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Abstract

Let g(x,t) satisfy an integrable nonlinear evolution PDE on the interval 0 < z < L, and let the
order of the highest x-derivative be n. For a problem to be at least linearly well-posed one must
prescribe N boundary conditions at x = 0 and n — N boundary conditions at x = L, where if n is
even, N = n/2, and if n is odd, N is either (n — 1)/2 or (n + 1)/2, depending on the sign of 9;q.
For example, for the sine-Gordon (sG) equation one must prescribe one boundary condition at each
end, while for the modified Korteweg-de Vries (mKdV) equations involving ¢: + ¢zze and ¢ — ¢aca
one must prescribe one and two boundary conditions, respectively, at x = 0. We will refer to these
two mKdV equations as mKdV I and mKdV II, respectively.

Here we analyze the Dirichlet problem for the sG equation, as well as typical boundary value
problems for the mKdV I and mKdV II equations. We first show that the unknown boundary
values at each end (for example, ¢»(0,t) and ¢ (L,t) in the case of the Dirichlet problem for the sG
equation) can be expressed in terms of the given initial and boundary conditions through a system of
four nonlinear ODEs. For the sG and the focusing versions of mKdV I and mKdV II equations, this
system has a global solution, while for the defocusing versions of mKdV I and mKdV II equations, the
global existence remains open. We then show that g(x,t) can be expressed in terms of the solution
of a 2 x 2 matrix Riemann-Hilbert problem formulated in the complex k-plane. This problem has
explicit (z,t) dependence in the form of an exponential; for example, for the case of the sG this
exponential is exp{i(k — 1/k)x +i(k+ 1/k)t}. Furthermore, the relevant jump matrices are explicitly
given in terms of the spectral functions {a(k),b(k)}, {A(k), B(k)}, and {A(k),B(k)}, which in turn
are defined in terms of the initial conditions, of the boundary values of ¢ and of its x-derivatives
at x = 0, and of the boundary values of ¢ and of its z-derivatives at x = L, respectively. This
Riemann-Hilbert problem has a global solution.

1 Introduction

The sine-Gordon (sG), the modified Korteweg-de Vries I (mKdV I) and the modified Korteweg-de Vries
II (mKdV II) equations are examples of integrable nonlinear evolution equations in one space variable.
Integrable PDEs have the distinctive property that they can be written as the compatibility condition of
two linear eigenvalue equations, which are called a Lax pair [1]. An effective method for solving the initial
value problem for integrable evolution equations on the line was discovered in 1967 [2]. This method can be
thought of as a nonlinear Fourier transform method. It was realized in [3] that the extension of this method
to initial boundary value problems requires a deeper understanding of the following question: What is
the fundamental transform for solving initial boundary value problems for linear evolution equations
with z-derivatives of arbitrary order? The investigation of this question has led to the discovery of a



general approach for solving boundary value problems for linear and for integrable nonlinear PDEs [4].
For integrable nonlinear evolution PDEs this approach is based on the simultaneous spectral analysis of
the two linear eigenvalue equations forming the Lax pair, and on the investigation of the so-called global
relation, which is an algebraic relation coupling the relevant spectral functions.

Regarding initial boundary value problems for nonlinear integrable evolution equations on the half-line
we note the following: The rigorous implementation of the method of [3] to the nonlinear Schrédinger
equation (NLS) was presented in [5]. Analogous results for the sG, the KAV (with dominant surface
tension) and the mKdV II equations were presented in [6] and [7]. The most difficult step in the method
of [3] is the analysis of the global relation. Although rigorous results in this direction were obtained in
[5], the relevant formalism is quite complicated. A dramatic simplification was announced in [8] where
it was shown that the global relation can be effectively analyzed if one introduces a Gelfand-Levitan-
Marchenko representation for the eigenfunction of the t-part of the Lax pair evaluated at = 0. If this
eigenfunction is denoted by (®1(t, k), ®2(t, k)", and if the functions involved in its Gelfand-Levitan-
Marchenko representation are denoted by {L;, M;}3, then it is shown in [§] that, in the case of the
Dirichlet problem for the NLS equation, ¢, (0,t) can be explicitly expressed in terms of {f/j, MJ}% and of
the initial and boundary conditions (¢(z,0) and ¢(0,¢)). This yields ¢.(0,t) in terms of a system of four
nonlinear ODEs satisfied by the functions {LJ, M; }1 A further important development is presented in
[9], where it is shown that it is possible to express {L;, M;}?} in terms of ®; and ®;. Thus the formalism
presented in [9] expresses ¢, (0,t) in terms of a system of two nonlinear ODEs satisfied by the functions
®; and ®5. Similarly, it is shown in [9] that the unknown boundary values for the sG, the mKdV I, and
the mKdV II equations can also be expressed in terms of a system of two nonlinear ODEs. Furthermore,
it is shown in [9] that this system for the sG and for the focusing versions of the NLS the mKdV I, and
the mKdV II equations has a global solution.

Regarding initial boundary value problems for nonlinear integrable evolution equations on the interval
we note the following: The solution g(z,t) of the mKdV II equation in terms of a 2 x 2 matrix Riemann-
Hilbert problem was obtained in [10]. However, the relevant global relation was not analyzed in this
paper. The analogous RH problem for the NLS equation together with the analysis of the global relation
is presented in [11]; the latter analysis is based on the results of [8].

In the present paper, using the general methodology of [6] and the recent results of [9], we analyze
the following IBV problems:
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We assume that g(z,t) is a real-valued function and that the functions go(z), q1(x), g;(t), h;(?)
are sufficiently smooth. We also assume that the given initial and boundary values are compatible at
{r=0,t =0} and at {x = L,t = 0}.



The above equations admit a Lax pair formulation of the form

pa +ifi(k)ozp = Qx,t,k)u,

pe +ifo(k)osp = Qz,t,k)u,  keC. (L.7)
Here 6 denotes the matrix commutator with the Pauli matrix o3:
o3 = diag{l, -1}, G3A = [03,A], €A =¢Ae 2,

for any 2 X 2 matrix A.

The eigenfunction u(zx,t, k) is a 2 x 2 matrix valued function of the arguments indicated, f1(k) and
fa(k) are given analytic functions of k, and the 2 x 2 matrix valued functions @ and Q are given functions
of k, of g(z,t), and of the derivatives of g(x,t). The particular form of these functions for the sG, the
mKdV I, and the mKdV II equations will be given in Section 2.

The analysis of an initial boundary value problem for an equation possessing the Lax pair (1.7) involves
the following steps.

Step 1: A Riemann-Hilbert formulation under the assumption of existence.

We assume that there exists a smooth solution ¢(z,t), 0 <z < L, 0 <t < T.

We use the simultaneous spectral analysis of the associated Lax pair to express ¢(z,t) in terms of the
solution of a 2 x 2-matrix Riemann- Hilbert (RH) problem defined in the complex k-plane. This problem
has explicit (z,t) dependence in the form of exp{2i(f1(k)x + f2(k)t)}, and it is uniquely defined in terms
of the so-called spectral functions,

{a(k),b(k)},  {A(k),B(R)},  {A(K), B(k)}. (1.8)

The spectral functions {a(k),b(k)} are expressed in terms of the initial conditions, while {A(k), B(k)}
and {A(k), B(k)} are expressed in terms of the boundary values {g;(t)}5~* and {h;(t)}5 ™, respectively,
where g;(t) = 0Lq(0,t) and hy(t) = 0Lq(L,t). For the sG equation, n = 2, while for the mKdV I and
mKdV II equations, n = 3.

Furthermore, we will show that the spectral functions (1.8) are not independent but they satisfy the
global relation

Pih®L (@A(k) - pb(k>B<k>)B<k> - (a<k>B(k> - b(k)A(k)) ARy = PROTr) (L9)

1 + e2if1 (k)L

where c¢(k) = ¢(k;T) is of O < 3

> as |k| — oo and

A for mKdV I and II
P=Y -1 forsG

Step 2: Existence under the assumption that the spectral functions satisfy the global rela-
tion.

Motivated from the results of Step 1, we define the spectral functions (1.8) in terms of the initial
conditions and in terms of the smooth functions {g;(t)}5~* and {h;(t)}5~". We assume that the boundary
values are such that the spectral functions satisfy the global relation (1.9). We also define g(x,t) in terms
of the solution of the RH problem formulated in Step 1. We then prove that: (i) ¢(z,t) is defined globally
forall 0 < z < L, 0 <t < T; (ii) ¢(x,t) solves the given nonlinear equation; (iii) g(z,t) satisfies the
initial conditions; furthermore, dLq(0,t) = g;(t), Lq(L,t) = hy(t), 0 <1< n —1.

Step 3: The analysis of the global relation

Given a subset of the boundary values {g;(t)}5 " and {h;(t)}§ " as boundary conditions (N boundary
conditions at = 0 and n — N boundary conditions at © = L), we characterize the remaining part of
the boundary values through the solution of a system of nonlinear ODEs. For the sG and the mKdV 1
equations, N = 1, while for the mKdV II equations, N = 2. In certain cases this system can be shown
to have a global solution.
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Figure 1: The contours used for the definition of p;, 7 =1,...,4

We now discuss further the above steps.

The analysis of Step 1 is based on the introduction of appropriate eigenfunctions which satisfy both
parts of the Lax pair. It was shown in [12] that for a polygonal domain with N corners, there exists a
canonical way of choosing such eigenfunctions: there exist IV such eigenfunctions, each of them normalized
with respect to each corner. Thus in our case we introduce four eigenfunctions, {u;(x,t, k)}1, see Figure
1, such that

(0, T k) =1,  p2(0,0,k) =1,  ps(L,0,k)=1,  pa(L,T,k)=1, (1.10)

where p1; are 2 x 2 matrices and I = diag{1, 1}.
It can be shown that these eigenfunctions are simply related through three matrices s, S, and S,

. . -1
s() = pa0.0.K), S(k) = (0T y (0,7, K)e 0T )
. . —1
Sp(k) = (elf2<k>T°'3 13(L, T, k)e’lfQ(k)T"?’) . (1.11)

Theses matrices satisfy certain symmetry properties, thus they can be denoted by

_ [ alk) (k) [ A(k) B(k) [ A(k) Bk
““‘(MK )’ SW_([@?MM)’ &W‘<5@5Am>'(“”

Regarding Step 2 we note that equations (1.11) and (1.12) motivate the definitions

a(k) = p2(0, k), b(k) = ¢1(0,k),

~—
S

—~
&y

~—

A(k) = ®5(T, k),  B(k) = -7 (T, k),
A(k) = Uo(T k),  B(k)=—-e*2®Tw (T k), keC, (1.13)
where the vectors
(Qpl(xﬂk)7@2(ka))Tv ((I)l(t,k),@g(t, k))Tﬂ (\Ijl(tﬂ k),\Ilg(t, k))T (1'14)

satisfy the boundary conditions

(pQ(L,k) o 1)’ (I)Q(O,k) o 1)’ \I/Q(O,k) o 1 ’
and they solve the x-part of the Lax pair evaluated at ¢ = 0, the t-part of the Lax pair evaluated at
z = 0, and the ¢-part of the Lax pair evaluated at © = L, respectively. Thus the vectors (1.14) depend
on the initial conditions, on the boundary values at © = 0, {g (t)}gil, and on the boundary values at
x =L, {h(t) 6‘*1, respectively.

The global existence of g(z,t) is based on the unique solvability of the associated RH problem, which
in turn is based on the distinctive nature of the functions defining the jump matrices: the functions
have explicit (z,t) dependence in an exponential form and they involve the spectral functions s(k), S(k),

and Sp,(k), which have the symmetry properties expressed in (1.12). Using theses facts it can be shown
that the associated homogeneous RH problem has only the trivial solution (i.e. there exists a vanishing



lemma). The proof that ¢(x,t) solves the given nonlinear PDE uses the standard arguments of the
dressing method [15]. The proof that ¢(x,0) = go(z) (¢(z,0) = go(z) and g:(x,0) = ¢1(x) in the case
of the SG) is based on the fact that the RH problem satisfied at ¢ = 0 is equivalent to a RH problem
derived in terms of s(k) which characterizes go(z) (go(x) and ¢i(x) in the case of the sG). The proofs
that {9L¢(0,t) = g;(t)}5~" and that {9Lq(L,t) = hi(t)}§~* make crucial use of the global relation (1.9).
Thus this relation is not only a necessary condition but it is also a sufficient condition for existence.
Hence given initial conditions and a subset of {g;(t),h;(t)}4~" defining a well-posed initial- boundary
value problem, the main problem becomes to show that the global relation characterizes the remaining
part of {g;(t), hi(t)}5 .

The analysis of Step 3 is based on the Gelfand-Levitan-Marchenko representation of the eigenfunctions
®(t, k) and U(t, k). For example, in the case of the sG equation, it can be shown [9] that ® can be expressed
in terms of four functions {M;(t,s), L;(t,s)}3, —t < s < t, t > 0, satisfying a hyperbolic system of four
PDEs as well as the Goursat boundary conditions on the characteristics:

L) = 360 +an(),  Lalt—1) =0,
Mi(tt) = —isingo(t), Ma(t, —t) = 0. (1.16)

Similarly, ¥ can be expressed in terms of four functions {M,(t,s), L;(t,s)}3, —t < s < t,t > 0, satisfying
1 .
L) = 5o + M), Lat,—1) =0,
1
Mi(t,t) = ~1 sin ho(t), My(t, —t) = 0. (1.17)

Using the definitions (1.13) and letting T to vary, it can be shown that [9]

t .
At k) = 1 +/ ez (k+1/K)T <2L_2(t,t— 27) — % l:—MQ(t,t — 27) + tan (go2(t)) My (t,t — 2T)D dr,
0
iy k k 1 go(t)
B(t,k) = —/ ez (k+1/K)T <2iL1(t, o —t) — - {Ml(t, 27 —t) + tan (T) My (t, 21 — t)D dr.
0
(1.18)

Similar expressions are valid for A and B, with L;, M;, go replaced by L;, M, ho, respectively. Sub-
stituting the expressions for A, B, A, B in the global relation (1.9) and letting £ — 1/k in the resulting
equation, we obtain two relations coupling

gos ho, Lj, Mj, L, M;. (1.19)

It is remarkable that these two relations can be explicitly solved for g; and hy in terms of the quantities
appearing in (1.19).

Having solved the global relation it is now possible to formulate the final result in terms of the
functions @1, ®o, ¥y, ¥g, see equations (4.21) and (4.25).

2 A Riemann-Hilbert problem formulation under the assump-
tion of existence

Let 0 denote the Pauli matrices

/01 (0 —i /10
a1={10) 2=\i o) =\lo0 -1 )

The sG and the mKdV equations admit the Lax pair formulation (1.7), where f1, f2, Q, and Q are given
below.



osCG: fik)=2(k-1), folk) =21 (k+1),

_ sing _
Qz,t,k) = 4(% +qi)o1 — 4k ——02 + 1 (cosq — 1)os, (2.1a)
Qz,t, k) = Q(x,t, —k). (2.1b)
e mKdV I: fi(k) =k, fao(k) = 4Kk>,
_ (0 ¢
Qz,t, k) = (/\q 0) , (2.2a)
Q(z,t, k) = 4k*Q — 2ik(Q? + Q.)03 + 2Q° — Qun. (2.2b)
e mKdV II: fi(k) = =k, fo(k) = 4k3,
Qatk)= (2 ¢ (2.3a)
x? ? - )\q 0 ) N
Q(x,t, k) = —4k*Q — 2ik(Q* + Q)03 — 2Q° + Qua. (2.3b)
The Lax pair (1.7) can be written as
d (ei(fl(k)ﬂﬂJrfz(k)t)&?, u) —w, (2.4)
where W is the exact 1-form defined by
W (x,t, k) = e!frR)z+f2(k)1)5s (Q,udm + Qudt) (2.5)

Throughout this section we assume that there exists a sufficiently smooth solution ¢(z,t), 0 < z < L,
0 < t < T of the corresponding nonlinear equation.

2.1 Eigenfunctions
Define the matrix-valued functions p; by

(@t R
pizt k) =1+ / e Wt MNes Yy (y 7 k), j=1,2,3,4, (2.6)
(1_7' ’tj)
where (z1,t1) = (0,T), (z2,t2) = (0,0), (x3,t3) = (L,0), (x4, ts) = (L, T). If the paths of integration are
chosen to be parallel to the x and ¢ axes, then (2.6) yields the following equations:

x T
ul(x7t7k)=1+/ e‘”l(")(r‘ym(Qul)(y,t,k)dy—e‘”l(’“”[”/ e~ RT3 (Quuy )(0, 7, k) dr,
t

0
(2.7a)
t
(z,t, k) _]_|_/ 1f1(k)(w*y)63(Qu2)(y’tk)dy_|_e*if1(k)wffs/ efifz(k)(tff)&g(ng)(O’7.7 k)dr,
0 0
(2.7b)
L A , ot o
ps(x, t, k) / e~ i1 (k) (z—y)&3 (ng)(y,t,k)dy+e_1f1(k)(z_L)U3/ e i2(k)(t—7)63 (Qus)(L, 7, k)dr,
0
(2.7¢)
L ) ‘ T o
palot k) = T = [ D Q) .t by — 0D [ RO (G (L
t

(2.7d)
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Figure 2: The domains D;, j =1,...,4 for mKdV I, mKdV II, and SG equations

The domains where the exponentials appearing in (2.7) are bounded, are separated by the curves
{k € C| Im f1(k) - Im fo(k) = 0}. Define the domains D;, j = 1,2, 3,4, as follows:

Dy = {k| mfi(k) > 0N Tm fa(k) > O},
Dy = {k| Imfi(k) >0nNnIm fo(k) < 0},
Ds = {k| Imfi(k) <0NnIm fo(k) > 0},
D, = {k| Imfi(k) <0nIm fo(k) < 0}. (2.8)

Let the columns of a 2 x 2 matrix g be denoted as (£ u(?). Then the columns of p; are analytic
and bounded in the following domains in the complex k-plane (which are determined by the domains of
boundedness of the exponentials involved in the relative integral equations):

i s Dy,
w? s Dy,
w i Dy,
us? Y Dy

Thus, in each D; there exists a 2 x 2 matrix-valued eigenfunction, which is analytic and bounded.
For example, in D; the matrix is (uél)uf)), etc.

For particular values of x or ¢, the domains of boundedness of the eigenfunctions are larger than
indicated above. In particular, for ¢ = 0, the domain of boundedness of us are the following:

w8 (2,0, k), p$P(2,0,k) : {Im f1(k) > 0} = Dy U Dy,
182 (2,0, k), (,0,k) : {Im f1(k) < 0} = D3 U Dy.
For x = 0, the domain of boundedness of p; and ug are the following:
(0,8, k) and 57 (0,4, k) = {Im fa(k) < 0} = Do U Dy,
p7 (0,8, k) and p$Y(0,4,k) = {Im fa(k) > 0} = Dy U Ds.
For x = L, the domain of boundedness of u3 and 4 are the following:
ps? (Lot k) and p{ (Lot k) + {Im fo(k) < 0} = Dy U Dy,
pS (Lot k) and pf? (L,t,k) + {Im fo(k) > 0} = Dy U Ds.

2.2 Other properties of eigenfunctions

The matrices @ and Q have certain symmetry properties, which, in turn imply the following symmetries
for p:

(:u(matvk'))ll = (:u(xvta k))227 (:u(xvta k))12 = p(:u(xvta k))Ql (29)



and

w(x,t, —k) = p(x,t, k). (2.10)

In the domains where p is bounded,
1
w(z,t, k) =140 <E> ) |k| — oo. (2.11)
The fact that Q and Q are traceless together with (2.11) imply
det p(z,t, k) = 1. (2.12)

2.3 Spectral functions

Since the eigenfunctions p; are solutions of the system of differential equations (1.7), they are simply
related as follows:

ps(x,t, k) = po(x, t, k)e 1 (Rz+ 2008 g (1) (2.13a)
pi(z,t, k) = po(x, t, k)e” Rzt f2(R))es g 1y (2.13b)
pa(z,t, k) = ps(a, t, k)e 1R @=L+ 2005 6, (1), (2.13c¢)

Evaluating (2.13a) at x =t = 0, we find
s(k) = p3(0,0,k). (2.14)
Evaluating (2.13b) at z =t = 0, we find
S(k) = 11(0,0,k); (2.15)
evaluating (2.13b) at z =0, t = T, we find S(k) = (e!2M7% 115 (0, T, k))_l.
Evaluating (2.13c) at z = L, t = 0, we find
Sp(k) = pa(L,0,k); (2.16)
evaluating (2.13c) at « = L, t = T, we find Sy, (k) = (e¥/2(WT yg(L, T, k))il.
Equations (2.13a), (2.13b) imply
pa(z, t, k) = po(x, t, k)e 1R+ ()05 (1) if1 (k) Los g () (2.17)

The definitions of s(k), S(k), and Sr(k) imply the following results:

L
sy =T— / 19955 (112 (3, 0, k) d, (2.18)

where ps(x,0,k), 0 < z < L, is the solution of the integral equation

pa(, 0, k) = I — / " h - (Qu3) (0, k)dy. (2.19)
Similarly,
T —1
S(k) = <I+/O e 275 (Quy) (0, 7, k)dr ) : (2.20)
T —1
Sp(k) = <I+/O 2703 (Q o) (L, 7, k)dr ) , (2.21)



where p2(0,¢, k) and ps(L,t, k), 0 <t < T are the solutions of the integral equations

M2 (0, t, k)

t
I—|—/ e 2 (=539 11,)(0, 7, k)dr, (2.22)
0

H3 (L, t, k‘)

t
It [ e B0 Q) (L Ky (2.23)
0

respectively. Note that Q(z,0) is determined by ¢(z,0) (g(z,0) and g;(z,0) for the sG), Q(0,t,k) is
determined by {9Lq(0,)}0", and Q(L,t, k) is determined by {dLq(L,t)}n~".

The symmetry properties (1.12) of the spectral functions follow from the symmetry properties (2.9)
of the associated eigenfunctions.

Equations (2.18) - (2.23) and the determinant condition (2.12) imply the following properties of the
spectral functions:

a(k), b(k)

o For the mKdV I and II, a(k) and b(k) are entire functions; for the sG, a(k) and b(k) are analytic
in the punctured plane C\ {0}.

e a(k), b(k), a(k)e2iiWL p(k)e2if (KL are hounded in Dy U Dy (here D denotes the closure of a
domain D).

2if1 (k)L 2if1(k)L
ak) =1+ 0 (H€T> , b(k)=0 (HGT> k] = . (2.24)

e For the mKdV T and II, A(k) and B(k) are entire functions; for the sG, A(k) and B(k) are analytic
in the punctured plane C\ {0}.

e A(k) and B(k) are bounded in Dy U Ds.

1 2ifa2 (k)T 1 2if2(k)T
AK)=1+0 (HT) . B(k)=0 (“T) L k- oo (2.25)

Same as A(k), B(k).

We note that ¢(z,0) (¢(x,0) and g (x,0) for the sG equation) can be expressed in terms of {a(k),b(k)}
through the solution of a Riemann-Hilbert problem [6]. This problem is a singular RH problem: its
solution can have poles (at possible zeros of a and a), therefore, residue relations have to be added to its
formulations. Here we present an alternative construction of the RH problem, which is regular relative
to an augmented contour containing additional parts {k € C: |k| = R;} surrounding the poles of f1(k)
and fa(k) (see [13]). In such a formulation, we need not any hypothesis on zeros of a(k).
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Figure 3: The oriented contours X(*) for the mKdV I, mKdV II, and SG equations (jump across the thin
part of the contours is trivial)

Define the domain Dy as follows:

)k <R for MKdV I and II (2.26)
~le<|kl|<R forsG ’ '
where € and R are chosen such that all the zeros of a(k) from D; U Dy are in Dy.
Define a sectionally holomorphic, matrix-valued function M) (z, k):
(2)
x,0,k _
Mgl)(m,o,k) ILLQTi) k S (Dg UD4)\D0
a(k)
M® (2, k) = Wy 0 k ) (2.27)
<M M§2)(Z‘,O,l€)> k (S (Dl UDQ)\DO
a(k)
ug(x,O,k) k € Dy.

Similarly to ps(z,0,k), pe(x,0,k) in (2.27) is determined by (2.7b) for ¢ = 0. Then the limits
Mf)(a:,g) of M@ (x k) as k approaches the oriented contour ¥(*) in the complex k-plane from the
corresponding side (see Figure 3) are related by the jump matrix J*) (z, ¢):

M (2,¢0) = MP (2,0) I D (x,0),  ¢ex@, (2.28)
where
1 _bR) sigie
alk) 2 kel
@621f1(k)r 1—p @ !
a(k) a(k)
I kea{DlLJDQ}ﬁDO
T (2, k) = o . (2.29)
pb(k)e2i (k) 1 ke d{DsUDy\ Do} \ T
a(k)
a(k) —b(k)e 2h k) -
L kea{DluDQ\Do}\Fl
a(k)

with 'y = 8{D1 U D2} \ Do; here 9{D} denotes the boundary of a domain D.
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Figure 4: The oriented contours ¥ for the mKdV and sG equations (the jump across the thin part of the
contours is trivial)

Define a sectionally holomorphic, matrix-valued function M &0 (¢, k):

@)
<u§1)(0,t,k) %) k € (D2U Ds) \ Do

MEO (¢ k) = (1) (2.30)
’ H (Oatvk) N
<214T ‘ug2)(0,t,]€) ke (Dl UD3) \DO
M2(07t7 k) ke DO’

where Dy is of the form (2.26) containing all the zeros of A(k) in Dy U Ds. Similarly to u2(0,t, k),
111(0,4,k) in (2.30) is determined by (2.7a) for 2 = 0. Then the limits M{"%(¢,¢) of M@ (¢ k) as k
approaches the contour ¥ in the complex k-plane, see Figure 4, are related by the jump matrix J*9) (t,Q):

MEO(t,0) = MV (.0 O10), e, (231)
where
1 _L’f)ef%fg(k)t
A(k)
7 kels
pB(k) 2ifs(k)t 1
aw e AWA®D)
I kea{DlLJD;;}ﬁDO
J(t,O) (t, k) — A(k) _B(k)e—Qifg(k)t (232)
. kea{(DlLJD;;)\DQ}\fg
0 1)
A 0
_ kE@{(DQUD4)\D0}\f2
AB(k)ef2(t - L
A(k)

with FQ = 8{D1 U Dg} \ Do.

11



Similarly, define a sectionally holomorphic, matrix-valued function M ®5)(¢, k):

(2)
<M§1)(L,t,k) %) k € (D2 U Da) \ Do

M®D (¢ k) = (1) (2.33)
’ K3 (L, l k) (2) N
= ot Lit,k)| ke(DyuD3)\D
< A(k) /1’4 ( s Uy ) € ( 1 V) 3) \ 0
/1’3(L7t7 k) k EDO’

where Dg is of the form (2.26) containing all the zeros of A(k) in Dy U Ds. Similarly to ps(L,t, k),
p1a(L,t, k) in (2.33) is determined by (2.7d) for # = L. Then the limits M\"")(¢,¢) of M®D) (¢, k) as k
approaches the contour ¥ are related by the jump matrix J(t’L)(t7 Q):

MO ¢) = MEP (0D 0),  Ce, (2.34)
where J(L)(¢,¢) is constructed similarly to (2.32) with A(k), B(k) replaced by A(k), B(k).
2.4 Global relation
Evaluating equation (2.17) at x =0, t = T, and writing u2(0, T, k) in terms of S(k) we find
pa(0,T, k) = e~ 2010 571 ()5 (k)etT1 (B3 51 (k).

Multiplying this equation by exp{ifa2(k)Td3} and using the definition of u4(z, T, k) we find

L
—I+ ST (R)s(k) [P0 5 (k)| 4 (0T / RS (Quua) (y, T, k)dy = 0. (2.35)
0

The (12) element of (2.35) is (k € C)

2 (k)L <@A(1€) - A@B(m) B(k) — (a(k)B(k) - b(k)A(k)) A(k) = 22T (), (2.36)
where .
c(k) = c(k,T) = —/0 2B (Qua) 12y, T, k)dy = (pa)12(0, T, k) (2.37)

is of O ((1+ e*N ML) /k) as k — .
Equation (2.36) expresses, in the spectral terms, the relation between the initial and boundary values
of the solution of the given nonlinear equation.

2.5 The jump conditions for the eigenfunctions

Relating the vector solutions of (1.7) in the respective domains by using (2.13) and the definitions of the
spectral functions (2.14)—(2.16), we find

M_(z,t,k) = My (z,t,k)J(z,t,k), ke, (2.38)

12



where My (z,t, k) are the limit values (as k approaches ¥ from 1) of a sectionally holomorphic function
M (z,t, k) defined as follows:

(2)
(uél) Mi) R k € Dy \ DQ

(M7 (2)
(“4 a(k) L) ke D\ Do

di(k) Q(E)
M= (1) 2.39
(% M:@) ) k € Dy \ Dy (2:39)
o @
py pyalk) -
(5 “5): v
Ko, ke Dy
where
dk) = a(k)A(k) —pb(k)B(k), k€& DyU Dy,
di(k) = a(k)AL(k)+ pe® Ly B,(k), ke DyU Ds. (2.40)

The jump matrix J(z,t, k) has explicit (z,t) dependence:
J(x,t, k) = e ThRz=ifa()t)os g 1y (2.41)
where Jy(k) is constructed from the elements of the spectral functions:

e For k € X, Im f1(k) <0 we have

1 —pl(k) 1 0 -
(0 pl )<pr1<k) 1)’ k€ (D3N Da)\ Do
1 —Ti(k) 1 —(k) 10 o
<0 ! )(m(k) 1—P|7(k)|2)(pfl(k) 1)’ k€ (D D)\ Do
1 —pI'(k) 1—ply(k)[2 ~(k) 1 0 L
" (0 pl())< AL ><F(k) 1), k€ (Dsn Ds) \ Do
o (k) =
Aw  BR
( d% %) ) k € ODo N Ds
—pb a(k
(5 1)
FQI;' o ’ k€ 0DyN Dy
pLa2(k) s

(2.42)

e For k € ¥, Im f;(k) > 0 we have
-1 0\ 7 (-1 0
= (50 w3 )
e For k € X, k € Dy we have Jo(k) = I.
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Here

_bk) B
eQ'Lfl(k)La 1
i) = S BBy - Ty, (2.43)

and the parameters ¢ and R determining the domain Dy are chosen such that all zeros of a(k), d(k), and
dy (k) from Im fy(k) > 0 are in Dsy.
3 Existence under assumption that the global relation is valid

The analysis of section 2 motivates the following definitions and results.

Definition 1. Denote by Q@) (x,k) the matriz Q(x,0,k), in which q(x,0) (q(x,0) and g:(x,0) for the
sG) are replaced by qo(z) (qo(z) and q1(x), respectively).

Given a smooth function qo(x) ( two smooth functions, qo(x) and g1(x), for the sG), define the vector
o(x,k) = (p1,92)" as the unique solution of

1, + 2if1(k)pr = Qﬁ)wl + Qg)%,
02, = Q%01 + Qs O<a<L keC
p(L k) = (0,1)". (3.1)

Given o(x, k) define the functions a(k) and b(k) by
a(k) = p2(0,k), b(k) = ¢1(0,k), ke C. (3.2)
Then a(k) and b(k) have the properties (2.24). Definition 1 gives rise to the map
S {qo(x)} = {al(k), b(k)} (3-3)
({q0(2),q1(x)} — {a(k),b(k)} in the case of the sG). The inverse of this map,
Q: {a(k),b(k)} — {qo(x)}
({a(k),b(k)} — {qo(x),q1(z)} in the case of the sG) can be defined as follows:

. — 9T (z) .
mKdV I: qo(x) =2i kh_}ngo (kM (z, k)) b (3.4a)
mKdV II:  go(z) = —2i lim (kM(””)(x,k))lz; (3.4D)

- (@) Y (@)
sG: cosqo(r) =142 khjgo {(kM (x, k)) b + 210, (kM (x, k)) 22} ,

o) = 390 ) _ 2 tim (kM<w>(x,k))12, (3.4c)

B dx k—oo
where M ®)(z, k) is the solution of the following RH problem:

o M®)(z,k) is a sectionally holomorphic function relative to the contour %(%).

e the limits Mf)(x,g“) of M@ (z,k) as k approaches X(®) are related by (2.28), where the jump
matrix J®) (z,¢) is constructed from a(k) and b(k) following (2.29).

1
OM(z)(x,k)zl—i—O(E), k — oo.
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Definition 2. Denote by Q0 (t,k) the matriz Q(0,t, k), in which 94¢L(0,t) are replaced by gi(t), 0 <
[ <n-—1.

Given smooth functions gi(t), 0 < | < n — 1, define the vector ®(t,k) = (®1,P2)T as the unique
solution of

t

Oy + 2ifo(k)Py = le’o)(I’l + Qgtz’o)qb,
oy = Q51" 1 + QY @, 0<t<T keC
#(0.8) = (O.1)" 3.5)

Given ®(t, k) define the functions A(k) and B(k) by
A(k) = (T, k), B(k) = —®(T, k)e*>WT L ecC. (3.6)
Then A(k) and B(k) have the properties (2.25). Definition 2 gives rise to the map
SO {gi(t),0 <1< n—1} — {A(k), B(k)}. (3.7)

The inverse of this map,

QO : {A(k), B(k)} — {gi(t),0<1<n—1}

can be defined as follows:
. — 9 1 (£,0)
mKdV 1: go(t) =2i lim k (M (t, k))lz,

g1(t) = lim {4k2(M(t’0) (t, k)12 + 2igo(t)k(MEO) (t,k))QQ},

k—oo

92(0) = lim { pgi(t) — 8ik3 (OO (1, K))ra + dgo()R2 (MO (1, K)o
+2ig1 () k(M ®O (2, k))zg} : (3.8a)

. — 95 T; (t70)
mKdV I1:  go(t) 2zk1520k(M (t,k))lz,

g1 (t) = lim {4k2(M(t’O) (t, k‘))lg — 2igo(t)k(M(t’O) (t, k‘))gg} s

k—o0

g2(t) = lim {pgd(t) + 8ik? (M0 (t, k)12 + dgo () (M ) (8, k)22
—2ig () k(MO (¢, k))zg} : (3.8)

d
 eomon(fy =12 1 0 (s 2. 4 9% 1 (£,0)
sG: cosgo(t)=1-2 klgr;o {(kM (t,k))io + 21 p khm (kM (t, k))22} )

d
— i (£,0)
g1(t) m go(t) — 2 khm (kM (t, k)) Lo (3.8¢)

where M9 (¢, k) is the solution of the following RH problem:

o M®0)(t k) is a sectionally holomorphic function relative to the contour X.

e the limits Mit’o) (t,¢) of M®O) (¢, k) as k approaches ¥ from Q4 are related by (2.31), where the
jump matrix J*0) (¢, ¢) is constructed from A(k) and B(k) following (2.32).

1
o MO (t k)y=T+0 <E> , k — oo.

Definition 3. Denote by Q1) (t, k) the matriz Q(L,t,k), in which 8¢\ (L,t) are replaced by hy(t),
0<i<n-—1.

Given smooth functions hy(t), 0 <1 < n—1, define the vector V(t, k) = (¥, ¥5)T by equations similar
to (3.5) with Q0 replaced by QL.

Given ¥(t, k) define the functions A(k) and B(k) by

A(k) = Uy(T, k), B(k) = —U(T, k)e* /2T kecC. (3.9)
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The maps
o S {h(t),0 <1 <n—1}— {A(k),B(k)} (3.10)

and

QW) s {A(k), B(k)} = {hi(t),0 <1 <n—1}

are defined exactly as above, the notations M®2) (¢, k) and J*)(t, () being used instead of M0 (¢, k)
and J40) (¢, ¢), respectively.

Definition 4. Given the smooth function qo(x) (qo(z) and g1 (x) for the sG equation) define a(k), b(k)
according to definition 1. Suppose that there exist smooth functions {gi(t)}s ™" and {hi(t)}§ ™" such that:

o The associated A(k), B(k), A(k), B(k), defined according to definitions 2 and 3, satisfy the relation

e2ifi (L <m,4(k) — Ab(k)B(k))B(k) — (a(k)B(k) — b(k)A(k)) A(k) = 2 20T (k) (3.11)

where c(k) = c(k,T) is an entire function, which is O ((1 + eQifl(k)L)/k) as k — oo.
d'qo d'qo
a(0)= S20), mO)=2w), o<isn
o for the sG: q1(0) = g4(0), q1(L) = hy(0)

Then we call the functions {gi(t)}a~", {h(t)}o~" an admissible set of functions with respect to qo(x)
(qo(x) and q1(x) for the sG equation).

The main result on the inverse spectral problem is the following:

Theorem 1. Let go(x) be a smooth function (for the sG, let g¢;j(z), 7 = 0,1, be smooth functions).
Suppose that the set of functions {gi(t)}g ™", {hi(t)}o~" is admissible with respect to qo(x) (qo(x) and

0 (x)).

Define M (z,t,k) as the solution of the following 2 x 2 matriz RH problem:
o M is sectionally holomorphic in k € C\ X.

o For k € X, M satisfies the jump conditions (2.38), where the jump matriz J is defined in terms of
the spectral functions a,b, A, B, A and B by equations (2.41) - (2.43).

e Ask — o,
1
Mz, t,k)=I+0 (E) . (3.12)
Then:
1. M(z,t,k) exists and is unique;

2. The function q(x,t) defined in terms of M (x,t,k) by

q(z,t) =2i klim k(M(x,t, k)5, (3.13a)
q(z,t) = —2i klim k(M(x,t,k))q, (3.13b)
cosq(x,t) =1+ 2 lim {k(M(2,t,k)]5 + 2i0:k(M (2, t,k))22 } (3.13¢)

satisfies the MKdV I, the MKdV II, and the sG, respectively;

3. The function q(x,t) satisfies the initial and boundary conditions

q(x,0) = qo(z) (and g (z,0) = qi(x) for the SG),
{0Lq(0,t) = a()}p ", {0La(L,t) = hy(t)}g ", (3.14)
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Proof. The proof follows the same lines as in the case of nonlinear integrable equations on the half-line
see [6]; for the more detailed presentation, see [5] for the case of the NLS equation. The main steps of
the proof include the following.

1. The RH problem in question is regular; its unique solvability is a consequence of a ”vanishing lemma”
for the associated RH problem with the vanishing condition at infinity M = O(1/k), k — oo (see [14]).

2. The proof that the constructed g(x,t) solves the mKdV equation is straightforward and follows the
proof (the so-called dressing method) in the case of a whole line problem, see [15].

3. The proof that ¢ satisfies the initial condition ¢(z,0) = go(x) follows from the fact that it is possible
to map the RH problem for M (z,0, k) to that for M*)(x, k) such that
M@ (z,k) = M(z,0,k) P (z, k) (3.15)

where P®)(z, k) is piecewise holomorphic relative to ¥ and P(®)(2,k) =1+ O (1) as k — oo.
From (2.27) and (2.39) it follows that

_ 1\ o—2if1(k)x _
((1) pF(k)el 1 ) k€ D3\ Dy

PO (z, k) = (3.16)

0

0 _
prlfg 2if1 (k) 1)’ k€ Da\ Do
21f1 (k)x 1 >7 k€D2\DO

(
g
(

kGDl\DO

T, (k)e=2h (ke )

O =

Now (2.24) and (2.25) imply that T(k) is O (1) in D3 and Ty (k)e21 (0 = O (1) e=2i0)(L=2) i D,
respectively. Similarly, I'(k) is O (%) in Dy and 'y (k)e= 21 (M2 = O (k) 2efi(R)(L=2) in D), respectively.
Therefore, P (z,k) = I + P(ij} (z, k), where Péjf}(x, k) is off- diagonal and exponentially decaying as
k — oo for Im k # 0. Finally, the asymptotics (3.4) and (3.13) for ¢t = 0 yield go(z) = ¢(z,0).

4. The proof that ¢ satisfies the boundary conditions {0Lq(0,t) = g;(t)}5~" and {9Lq(L,t) = hy(t)}5 "
is, in turn, based on the maps M (0,t,k) — M® (¢, k) and M(L,t, k) — M1( )(t, k):

MOt k) = M(©O,t,k)PO(t, k), M (t,k) = M(L,t,k) P (L, k). (3.17)
In this case, the fact that P() and Pl(t) in the corresponding domains are I 4+ O (%), is a consequence

of the global relation. Consider, for instance, the domain Im f;(k) < 0 (considerations in the domain
Im fi(k) > 0 are similar). We have

L 0
d(k)
_ R ke D3 \ DO
_ p%e%b(k)t @
POt k) = e (3.18)
ah 0
a(k) _
_ R k€ Dy \ Dy
(GRYB)a(k) sy (k)
dy (k) A(k)
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where (GR)(k) is the Lh.s. of the global relation (1.9). Therefore, it is the global relation (1.9) for k € D,
that gives (GR)(k)e*2(MT = O (}) for k € Dy (Dy is symmetric to D; under complex conjugation) and,
consequently, Pg(? (t,k)=0 (3) for k € Dyand t <T.

The transformation matrix Pl(t) (t,k) is written as

1 (GR)(k) o201 (R) L+ fa(R)E)

Ar(k)  d(k) . keDs\ Dy
0 Ax(k)
PO (tk) = dy (k) b(k) o~ 2i(F1 (W) L+ fa (K)t) 19
a(k) a(k)A;(k) ke Dy\ D
. , € Dy 0
0 a(k)
dy (k)

Now (1.9) in D3 gives

. 1
GR)(k)e 2 BL+LKT) — o ( 2 ) |
(GR)(k)e .
hence, (Pl(t))lg(t, k) = O(4) for t < T and k € Ds. The boundedness of (Pl(t))lg in Dy follows from
(2.24).

Finally, we obtain that P(®*)(¢,k) is bounded and piecewise analytic and P®(t, k) = Pagzg

(t, k) +

Po(?f (t, k), where PCEZ 4(t, k) is a diagonal matrix and Po(?f (t, k) is off-diagonal and exponentially decaying
as k — oo, and Py} =1+ 0 (L). Similarly, P{"(t,k) = (P{”)aiag(t, k) + (P{"))osf(t, k) with the same

properties. Now recall that in the dressing method, one obtains expressions for d.q(z,t) in terms of
M (x,t,k). Since these expressions evaluated at z = 0 are Egs. (3.8) with M® replaced by M(0,t, k)
(similarly for x = L and M(L,t,k)), the maps (3.17) provide the boundary conditions at z = 0 and
x = L. Alternatively, one can use the fact that the multiplication by a diagonal matrix does not affect
the r.h.s. of (3.8).

4 Analysis of the global relation
The analysis of the global relation consists in the following. First, we consider (2.36) as a family of
relations parametrized by ¢t € (0,T), with A = A(t, k), B = B(t,k), A = A(t,k), B = B(t,k), and

¢ = ¢(t, k). Then, we substitute the spectral functions A(¢, k), B(t, k), A(t, k), B(t, k) in (2.36) by their
integral representations in the form

A(t, k)

t— .
14 2/ Fy(t,t — 27, k)ezle(k)TdT,
0
t .
B(t,k) = —2/ Fi(t, 21 — t,k)e® 207 gr (4.1)
0

(with similar expressions for A(t, k) and B(t,k)), where F(t,s,k) and Fy(t,s,k) are polynomials (in
the case of the mKdV equations) or rational functions (in the case of the sG) in k with coefficients
satisfying a linear system of differential equations determined by the boundary values {g;(t) 3—1 and
{h(t)}5~". Further, we use certain symmetries of A(t,k), B(t, k), A(t,k), B(t,k) and integrate the
resulting expressions (multiplied by appropriate exponentials) over the boundary of some domain in the
k-plane. Finally, assuming that a set of boundary values corresponding to some well-posed problem is
given, we resolve the obtained system of equations in terms of the unknown boundary values.

sG:
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Lemma 1. The spectral functions A(t, k), B(t, k), A(t, k), B(t, k) have the following integral represen-
tations

At ) :1+2£EEI?EEJW®Wn
B(t,k) = —Z/OtFl(t,Zr—t,k)eé(kJ”lv)TdT,
At k) = 1+2/Otme%<k+%>fd7,
Bitk) = —2 /Otfl(t,zf—t,k)eé<k+i>fdf. (4.2)

Here Fy and Fy are polynomials in 1/k of degree 1:

Fi(t, s, k) = %Ffl)(t,s)—i—Ffo)(t,s)
- _% M 5) +tangoT(t)M2(t, s)] +iLa(t, ),
Bo(t,s.k) — %Fg(l)(t,s)—i—FQ(O)(t,s)
- _2ik _—Mg(t,s)—i—tangoT(t)Ml(t,s)} + Lot s), (4.3)

where L;j(t,s) and M;(t,s), j = 1,2 solve the Goursat problem for a certain system of linear differential
equations in the domain 0 < t < T, —t < s < t with coefficients determined by go(t) and g1(t) and with
the boundary conditions

L) = —5Go®+ @), Lalt,—1) =0,
Mi(t,t) = —isingo(t), Ma(t, —t) = 0. (4.4)

Analogously, the functions Fi1 and Fa are expressed in terms of L; and M satisfying the similar
; ; 1 1. :
system of equations, with {gi(t)}¢ replaced by {hi(t)}y; particularly,

Litt) = —3(o®+ai(),  Lalt—1) =0,
Mq(t,t) = —i sin go(t), Ms(t,—t) = 0. (4.5)

The proof of the lemma is based on the Gelfand-Levitan-Marchenko representation for the solution
of the t-equation in the Lax pair (1.7) with the initial condition p(0, k) = I:

t

u(t,k):I—i—/

1 i
<L(t7 5) + _M(t, 5)) eZ(kJF%)(t*S)U?,dS’
—t

k

the distinctive feature of which is the explicit k-dependence. The functions L; and M; are simply ex-
pressed in terms of the matrix entries of L and M. For the NLS equation, the corresponding representation
is presented in details in [8]. For the sG equation, the details are given in [9].

To avoid routine technical complications, we will continue the analysis of the global relation in the
case a(k) = 1, b(k) = 0 corresponding to the zero initial conditions g(x,0) = ¢;(x,0) = 0. In this case,
the global relation (2.36) takes the form

ez =L AL K)B(t, k) — B(t, k) A(t, k) = e2*T8)e(t, k). (4.6)
From (2.37) and (2.7d) it follows that

c(t,k):O(%) as k — oo, ke Dy={k:Imk>0,|kl > 1} (4.7
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and e~ 2*=)L(¢, k) is bounded in D3 = {k: Imk < 0, |k| < 1}.

In the case of the sG equation, the given (linearly well-posed) boundary conditions are go(t) and ho(t),
and we are looking for expressions for g1 (t) and hq(¢).

Substitute (4.2) into (4.6) and rewrite the resulting equation in the form:

/ FOt,2r = )er B+ 07ar 4 / POt 27 —t)erF+0)7dr =

Gtk + —edttbic ), (4.8)

l\JI»—A

where

Gt.k) = etk < / F (21 — t)er D7 ar

—|—2/ Fy(t,t — 27, E (kg TdT/ Fi(t,t — 27, k)e 2 (k ‘)TdT)

1 i
k Jo
) / Falt,t — 27, F)es D7y / Fi(t,t — 27, k)e )7 dr. (4.9)
0

We consider (4.8) in the domain Dy = {k: Imk > 0, |k| > 1} where all the terms of (4.8) are bounded.
In order to obtain another equation with terms bounded in Dy, we replace k by 1/k in (4.8) and multiply
by e%(k*%)L; the resulting equation is

t » ,
_/ fl(O)(t727——t)e%(k+%)TdT + e2(k——)L/ Fl(o)(b‘,27'—t) Sy
0 0

i 1 ]. i i 1
ej(ki%)LG(t, E) + 2 §(k+ ) E(kfli)Lc(t7 E) (410)

Equations (4.8) and (4.10) can be written in the vector form:

ER)U(t,k) = H(t, k) + %e%“%ﬁﬂc(a k), ke D, (4.11)
where koL
—e2\ Tk 1
e = ("0 L)

t . | ;
N </ }—:EO) (t,27 —t)e 20Ty / F;L(O) (t, 21 — t)eé(kJri)TdT) ,
0 0

H(t k) = ( N k_Gl()tLg)(t 1)) Ho(t, k) = (e <kf§§z’?@, %)> .

Since det £(k) = 1 — e/*~ %)L £-1(k) is bounded in the domain Dgo) C Dq, the boundary of which is
the boundary of D; deformed toward the interior of Dy such that it passes above the zeros of det E(k):

k=Itt /T2 + 1, nel
1

Multiplying (4.11) by £~1(k) (1 — ﬁ) ezt 0 < ¢/ < t, and integrating over the contour 6D§0),
we obtain the following equation:

1 i 1\
— —5(ktp)t -
AD§0> Ul(t, k) <1 k2> e 2 kY dk

1 1 i % 1 ’
/ EY(E) <1 - —2> (H(t, k)4 =z R (¢, k)) 3 (k08 gk, (4.12)
oD k 2°¢

Wl
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Using the identity

1\ [* : .
/ 1—— / 04(7')65(1”%)(77’5 Ddtdk = Ama(t'), 0<t <t
oD k) Jo
1

valid for any smooth function a(7), 7 € [0,¢] (which follows from the usual Fourier transform identity),
the left-hand side of (4.12) becomes

T
Ar (J—'l(o) 2t —t) FO@ 2 — t)) .

Since ¢(t, k) = O(1/k) as k — oo in Dy, the terms in the right-hand side of (4.12) involving c(¢, k), vanish
(by Jordan’s Lemma). The integration by parts shows that G(t,k) = O(1/k) on aD§0>, so that the
integrals involving G(t, k) exist in the L? sense. On the other hand, the functions c(t,1/k) and G(t,1/k)
do not vanish as k — oo. The following lemma describes the behavior of ¢(t, k) and G(t, k) as k — 0 for
Im k < 0, which in turn gives the behavior of ¢(¢,1/k) and G(t,1/k) as k — oo in D;.

Lemma 2. The following asymptotics hold as k — 0 in Imk < 0:
(i) e 3-DIG(t k) = et (—a(t) + e#ﬁ(t)) +0(k)

(ii) le2=Dle(t k) = a(t) — e B(t) + O(k),

where
alt) = % h02(t) cos 902@) ,
gt) = % sin gOT(t) cos hOT(t).

Proof. (i) By the definition, G(t, k) = 1 (B(t, k)A(L k) — e =B AL KB, k)) +O(k), k — 0. From
(2.15) and (2.16) it follows that A, B and A, B can be expressed via the second columns of 11(0, 0, k) and
14(0,0, k), respectively:

() =uoom,  (550) = w0.0m,

In order to study the small k behavior of uf)((), 0, k) we notice that Q in (2.1b) can be written as

Qs k) = = (@ (,1) + (e, )y + (05 — A~ (2, s, ),

where

_ (l4cosq(z,t) ising(z,t)
Alw,t) = < ising(z,t) 1+cosq(z,t))’

This suggests to represent 11(0,¢,k), 0 <t < T in the form
(0, k) = A7H0, (8 K)e ™ HEFRIT DA, T)er (e #oalt=D),

where v (t, k) satisfies a differential t-equation similar to that for ui(0,¢,k), see (1.7), but with the
right-hand side which is non-singular at k = 0:

% + %(k + %)[731/1 = Q(t, k) (4.13)
where
R ik [— i / .
Qe == (7 foanl®) 7m0 O)) B o)1 - §an6) - )
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and v1 (T, k) = I. Now the small k& behavior of v (¢, k) can be easily obtained from the analysis of the
corresponding Volterra integral equations satisfied by the columns of v (¢, k). More precisely, since

pi2(0,8,k) = A7 (0,8) (v 8, e 3D L2 (1, k) ) A (0, T), (4.14)

we need the Volterra integral equations for ; M (1) e~z E=T) and vy, From (4.13) we deduce the
integral equations

—i(k+L)(t-T) T/ ikt t)(t—7) o
(1, k) = <€ . )- / (6 ; ?) O, k)" (7, k)dr
t

T (o= 3 (ti)(t-7) .
k)= (Y- [ (¢ O o, k' (r, K)ar,
1)~ ), 0 1 !

from which we conclude that

and

cosgo—(t)
N(l) (t k) = (cos@) efé(kJr%)(t*T) + O(k)7
0
5 0
VAt k) = cos 20 +O(k) (4.15)
cos 7’702

ask — 0, Imk <0.
Finally, combining (4.14) and (4.15) evaluated at ¢t = 0, we obtain

<B(T7 k)) _ <Z sin gO(T) COSs g02(0) e2k —isin g02(0) cos &

(@)
2 | +0(k), k—0, Tmk<0.
A(T, k) sin 210 gin 82T o 2L0) ¢ L) ) (k) -

5 COS =

Particularly, in the case of go(0) = 0, we have (replacing T by t)

B(t, k) = isin 902(t) exp { 5% } +O0(k), A(t k) =cos gOT(t) + O(k).
Similarly,

B(t, k) = isinhOT(t) exp {;—kt} + O(k), At k) = cos hOT(t) + O(k),

and statement (i) of the lemma follows.

(i) Since ¢(T,k) = (pa)12(0,T, k), we need to study the small k behavior of u4(0,T, k). The analysis
follows the same lines as in the proof of (i). Namely, we notice that @ in (2.1a) can be written as

Q(x,t, k) = _%(qw(xﬂt) + qt(xvt))al - 4ik(03 - A_l(x,t)agA(x,t)),

which suggests to represent u4(z, T, k), 0 < x < L in the form
pa(z, T, k) = A (2, T)va(z, k)e~ i #)os@=LI N (L T (k= 7)os(@—L) (4.16)

where v4(x, k) satisfies the z-differential equation

dv i 1., -
d_; + Z(k - E>U3V4 = Q(z, k)va (4.17)
with
y _ ik (=14cosq(x,T) —ising(z,T)\ ¢u(z,T) . 4 _
Q) =4 (a1 ) ~ EG T S DI+ e T) — e T
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From (4.16) we have
pP (@, T, k)e 2 *= )2 = A= TYWY (2, k) i) (a, k)e 3= R) L= AR)(L T). (4.18)

Equation (4. 17) together with the initial condition v4(L, k) = I leads to the Volterra integral equations
(1) (2) . (2) e—ik—1)(L—2).

for vy and 7,
1 L 0 .
A= (5) = [ (o ot b ) Qi iy

2 0 L 0 . (2
o (2, k) = (e_%w_%)@_r)) - / (0 e—gu«—%)(y—z)) Qz, )75 (y, k)dy,

from which we conclude that

cos 2&T)
vl k) = <W>+O<k>
0

77 (z, k)

0
<cosq<gT>>e5<k #E=2) L O(k) (4.19)

a(L.T)
COS I

as k — 0, Imk < 0. Substituting this into (4.18) and evaluating at z = 0 gives

i T LT T LT ;
(114)12(0, T, k)e 2 *= 9L = j cos q(02, ) sin al 2’ ) _ isin q(02, ) cos al 2’ ) exp { 2Zk } + O(k).

Taking into account that ¢(0,7) = go(T') and ¢(L,T) = ho(T) and replacing T by ¢ we obtain statement
(ii). Lemma is proved.

Rewrite the right-hand side of (4.12) as

1 1 i 1 ’
/ E(k) (1 - ﬁ> H(t, ke =) g + / E71(K) (1 - ﬁ) St K)ezRHR) = qr  (4.20)
oD{" oD

where

and
c(t, k)

1
H,(t, k) = 27\ "
0= (gesobire - o0 + 4200
Then Jordan’s Lemma together with Lemma 2 implies that the second integral in (4.20) vanishes. Hence,
we arrive at the following equation

FOw2r 1)) 1 . 1 "
<F]< )(t ot — )) - E /aDgo) & (k) (1 - p) (t k) L(k++ dk.

Evaluating this at ' = ¢ and using (4.4) and (4.5) in the left-hand side, we find the following equations
for g1(t) and hq(t):

a®) = -w0+2 [ ﬁ(l—%) {e“”)Le%(“i”(Ga B) -Gt 7)
—e
oD
—% sin —h02(t) cos —902@) + % sin _g02(t) Cos —h02(t) eggL} ;
22 1 1 i (kLY i(k— L)L
hi(t) = —ho(t)+ T mc \1 ") ¢ " G(t, k) — G(t, k)
6D§°>
st=nyp (E . ho() - go(t) i . go(t)  ho(t) iy
ek (251n 5 €08 —|—251n 5 cos— et . (4.21)
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The functions G(¢, k) and G(

t, <) involved in (4.21) can be expressed in terms of ®(¢, k) and ¥(¢, k),
see Definitions 2 and 3. Indeed, (3.

Bl

6) and (3.9) together with (4.2) give
¢ i 1 1 i 1
/ Fi(t, 21 — t, k)e2 "t 8)7dr = 5‘1’1@, k)ez b+t
0
t
/ Fit, 21 —t, k)esFHR)Tdr = S0t k)es (kR (4.22)
0
. i 1 1 =
/ Fy(t,t — 27, k)e2 T 0)7dr = 5(®2(t, k) — 1),
0
t
- 1 -
/ ottt —2r et b Hmdr = LW h) - 1), (4.23)
0

Since the exponentials in (4.22) depend on k only through k + 1/k, supplementing (4.22) with the two
equations obtained from (4.22) by replacing k with 1/k and taking into account (4.3) we find the following
expressions

11
21— k2
1 1
21— k2

I ; i 1
E/ F1(1)(t,27 —t, k)i R)Tgr = e3(k+i)t (@1(75, k) — @1(t, E)) ;
0

1/t i i 1
E/ FO (¢ 2r — t, k)er "t D)7dr = e (bt i)t (@1(t,k)—\111(t,E)>. (4.24)
0

Substituting (4.22)-(4.24) into (4.9) we obtain the following expression for G:

Glik) = gebtrdr {e;‘wm [1 L (W4 )~ Wa(t, 1) + (B0 F) 1)\111(75,1@]
1 1 _
k) = (e ) — (Tl ) — D)} (1.25)

Using (4.25) in (4.21) we obtain the equations for g; and hy in terms of ® and ¥. These equations,
together with (3.5) and the similar equation for ¥(¢, k) constitute a system of four nonlinear ODEs for
®, &y, Uy, and ¥y, which in turn is equivalent to four nonlinear integral equations of the Volterra type.

mKdV I:

Lemma 3. The spectral functions A(t, k), B(t, k), A(t, k), B(t,k) have the following integral represen-
tations

AR = ez | B2,
Bt,k) = —2/0tF1(t,2T—t,k)egik3fd7,
At k) = 1+2/Otmem37d7,
Btk) = -2 /Otfl(t,zr—t,k)ewfdr. (4.26)
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Here Fy and Fy are polynomials in k of degree 2:

Fits,k) = KFPs)+ikFD,s)+ FOt,s)
1
= E2Ni(t,s) +ik(M;(t,s) — 5go(t)J\fg(t, 5))
1 1
+L1(t,s) + §go(t)M2(t7 s5)) + Zgl(t)N2(ta 5),
Byt s, k) = KFP(s)+ikFEV(,s) + FOt, s)

k*No(t, s) +ik(Ma(t,s) + %go(t)Nl (t,s))
+Lo(t,s) + ggo(t)Ml (t,s)) + %gl (t)N1(t, s), (4.27)

where L;(t,s), M;(t,s), and N;(t,s), j = 1,2 solve the Goursat problem for a system of linear differential
equations with coefficients determined by {gi(t)}3 and with the boundary conditions

Lo(t, —t) = Ma(t, —t) = Na(t, —t) = 0,

Litt) = M) — 5oa(0)
Miltt) = g0),
Ni(t,t) = 2go(t). (4.28)

Analogously, the functions Fi and Fy are expressed in terms of Lj, M, and N; satisfying the similar
system of equations, with {g;(t)}2 replaced by {hi(t)}3.

Similarly to the sG equation, the proof of the lemma is based on the Gelfand-Levitan-Marchenko
representation for the solution of the t-equation in the Lax pair (1.7) with the initial condition p(0,k) = I
(z is fixed):

t
u(t, k) =1+ / (L(t,s) +ikM(t,s) + K*N(t,s)) Ak (t=5)0s g g
—t
The functions L;, M;, and IN; are simply expressed in terms of the matrix entries of L, M, and N. The
details can be found in [9].

As in the case of the sG equation, we will continue the analysis of the global relation in the case
a(k) =1, b(k) = 0 corresponding to the zero initial conditions ¢(x,0) = 0. In this case, it follows from
(2.36) that

e2FL A(t, k)B(t, k) — B(t, k)A(t, k) = egik?’tc(t’ k), k € D; U Ds, (4.29)
where
) 1
L) = O (E) . keDy={k:Imk<0,Imk® > 0}. (4.30)

In the case of the mKdV I equation, the given (linearly well-posed) boundary conditions are go(t),
ho(t), and hq(t), and we are looking for expressions for g1 (t), g2(t), and ha(t).
Substitute (4.26) into (4.29) and rewrite the resulting equation in the form:

t t
— kL / .7-'1(0) (t,2T7 — t)egikSTdT + / Fl(o) (t, 21 — t)egikSTdT
0

0
t
+ik / FY(t, 21 — )e¥% Tdr = Gy (t, k) + Ga(t, k) + 5% Te(t, k), (4.31)
0
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where

t t
Gi(t,k) = ekl <Zk/ fl(l)(t, 2T—t)€8ik37—d7'+]€2/ .7-'1(2)(t, 2T—t)68ik37—d7'>
0 0
t
—k2/ Fl(z) (t,2T — t)eSiksTdT, (4.32)
0
. s t -
Ga(t,k) = 2e7*° / By(t,t — 27, k)e¥* Tdr / Fu(t, 21 —t, k)e¥™ Tdr
0 0
t_ . + .
—2/ Folt,t — 27, k)ed* 7'd7'/ Fi(t,27 —t,k)e¥* dr. (4.33)
0 0

Let D = {k:0 < argk < m/3}. Considering (4.31) in D as well as replacing k by Ek and by E*k in
(4.31), where E = e%, we obtain three equations, which are valid for £ € D. These equations can be
written in the vector form as follows:

ER)U(t, k) = Hy(t, k) + Ha(t, k) + ¥ L H (t,k), ke D, (4.34)
where
_eZikL 1 1
(‘:(k‘) _ _eZiEkL 1 E
1 ef2iE2kL E2ef2iE2kL
Ut k) =

t t t T
< / FO(t, 21 — 1)e¥* T dr, / FO(t,2r — )8 7dr, ik / Ff1>(t,27—t)e8ik3fd7> :
0 0 0

L2 T
Hy(t k) = (Gt k), Gyt BR), e F Gy, B2R)) -, j = 1,2,

H.(t, k) (c(t, k), c(t, Ek), e 2 E kL o(¢, EQk)) !
Notice that det £(k) — 1 — E #0 as |k| — oo, k € D.

Multiply (4.34) by diag{k?, k2, —ik}E~(k)e 8*""' 0 < ' < t, and integrate over the contour 9D,
which is the boundary of D deformed (in its finite part) to pass above the zeros of det £(k). Then (4.30)
implies that the term containing H. vanishes.

In order to evaluate the other terms we will use the following identities (see, e.g., [8]):

t

;2 / o) O drdk = Ta(t), (4.35)
oD(0) 0
t L , t’ s , 1
/ km/ a(r)e¥F T drdl = / E™ (/ o) T gr — ma(t’)) dk, (4.36)
oD 0 oD 0 '

where m = 3,4 and «(7) is a smooth function for 0 < 7 < t. Then the integration by part together with
Jordan’s lemma show that one can pass to the limit as ¢ — ¢ in the right-hand side of (4.36).
Applying (4.36) to the integral term containing H; one obtains

/ diag{k?, k2, —ik}E L (k) Hy(t, k)e 8*"Y dk =

D)
2 0 0 Gu(t,t', k)
0 k2 0 |& k) Gi(t,t', Ek) dk, (4.37)
9D () 0 0 —ik 6_2iE2kLé1 (t,t/,Esz)
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where

Gi(t,t k) = kL {zk/ FO (27 — )8 gr — e .7-'(1)( t,2t —t)
+ k2/ FA(t,2r — )8 T ar - T k]—'(z)(t,%'—t)}
g2 / FO (1,27 — )8 gr 4 g kFF)( o — t). (4.38)
0

Applying (4.35) to the integral in the left-hand side of (4.34) we arrive at the equation

FOt 2t —t) 19 2 0 0 Gh(t,t' k)

FOwar -t | = = 0 k2 0 |& k) Gi(t, ¢, Bk) dk
1\

Fl(l) (t, o — t) 2D 0 0 —ik e—2E kLGl(f, t/, E2k)

0D(0) (

0 G2(t7 k) sl

k> o E k) Go(t, Ek) e SR dk;
0 —ik e~ 2EKLG, (¢, E2k)

Evaluating this equation at ¢’ = ¢ and using (4.27) and (4.28) we find the following equations for ha(t),

g1(t), and g2(t):

(4.39)

1 12 Gt k)
a(t) = 59 go(t)Na2(t,1) — - k[ETH(K)], G1(t, Ek) dk
)

2 ~
DO e~ 2k kLle(t’EQk

. GQ(tvk)
L2 / k[s—l(k)}g( GQ(f,Ek)EZk)) e Sk g,

™ —2iE?kL
oD e Ga(t,

1 o4 Gt k)
0(t) = 22g3(t) + go(t)Ma(t, 1) + Sg1()Na(t, 1) — — / K (€71 (R)], Gi(t, Ek) dk
oD e~ 2B kLGl(t,Egk)
24 Ga(t, k) »
-= / K [E71 k)], ( Ga(t, Ek) ) e SRt L,
™ or® e—QiEszGQ(t’ EQk)
1 94 Gt k)
ha(t) = 2Xh3(t) + ho(t)Ma(t,t) + 5hl( YN (t,t) — — / K [£71(k)], Gi(t, Bk) dk
oD© e-m’E?kLGl (t, EQk)
24 Ga(t, ) 48
_ / k€N (R)], ( Gs(t, Ek) ) e SRt AL, (4.40)
™ oo e—QiEszGQ(t’ EQk)

where [5’1(k)}j, j =1,2,3, denotes the j*" row of £~!(k) and

t
Gi(t,k) = €%kt {m/ (Ml(t,27—t)—%ho(t)./\/'g(t,27—t)> ik (7~ t>d7—$h1()
0

1 o [* 8ik® (r—t)
+Who(t)N2(t,t)+ k /OJ\/l(t, 21 —t)e dr — Hho()
—k2/ Ni(t LGl ﬁgo() (4.41)
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The functions Gy (t,k), Ga(t, k), Na(t,t), My(t,t), Na(t,t), and My(t,t) involved in (4.40) can be
expressed in terms of ®(¢, k) and W(¢, k), see Definitions 2 and 3. Indeed, (3.6) and (3.9) together with
(4.2) give

t
: 1
/ Fi(t, 21 — t, k)8 Tdr = 5(1’1(16 k) eSk°t (4.42)
0
t -1.3 1 3¢
/ Fi(t,21 —t, k)  Tdr = 5 Vi(t ke Bik™t (4.43)
0
/ Byt t — 27, k)e¥F°Tdr = %(@Q(t,iﬂ) —1), (4.44)
1 _
/fg — 27, k)8 Tdr = 5(\1/2(75,/rc)—1). (4.45)

Hence, Ga(t, k) can be written as follows:

1 ooy S S
Ga(t, k) = §e8“€3t {e%“(cbg(t, k) = 1)W1 (t, k) — (Wa(t, k) — 1)@ (¢, k)} : (4.46)

Since the exponentials in (4.42) depend on k only through k3, supplementing (4.42) with the two
equations obtained from (4.42) by replacing k with Fk and E?k and taking into account (4.27) we obtain
a linear system of equations, the solution of which gives

k? fo R (t,27 — t, k) 7 dr L o (®1(t k) + BE®i(t, BE) + E*®(t, Bk)
ik fo Ff” 27 — £, k)R Tdr | = Ze¥ | @1 (t k) + B2@4(t, B) + E®y(t, B°k) (4.47)
fO F(O) o —t, k)e8zk3-rd7. Dy (t, k) + D1(t, Ek) + P1(¢, EQk)

Similarly, supplementing (4.44) with the two equations obtained from (4.44) by replacing k with Ek
and E?k and taking into account (4.27) we find

2 fg F22) tt— 27 k)eS T dr L [ ®2(t, k) + E®s(t, E) + E2@s(t, B2k)
ik fo FV (¢ — 27, k)b Tdr | = o | @20t k) + E2@o(t, Ek) + E@o(t, Ek) (4.48)
fo FQO) (t,t — 27 k)e 8ik37d7_ D1 (t, k) + D1(t, Ek) + P1(¢, E2/€) -3

Using (4.35) and the expressions for Fél)(t,s) and F2(2) (t,s) in terms of N;(t,s), j = 1,2 and Ms(t, s),
see (4.27), from (4.48) we conclude that

No(tt) = 2 / (@a(t, k) + Edo(t, Bk) + B2y (t, E2K)) dk,
™
oD(0)
M(t,t) = —Xg2(t) — f: / k (®a(t, k) + E°®o(t, Ek) + E®o(t, E°k)) dk. (4.49)
oD(0)
Similarly,
2
Nolt,t) = 2 / (Us(t, k) + BV (1, BR) + E*Wa(t, E°k)) dk,
™
oD
My(t,t) = —)\gg(t)—% / k (Ua(t, k) + E*WUs(t, Ek) + EVy(t, E2k)) dk. (4.50)
0D(0)
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Substituting (4.47) and (4.50) into (4.41) we obtain the following expression for Gi:

- ) 1 o3 1 1
Gi(t,k) = e {ge&’“ [Pt k) = Wit BR) = Uit B2R)] = g (t) — ho(®)
bgmholt) [ (Wa(t.) + BVt EQ + Bt E2) d¢
oD©)
_ée8ik3t [®1(t, k) + E®1(t, Ek) + E*®1(t, E?k)] + r kgo(t) (4.51)

Using (4.46), (4.51), (4.49), and (4.50) in (4.40) we obtain the equations for g1, g2, and hs in terms of
® and ¥. These equations, together with (3.5) and the similar equation for W(¢, k) constitute a system
of four nonlinear ODEs for ®,, ®5, ¥y, and ¥s.

mKdV II:

The integral representations for A and B are the same as in (4.26)- (4.28) but with gg and go replaced
by —go and —go, respectively. Similarly, the integral representations for .4 and B are the same as in the
case of the mKdV I, with hg and ho replaced by —hg and —hs, respectively.

The global relation (4.29) and relations (4.30) become

e 2RL A(t k)B(t, k) — B(t, k)A(t, k) = efsik?’tc(t7 k), k€ D1 U D3, (4.52)
and
c(t,k) = O(%), k€ Dy ={k:Imk < 0,Imk® > 0},
PR k) = O (%) . ke€Dy={k:Imk>0,Imk> > 0}, (4.53)
respectively.

Let go(t), g1(¢), and ho(t) be the given boundary conditions. Then the analysis of the global relation
consists in finding equations for go, h1, and hy. Substitute (4.26) into (4.52) and rewrite the resulting
equation in the form:

—21kL/ 7 0) —te 8ik? Tdr — e~ 2kL;L /t ]:1(1)@; o0 t)e8ik3‘rd7_
0
+ /O FO (1,27 — )8 7dr = Gy (1, k) + Ga(t, k) + 5% %e(t, ), (4.54)
where
Gi(t,k) = e 2kL2 /Ot ]-"1(2)(t, 2T — t)esmgfdr — ik /Ot Fl(l)(t, 2T — t)eSikSTdT
2 / t FA (21 — 1)e¥% 7 dr, (4.55)
Gy(t, k) = —ML/ Fy(t,t — 27, k)eSik Tdr/ Fit, 21 —t,k)e¥ ™ Tdr
—2 /O Falt,t — 27, k) 7dr /O Fy(t, 21 — t, k)eS* T dr, (4.56)

Let, as above, D = {k : 0 < argk < m/3}. Considering (4.54) in D as well as replacing k by Fk and
by E2k in (4.54), where £ = e sw‘i, we get three equations valid for k£ € D, which can be written in the
vector form as follows:

E(R)U(t, k) = Hy(t, k) + Ha(t, k) + S* T H.(t,k), ke D, (4.57)
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where

-1 -1 e?ikL
E(k) = -1 —-F e2ilikL ,
_6721‘E2kL _E2ef2iE2kL 1

Ut k)
T

t t t
(/ }"1(0) (t, 21 — t)egikgTdT, zk/ .7-'1(1)(25, 27 — t)eSikSTdT,/ Fl(o) (t, 21 — t)egik37d7> ,
0 0 0

Hi(tk) = (2%°G,(t k), ¥ PFLG,(t Bk), G, (4 E*R)) . j=1,2,
Ho(tk) = (2Me(t k), e ERe(t, k), c(t, B2k)) " .
Notice that det £(k) — E —1+#0 as |k| — oo, k € D.
Multiply (4.57) by diag{k?2, —ik, k2}£~1(k)e 8%’ 0 < ¢’ < t, and integrate over the contour 9D,
which is the boundary of D deformed (in its finite part) to pass above the zeros of det £(k). Then (4.53)
implies that the term containing H. vanishes, and the resulting equation takes the form

FO(t, 2t — 1) o K 0 0 FFLG (t, 1 k)
Fwar—n| = =2 / 0 k20 | &) [ EEG (1Y, BR) | i
FO@ 2t —t) opo \0 0 —ik Gi(t,t', E*k)
1o 20 0 e2RL Gy (t, k) o
+= 0 k2 0 |&71(k) | XERLGy(t, BE) | e 37V dk
T opo \0 0 —ik Ga(t, Ek)
(4.58)
where
. , ¢ . , 1
Gi(t,t' k) = e 2k {k2/ J—'l(z)(t,27—t)e&’“3<f”df—ﬂ}'l@(mt’—t)}
0 7
t/
. f 1
—ik/o BVt 2r =) dr + 5 1O (1,28 — 1)
t/
s 1
— 2 i F@ ¢, 2r — t)e¥* ) qr 4 @FP (t,2t' —t). (4.59)

Evaluating this equation at ¢’ = ¢ and using (4.27) and (4.28) we find the following equations for g2 (t),
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hl (t), and hg(t)l

21kLG1 t k
2zEkLG1 t, Ek)
Gi(t, E2k

nt) = —5eONat1) - o

™
oD

" oho Galt, E2

QZkLGl t k
2 ERLG (¢, Ek) dk
G1(t, E2k)

hi(t) = —%ho( £)Ns(t,1) — %
oD(0)
12i o Galt, k)
—= | kR[ET W) (G, Ek
Galt, E2

—8zk3tdk

12i e Gl k) .
o= k [5_1(/{})]2 QzEkLG2 t Ek‘ —8zk tdk

aD(0)
egikLC:ﬁ (t, k)
ho(t) = 2Xh3(t) + ho(t)Maf(t, t)——hl()/\/'g(t t)+— / k2 [E7HR)], | e EREGu(t, BE) | dk
oD © Gi(t, Ek)
94 eQikLG2 (t, k‘) »
+= / K2 [E71(R)], | ¥ PFEGa(t, Ek) | e 5k, (4.60)
T oho Gso(t, E%k)

where
3 , t . 1
Gi(t,k) = e HkE {k2 / Ni(t, 27 — £)e8F =Dgr 4 —,ho(t)}
0 4ik
. 1 8ik3 (r—t) 1
—ik Ml(t, 2T — t) + §g0(t)N2(t,2’T — t) [ dr + @gl(t)
0
- (t)Na(t,t) — k> /tN (t, 21 — t)e8*° (=g ! () (4.61)
16529012 , e e il '

Now one can express the functions involved in (4.60) in terms of ® and ¥. The formulas for Ny(t,t),
My (t,t), Na(t,t), and Ma(t,t) have the same form as in the case of mKdV I, (4.49) and (4.50), whereas

Golt, k) = 2 Skt {e‘QikL(fbg(t, k) — )W (t, k) — (Ua(t, k) — 1)y (¢, k)} (4.62)
and
Gi(t,k) = e 2kl {ée&'k?’t [0y (t, k) + BV, (t, Ek) + E*Uy(t, E°k)] + Il_kho(t)}
—%egi’f3f [®1(t, k) — ®1(t, Ek) — ®1(t, E?k)] + #gl(t) - ﬁgo(t)
+ Swlkzgo(t) / (®@2(t,¢) + E®o(t, BC) + E*®y(t, B2C)) dC. (4.63)

6D ()

5 Conclusions

We have presented a general method for the analysis of initial boundary value problems for nonlinear
integrable evolution equations on the finite interval and have applied this method to the sine-Gordon and
the two mKdV equations. In particular:

1. Given the Dirichlet data for the sG equation, ¢(0,t) = go(t) and ¢(L,t) = gi1(t), we have charac-
terized the Neumann boundary values ¢, (0,¢) = ¢g1(¢t) and ¢, (L,t) = hi(t) through a system of
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nonlinear ODEs for the functions ®;, ¥, ¥, and W5, The functions ®; and P9 satisfy equations
(3.5), the functions ¥; and ¥y satisfy similar equations, and the Neumann boundary values are
given by equations (4.21) and (4.25).

Similarly, given the boundary data ¢(0,t) = go(t), ¢(L,t) = ho(t), q.(L,t) = hi(t) for the mKdV I
equation (¢(0,t) = go(t), ¢2(0,t) = g1(¢), q(L,t) = ho(t) for the mKdV II equation), we have
characterized the boundary values g;(0,t) = g1(t), ¢22(0,t) = 92(t), quz(L.t) = ha(t) (¢z2(0,t) =
92(t), qz(L,t) = hi(t), qzz(L,t) = ha(t), respectively) through a system of nonlinear ODEs.

2. Given the initial conditions ¢(z,0) = go(z) (¢(z,0) = go(z) and g;(x,0) = g1 () for the sG equation)
we have defined {a(k),b(k)}, see Definition 1. Given {g;(t)}0~" we have defined {A(k), B(k)}, and
given {hy(t)}0" we have defined {A(k), B(k)}, see Definitions 2 and 3.

3. Given {a(k),b(k), A(k), B(k), A(k), B(k)} we have defined a Riemann-Hilbert problem for M (z,t, k)
and then we have defined ¢(x, t) in terms of M. We have shown that g(x,t) solves the given nonlinear
equation and that

q(x,0) = gqo(z) (and g(x,0) = qi(x) for sG)
Lq(0,t) = q(t), OLq(L,t)=Mm(t), 0<I<n-—1,

see Theorem 1.

The most difficult step of this method is the analysis of the global relation coupling the spectral
functions. Generally, this leads to a system of nonlinear ODEs. For integrable evolution PDEs on the
half-line, there exist particular boundary conditions, the so-called linearizable boundary conditions, for
which this nonlinear system can be avoided: the global relation yields directly S(k) in terms of s(k) and
the prescribed boundary conditions [5, 6, 7]. Different aspects of linearizable boundary conditions have
been studied by a number of authors, see, for example, [16]-[19]. The analysis of linearizable boundary
conditions on a finite domain will be presented elsewhere. Here we only note that x-periodic boundary
conditions belong to the linearizable class. In this case S(k) = Sr(k) and the global relation simplifies.
The analysis of this simplified global relation, together with the results presented in this paper, yields a
new formalism for the solution of this classical problem.

The main advantage of the inverse scattering method, in comparison with the standard PDE tech-
niques, is that it yields explicit asymptotic results. Indeed, using the inverse scattering method, the
solution of the Cauchy problem on the line for an integrable nonlinear PDE can be expressed through
the solution of a matrix Riemann-Hilbert problem which has a jump matrix involving an exponential
(x,t)-dependence. By making use of the Deift-Zhou method [20] (which is a nonlinear version of the
classical steepest descent method), it is possible to compute explicitly the long time behavior of the
solution. Furthermore, using a nontrivial extension of the Deift-Zhou method [21], it is also possible to
compute the small dispersion limit of the solution. Neither of these two important asymptotic results
can be obtained by standard PDE techniques.

An important feature of the method of [3] is that it yields the solution of the given initial boundary
value problem in terms of a matrix Riemann-Hilbert problem which also involves a jump matrix with
an exponential (z,t)-dependence. The curve along which this jump matrix is defined, is now more
complicated, but this does not pose any additional difficulties. Thus, it is again possible to obtain explicit
asymptotic results. Indeed, for problems on the half-line, the long time asymptotics for decreasing and
for time-periodic boundary conditions is obtained in [22]-[25] (see also [5] and [7]). Furthermore, the zero
dispersion limit of the NLS equation is computed in [26]. For problems on the interval, it is again possible
to study the asymptotic properties of the solution. In particular, it should be possible to study the small
dispersion limit.

Another important feature of the method of [3] is that it characterizes the generalized Dirichlet-to-
Neumann map. For example, for the Dirichlet problem for the NLS equation on the half-line, the method
of [3] yields ¢, (0,t) in terms of g(x,0) and ¢(0,¢). Actually, it is shown in [8] and [9] that ¢,(0,t) can
be expressed explicitly through the solution of a system of nonlinear ODEs uniquely defined in terms of
q(z,0) and ¢(0,t). This is the first time in the literature that such an explicit result is obtained for a
nonlinear evolution PDE. In this paper we have presented similar results for initial boundary problems
on the interval. For example, for the case of the Dirichlet problem for the sG equation, equations (4.21)
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and (4.25) express ¢,(0,t) and ¢, (L,t) in terms of a system of four nonlinear ODEs which is uniquely
defined in terms of ¢(x,0), ¢:(x,0), ¢(0,¢), and g(L,t). Such explicit results cannot be obtained by the
standard PDE techniques.
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