. ( ) to the microphysical
parameters of [33]. The matching is obtained either at the level of the power spectrum and
contact bispectra or by deriving the Langevin equation for the fluctuations.

The parameters at play are summarized in the first line of Table
As we demonstrate below, the low-energy dynamics of this model is equivalently described
in terms of

Sef = /d433 [a271'£71'; — cgazaﬂr,ﬁiﬂa — CL3’}/7'[';7TQ + i61a47rg
(8v2 —7) 2/2 Bs 3/ o1 adnd
+W(I —|' 2702(1 (&m) — 20— f2 + F } (3134)

upon matching the EFT coefficients to the microphysical parameters of the model through the
relations of Table

Langevin equation

The matching can be made by deriving a Langevin equation similar to Eq. ( ) from
the effective functional ( ). The comparison of the two expressions allows us to relate EFT
coefficients to microphysical parameters.

Linear dynamics. Let us first consider the linear part. The diagonal of the density matrix
is given by a path integral over the m, component with boundary condition m,(n9) = 7 and the
g component with boundary condition (1) = 0, leading to

T 0 .
plm, 7] = /B Dm BDDwanSeffW“a]. (3.135)

We start by considering the quadratic functional obtained by setting Dy = 0, that is

/! O: 8@ /
Sty Ta] = / d'za’ (WT“ — 2% Ta —ff”“) . (3.136)

a? s g2 a
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Integrating by parts, we can write the influence functional as linear in 7, (the boundary terms
vanish because they are linear in 7,(1n)) such that

2,1 2 /
Sett[Tr, Ta| = /d4xa4 l— On (a°my) +c2 o _ 77;7"] T (3.137)

at a?

We can now consider the path integral over m, as enforcing the constraint

™ O (a*xl) 0?r Tl
= Dm |-+ 3.138

ol B [ A TG Ty ( )
This greatly simplifies the calculation of n-point functions of the 7, component. If we want to
compute the noise-less correlation functions of 7., it is then enough to solve the deterministic
equation of motion defined by the constrain, that is

e + (2H + ) amy + 2k me = 0, (3.139)
which defines the differential operator ﬁR. Comparing with Eq. ( ), we see that we were

right to call v the same in both equations and that c; = 1.

The derivation of the Langevin equation from the open effective functional relies on rewrit-
ing all terms to be linear in m,. When we introduce the quadratic terms in 7, like iﬁlwg, this
rewriting cannot be achieved by integration by parts. Rather, we have to introduce an auxiliary
Gaussian field 6O0g to rewrite quadratic terms in 7, in a linear form. This procedure is known
as the Hubbard-Stratonovich transformation [60, 61]. We here focus on the term i3;72, which
is the one usually considered in the literature. This term can be written as the outcome of a
path integral over a Gaussian field 6Og

2
exp <—/d4xa4517ﬁ3) =No/D[5(’)s] exp [/ d*za* <_(i10,8f + i6(957ra>] , (3.140)

with Ny being the normalisation constant. In this way, the path integral that defines the density
matrix of the system is linear in 7,

T 0
plm, 7 :NO/D[(SOS] /BD D, . D7 (3.141)

50 N
gt | 228 4
XeXp{/d za [ 5 +i ( DReré(’)s)waH,
from which we obtain the Langevin equation
e + (2H + ) amj + 2k*me = a*605(k, ). (3.142)

The new variable §Og behaves as a Gaussian field, getting a non-vanishing two-point function
under the path integral

2
(605 (k, 3OS )) = o=l =) (2m) 50 + ), (3.143)
A matching of $; with the microphysical parameters of [33] is possible by comparing the Gaus-

sian statistics of the noise, from which we recover the above result. Alternatively, the linear
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Langevin equation Egs. ( ) contains all the information needed to derive the power spec-
trum. One can indeed solve the Langevin equation using the convolution of the retarded Green
function with the noise and then compute the power spectrum from the inhomogeneous solution

/ dn ()G (ks m, )50 (k, ). (3.144)

The two-point function of the noise given in Eq. ( ) sources the two-point function of the
fluctuations through

(Mo (m)ma(m)) = [ dni [ dipato)a o)
GR(kla m, nl)GR(k% 12, 772) <605(k17 771)505(1{% 775))7 (3'145)

which obviously reproduces the above result

d
(M, () miey (n2)) = (27)*3(k + ko) {51 / - G (k1 m, m) G (ka2 ma,m) + (m > m2) | -
(3.146)
As shown above, the matching between the previous results from Eq. ( ) and [33] is obtained
for .
vo m
B = — —. (3.147
20 P :
Interacting theory. The Langevin equation formalism can be extended to include the inter-
action terms of the influence functional (3.23).
The terms of Eq. ( ) linear in 7, are
D d4 812 —7) 22 0; : 3.148
Seft / Qfﬂ T Ta 2f7r ( 7TT> a} ( )

These terms being already linear in m,, their inclusion in the Langevin equation is straightfor-
ward, leading to

S~y —
7" 4+ (2H 4 ) ar’ — 9?1 = a*5O0g + wﬂﬁ + L (8m)?. (3.149)
212 2f2
We can then compare with Eq. ( ), which leaves
pf =12, and 8y =(1—2r6). (3.150)

The next term we need to consider is
Seft D 21— / dzd®rln (3.151)
This term can be included into the Langevin equation as a coupling between the noise and the

system’s variable w. To achieve this task, we first need to rewrite the interactions as being
proportional to one of the quadratic terms in 7,. Assuming the quadratic noise to be much
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stronger than the noise-system coupling, we can work in perturbation theory. It leads to a
modified Hubbard—Stratonovich trick that reads

exp [— / d*za® (ﬁl 2?3) 712} = N(n) / D[60Os] (3.152)
X exp { /d4xa4 [—MZ + i\ )505%1 }
1
ith
b () =1-2 fs (3.153)
' f2h a

Note that the full Hubbard—Stratonovich trick implies that the normalisation of the path integral
over 0g depends on 7. Consequently, to follow this procedure we have to take the tree-level
approximation where we drop the dependence on 7. from the normalisation of the integral and
expand the square root in powers of A(7.), leading to

exp{ /d4xa ( —2?37T> 772] :N/D[5OS] (3.154)
X exp [/d4xa4 ( iﬁj +100gm, — fflg Ty (5(’)57ra> ]

This approach generates a perturbativity condition that is similar to demanding that the three-
point function is smaller than the corresponding two-point signal, that is
235! 72
2WsmeTa (3.155)
fﬂ' 0‘61 Ta
At last, we can include the noise-system coupling obtained on the right-hand side of the Langevin
equation, leading to

7"+ (2H + ) ar’ — 0P1 = a*60g — 55 an'80g. (3.156)
[z
Comparing with Eq. ( ), we recover
Bs =2mpfEPr. (3.157)
Finally, to recover the non-Gaussian statistics of the noise found in [33], we consider
01
= j?/d4xa47r2. (3.158)

The terms that are cubic in 7, can also be included at leading order into the Langevin equation
by modifying the Hubbard—Stratonovich trick. These terms lead to quadratic corrections in
the noise appearing on the right-hand side of the Langevin equation. As we will see below,
these corrections mimic non-Gaussian statistics of the noise. Explicitly, the modification of the
Hubbard-Stratonovich trick leads to

exp{ /d4xa (ﬁl —|—2f2 ) 2] :N(ﬂa)/D[(S(’)S} (3.159)

4 4 50% ,
X exp /d ra” | ————2— +i60sm,
461 + 44 f% Ta
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In order to recover the Langevin equation, we again rely on perturbation theory, assuming the
quadratic noise to be much stronger than the cubic operator in 7,. We expand at leading order
in m, both the denominator and the normalisation constant, which leads to a term of the form
5(9%%, that is

exp{ / ot <Bl+z B >w§} ~ N / DISO] (3.160)

X ex /d4xa4 —@#—zé(’) Ty + i——=00%m
P 43 §ha 4f2ﬁ1 st )l

Here, we again find a perturbativity condition

517r
fEpim

that can be related to the heuristic estimate made in Eq. ( ). The 5(9S7Ta term enters the
Langevin equation as

7 < 1, (3.161)

+ (2H + ) ar’ — 9?1 = a*5Og + a?60% (3.162)

4f2ﬁ1
There is no direct matching with Eq. ( ) yet, the connection can be made manifest if one
introduces a field redefinition. Indeed, one can map the Gaussian noise §Og to a noise with a
non-Gaussian statistics through

SO® =605 + 521 50% (3.163)
41267
or equivalently in Fourier space
n 0
50Y (k) = 00s(0e.1) + 75 [ 905(a,m)d0s (ke — q.n). (3.164)
w1 Jq

Under this field redefinition, the non-Gaussian noise adquires a three-point function of the form
24 01
at(m)at(n2) f3

where we used the notation (-) = (27)36(ky + ks + k3)(-)’. Under this construction, we obtain
the matching of the last parameter

(00 (1, (m)dOGE (Ko, m2)dO0E (k3,m3)) = (1 — 12)8(n2 — 13) (3.165)

6
m
51 = pfﬁl/03, (3166)
which completes the reconstruction of the full non-linear Langevin equation of [33] from the

path integral language of the open EFTol.
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3.4 Problem set
Exercise 1. The decoupling limit of the EFT of inflation

We want to understand under which conditions

S = / d*z/—g [Mfl}z — A(t) — c(t)g™ + fj MA(t)(1 + goo)”] : (3.167)

n=2

simplifies to

Sy = /d4z\/jg {EMI%IHz [7'12 - (827;)2 +2Mp |72 4 73— 7%(827;)2] - §M§17’r3 T } 7
(3.168)
It will be useful to consider the Friedmann equations
3MEH? = A(t) +c(t),  2MEH = —2¢(t), (3.169)

and to define the first and second slow-roll parameters e = —H /H? and n = ¢/(eH), together
with the speed of sound c; 2 = [c(t) + 2M3(t)]/c(t).

1. Perform a Stiickelberg trick to Eq. ( ) to reintroduce .

2. We expand the metric g, = Gu + 09w, where g" = diag(—1,a?, a%, a?). Identify the
four operators that generate mixing between 7 and dg,,, at quadratic order.

From now on, we work in the flat gauge where
0g5i™™ =0, dgoo=—26=—6g" , dgoi = a(t)diF = 5g". (3.170)

The 00 and 07 linear Einstein equations are given by

Yot s+ [ M0 gt (0)] agoo — [e) + 2223(0)] 5, + 311c(0)7 = 0 (3.171)
Mfl(SGOi + [A;t) - C(;)} dg0i — 2¢(t)0m = 0, (3.172)

where 6G,,, is the perturbed Einstein tensor, reading

2
a(t)
0Gos = 0; |[2Ho — (20 + 3H?) a(t)F| (3.174)

6Goy = ———HV>F, (3.173)

3. Solve for the constraints ¢ and V2F as a function of 7 and 7.

4. Injecting the constraints in the linear mixing operators identified above, under which
conditions these terms are they subdominant compared to the kinetic term of #7 You
may need the heuristic estimate 7 ~ Hm during inflation.

5. What about the quadratic operators generated by the time derivatives of A(t 4+ 7) and
¢(t + 7)? Under which conditions are they subdominant compared to the kinetic term of
!
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6. What are the operators that generate mixing between 7 and dg,,,, at cubic order? Compare
them with the cubic operators appearing in 7. You may need the heuristic estimate
csk = aH during inflation.

7. Under which condition do the decoupling limit hold during inflation? Give the expression
of §¢g%° = 1+ ¢ in the decoupling limit. This constitutes the building block a the theory
of a shift symmetric scalar in rigid de Sitter.

Ezxercise 2. Constructing the effective functional of open inflation

To write a theory invariant under retarded shift symmetry, the building blocks at our
disposal are m, and 0,7, together with P, = 0,(t + 7)) = 5% + Oy, contracted with the
background metric g* = diag(—1,a"2,a"2,a2).

1. Respecting the non-equilibrium constraints, write down the most general functional linear
in the advanced field, 57.

(a) Express the terms linear in perturbations. Derive the background continuity equa-
tion. By comparison with the usual A(t) + ¢(t) + 6Hc(t) = 0, identify c(t) and
A(t)

(b) Express the terms quadratic in perturbations. Comment the physical origin of the
various contributions.

(c) Write down the cubic operators. Among those, which are the ones featured in the
unitary EFT of inflation?

2. Write down the most general functional quadratic in the advanced field, S3. How do you
physically interpret these operators? What is the relation imposed by the non-equilibrium
constraints on these operators. As above, decompose them in quadratic and cubic contri-
butions.

3. At last, write down the most general functional cubic in the advanced field, S3. Only
keeping the terms cubic in perturbations, these constitutes the last contributions to the
contact bispectrum. Among those, which are the ones featured in the unitary EFT of
inflation?
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Appendix. de Sitter Keldysh functions

This appendix gathers the outcome of the lenghty integrals appearing in the main text
in the expression of Eq. ( ). Indeed, to analytically access the Keldysh function given in

Eq. ( ), we have three integrals to compute

A,(jlv)(z) E/ dz’z'g_QVVng(z'),

z

B = [ a2, (Y (),

Vy
that lead for the first contribution to
1

D (y) = = F(Vv_l)
A4, 4[r(%_;)r(%_;)

(e}
C(l)(z) E/ dz’z’2*2”7YV27(z’),

1 - (3 15
—2°r (1/7—1-2) oF3 (2,V7+2;2,V,y+1,2vv+1;—2’2>‘|,

for the second contribution to

1

3-2 3 ) 5 )
227 9 Fy (5,5—%,1—%,5—V,Y,V,Y+l7—z)

B () =
. (2) 3mvy — 2712

_l’_

Z3I‘(—1/,Y) o F3 (%, vy + %; %, vy +1,2v, + 1; —z2) r (% — V,Y)

3/l (% - 1/7) I'2v, +1)

and for the third contribution to

AD(2 = )T (20, - }

2 cot(mry) 22" o Fy (%» S vyl =y, g — v+ 1 —22)

_ 2
3rv, — 27y,

4T (vy)2237 4 o Fy (% — 2v,, % — vyl —=2u,, g —2vy,1 — vy —z2>

72 (4vy — 3)
4725 cot? (mvy) o Fy (%, Uy + 355,00 4+ 1,20, + 1; —22)
30 (vy +1)2
I'(vy, —1) 432 sin (271 )T(3 — 4vy)

+

a0 (vy = 37 (205 - 1)

Il —vy)l(2—vs)
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4 Lecture 4: Open electromagnetism

While the open theory of inflation presented in the previous lecture is sufficient to derive
the statistics of scalar perturbations seeding cosmological inhomogeneities during inflation,
it does not predict the amplitude of primordial gravitational waves emitted during inflation.
Moreover, it falls short to describe the mixing between the perturbations of the metric and the
pseudo-Goldstone boson. To overcome these shortcomings, we need to establish a open theory
of gravity in a medium. A necessary ingredient being diffeomorphism invariance, a preliminary
step consists in studying gauge symmetries in the Schwinger-Keldysh contour, which is the
goal of this Lecture.

References: This section explores gauge symmetries in open effective theories, focusing
on the simplest possible setting: an Abelian, linear theory in flat spacetime. For a broader
discussion of symmetries in open quantum systems, see Section II.D of [3]. For a systematic
approach based on the coset construction, see [34].

4.1 Electromagnetism in a medium

Let us consider the description of electromagnetism in a medium. At the microscopic
level, the description relies quantum electrodynamics, where photons carry the electric E and
magnetic B fields and protons and electrons describe the distribution of charged nuclei. This
level of detail is not mandatory to capture the phenomenology of the problem at macroscopic
scales. There, one can work with effective fields, such as the electric displacement field D = eE
where € is the electric permittivity and the magnetic field strength H = B/u where pu is the
permeability of the medium.”~ The response of the material, that is how the medium reacts
when we apply external forces on it, and how this reaction affects the propagation of the fields
inside it, is encoded through effective parameters that are the permittivity € or the permeability
. The interplay between the response of the medium and the presence of macroscopic sources,
that are the currents J s, and charges pf,c. that can move around in the material (as opposed
to being fixed somewhere like around an atom or a molecule), lead to the emergence of new
properties, such as a modified speed of propagation or a new dispersion relation.

This physics is traditionally described at the level of the equations of motion, using the
well-known Maxwell equations in a medium [101, 102]

oD
V-D= Prfree and V xH-— E = Jfree. (41)
The goal of this Lecture is to recover this standard effective description from the Schwinger-
Keldysh path integral introduced previously. Revisiting this XIXth century problem will not
bring us any new physics, but will eventually bring some light on the role played by gauge
symmetries in the Schwinger-Keldysh contour.

4.2 Retarded and advanced gauge transformation

In [33], we studied Abelian gauge theories within the Schwinger-Keldysh formalism. Specif-
ically, we constructed the most general open effective field theory for electromagnetism in a
dielectric medium. Here, we review our main findings, providing a road-map to the study of

22This approach is actually only valid for the simplest “linear” material, where the response of the material’s
own electric and magnetic fields is proportional to E and B. More generally, the presence of a material can
induce non-linearities.
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Figure 18: Schwinger-Keldysh contour considered. We aim at constructing the most general
influence functional Seg containing both unitary (the same along each branch of the path inte-
gral) and non-unitary (mixing between the branches of the path integral) effects.

dynamical gravity. We begin by doubling the gauge fields, A* — A%, and expressing the result
in the Keldysh basis

1
retarded: A* = 3 (AL + A, advanced: o = A — A" (4.2)

We aim at describing both the unitary and non-unitary effects that emerge from integrating
out the unknown environment, as illustrated in Fig.

Gauge transformations in the Schwinger-Keldysh contour. In the usual electromag-
netism case, gauge invariance is there to introduce a redundancy such that one can use a vector
field A* to only describe the presence of two propagating degrees of freedom: the two polariza-
tions. Here, we have two ways to realize the gauge transformation:

1. One can perform a retarded gauge transformation, which acts on both A, and A_ in the
same way through ey = e_ = ¢,. In this case, the retarded field A* transforms as the
usual gauge field, while a* does not transform:

retarded gauge transformation: A* — A* 4 dle,. , at — at. (4.3)

2. One can perform a advanced gauge transformation, in which Ay and A_ transform in
opposite directions, e = —e_ = €,/2. In this case, the retarded and advanced components
transform as

advanced gauge transformation: A* — A¥ al — a4 0Ve,. (4.4)

The main question of interest is to understand what happen when one impose the invariance
of Seg under these transformations. For the global symmetries €,(¢,x) = €, and €,(t, ) = €,
we have seen that the presence of dissipative effects break the symmetry group to its diagonal
subgroup [64, 84]

open

U1), x U(1)e 228 U(1),. (4.5)

A natural starting point then consists in writing down a theory invariant under retarded gauge
transformation. A simple implementation consists in building the effective functional out of
the retarded field strength F* = 9*AY — 0¥ A*. Imposing the non-equilibrium constraints
presented in Lecture 2 and assuming homogeneity and isotropy (having in mind applications
to cosmology), we can write down the most generic functional invariant under retarded gauge
transformation.
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Open E&M effective functional. Since E&M is a free theory, we can now write all possible
quadratic terms, starting at least linear in the advanced fields to fulfill the non-equilibrium
constraints (2.7). Importantly, we work directly to all orders in derivatives. Indeed, to linear
order (quadratic action) in flat space, we can formally specify an open functional in Fourier
space that permits such construction. Let us first consider the terms linear in the advanced
fields a® and @', which control the dispersion relations of the propagating degrees of freedom
[7, 56]. The most general open functional reads

d3k: , ,

Sl = / / ,YZ]F’L] + ,thOZ +]0) + at ('YUFOJ -+ ’71] FJZ +]z):| . (46)
where “t” stands for time and “s” for space. Recall that in our Fourier conventions dy = —iw
and 0; = ik;. Assuming homogeneity and isotropy, we can write the EFT coefficients as

% =7 (w, k)iki, Vij = Vo (w, k)kikj + 3(w, k)dij (4.7)

Vi = 1w, k)kikj 4+ v2(w, k)dij Vi = v3(w, k)diiky + va(w, k)eiﬂ . (4.8)
where we introduced seven scalar functions of frequency and momentum. Also, we inserted an
i for every derivative for later convenience. The non-equilibrium constraints (2.36), (2.37) and

(2.38) impose a reality condition on the EFT coefficient of S; in real-space. This translates into
conditions on the frequency-space coefficients, for instance [103]

Yo(w, k) =T —iw + F20w2 + F02k2 + iF30w3 + - (4.9)

that we normalized ~y2(w, k) in this way for later convenience. It readily follows that the non-
equilibrium constraints guarantee the I'’s coefficients are all real.

Notice that one cannot construct an anti-symmetric two-index tensor and so 7’5 Fii = 0.
Also, notice that 7Y had to be anti-symmetric in ji. As a consequence, we are left Wlth

Si = / . (a0 ik P + o) + a; (ki FY + 99 F 4 gik FY 4 ey B 4 3) ], (410)
w,

where [, is a short-hand notation for e gjr’)“(; A few coefficients can be removed by
rescalings and field redefinitions. First, one can set 4 =1 (or to any other value) by rescaling

a’. Then, the term proportional to y; can be removed by the field redefinition
a’ — a® — i kial . (4.11)

It is a simple exercise to keep 7 and 71 to confirm they do not have any consequence for the
dynamics. In the following, we simply set 74 = 1 and v; = 0. Moreover, we momentarily neglect
the currents, as these can be easily re-inserted at the end of the calculation. As a result, we
land on the following theory

S = / |0k PO + a; (12F " + gik; FY + qaely 1) | (4.12)
w,k

Similarly, one can construct Se which controls the noise part of the theory. Invariance
under retarded gauge transformation does not impose any constraint on the quadratic noise, a*
being by construction invariant. We end up with a fairly generic functional

52 = Z/ a“NWal’, (413)
w,k

)

where IV, is any 4 x 4 positive definite matrix, the positivity following from the non-equilibrium
constraints.
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Unitary and non-unitary cases. We now investigate how this functional changes under
retarded and advanced gauge transformation. Let us first consider the deterministic part Si.
Because of the use of the retarded field strength F*”, it is manisfestly invariant under the
retarded gauge transformation. On the contrary, it does transform under advanced gauge
transformation, through

AS] = / €q (z'w + 72) ikiFOi. (4.16)
w,k

)

Several remarks hold.

Remark 1: When 9 = —iw, the functional becomes invariant under both retarded and
advanced gauge transformation. In this case, unitarity is restored, in the sense we can write

Si(y2 = —iw) = Sunit[A}] — Sunit[A"], (4.17)
with
1 . ~
Sunt 4] = § / Az [FWFW + (- )FIF; + QFWFW] , (4.18)
where ﬁ/w = %e“l’””Fm, the speed of sound cg is related to the ~3 parameter and the

birefringence coefficient 6 is related to the 4 parameter. We conclude that the operators
controlled by 3 and 4 are familiar unitary operators written in the Keldysh basis, and that
the limit 49 = —iw reproduces familiar results of Maxwell in a medium.

Remark 2: Conversely, when 7 # —iw, the functional is not invariant under advanced
gauge transformation. It follows that the theory is open, which can be made manifest by
observing that the current is not conserved. Explicitly, the on-shell equations of motion are
obtained by varying Seg = S1 4+ So with respect to the advanced field

051 . .
@ =0 = ZkiFOZ = ]0 + &-O’ (419)
59 , . o S
L0 = o FY 4 ysik FY 4 e I = 4 g (4.20)
dat J
where we reintroduced the current j# and performed the Hubbard-Stratonovich trick on S5
from which we obtained a set of stochastic sources encoded in &* [33]. This yields a modified
Maxwell equation
O F™ 4 8, [FFOi + (73 + 1)ik; F9 4 74eilejl} =+ e, (4.21)
Combining Egs. (1.19) and (4.20), we obtain the non-standard current conservation,
—72(jo + &0) + ik'(ji + &) = 0, (4.22)

23The operators proportional to v3 and 4 do not transform under advanced gauge transformations, the former
being manifestly advanced gauge invariant and the latter being conserved by Bianchi identity, that is

i’}/gaik]’Fij — _’Y3€akikjFij =0, (4.14)
’Y4az‘ﬁm — i’Y4kz'ﬁOi =0, (4.15)

where we defined F* = e"lejl.
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Making explicit the dissipative term, 9 = I' — iw, we obtain that the lack of conservation of

the current is proportional to the dissipation coefficient through

O (Jpu + &) = T(jo +&0) |-

(4.23)

This relation holds out of equilibrium and relates the sourcing of the system dynamics through
the noise £, and its damping through the dissipation I'. Because of the non-trivial relation it
imposes on the noise variables that were so far unconstrained, we dubbed this relation the noise

constraint in [33].

Why is the current not conserved? The fact that the current (j+&)* does not sat-
isfy the standard conservation equation might appear concerning. Intuitively the electric
charge should still be conserved even if we separate system and environment. Moreover,
in standard electrodynamics, charge conservation is necessary for gauge invariance, and
gauge invariance is necessary for unitarity. Here we want to show in a more transparent
and intuitive way that the non-standard current conservation in (4.22) is precisely what
is expected from the fact that the full electric charge is conserved.
Consider the standard Maxwell equation

O F™ = J¥ (4.24)

with J# the total conserved current 9, J# = 0. By our assumption of separation of scales,
the environment is gapped and so J* can be written as a fixed external current j* plus
a function of the light fields in the Open EFT, namely the photons. Since J* is gauge
invariant, its expectation value must be written in terms of Fj,. To lowest order in
derivatives the simplest possibility is

Jt =gt —THF% ... (4.25)

where T is a model dependent local function of time and space derivatives, I' = I'(w, k?)
and the minus sign has been chosen for later convenience. Since part of the environment’s
current is now proportional to F*¥, it feels natural to re-write the Maxwell’s equestions
as

O, F* + T F% = j¥ . (4.26)

We recognize I' as the deviations from Maxwell’s theory that we encountered in (1.21),
which plays the role of a friction in the equations of motion for A;. The time-component
imposes

0, FH0 = 5°. (4.27)

Taking the gradient of (1.20) and making use of the anti-symmetry of the field strength,
we find

B =T, (4.28)

which is precisely the non-standard current conservation we found in (1.22). This il-
lustrates how the conservation of the total current induces a non-trivial relation in the
system when the latter is open, as shown in Fig.

“To keep the discussion as transparent as possible here we focus just on the dissipation I' and neglect
V3,4-
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Figure 19: Illustration of the lack of conservation of the system’s current. This effect is a
mere consequence of the total charge conservation 9,J" = 0. It simply illustrates the fact that
charges initially located in the system sink in the environment.

Remark 3: One of the main findings of [33] is the relation between the lack of unitarity
due to the openness of the dynamics and the transformation of the effective functional under
advanced gauge transformation. It is crucial to stress that despite this fact, the advanced gauge
invariance is not broken but rather deformed. To see this, we first focus on S7 and re-write the
above functional in the form

Sl = / CLHMMVAV, (429)
w,k

with

kQ *wk‘i

B <—73’Y2/€z‘ ivowdij + v3(k*8i; — kikj) — 2i’Y4Gijlkz> ' (4:30)
A few comments apply. First, it is straightforward to check that this matrix has a vanishing
determinant, as it should be since the retarded gauge invariance (1.3) must imply M, k" = 0
where k#* = (w,k). Importantly, the presence of a “right kernel" due to the retarded gauge
invariance implies the existence of a “left kernel" v#M,, = 0. In general, when the dynamics
is open, the left kernel and the right kernel are spanned by different vectors since M is non-
Hermitian. For instance, an inspection of M leads to the left kernel being spanned by

vt = (ie, k). (4.31)

The difference between the left and right kernel is a reminder of the dissipative nature of the
dynamics, since in the unitary case (72 = —iw) one would find v* = k*. This is to be
expected because in the absence of dissipation one should recover the two independent gauge
groups acting on each branch of the closed-time contour.

These observations are striking. Even if we did not impose any structure on the appearance
of the advanced field a*, the gauge invariance of the retarded sector enforces enough constraints
to generate an advanced gauge invariance in the advanced sector.

2UIn this case, M becomes Hermitian and, being also real, symmetric. This also means that the left kernel
of M is spanned by the same vector k" as the right kernel. Again this shows that there are two copies of the
standard E&M gauge group in the absence of dissipation.
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Retarded and advanced gauge invariances: S; remains unchanged under the trans-
formations

A — AY + e kF, at — a* + egv*. (4.32)

As we will see shortly, this new symmetry extends to the noise sector as well and plays a crucial
role in reducing the number of advanced components needed to describe the problem. Indeed,
the advanced gauge invariance illustrates the presence of a redundancy in the advanced sector
- that is there are more advanced variables than needed to physically describe the problem.
One then becomes allowed to gauge fix in the advanced sector, which is in some sense deeply
reinsuring for the following reason.

Why can we gauge fix in the advanced sector? Let’s begin with a simple obser-
vation. When the number of advanced fields is larger than the number of retarded fields,
an issue arises unless additional structure is taken into account. Indeed consider the toy
model with one retarded field ¢, and two advanced fields ¢,1 and ¢g2,

e = / A%z [par F (¢0) + dazFa(er)] , (4.33)

where F} o are some generic functionals of ¢,.. The classical deterministic equations of
motions are Fi(p,) = 0 and F(¢,) = 0. Unless F; and F are related to each other
in such a way to admit the same solutions, the classical equations of motion have no
solutions whatsoever.

Now let’s see why this observation is relevant for a gauge theory with a symmetry
group G. Because of the doubling of the path integral contour in the SK formalism,
the group is naively doubled to G4 x G_. Now one expects that generic dissipative
effects couple the two branches and break the anti-diagonal combination leaving only the
retarded diagonal symmetry G, unbroken. If one fixes the retarded gauge, e.g. by setting
to zero some retarded fields, the number of retarded fields generically decreases by one
but the number of advanced fields remains unchanged. One hence worries about the
problem pointed out above, namely that there are more classical equations than fields
and there may be no solutions. Of course the theory does not change under gauge fixing,
so it must be that non-trivial relations are present among the operators linear in the
different advanced fields. In other words, additional structure must be accounted for.

Accounting for this additional structure may at times render the construction of a
theory more involved. In [33], we discuss three different ways to deal with this issue,
which give each different strategies to account for the additional structure:

e One doubles the fields only after having already fixed the gauge in the unitary

theory so that the number of retarded and advanced fields matches by construction.
In some sense in this case we are simply not dealing with a gauge theory because
we have fixed the gauge to begin with. A shortcoming of this approach is that
the construction of the dissipative theory is gauge dependent from the start and to
express the theory in a different gauge one needs to start back from the beginning.

e One fixes the retarded gauge but then notices that a new, deformed advanced gauge
is automatically present in the linear theory. Fixing this deformed advanced gauge
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brings the number of retarded and advanced fields to match again. We have not yet
investigated what happens to this deformed advanced gauge transformation beyond
the Abelian theory studied in [33]. It would be desirable to have an interpretation
of the above transformation of a* in terms of differential geometry, just like we
think of the standard gauge field as a connection on the principle fiber bundle.

e One never fixes the retarded gauge and proceeds with gauge invariant quantization,
as often done in electromagnetism or in BRST quantization.

Let us close the discussion on the deformed advanced gauge invariance by presenting a
complementary perspective from [19]. One may choose to recover manifest advanced gauge in-
variance by introducing a Stiickelberg field X, that non-linearly realises advanced gauge trans-
formation

X, — Xo — €, (4.34)

such that the combination A# = a* + 0" X, is manifestly advanced gauge invariant. The action
constructed from the promotion of a* — A¥ is then invariant under both retarded and advanced
gauge transformations. Let us consider

ST = / k [AgikiFOi + Aqi (72F0i + y3ik; FY + 74€ilejl)} : (4:35)
w,
= SPd+ / Xo (iw + 7o) ik F. (4.36)
w,k

where S9! was given in (4.12). Now deriving the equation of motion for X, one finds that the
on-shell relations impose the system must be closed through

051
0X, 2 M ( )
The constraint v = —iw naively appears to prevent any deviation from the unitary theory. The

issue is that we are asking for a medium that dissipates photons but we are not coupling the
system to an external current/source. To obtain a non-trivial result, we need to allow for an
external current j#, which will also contain noise contributions &,. Applying the Stiickelberg
transformation to the coupling to an external current we find

o= [ Garga == [ GatrgoAr (4.38)
The new equation of motion for X, now becomes
051 . 0i . . . i
5X =0 = TikF”" =iw(jo+ &) + k(5" + &°). (4.39)
a

We can now make use of the on-shell equations of motion Egs. (4.19) and (4.20) to recover the
non-standard current conservation found in Eq. ( ). The present derivation employed the
Stiickelberg trick for explicitly broken advanced gauge transformations. However, this result was
straightforwardly derived simply taking the gradient of the dissipative and stochastic Maxwell
equations. Here we have emphasized the Stiickelberg derivation to show the equivalence between
our approach in [33] and that presented in [19].
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Remark 4: FEnsuring retarded gauge invariance guarantees the theory only propagates
two helicities. To see this, one can check what happens when the functional is not invariant
under neither the advanced gauge transformation nor the retarded one. To study this in a
concrete example, we add a mass term to the above effective action, i.e. we study the particular
implementation of a dissipative Proca theory. Explicitly, we consider

S1D —/ mQa”A“. (4.40)
w,k
As a consequence of this new term, .S7 is not invariant under both advanced and retarded gauge
transformations.

One can straightforwardly study this theory as is. However, in certain situations one is
interested in the simplification that may happen at high energies where the longitudinal degree
of freedom is expected to decouple from the transverse one, a result know as the decoupling
theorem in the context of particle physics. In that case, it is useful [104—100] to restore invariance
under both gauge transformations, we perform a retarded Stiickelberg trick to addition to the
advanced Stiickelberg trick we just discussed. More in detail, we introduce a Stiickelberg field
X, that non-linearly realises retarded gauge transformations

X, = X, — e (4.41)

It follows that the combination A¥ = A*+0 X, is manifestly retarded gauge invariant, basically
by construction. The functional constructed from the promotion of a# — A# and A* — AH is
then invariant under both retarded and advanced gauge transformations. Under this promotion,

smew 5 gold _ g2 / Az (0" X,0, X, — a"0, X, — "X, A, (4.42)

where we wrote the expression in real space to improve the readibility. In the high energy
limit F > m, we recover the familiar decoupling limit where the mixing between the the scalar
(X,, X,) and the gauge vector (A*,a*) becomes negligible. The take-home message is that
breaking retarded gauge invariance triggers new degrees of freedom, in this case X,, while the
breaking of advanced gauge invariance caused by cross-branch interactions representing open
effect does not. Moreover, in electrodynamics, the presence or absence of the additional scalar
degree of freedom X, is a model dependent choice. The theory with just the two photon
polarizations exists and can be dissipative.

Relation with dissipative hydrodynamics. Readers may find useful to connect this
construction with the eventually more familiar approach of dissipative hydrodynamics
[103] and quasi-hydrodynamics [107]. To make the comparison easier, we adopt here the
notations of these articles, where, compared to the above, A# — B, and Xyq = ¢ra.
The symmetry content of the theory is

gauge symmetry : U), xU(1), (4.43)
global symmetry : UQ)r xU(1)g = UQ1), (4.44)

where in the second, the breaking of the global symmetries to their diagonal subgroup
entails the dissipative and stochastic nature of the theory. Because the global U(1),
symmetry is broken, the covariant block in the advanced sector is BY = at + 0"pq,
where ¢, — ., — €, shifts under advanced gauge transformation. Note that a similar
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Figure 20: Consequences of the influence functional invariance under retarded and advanced
transformations. i) When Seg is invariant under both retarded and advanced transformations,
the theory is closed and the current is conserved in the standard way, 0,j" = 0. ii) When Seg
transforms under the advanced transformation, the theory is open and the current is conserved
in a non-standard way, 0,j" # 0. iii) When Seg transforms under both retarded and advanced
transformations, new degrees of freedom are present beyond A,,.

block BF = AF 4 Oty, exists in the retarded sector, but because U(1), symmetry is
preserved, ¢, never appears in Seg. We could then use Bf and BF to construct the
effective functional, following the approach of [103]. Instead, we find convenient to work
in an advanced unitary gauge in which ¢, = 0. In this gauge, the construction of S.g boils
down to write the most generic functional invariant under retarded gauge transformation.
It is then enough to consider the contractions of F*¥ with a*, as we did above.

The main findings associated with the retarded and advanced gauge transformations are
summarized in Fig.
4.3 Macroscopic dynamics and material properties

We conclude this Lecture by the analysis of the dispersion relation of the propagating
helicities and their relation with the familiar theory of electromagnetism in a medium.
4.3.1 Dispersion relations

Let us consider the number of propagating degrees of freedom and their dispersion relation
in the (retarded and advanced) Coulomb gauges. Although this is not a necessary assumption,
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the physics becomes quite transparent assuming we are studying a plane wave propagating
in the Z direction. First, we impose the Coulomb gauges by projecting A* and a* on the
space perpendicular to 2. It amounts to drop their last component. For a wave moving in
an arbitrary direction this would boil down to dividing A* and a* into their longitudinal and
transverse components,

A= Af + AL, with kAL = e Al =0, (4.45)

and similarly for a*. Then we derive a 3 x 3 linear operator that describes the open dynamics
of the 3 components in A* and a* that are not fixed by a gauge condition by dropping the

longitudinal directions. Inserting A’ = Ai and o' = ai in the open functional in ( ), one
finds
S = / . [k:ZQOAO + (ivgw + 73k2) a’f A — 22")/461‘3‘[]431‘&1‘41} . (4.46)
w7
This can also be written as the linear operator
k? 0 0
M| = | 0 iyw+y3k®  —2ivk , (4.47)

0 2iy4k ivow + Y3k?

where the second and third rows and columns refer to the two independent components of A |
and a |, which are an orthonormal bases of the plane perpendicular to k*. The three eigenvalues
are

(K%, ivaw + y3k? + 24k, iyaw + y3k? — 294k) . (4.48)

This result is consistent with our expectation of having two propagating degrees of freedom.
First, we can see that there is no choice of w such that the 00-component of M, vanishes. This
indicates the existence of at least one constrained degree of freedom, which is not propagating.
This tells us that A is a constrained field, as expected. Second, we can diagonalize the remaining
2 x 2 block of M to find two eigenvalues. Demanding that they vanish gives us the dispersion
relations for the two dynamical degrees of freedom (the two polarizations)

ivow + Y3k? &+ 294k = 0. (4.49)

To interpret this relation, let us first consider Maxwell theory in the vacuum. In this case, the
dispersion relation reduces to w? = c?k? where we made the speed of light in the vacuum ¢
explicit. This also tells us that the constant part of 3 is (minus) the square of the speed of
light in the medium, that is v3 = —v?/c?. As we will see in Sec. , it is easy to relate this
parameter to the refractive index n = 1/v. The other leading order effect is a constant real part
in 72, that is vo(w, k?) ~ I’ — iw, which introduces the standard dissipation

r
W HiTw—0 =0 = w= i & Vu2k? — (T/2)2. (4.50)

For I > 0, this gives a stable system. At last, one can consider the effect of 74, leading to the
dispersion relation

r
WtiTw -’ +2vk=0 = w= iy & v2k2 — (T/2)2 F 2v4k . (4.51)

The two polarizations now have distinctive propagations, an effect known as birefringence.
The discussion of the dispersion relations can be extended by accounting for higher-orders in
derivatives. In general, 7234 should be analytic functions of w and k? around the origin by
locality in time and space, assuming isotropy.
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4.3.2 Recovering electromagnetism in a medium

E&M in a medium is one of the most studied theories ever. Understanding how it com-
pares with the above construction thus seems unavoidable. All results can be written in three
equivalent forms: form notation with Hodge dual and exterior derivatives, covariant notation
with Lorentz indices and finally in terms of the good old electric and magnetic vector fields.
Here are some of the constitutive equations

Gauss law: dxF=%J = OF°=pJ° = V-E= ﬁ, (4.52)
€0
Ampere law:  dxF=%J = 9, F"=pyJ" = —2a " VxB=pud, (453)
c
magnetic Gauss law: dF =0 = 9;*F°=0 = V.-B=0, (4.54)
; 0B
Faraday induction: dF =0 = 0, F"=0 = v +VxE=0. (4.55)

The last two equations come from the Bianchi identity and do not involve any source. Conse-
quently, they will not change in a material. Conversely, the first two equations come from the
equations of motion, feature charges and current and change in the presence of a material.

A standard exercise consists in combining these linear equations in vacuum and solving
them to find lightwaves propagating perpendicularly to E and B. In a material, the modifica-
tions of the the first two equations can be captured through the following manner. We introduce
D = €¢E with € the electric permittivity and H = B/u with p the permeability.”” Then

oD
V:-D= Pfree and V xH-— E = Jfree (456)
where Jfrec and pyree are the currents and charges that can move around in the material (as
opposed to being fixed somewhere like around an atom or a molecule). In the absence of free
currents we can easily solve these equations again and find the speed of light in the material

v =1/(ep),
pek — V2E = 0. (4.57)

The speed v is sometime related to the index of refraction n = ¢/v. The analysis of the
dispersion relation obtained below Eq. (1.19) revealed that the constant coefficient of the EFT

parameter 3 directly relates to the speed of propagation in the medium through v3 = —v?,

that is n = 1/\/—73.

Higher derivatives tend to enrich the phenomenology while keeping the theory linear. One
can simply work in frequency space in which all higher derivatives are collected into frequency
and momentum dependence of the permittivity and permeability, € = e(w, k) and p = p(w, k).
In Fourier space, both €(w, k) and p(w, k) can be complex. It turns out that the imaginary part
of €(w, k) and p(w, k) leads to attenuation/dissipation, but also to a phase shift between the
oscillations of E and B. From Eq. ( ), the dispersion relation simply reads

p(w, k)e(w, k)w? —k*=0. (4.58)

25This approach is actually only valid for the simplest “linear” material, where the response of the material’s
own electric and magnetic fields is proportional to E and B. More generally, the presence of a material can
induce non-linearities.
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Depending on the functions €(w, k) and p(w, k), there can be many different phenomena, such
as normal propagation or absorption, in a way that is different for different frequencies and/or
different wavenumbers.

We now see how to derive this phenomenology from the Schwinger-Keldysh formalism
developed in the previous sections. To make contact with electromagnetism in a medium, it is
useful to start from (4.12) rephrased in terms of F% = E* and F” = ¢7!B;. Adding the noise
contributions, the constraint and equations of motion become

0 Seft ,

= = E = 4.
50 ~© V.E = jo + &o, (4.59)
5Seff .
Sa 0 = E+ vV xB-2yB=j+¢. (4.60)

Up to rescalings, we hence get equations similar to ( ), that is
V- D=p+EZ and VxH-2vgH+iwD=j+¢. (4.61)

To reach these expressions, we identified the permeability p = 1/v3, the permittivity e =
v2/(iw) and the birefringence index yg = v4/73. We also used the redefinitions p = €jp and
= = €£p. Apart from birefringence, the main difference with Eq. (1.50) comes from the stochastic
contributions Z and ¢ which model the presence of random impurities in the medium through
which light propagates. Explicitly, Eq. ( ) is recovered by setting yp == = ¢ = 0.

In summary, the standard textbook treatment of electromagnetism in a medium is easily
recovered from the open EFT construction. The effective functional Seg generates modified
Gauss and Ampere laws, accounting for the propagation of light in a dispersive (y3), dissipative
(72), anisotropic (y4) and random (§,,) medium.
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4.4

Problem set

FEzxercise 1. A constructive approach

In this Exercise, we develop a classification of operators. Let us consider the functional

linear in the advanced field

S = / 0 M, A (4.62)
w,k

)

We consider the matrix M in Eq. ( ) to be a sum over operators

My (w, k) =" 00 (w, k). (4.63)

Our goal is to construct and classify these operators.

1.

What is the restriction imposed by the retarded gauge invariance on M,,,7 What about
the restriction coming from unitarity (in contrast to non-unitary operators)?

. Let us first consider Lorentz invariant and unitary operators. The associated building

blocks are the flat-space metric 7,,, and the four momentum k*.

(a) At second order in derivatives, what are the two possible operators?
(b) Using the retarded gauge invariance, reduce them to one.

(c) Can you identify this operator? What is its physical interpretation?

. We now consider operators that are still unitary, but break Lorentz invariance to the

Euclidean group SO(3), that is rotations and translations. Physically, they capture the
fact that a homogeneous and isotropic material selects a preferred reference frame. Math-
ematically, we account for the existence of a preferred reference frame by introducing a
timelike direction n#, which we normalize by n¥n, = —1.

(a) At second order in derivatives, what are the three new operators one can construct?

(b) Using the retarded gauge invariance, reduce them to one.

The ratio between the EFT coefficients controlling this operator and the previous one
uniquely determine the speed of sound.

. There exists another Lorentz-breaking unitary operator linear in k* and n* which uses

the Levi-Civita symbol €,,,q3.

(a) Construct this operator.
(b) Check its invariance under retarded gauge transformation.
(c) Check its unitarity.

. At last, let us discuss operators that are non-unitary and break Lorentz invariance. At

lowest order in derivatives, the tensor structure is linear in k*.

(a) At linear order in derivatives, what are the three operators one can construct?
(b) Using retarded gauge invariance, reduce them to one.

(c) Check the non-unitarity of this operator. What is its left zero eigenvector?
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We have built the most general matrices compatible with retarded gauge invariance that in-
cludes at lowest-order in derivatives a kinetic term, non-trivial speed of sound, birefringence
and dissipation. More details can be found in Section 4.5 of [33].

Exercise 2. Covariant gauges

The Coulomb gauge is not always the most convenient choice. There is a choice of gauge
that retains Lorentz invariance and some gauge symmetry. These are the so-called covariant
gauges. In the unitary theory they are given by introducing a new term into the action that
makes the equation of motion invertible

1

L=—-F,F"

; (9, A") . (4.64)

1
2¢
In this Exercise, we generalize this set of covariant gauges to Open E&M.

1. Let us start from the open effective functional constructed above in Eq. (1.30).

(a) Write Eq. (4.64) in the Keldysh basis.
(b) Modify the kinematic matrix appearing in the matrix M, .

2. We now investigate the properties of the kinematic matrix.

(a) Compute the associated eigenvalues and compare them with Eq. (1.418). You should
find that the two propagating modes are unchanged. The last two eigenvalues are
then associated to a ghost and a constrained mode.

(b) Compute the determinant of M,,. What is the difference compare with the above
results? What practical consequence follows from ¢ # 07

It follows that whenever ( # 0, the Gaussian path integral can be performed analytically,
without any further requirement. The final result for the partition function is

4 A
Z[JAaJa] = Z[0,0]exp {1/ d’k (J;?(—w, —k)J;(—w, —k)) H" (w, k) (Jz/ (va)> }7

2/ (2m)4 Jw, k)
(4.65)
where
w —1pa . — —1vB W i w -1
v (2[M< k) ]2‘[ z[wﬂf_(w,’_kf—)qi (Nagw, )] 1M (0 ) 1#), (4.66)

If we now provide an explicit expression for M ~! and N the noise kernel, we can extract the
expression of the propagators in the covariant gauge. More details can be found in Section 4.6
of [33].
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Exercise 3. Topological operators

Allowing for dissipation and noise enlarge the class of operators accessible from within the
EFT. Do some of these new operators have particular properties? In the unitary theory, a well
known non-trivial extension of Maxwell theory consists in adding a topological operator known
as theta term

0 0
Sp, = Zl / ‘e F"F,, = Zl / 4'2E.B (4.67)
where
1
T = e Fy. (4.68)

When 6; is a constant, it is easy to check Sy, turns out to be a total derivative,
0
S0 = = / 4420, (77 A,9,4,), (4.69)

such that all the physical information is encoded in the spacetime boundary. Are there any
non-unitary operators that exhibit similar properties?

1. Construct an operator linear in A, and a, which uses the Levi-Civita symbol e#*#?. Prove
its uniqueness. Is it a total derivative? What is its relation with Eq. (1.69)?

2. Construct an analogue operator quadratic in the advanced field a,. Is it a total derivative?
What are the NEQ constraints on this operator? What could be a physical interpretation
for the presence of this operator?

More details can be found in Section 4.7 of [33].
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5 Lecture 5: Open gravity

Now we have earned some understanding of gauge symmetries in the Schwinger-Keldysh
contour, we can develop a systematic construction of gravity in a medium. This lecture sum-
marizes the main steps of the construction carried out in [30].

5.1 Gravity in a medium

Let us start from a full “closed" theory, where the evolution is unitary and conservative.
The Einstein equations take the usual form

MGy = TN =  VIG, =0=VrTEY, (5.1)

where Tﬁn) is the full energy-momentum tensor of the theory. We now separate T;S?,H) into
a system T, ,Ssyys) and an environment T,Se,,nd). Let us assume a hierarchy of scales between the
characteristic time and length scales we want to study and those of the environment. In this
case, all the degrees of freedom in the environment are assumed to be non-dynamical, and have
hence been integrated out. As a consequence, Tﬁill) should be substituted with its expectation
value, which in turn can be written in terms of “light” degrees of freedom, namely the metric,
and the system’s degrees of freedom. As a result, Einstein’s equations take the schematic form

M3,G,, — <Tﬁnv)> = T‘Sf,ys) = M3,G,, + modifications = Tésyys) ) (5.2)
where the “modifications” are terms built out of the metric and its derivatives that are fixed by
diff-invariance. Since the Einstein tensor obeys the contracted Bianchi identities, V*G,, = 0,

T(Sys

but the modifications in general do not, one finds that V#T}); ) =# 0. This apparent non-

conservation of T;E,S,ys), implied by our modified Einstein equations, is actually simply the state-

ment that the full energy-momentum tensor is conserved
VIS = —vrT () (5.3)

The situation of interest is described in Fig. 21, by analogy to open electromagnetism.

How can we model systematically these observations? Building on the learnings from the
previous lectures, we will construct an effective functional including both unitary and non-
unitary effects in the Schwinger-Keldysh contour (Right panel of Fig. 21). As always, one
needs to first define the field content of the theory, before spelling the symmetries. In [30], we
considered the metric g,,,, together with a clock-field, aiming to reproduce the field content of
the EFT of Inflation [1] and Dark Energy [2]. Importantly, the clock field can be parametrized
in three different ways: by a scalar field ¢, reabsorbed into the time variable ¢ in the so-called
unitary gauge and reintroduced through a Stiickelberg trick into the pseudo-Goldstone boson
of time-translation symmetry breaking 7w. Understanding these various manipulations in the
Schwinger-Keldysh contour will be a key aspect of open gravity.

Now comes the symmetry story. To construct an open theory of gravity and a single clock,
we start with doubling the fields. This gives us two copies of diff invariance in each branch of
the Schwinger-Keldysh path integral, which we denote as diff; and diff_. It is convenient to
work with diffs that act in the same (retarded) or opposite (advanced) direction in each branch,
which we denote as diff, and diff, respectively. Since an open theory by definition includes
couplings between fields in the + and — branch, the 4d advanced diffs are explicitly broken by
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Figure 21: Left: Illustration of the lack of conservation of the system’s stress-energy tensor.
This effect is a mere consequence of the total charge conservation V“T,Siu) = 0. It simply
illustrates the fact that system and environment exchange energy and momentum. Right:

Schwinger-Keldysh contour considered to model dissipation and noise in open gravity.

dissipative effects. The 4d retarded diffs are broken to 3d spatial retarded diffs by the clock
foliation. Schematically

(4d-diffy x 4d-diff_) = (4d-diff, x 4d-diff,) PF (4d-dift,) DK (3d-diff,). (5.4
Our construction then mimics the one of the EFT of Inflation [1]. Let us highlight the general
idea before going through into the explicit constuction in Sec. . We first define a notion
of unitary gauges, that is we choose a convenient coordinate system such that the clock is
unperturbed, ¢, = ¢(t) and ¢, = 0. The open theory of gravity plus a single clock is then
defined as the most generic theory of an advanced and retarded metric that is invariant under
3d-diff,, denoted Szqy-difr, [guv, G-

Having defined our theory, we can choose any convenient way to analyse it. Omne can
reintroduce the scalar clocks by performing a retarded and advanced Stiickelberg trick, which
simultaneously generate the new fields 7. and 7, and make the theory retarded and advanced
time-diff invariant. For single-clock cosmologies we have

Stiick.”

decoup.
S3d—diffr [g,uu: a,uu] — S4d—diffr x t-diff, [g,uu; Ay, Tr, 7Ta] — S

[, Ta) (5.5)
where the last step corresponds to the Open Effective Field Theory of Inflation (Open EFTol)
in the decoupling limit [33] studied in Lecture

5.2 Open functional in unitary gauges

Let us jump in the construction of the functional for an open theory of gravity in a
medium. Just like any field is doubled in the Schwinger-Keldysh formalism, so is the metric.
One then must consider two rank-2 tensors gffy. Expressed in the Keldysh basis, the retarded
and advanced metric read

= IO g (g gy (5.6)

Since physical fields are associated to the retarded sector, we will later find it convenient to
construct geometrical objects based on the retarded metric g, .

In addition to the metric we have to consider the clock of the theory, which is a scalar
field we will call ¢. Since we work with the Schwinger-Keldysh contour we have to double this
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field to distinguish insertion of ¢ in the plus and minus branch, so we must have ¢4 (¢,x). The
corresponding retarded and advanced fields are

6r(t%) = 5104 (1,%) + 6 (6,%)], Galt, ) = 61 (6%) — 6-(t%).  (5.7)

If generic dissipative effects are present, at this point the theory is invariant under 4d-diff, while
we expect all advanced diffs to be broken

S = S4d-diffr [g/ﬂ/? a/uj7 ¢’r‘7 ¢a] . (58)

To construct the theory following the EFTol recipe [1], it is convenient to fix retarded and
advanced time diffs with some gauge prescriptions.”’ In the EFTol we would simply choose
coordinates such that ¢ = ¢(t). Here, we proceed as follows.

Building unitary gauges. Since it is the retarded/symmetric combination of ¢4 (t,x)
that contains the background of the field, the first natural option is to choose the retarded
and advanced gauges such that

¢r(t,x) =6(t)  ¢alt,x) = 0. (5.9)

We dub these gauges the clock retarded and advanced unitary gauges. There is actually
a second natural choice. To see this, let’s go back to the fully 4d-diff, invariant theory
and consider the following field redefinition

¢+(t, X) = ¢(t+ (t,X)) ’ ¢— (tv X) = &(t— (t,X)) ) (5'10)

where we have simply traded the two fields ¢4 (¢,x) for the two fields ¢4 (¢,x), which
can always be done as long as ¢ is a monotonic function. The name “¢” for these new
fields suggest the interpretation of maps of the spacetime to the doubled fluid space as
suggested in [1]. We stress however that t4(¢,x) are dynamical fields in the action, as
opposed to coordinates that are integrated over. The second gauge that fixes retarded
time diffs is then

tr(t,x)E%[m(t,x)—i—t_(t,x)]it, to(tx) = (6, %) —t_(L,%) = 0| (5.11)

We dub this second set of gauges the (time) retarded and advanced unitary gauges.
Before proceeding we point out that the existence of an advanced clock ¢, introduces
a few subtleties. Here, we exploit the fact that in the specific case of a single-clock
cosmology and at the classical stochastic order, one can remove the ¢, dependent terms
with a field redefinition [30]. Building on the ideas developed for Open Electromagnetism
in Lecture 4, this is equivalent to work in the advanced unitary gauge defined above. In
a general gauge, the coupling constants in the EFT of perturbations are functions of
the fields ¢4 (¢, x), that is of both the retarded and advanced clocks ¢, (¢, ) and t,(t, x).
Hence a generic coupling constant v will have the form ~(¢,;t,). During inflation, the
expansion in ¢, is known to be slow-roll suppressed [!], however the dependence of the

26Tn these notes, we slightly simplify the construction compared to [30] by fixing both the retarded and advanced
unitary gauge. While the two approaches are equivalent for the purpose of this discussion, readers interested in
further developing the formalism are encouraged to go through [30] for an extended discussion.
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open functional on %, is a priori arbitrary and un-restricted. In other words, in contrast
to the original EFTol [!], there are no constraints relating the derivatives of the coupling
constants to the coupling constants of terms containing t” (see [31]).

Building the action. All perturbations are now absorbed in g,, and a*”. Following the

approach of [1], we want our effective functional to be invariant under retarded spatial diffeo-
morphisms
o
S = Ssq-diff, [guv, "] = Z Sh, with Sp = O(adv"), (5.12)
n=1

where in the second equality, we used the unitarity constraints Eqs. (2.30), (2.37) and (2.38)
which provide a convenient expansion scheme in powers of the advanced components [/, 56, (4].
Restricting ourselves to order O((a*)?) for practical applications, we focus on Sy and S, for
which we illustrate the general procedure. S; encodes how many and what degrees of freedom
the EFT describes while S5 models the noise.

A simple procedure to guarantee that the effective functional is invariant under retarded
spatial diffeomorphisms is to use geometric objects built out of g,,,. We can define a normal
vector n, to the time foliation as in (3.2),

n 0
ny = — Oup = — Oud(tr) = — O (5.13)

V=9 0u9+0,9+ \/_guvaugg(tT)a,,gE(tr)_ Vg%’

where the last equality is true in retarded unitary gauge ¢, = t. From this we can define the
induced metric hyy, = g +nuny, the extrinsic curvature K, in (3.3), the covariant derivativeV,,
and the Riemann tensor R, are all built from the retarded metric g, .

Hence, in retarded unitary gauge, the first contribution to the action takes the form

Sl = /d4$\/ —g [MM,,(RHW)U,QOO,KW,,V“;t)a’w}, (514)

where M), can break retarded time diffeomorphisms but has to transform as a rank-2 cotensor
under retarded spatial diffeomorphisms. Notice that it is the determinant of the retarded metric
g that appears in the volume measure \/—g. We can also construct the noise functional

82 = i/d4$\/—g {Nuypg(Ruypo',gOO,Kuy7vu;t)a'u‘yapoi|, (515)

where N, ,, has to transform as a rank-4 cotensor under retarded spatial 3d-diffs. As always,
the Hubbard-Stratonovich trick [60, 108] replaces the quadratic terms in a*” with a path integral
over an auxiliary field £,

exp {_ / do \/jgNngauuapa}
= [Pl e {~ [dlov=g | ;v Gt + i | b (516)

leading to the stochastic Einstein-Langevin equations in the unitary gauges
051 059
datv  datv
The equations of motion are now stochastic and their solutions should be averaged over the
distribution of the noise.

=0 = M, =& (5.17)
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Construction of S;. We now proceed to expanding the action S; up to second order in
derivatives. Before we start, notice that any EFT operator can be multiplied by arbitrary
powers of g%, which transforms as a scalar under spatial retarded diffeomorphisms and does
not change the order in derivatives. Just as in the original EFTol [1], it is convenient to work
with (1 + ¢g0), as this expression vanishes on an FLRW background and starts explicitly at
linear order. Hence,

M/“/ = Z(goo + ]-)EMPW’Z(RMVPUJ KMV7 n;m v;u t) ) (518)
/=0

where the index £ here is not a spacetime-index, but rather denotes the fact that M,, , will in
general have different EFT coefficients at different orders in (1 + g°). To construct the most
generic My, ¢(Ruvpo, K nys Vi t) up to second derivatives, we split it along the foliation
according to

My g = g, Mi* + ng, M5, + My . (5.19)

Here Mj', M!%, and M35 , denote the most generic scalar, vector and rank-2 tensor under spatial
retarded diffs, which will again be constructed using R, s, K 1y, V,, and gy, The rank-2

tensor M ;f, ; can be further decomposed into:

ils/,f = Méssguu + ~/i,ig . (5.20)

Now all free indices in Mﬁfe and M Y should not be ~ n, or ~ g,,, or else they are redundant

with the other terms in Eqs. (5.19) and (5.20). Since M}' and M;* must be scalars under
spatial 3d-diffs, they are constructed from contractions of the tensors R*P7, K" and g*” with
all possible combinations of n,, V,, g, and K, up to second order in derivatives. Explicitly,
we get

Mt = er + VQZK + WéfzKQ + ’YﬁfeKa,BKaﬁ + yéféVOK + ’ngER + V%ROO ; (5.21)
M* =915+ 35K + 50K + 8K as K + 155 VOK 48R+ 155R” (5.22)

in the retarded unitary gauge. To obtain M;fg and M po.0» We have to construct the most generic
vector and rank-2 tensor under retarded spatial 3d-diffs: we contract R***° and K" with all
possible combinations of K, n,, V, and g,,, up to second order in derivatives, such that one
and two indices remain uncontracted. Note that, as mentioned previously, the free indices may

not be n, or g,,,. This leads to

M, = 35 maguy98s R + A5V 190 K + 785,90V 5K P (5.23)
= VSR + 5V K + A5V, (5.24)

and
Mii,é = (’}’gfﬁguaguﬁ + ')/S,nguaguﬁnpvp + 'Yf(s),ﬁg,uaKu,B + 'Yﬁ,ﬁgaﬁK;w)Ka’B (5-25)

+ [Guagin (115,095 + i3, emams )| RO
= WK+ W5V Ko+ 15,0 K + 11K K + 735 R + 7356 R°° S (5.26)

where we have expressed the final results in the retarded unitary gauge.
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We may also construct parity-violating operators by considering additional terms con-
structed with the totally antisymmetric tensor €,,,,. Up to second order in derivatives, there
are only two additional terms contributing to Si:

M9 = P guans (WY Koy + 959" 00 Raspn ) (5.27)

which may be included in M ;;e. Any other potential term including the totally antisymmetric
tensor either vanishes due to its symmetries, is of higher order in derivatives or of higher order
in advanced variables.

Eventually, in the retarded unitary gauge the action S7 reads

0
Si= [dtav=g 3 (5% 1) {a® ol + 2k 4 2B ol Kog K
/=0

+ VK + ¢ R+ V%ROO} +a% {%fﬁRou + 75V K + 7955 VK 5#}
+ 0 (g (41% + 2K + 13K + i KapK ™ +135VOK + R + 35 RY)
+ 8K+ 160V K + 138 1 Ko Ky + 735 o KKy + 735 Ry + 7350 R.°°

+ ’YE'ZO'EMQBOVaKﬁV + ’Y;'ZofuaﬁoRaﬁou} } (5.28)

We can absorb a few terms by rescaling and redefining the field a*. First, we identify the
operators 773 ga'” Ry, and gha” g, R as the two terms appearing in the Einstein tensor. We
assume throughout that these two EFT coefficients are non-zero. Consequently we can set
V5o = Mg2,/2 by rescaling a*”, redefine Yo — —M3,/4 + Y60 and rescale all other EFT
coefficients by v; ¢ — (273 0/ Mgl)%g. Moreover we can redefine

a = @ = a" + ay (£)a" g0 + ag(1)a®g" + as(t)a® g g0 . (5.29)

to absorb a few EFT operators. This field redefinition preserves boundary conditions of the
advanced metric, does not mix the order in advanced fields and transforms covariantly under
retarded spatial diffs, hence it is allowed. Under this redefinition a®® and a% change according
to

1 3
a® = a1 —a; — Za2+1a3)+'” , (5.30)
Op oy L 00 ops L 1 3
at — a1 2a1)+a g (2a1+4a2 40z3)+...7 (5.31)

where we have only kept terms at order £ = 0 and dots denote terms at higher order in (g° +1).
Indeed, plugging this redefinition into the action simply shifts the EFT coefficients in M}' and

M/?,, while the coefficients in M3 , remain unaffected. For instance, 7{% is shifted by

ts ts 1 Mf%l
Yo — Yol — 5041) Ty (5.32)
where the last term originates from the operator 7{‘370 = Mg,/2. Consequently 'yfo can be set
to zero by choosing o = 27{?0 (’yffo — M3,), as long as ’on # M3,.

An appropriate choice of as and as may further remove two operators in the first three
lines of Eq. ( ) at a fixed order in ¢. However, for this procedure to consistently eliminate
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an operator, the terms in Mﬁ and M, o0 responsible for generating the shift in its coefficient
must not all simultaneously be zero. If they were, the redefinition would have no effect and the
corresponding operator could not be removed. To avoid this issue, a safe approach is to remove
only those operators whose shift is generated by the two terms that also appear in the Einstein
tensor. Based on this criterion, we can also safely remove ¢, and %, such that the action at
£ = 0 takes the form:

S10= /d4$\/ -9 { a” [730 + 750K + 150K + 1o Kap K + ’YéfoVOK} (5.33)

+ % V5oV K + 150 VE? ] + 0 g (11 + 15K + 130K + 1ipKas K

+3 0v K +v50R + 777 ROO) + 750K + 75! VK + 75 0K pa Ky
M3
+ ’YinKK,MV + Pl G,U«V + 713 OR# v+ 71 QBOVQKBV + FYQPi.OO’ﬁ;La/BORa,BOV} } )

whereas all terms at £ > 1 remain as displayed in Eq. (5.28).

Construction of S3. The construction of Se proceeds in a manner analogous to that of S;.
To keep things simple, we restrict the construction of Sy to zeroth order in derivatives in this
section. Just as before, we begin by expanding each term in Sy in powers of (g% + 1):

)4
N/ng = Z (goo + 1) NMVpU,Z(R,uI/pU7 K,ul/a Ty v,u; t) . (5'34)
=0

Restricting to zeroth order in derivatives, tensorial objects, such as vectors and tensors, may
only be build out of n,, and g,,, multiplying arbitrary EFT coeflicients, as all other objects are
of higher order in derivatives (see e.g. M;% and M be in Egs. (5.23) and (5.25)). As a result,
we obtain:

N;wpa,ﬁ = 64,Znunynpna + 55,£guugpcr + Bﬁ,ﬁgu(pga)y (5'35)

1 1
+§57,£ (g;wnpno + n,unugpa) + §BS,K (gu(pna)nu + gy(pno)nu) . (5'36)

In the retarded unitary gauge, the noise functional thus takes the form:
: 4 00 ¢ 00 2 % 2 % po
Sy =1 [ d*wy _gz (g + 1) [64,€ (a ) + BE),E(CL g,uz/> + BG,ECL GupGvoQ
=0

+ﬂ7,€a'm/guua00 + ﬁ&faouaoyguu} . (537)

Finally, one can trade these quadratic terms in the advanced variables by linear terms in said
variables through the Hubbard—Stratonovich trick as in Eq. (5.16) [60, 108]. We illustrate this
procedure in [30].

2"Notations are chosen to match [30] where three other EFT operators controlled by $1—_3,¢ are considered.
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An illustration. To build physical intuition, we present here a subset of the theory where
only a handful of EFT coefficients are considered. Let us consider

M3 A(t t
Seff = /\/jg|:2pl G'uya#y + ( )gul/a/uy - C(t)aoo + ﬂgooguyauy

2 2
—Mz(t) (1 + 900)2 9@ + Mo(t) (1 + goo) a0

+F3(I? (1+9%) (a* + gua) - gu,,aﬂy} . (5.38)
The operators considered here play a particular role in the scalar dynamics. Indeed, S en-
compasses the universal part of the EFTol controlled by the EFT coefficients A(t) and ¢(¢) [30].
It also contains a speed of sound controlled by Mas(t) and a simple non-unitary extension made
of the dissipative coefficient I'(¢) and the noise contribution controlled by &, .
At the background level, Eq. ( ) reads

M2, - A(t)—
S = [ ey [;ZGHV MOy c(t)aOO] , (5.39)

from which we obtain the background Einstein’s equations by varying with respect to a*¥,

MszW + A(t);c(t)g,w — (t)5,6,) = 0. (5.40)

We recover the usual Friedmann equations
3ME,H? =A(t) + ¢(t), IME H = —2¢(t). (5.41)
In [20], we reintroduced the scalar field perturbations by performing both a retarded and ad-

vanced Stiickelberg trick. We then assumed a slow-roll hierarchy |H|< H? holds and observed
that the mixing between the Stiickelberg field and the perturbations of the metric is negligeable
compared to the self dynamics of the Stiickelberg field itself. This illustrates how the quadratic
dynamics of [50],

(decoupl)} /d4x\/jg {_ﬁrﬁa + ng_]ijaiﬂ'rajﬂ'a + 297, T + §7r7ra} ) (5'42)

S
can indeed be understood as the decoupling limit of the theory ( ) of open gravity. Interested
reader may found details of the analysis in Section 6 of [30].

5.3 Dissipative and stochastic gravitons

The central novel feature of our theory is its incorporation of dynamical gravity, which
allows us to study gravitational effects, such as the generation and propagation of gravitational
waves (GWs) during inflation. These phenomena are encoded in Transverse and Traceless (TT)
metric perturbations. In this section, we derive the quadratic action that governs this sector,
and we compute the corresponding propagators and power spectrum. Finally, we extract the
tensor-to-scalar ratio, which enables us to confront the parameters of our theory with current
and upcoming observational data.
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The transverse traceless sector of linear perturbations

To derive the linear equation of motion for GWs, we expand Eq. (5.28) and (5.37) to
quadratic order in perturbations and perform a scalar-vector-tensor decomposition of dg,, and
at” (recall that the latter is already of first order in perturbations) and restrict to the T'T sector
according to:

gij = a*(t) (05 + hij),  a” =a"?(t)h, (5.43)

with h;; and h“ transverse J;h;j = 0 = 0; h and traceless 09 hij = 0= 54 h¢%;;. The index a on
hi; denotes that this is an advanced Varlable

We begin by extracting the TT sector of S; in Eq. ( ). a% and a® do not contain any
transverse and traceless component, such that we obtain

/ d*z ga”[ Phig M7 + V800 Kij + 7655V Kij + 756 00 (KiaK®;)

_ M2
+ 110 KOKj + —LORi; + 71500 R0 + Mo €08 (ViKmj) + 75 OOf/mUaROjgm] :
(5.44)

where M;i o denotes Eq. ( ) evaluated on the background g,,. The perturbed tensors are
given by

SRij = VQhU + = [hw + 3Hhij + (6H? + 2H ) hiy |, (5.45)
SR = —a? Bhij T Hiyy + (B + H?) hi]} , (5.46)
5RO = “22 (alizmj - amhlj) , (5.47)
0K = "’;h,-j + a®Hhj, (5.48)

Plugging these into the action, along with the background values yields:

2 ..
S = / A4/ =g he { ( T yfg()) hi (5.49)

M .
Y50 + (27%,0 + 3710 +3—%— l + 2713 0) H] hij

M3, V? 1 3 :
%7]% + - (71 0+ 275 0 ) Eimnamhnj} :

To arrive at this result, we have used the spatial background equation, which imposes M3* o0 =
— _2-52-‘}:0. Consequently, every term in azhijM /2, cancels with a corresponding ~ h;; term in
the perturbed quantities in Eqgs. (5.15), (5.40), (5.47) and (5.48), such that no mass term for the
graviton is produced. This is in agreement with our expectation that the graviton is massless,
as long as we do not break retarded spatial diffs. Our theory only contains the two helicities
of the graviton and the clock field. Note that we lowered the indices on all expressions in this
equation, and that €&;,, denotes the totally antisymmetric symbol, not tensor, the two being
related via €0ijk = \/ngz-jk,

At quadratic order in perturbations, we further expect to obtain contributions from S5.
These contributions, being quadratic in advanced fields, encode stochastic noise terms generated
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by random fluctuations in the environment. The only contribution to the T'T sector at this order
in perturbations comes from

So D i/d4x\/—g Be,00"" 9upguea’ (5.50)

which results in

= z/d x/—g Boohi;hi;. (5.51)

Note that we do not have to consider any higher action S>3 as these start at least at cubic order
in perturbations.

The total quadratic action for the T'T sector is therefore given by S = ng) + Ség). To
simplify this expression we introduce

2 SS 2 SS
—2=1 79,0 713,0

=1- - , (5.52)
g Mg, Mg,
2%8% o0, Oito | D30 1
I'r= H : : . 311—— 5.53
’ TM%;*T[M&*M&*M&* Z)| (559
2,}, P.O. 4,7P.O.
— 2 1,0 2,0
= : : 5.54
with dimensions
[CT] = EO; [FT] = E17 [X] = EO: [56,0] = E4' (555)
The quadratic action becomes
. V2 .
5 = / dlzy/—g Pl h“ - C%Thij + (T + 3H) hy; (5.56)
X . 456.,0
+ Eeimna nhing +ich——20 M, hi; |-

We briefly comment on the effects caused by the various operators that appear in S®.

Noise B¢,0. The coefficient B¢ characterizes stochastic fluctuations of gravitational waves
sourced by the environmental sector. Upon performing the Hubbard-Stratonovich trick [60, 108]
this quadratic term in h{; can be traded for a term linear in h{;, at the expense of introducing
an auxiliary field &;;:

4/6 a a
exp {— / d*zv/=g lc% M%?hmhzg]}
_/D&] exp{ /d4x\/ l 2 ii&ij T 1 ”1} (5.57)
cr

The field &;; is transverse and traceless and follows Gaussian statistics. After introducing &,
the equation of motion for h;; reads:

.. 2
hij - C%%h (FT + 3H) hl] + Ezmna hn] 5@3 (558)
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Speed of propagation c%. The presence of c% changes the speed of propagation for tensor

modes. An operator that causes such an effect has already been identified in the closed theory
as 0K, 0 K" — §K? [109]. We can translate this unitary operator into the Schwinger-Keldysh
basis by considering the difference of two copies of this term, one for each branch of the path
integral

[t [Vogr (Ko = Kulgs?) - Voo (Klg-1* - Kl )] . (559)

We can rewrite the above using
Run'n’ = K* — K, K" —V, (n"V,n") + V, (n"V, n"), (5.60)

and dropping boundary terms. Expressing (5.59) in the Keldysh basis g+ = g + a/2 and
expanding to first order in a”” yields

1 O 00
/d4x\/—g (—2a’“’gWRa,gno‘nﬁ +n'n" 6, Ry — 2%7’&”]%#,, — Zoon“n”Rw> , (5.61)

where the first term comes the expansion of the metric determinant and the last two terms
originate from the expansion of n#. Meanwhile the variation of the Ricci-tensor 6,7, is given
by the Palatini identity, one can reexpress it in terms of the extrinsic curvature through [30]:

/d4ac —gntn’d, Ry, = /d4m\/jga’“’ (—anpKW - KK,, + %QWKQ + ;g,wanpK> )
(5.62)
From Egs. (5.61) and (5.62) one can read of all the operators of the open theory that correspond
to the unitary operator K2 — K wKH of the closed theory. Indeed, the first term in Eq. ( )
corresponds to the operator v5%. For simplicity, we will set ¢y = 1 from now on.

Dissipation I'r. The term proportional to I'r captures the dissipation of GWs into the
environment. It serves as an example of an operator that arises in an open theory. In a classical
(closed) action the size of the term proportional to hw would be fixed by the Hubble parameter.
The operator 3%, which generates dissipation at lowest order in derivative expansion, has
previously been identified in [19].

Dissipative birefringence x. When decomposing h;; into a polarization basis, the term x
acquires opposite signs for each polarization state due to the presence of the Levi-Civita symbol.
Similar parity-violating operators also exist in the closed formulation of the EFTol, however
these operators come with at least three derivatives [109]. This implies that the operator found
here must correspond to a non-unitary effect. Indeed, just as it was the case for I'p, one can
verify that it is not possible to construct a term in a closed action that yields a contribution of
the form ~ eilmﬁlhmj in the equation of motion. For instance, a term like eilmalhmjhij is a total
derivative and thus does not contribute to the dynamics. Consequently we call the effect found
here “dissipative birefringence”, to distinguish it from the “unitary birefringence” described in

[109].
Tensor-to-scalar ratio

We proceed to compute the propagators from the action in Eq. ( ), which will ultimately
be used to determine the noise induced power spectrum of GWs and the corresponding tensor-
to-scalar ratio. The action simplifies when both h;; and hf; are expanded in a polarization
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basis:

hij(t,x) = /Zew VhE (t, k) ek (5.63)
h;(t, k) /Zew )hi(t k)™, (5.64)
where the polarization tensors fulfill
e5i (k) = k'ef; (k) = 0, ef; (k) = e (k), ef; (ke (k) = 0, (5.65)
e5;(k)es; (k)" = 20,9, e5; (k)" = e5;(—k) i€kl = %kefm. (5.66)

For the left and right circular polarization we have s = £2. The quadratic action takes the
form

s _Ma Z/ /dtﬁh& (t,— )[hs(t K) + —hs(t K) (5.67)
4 <rT +3H + ZR‘) ho (¢, k) + ]562’0 h;‘;(t,k)}
Pl

Without birefringence. For simplicity, we first restrict to the case x = 0. Changing to
conformal time dt = a(t)dn and canonically normalizing

Mp; My,
hy=—oth®, and  hl, = —olhs, 5.68
V2 v (568)
results in
@ =3 [ [ ana(m? b, <10 k10" + K2hen. k) (5.69)
S k 7

alo) (T -+ 2H) 150 1)+ a0 80N, .10

This is just two copies of the action for the decoupled Goldstone 7, which has been studied in
detail in [56]. Following their approach, we can rewrite the action as bilinear in the fields

Z/ /dn hs k), b2 (1, k)) (1;)3 2?51[{) <h}§a(87kk))> 7 (5.70)

with
Dp = a*(n) |02 + (2H + Tr) a(m)d, + k2| | (5.71)
Da = a*(n) |02 + (2H — Tr) a(n)d, + k* — 3¢ HTr| | (5.72)
A 4036 0
Dy = a'(n)—=2=. (5.73)
Mg,

The retarded Green’s function obeys

Dr(m)G%(k;ni,m2) = 6(m — m2), (5.74)
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which results in [50]

7w H?

z1\"F
Gk = 3o () (0 W (o) () — T ) Von (2)) 6 — ), (575
in terms of Bessel functions of the first kind, with
3 Ir _
vr = 5 + ﬁ and Z; = k‘m . (576)

This can also be rewritten in terms of Hankel functions as
3 Iy
T = 2
GB(k;n,m2) = §H2(771772)2 <Z;> Imm [Hﬁi) (—km) HIS? (—kﬁz)} O(m — n2). (5.77)

-

The Keldysh propagator is given by

48 dn
K. 4P 7
G (k7n1’n2) =1 Mgl H477/4

GR (ks 1, ) GE (ks m2,m') + (1 4> m2). (5.78)

The power spectrum is obtained in the coincident limit of the Keldysh propagator Pr(k,n) =
—iG¥ (k;n,m). The reduced GW power spectrum is

A3 (k) = j;PT(k), with (hij(k)hi; (K)) = (27)%6%(k + K') Pr. (5.79)

In the super-Hubble regime z < 1 is thus given by

_ 2
A (k) = ?561’02% Tow - DTGw)
Pl F(I/F — §)F(2VF - 5)

(5.80)

where an additional factor of 2 accounts for both polarizations. The result is shown in Fig.
as a function of I'p/H. As expected, the power spectrum is damped for large dissipation.
Expanding in the weak I'r < H and strong I'r > H dissipation regime yields:

f;’f , for I'r < H,
Aj(k)ocq (5.81)
Poo [ H 1+(’)<H) for T'r>H
M3\ Tr rr/) T
The tensor-to-scalar ratio is given by
A (k)
r= (5.82)
AX(k)
Using the observed Ag = 2.1 x 107 this becomes:
[(vr — 1)(vr)?
r= f;f g Ll - ) % 1.9 x 10°, (5.83)
Pl P(I/F — i)F(QVF — 5)

28For an application of quantum information to investigate the optimal inference of r, see [114].
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Figure 22: The tensor-to-scalar ratio r as a function of I'r /H, for different choices of 3. The
observational constraint r < 0.036 [1 10] restricts the allowed region of parameters. Ongoing and
future surveys, such as SO [111], CMB S4 [112] and LiteBIRD [I13] will put tighter constraint
on this parameter.

This is plotted for different choices of g o against I'r/H in Fig. 22. From this figure we can infer
that 60 S (10_3Mpl)4 to be compatible with the observational bound of r < 0.036, for small
values of I'r/H. For realizations near the observational bound, the noise sourcing the tensor
sector is significant. It would be interesting to investigate if this can be achieved in concrete UV
models scenarios. Also note that for a given UV model increasing the dissipation parameter I'r
might not lead to a decreased power spectrum - in realistic scenarios increasing the influence
of the environment via I'r also leads to an increase in the noise g0, such that Aj; might
increase overall. This is for instance realized by the KMS condition (4f3s0/Mg;) = 2701 Teq
for environments that are in thermal equilibrium, if the temperature of the thermal bath T
remains fixed.

Including birefringence. In the asymptotic past, —kn > 1, the dissipative birefringence
term dominates the gravitational wave equation of motion, such that the resulting equation
reads

02 + %k@n + kﬂ s, (5.84)

which has plane waves e™*“" as solutions with dispersion relations

1 1
2 24— 2
w= —4zxsk + 2k 4 — x2. (5.85)

It is clear that the system features an instability for x # 0, as the mode function of the
s = +2 polarization (since we assumed x > 0) experiences an exponential enhancement as
n — —oo, whereas the s = —2 polarization decays. Instability in one of the two polarizations
also occurs in UV-models that include birefringent terms, such as Chern-Simons (CS) gravity.
Within CS-gravity, the instability can be handled by either imposing a UV-cutoff or by coupling
the RR-term to the inflaton field (or any other scalar field), and hence giving this coupling a
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time-dependence [115-120]. Note that when the magnitude of h;; becomes comparable to the
background metric, the perturbative approach breaks down and a non-perturbative treatment
is necessary. We stress, that one such modification is necessary to tame the divergence of the
power spectrum of one of the two polarizations. For the moment, we leave the computation of
the birefringent power spectra as an open question for the future.
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5.4 Problem set

Exercise 1. Background evolution in open gravity

The modified Friedman equations are obtained from

S = / 42/ =g My (Rypers 5% Ky, V3 )0, (5.86)
where bars represent background values, leading to the background Einstein equations
55 o
5G,HIV = 0 = Muy(RuypdagO[),Kﬂy,vu;t) = O (587)

1. Derive the first Friedmann equation from the 00-component of the background Einstein
equations evaluated on a flat FLRW background.

2. Similarly, derive the second Friedmann equation from the trace-part of the ij-components
of the background Einstein equations.

3. Redefine the EFT coeflicients to reach the simple form
SMEH? = ay + aoH (5.88)
2MEH = a3 + auH . (5.89)
Comment on how these expressions departs from the usual conservative single-fluid system.

4. Based on the identification ay = 1 and a3 = —(p + p) and assuming s and oy constant,
derive the continuity equation for the fluid. Comment on how this expression depart from
the usual conservative single-fluid system.

5. What is the acceleration equation d/a? Discuss the implications in terms of the late-
universe acceleration.

Exercise 2. Retarded and advanced Stiickelberg tricks

The goal of this Exercise is to highlight a few subtleties about the difference between
retarded and advanced Stiickelberg tricks. Let us consider the coordinate transformation z# —
't = a2t + ek, A scalar ¢ transforms as

o) — date=9d@) <« ¢@)=9¢z—¢. (5.90)
Let us consider the flat spacetime action
S = / diaL[(z); 2], (5.91)

where L[¢(x);z] is a Lagrangian density that depends on both the scalar field ¢(z) and the
spacetime coordinate x. Under coordinate transform, the action becomes

Method 1 Method IT
S = / A4z L]¢(z); 2] — / Az L[¢ (2); 2] = / iz Llp(z — €);a] = / AUFLGF);F + . (5.92)

The last step, from Method I to Method II is a change of coordinates in the integral, as opposed
to a transformation of the fields.
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1. Consider the advanced diff ¥ — x# + €/, which transform the two branches of the path
integral in opposite directions,

dy(x) = ¢\ (x+ €) = o1 ()
¢ (2) = ¢_(z — ) = ¢ ()
Discuss Method II in this case.

¢l () = ¢+ (2 —€a), (5.93)
¢ () = ¢—(z+€a) . (5.94)

—
—

2. Reproduce the discussion about Method I and Method II for the case of the metric that
transforms under ¥ — a'# = ¥ + ¢/ as

Bl = ghule) = 2 w). (5.95)

You should find that the action remains invariant for
Method I: Agw = =2V (,6,),  Ag" = +2V0e”) (5.96)
Method II: Aguy = —9uav€a — Jralv€a Agh = +29He) (5.97)

3. While Method II is the most convenient for retarded diffs, it falls short when one considers
advanced diffs for the reason presented in 1. For this reason, we use Method I for the
latter. Give g% and a®°, ¢% and a”, ¢” and a” under both retarded and advanced diffs.

Exercise 3. Universal part in the Keldysh basis

The goal of this Exercise is to express the universal part of the EFT of Inflation and Dark
Energy in the Keldysh basis, at linear order in the advanced fields. The theory being unitary,
the effective functional separates into

Suniv [g+agf] = Suniv[ng] - Suniv[gf] ) (598)
with

Suniv] / d%ﬁ[ PR A — elt)g 00]. (5.99)

1. Expand the effective functional at linear order in the advanced metric a*”. A useful

VEgE = [~det (95 5) = V=g |17 g 4. (5.100)

2. Neglecting the perturbation of the Ricci tensor [30], you should reach
M3 At c(t
Suniv = /d4z\/—7g[2pl Gua” + —( )guya‘“’ + ;)googuua‘“’ — c(t)aoo} . (5.101)
Perform an advanced Stiickelberg trick on this expression and an integration by part to
obtain

expression is

Suniv = Suniv + [ dav/=g [~AE)m — 209" Do — (0)g"m] (5.102)

3. Vary with respect to 7, to recover the usual continuity equation of the EFT of Inflation
and Dark Energy.

4. Perform a retarded Stiickelberg trick and identify the usual kinetic term of the scalar field.
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6 Conclusion

Cosmology presents phenomena that go beyond the familiar framework of flat-space quan-
tum field theory in the vacuum. It compels us to broaden our theoretical toolkit to address
non-equilibrium and open-system dynamics. These lecture notes aim to provide a starting
point for those interested in applying the Schwinger—Keldysh formalism to cosmological set-
tings. Above all, we hope to have conveyed that this is a vibrant and accessible area of research
— rich with open questions at nearly every level — well within reach for researchers trained in
general relativity and quantum field theory.

Beyond cosmology, SK-EFTs hold exciting potential in areas such as the quark—gluon
plasma, black hole and neutron-star physics, holography, and dissipative hydrodynamics. We
hope these notes will contribute to building bridges among these fields. The study of SK-EFTs
is still in its infancy, and cosmology stands to benefit greatly from cross-disciplinary exchanges
on topics as diverse as non-equilibrium renormalization group or non-Abelian strong-to-weak
symmetry breaking.

The Disordered Universe Summer School 2025 has been a fertile ground for stimulating
discussions among the participants. Far from being exhaustive, the following is a selection of
topics highlighted during the courses that may inspire future investigations:

« Beyond correlators: Can the SK-EFT formalism be extended to compute information-
spreading measures such as out-of-time-ordered correlators (OTOCs), entropy measures,
or off-diagonal density-matrix elements?

e Open scalar theory in Minkowski: What is the single-exchange, tree-level trispectrum
in the dissipative theory? How does the framework simplify when local thermodynamic
equilibrium is imposed through the KMS symmetry?

e Symmetries in the SK contour: How can we extend the discussion to non-linear reali-
sations of diffeomorphisms? Can the in-in coset construction be adapted to cosmology? Is
there a differential-geometric formulation of gauge symmetries within the SK framework?

e EFT construction: Can we develop non-equilibrium renormalization-group techniques
for open EFTs to clarify their power counting and cutoff structure? Is it possible to con-
strain EFT coefficients using entropy bounds, stability requirements, or microcausality?

e Phenomenology: How can the Open EFT of Inflation be matched to gauge-inflation or
warm-inflation models? Could the theory of gravity in a medium help describe dissipative
dark sectors? Can similar methods model the dissipative propagation of gravitational
waves in the interstellar medium? What observational limits can be placed on EFT
coefficients using current data?

I hope these lecture notes provide an initial step toward acquiring the tools needed to address
these exciting questions and to develop a new generation of EFTs, capable of extracting novel
physics from the wealth of forthcoming data.
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