4 Anomalies

Our goal in this section is to understand the beautiful and subtle phenomenon known
as an anomaly®. This is one of the deepest ideas in quantum field theory and, as we
will see in Section 5, underpins much of the structure of the Standard Model.

Before we jump in, here are two motivating comments.

We already met the theories of QED and QCD in the previous section. Both are
described by Lagrangians in which a gauge field is coupled to a bunch of Dirac fermions.
But Dirac fermions are not the simplest kind of fermion. Or, said differently, Dirac
fermions are not irreducible representations of the Lorentz group. Instead, a Dirac
fermion decomposes into two Weyl fermions. So why doesn’t nature make use of this
more minimal Weyl fermion? And why don’t we study the seemingly simpler theory
of, say, Yang-Mills coupled to a single Weyl fermion?

The answer, it turns out, is that Yang-Mills coupled to a single Weyl fermion is an
inconsistent quantum theory! This is an important and striking statement. There’s no
problem in writing down a classical Lagrangian, nor indeed a classical Hamiltonian, for
this system. But there’s no corresponding quantum theory. As we will explain, this is
one manifestation of the anomaly.

Here’s a second motivation. In the theory of massless QCD, we mentioned that there
is a classical U(1)4 axial symmetry which, naively, appears to be spontaneously broken
like the non-Abelian chiral symmetry. But there is no associated light meson. The
meson that carries the right quantum numbers is the 1’ and its mass is almost 1 GeV,
significantly more than the other pseudo-Goldstone bosons. What’s going on?

The answer, it turns out, is that the axial U(1)4 symmetry in massless QED and
QCD is a good symmetry of the classical theory, but it is not a symmetry of the
quantum theory. This, too, is a manifestation of the anomaly.

Our purpose is to understand these statements and more. There are various ways
to understand these features, but the most revealing is through the path integral. As
we will see, both of the issues above, and several others, arise from trying to carefully
define the path integral for Weyl fermions.

8Because these are lectures on the Standard Model, I should mention that there is another, very
different meaning to the word “anomaly” in the particle physics community, which is when an exper-
imental result that deviates slightly from the prediction of the Standard Model. Typically, this leads
to approximately 10* papers being written before the whole things fades away 3 years later. That’s
not what we’re talking about here.
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Our First Anomaly

There are a number of different manifestations of anomalies in quantum field theory.
Indeed, understanding when such effects arise remains a vibrant research area. Here
we will discuss just the simplest kind of anomaly, associated to Weyl fermions.

To set the scene, recall that a Dirac fermion v splits into two Weyl fermions

_ (Y
(%) "

For our story, we want to take just a single Weyl fermion. We will take a left-handed
spinor ¢, but everything we’re about to say also holds for a single right-handed spinor.
The action for a massless Weyl spinor is

S = / d*z 1) 5" 0,01 (4.2)

with 6* = (1, —0"%). This action is clearly invariant under the U(1) global symmetry
Wy, — €%y, with the corresponding current j* = ¢25“@/’L- To illustrate the anomaly,
we will couple this current to a gauge field A, with charge ¢ € Z. The action is now

S = /d4I i@ELa'MDM@/JL (43)

where the covariant derivative contains the coupling to the gauge field D, v, = 0,91 —
ieqA,pr. This action is now invariant under the gauge symmetry

P — @y and A, — A, + 0, (4.4)

Before we proceed, I should mention that there are two distinct ways to think about
the gauge field A, and this distinction will be important when we come to look at the
various implications of anomalies. They are:

e A, could be a dynamical gauge field. In the classical theory, this means that we
treat it as a dynamical variable, with its own equation of motion, typically after
adding a Maxwell term to the action. In the quantum theory, it means that we
integrate over A, in the path integral.

e A, could be a background gauge field. This means that it is something fixed,
under our control, and should be viewed as a parameter of the theory. Turning
it on typically breaks Lorentz symmetry, but could be useful to explore how our
system responds to the presence of an electric or magnetic field. In the quantum
theory, A, appears as a source on which the partition function depends.
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We will consider gauge fields of both types in what follows. However, for now, we will

consider A, to be a background gauge field, whose value is something that we get to
decide.

While the classical theory is clearly invariant under the gauge transformation (4.4),
the question that we really want to ask is: what happens in the quantum theory? For

this, we should turn to the path integral, with the partition function in Euclidean space
defined as

Z[A] = / D)D)y, exp <— / d*x i&LWDmL) : (4.5)

The action in the exponent is designed so that it is invariant under gauge transforma-
tions. But now we must also worry about the measure in the path integral and this
takes some care to define. The statement of the anomaly is that the measure is not
invariant under gauge transformations. Instead, it turns out that the measure, and
hence the partition function, changes by a phase

R e

iCE [
i / d'z aFy F ) Z[A (4.6)

Z[A] — exp (

: *pury 1 _uvpo
with *F'" = je Foy.

This subtlety only happens for fermions. If we have scalar fields charged under a
symmetry, then the measure is perfectly invariant. At heart, this is related to the fact
that there is no difficulty in giving masses to scalar fields while preserving symmetries,
but giving masses for fermions necessarily breaks certain symmetries.

I won’t prove the anomaly (4.6) here, but a detailed derivation is given in the lectures
on Gauge Theory. In fact, there are two such derivations. The first involves a careful
definition of the measure in the path integral to see that it does indeed transform as
(4.6). The second derivation works with more conventional perturbation theory. In
particular, the anomaly is associated to the following triangle diagram

The external legs are currents associated to the U(1) symmetry, while the fermion runs
in the loop. Like most one-loop diagrams, the resulting integral is divergent and has
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to be regulated. The subtlety arises because of the interplay between regulating the
divergence and preserving the U(1) symmetry. It turns out that only diagrams of this
kind suffer from this subtlety, and the fact that there are three legs is reflected in the ¢*
prefactor of the anomaly in (4.6). Although we won’t compute these triangle diagrams
here, they will be a useful mnemonic as we describe different kinds of anomalies.

Rather than derive the anomaly, we will instead focus on its implications. Broadly,
there are three different implications, depending on whether we think of the gauge field
A, as background or dynamical. We will address these in turn in Sections 4.1, 4.2, and
4.3.

4.1 Gauge Anomalies

The first implication of the anomaly (4.6) is that it is an obstruction to gauging.
Although the action is invariant under the gauge symmetry, the measure is not and
neither is the partition function. That means that we cannot promote the gauge field
A, to a dynamical field, where we integrate over it in the path integral. If we attempted
to do this, we would get a sick theory. (Sick as in bad, not sick as in good.)

There are a number of ways to see why the theory is sick but here is a simple one.
Recall that when we first attempted to quantise the gauge field A, in the lectures on
Quantum Field Theory we had some work to do to decouple the negative norm states
that arise from quantising Ag. That work ultimately boiled down to using the gauge
invariance to remove these states. But in an anomalous theory, we no longer have
that gauge invariance at our disposal and the Hilbert space will involve negative norm
states. That’s bad.

The upshot is that a U(1) gauge theory, coupled to a single Weyl fermion, is a sick
theory. If we want to write down a consistent gauge theory, then we must have multiple
Weyl fermions so that, combined, the anomaly cancels.

Typically, we think of a given theory in terms of a bunch of left-handed fermions and
another bunch of right-handed fermions. But, given a right-handed fermion of charge
q, its complex conjugation is a left-handed fermion of charge —q. So, we’re always at
liberty to talk only about left-handed fermions. If we have a bunch of left-handed Weyl
fermions (¢ );, each carrying charge ¢; under a U(1) gauge field, then the phase in
(4.6) is proportional to the sum of ¢i. The theory is consistent only if

qu’ =0. (4.7)
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Alternatively, if we keep the theory written in terms of left-handed and right-handed
Weyl fermions, then the anomaly cancellation condition (4.7) becomes

d@d=> g . (4.8)

left right

There is a simple way to satisfy (4.7): we just take pairs of Weyl fermions with charges
+¢q. If we conjugate one of these, then we can equivalently think of one left-handed and
one right-handed Weyl fermion, each with charge ¢q. Or, equivalently, we have a single
Dirac fermion of charge q. Theories of this kind are called wvector-like. They enjoy a
parity symmetry (at least among the gauge interactions) which, as we saw in Section
1.4, exchanges left- and right-handed fermions. The simplest example is QED.

There are, however, more interesting solutions to (4.7) that do involve 4 pairs. These
are known as chiral gauge theories. These theories necessarily break parity.

Abelian Chiral Gauge Theories

Can we write down a consistent, Abelian chiral gauge theory? In fact, I'll ask for one
more criterion: can we write down a consistent chiral gauge theory with integer charges

¢ €7 . (4.9)

I’ll say some words below about why we might want to require this.

First, it’s clear that for N = 2 Weyl fermions, charges obeying (4.7) must come in +
pairs which is a vector-like theory. What about for N = 3 fermions? We must have two
positive charges and one negative (or the other way round). Set ¢; = (z,y, —z) with
x,y, z positive integers. The condition for anomaly cancellation (4.7) then becomes

N (4.10)

Rather famously, this equation has no positive integer solutions. (This is the baby
version of Fermat’s last theorem, proven by Euler.)

What about chiral gauge theories with N = 4 Weyl fermions? Now we have two
options: we could take three positive charges and one negative and look for positive
integers satisfying

Py B =0t (4.11)
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The simplest integers satisfying this are 3,4,5 and 6. We can also construct chiral gauge
theories with N = 4 Weyl fermions by having two of positive charge and two of negative
charge, so that

Pyt =280t (4.12)

This equation is closely associated to Ramanujan and the famous story of Hardy’s visit
to his hospital bed. Struggling for small talk, Hardy commented that the number of
his taxicab was particularly uninteresting: 1729. Ramanujan responded that, far from
being uninteresting, this corresponds to the simplest four dimensional chiral gauge
theory, since it is the first number that can be expressed as the sum of two cubes in
two different ways: 13 + 123 = 93 + 103.

There is one further condition that we’ve not yet met. As we will explain shortly, if
you want to be able to couple your theory to gravity (and, let’s face it, we do) then the
condition (4.7) should be augmented by the requirement

> ai=0. (4.13)

None of the examples with N = 4 Weyl fermions above obey this. The simplest
Abelian chiral gauge theory that can be coupled to gravity has N = 5 Weyl fermions.
For example, the charges ¢; = {1,5, -7, —8,9} do the job.

We see that restricting to integer valued charges ¢; € Z means that we have to solve
Diophantine equations and this breathes a little number theory into the proceedings.
But why do we require that ¢; € Z7 The answer to this is a little subtle.

Strictly, there are two different Abelian gauge groups. The first is G = U(1) which
has only integer charges ¢; € Z. Sometimes, it’s useful to rescale the charges (and
the Standard Model will be an example) so that you take the charges to be rational,
¢; € Q, but that doesn’t change the fact that the charges are quantised. The second
is G = R which have charges that can take any value ¢; € R so you could have, for
example, ¢ =1 and ¢ = V2.

The gauge groups U(1) and R have other differences, beyond the allowed electric
charges. In particular, the gauge group U(1) admits magnetic monopoles while the
gauge group R does not (essentially because you can’t respect the Dirac quantisation
condition with respect to all charges). So one obvious question is: which of these gauge
groups describes our world?
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Irrep | OJ adj O H
dim | N | N2 -1 %N(N—i—l) %N(N—l)
I(R) | 1 2N N+2 N —2
AR) | 1 0 N +4 N —4

Table 8. Some group theoretic properties of SU(N) representations. Here [T]is the symmet-
ric representation and E] the anti-symmetric. Conjugate representations have I(R) = I(R)

and A(R) = —A(R).

The experimental evidence strongly points to U(1) because all electric charges (and,
as we will see in Section 5, all hypercharges) are quantised. Moreover, there are argu-
ments that invoke quantum gravity that we won’t describe that are reasonably com-
pelling, but far from rigorous, for why the gauge group in any quantum field theory
should be U(1), and not R.

4.1.1 Non-Abelian Gauge Anomalies

So far we've only discussed anomalies for an Abelian gauge field. There is an analo-
gous result for non-Abelian gauge symmetry G. Suppose that we have a single Weyl
fermion in the representation R of a group G, with generator T% so that, under a gauge
transformation, we have

U — @ @y and A, - QAQ + ~09,07! (4.14)
)

where Q = ¢@'T* with T4 in the fundamental representation. We can define the
partition function just as (4.5), but where various fields are now viewed as their non-
Abelian avatars. Then, under a gauge transformation, the partition function again
changes by a phase

ig® A(R)

Z[A] = exp ( glw / d'z Tr (aFW*F“”)) Z[A] . (4.15)

Here A(R) is a group theoretic factor. For the fundamental representation, we have
A(R) = 1 while, for all other representations, this is defined to be

TeTH {TE TS = A(R) Te T4 {T? T} . (4.16)
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The emergence of the anti-commutator can be traced to the requirement to sum over
different indices in the triangle diagrams

J? JS
A A
J, + J,

Some examples of A(R) for SU(N) representations are collected in Table 8. To be
consistent, a non-Abelian gauge theory coupled to a bunch of left-handed Weyl fermions
must obey

D> A[R) =0 (4.17)

which is the non-Abelian version of (4.7).

For Abelian anomalies, we could always ensure that things work by taking fermions
to come in pairs with charges +¢. A similar result holds for non-Abelian anomalies.
This follows from the following result.

Claim: If R is a complex representation, then the conjugate representation R has

A(R) = —A(R).

- AmA . . .
™% then, in the conjugate representation,

. ATA %
—ia Ty

Proof: If we write a group element as e
the same group element is given by the complex conjugate e . This means that
the generators for the conjugate representation are T4 = —T4Z* = —(T4)T where the

last equality holds because our generators are Hermitian, so T4 = (T4)T. Now we have
T T {T, T} = =T (Tp) " {(T)", (Tg)"} = - T {TR . T} . (4.18)

Here the last equality holds because Tr A = Tr AT. (It’s important that we have the
anti-commutator inside the trace, because the two terms get exchanged but, happily,
they come with a relative plus sign rather than a minus sign.) 0

The fact that A(R) = —A(R) means that we can always satisfy the anomaly by cou-
pling our gauge field to left-handed fermions that come in R and R pairs. Alternatively,
instead of working with left-handed fermions in the R representation, we could instead
view them as right-handed fermions in the R representation. This means that the
anomaly cancellation condition (4.17) is satisfied whenever we have a Dirac fermion.
That, of course, is what happens for QCD.

- 152 —



One consequence of the relation A(R) = —A(R) is that A(R) = 0 for any real
representation. This means that there is no obstacle to coupling a single Weyl fermion
in a real representation to a non-Abelian gauge group. For example, SU(N) coupled
to a single adjoint Weyl fermion is a perfectly good field theory. (In fact, it is a very
well studied field theory known as super-Yang-Mills.) But SU(N) coupled to a single
fundamental Weyl fermion does not make sense as a quantum theory.

This highlights a property of anomalies that will become increasingly important as
we proceed: only massless fermions contribute to anomalies. Or, said differently, the
contribution to the anomaly from any massive fermions will always cancel.

For example, to write down a Dirac mass for a fermion in a complex representation
that preserves a symmetry, we need a left-handed v, and a right-handed g, both
transforming in the same representation, so that we can construct the mass term ;5.
But the contribution to the anomaly from these two Weyl fermions cancels. Meanwhile,
if we have a fermion in a real representation, like the adjoint, then we can always write
down a Majorana mass Tr 1, that preserves the symmetry. But now the contribution
to the anomaly vanishes. The upshot is that only fermions that cannot get a mass
preserving G contribute to the anomaly for G.

The story above also means that the only gauge groups that suffer from potential
anomalies are those with complex representations. This already limits the possibilities:
we need only worry about gauge anomalies in simply laced groups when

SU(N) with N >3
G = SO@4N +2) . (4.19)
Eg

We should also add G = U(1) to this list which we discussed previously.

This list is short, but it turns out to be shorter still because all anomaly coefficients
T TA{T?B, T} vanish for E and for SO(4N + 2) with N > 2. (Note that the Lie
algebra so(6) = su(4) so this one remains.) This means that, when it comes to pertur-

bative anomalies discussed above, we only need to worry when we have gauge groups
G = SU(N) with N > 3.

There is, however, a “non-perturbative anomaly”, usually called the Witten anomaly
that rears its head for SU(2) and, indeed, for all Sp(/N). We'll discuss this briefly
below.
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Non-Abelian Chiral Gauge Theories

We could try to write down chiral non-Abelian gauge theories, in which left-handed and
right-handed fermions transform in different representations. This is straightforward
to do. For gauge group G = SU(N), from Table 8, the anomaly coefficients for the
symmetric [T] and anti-symmetric H representations are

A(O)=N+4 and A(H)=N-4. (4.20)

Meanwhile, for the anti-fundamental representation N, which we denote as O, we have
A(0) = —1. This means that we can construct a chiral gauge theory by taking, for
example G = SU(N) with a H and N — 4 O left-handed Weyl fermions. The simplest
of these theories is G = SU(5) with a 10 and a 5.

Alternatively, we could build a chiral gauge theory by taking either Eg or SO(4N +
2) with complex representations, for which the anomaly coefficients all vanish. The
simplest such example is SO(10) with a single Weyl fermion in the 16 representation.
This is the spinor representation of SO(10). (Strictly, we should be talking about the
double cover Spin(10) as the gauge group, rather than SO(10).) Rather strikingly,
both this SO(10) example and the SU(5) example above are prominent candidates for
grand unified theories.

One key feature of chiral gauge theories — both non-Abelian and Abelian — is that
it’s not possible to write down mass terms for fermions. Any such mass term should
be of the form x 1 or, equivalently, Ygrvy, but these quadratic terms are not gauge
invariant.

4.1.2 Mixed Anomalies

Again consider a single Weyl fermion, now coupled to a background non-Abelian gauge
field A, in some representation R of the global symmetry G = SU(N) and an Abelian
gauge field that, for the purposes of this argument, we will call a,. The partition
function is

Z[A, CL] = /D’(ﬂLD”LEL exXp (—/d4£€ ii/_}La'#’DMwL) (421)
now with

Dty = Obr — igAL T YL — ieqauipy . (4.22)

Now when we do a U(1) gauge transformation 17 — €*1), the partition function
picks up two contributions: one is the phase (4.6) that depends on the U(1) field

— 154 —



strength f,, = 0,a, — J,a,, but there is another that depends on the SU(N) field
strength,

;53 43

. 2 ]

1672

297 / d'z oTr FW*FW> Z[A;a] (4.23)

Here I(R) is another group theoretic quantity, known as the Dynkin indez, defined as
1
Tr TA T = 5I(R) 548 (4.24)

The Dynkin index is related to the quadratic Casimir C'(R), which we previously defined
in (3.27) by TA4T#4 = C(R) 1. You can take the trace of both sides to get I(R) dim(G) =
2C(R) dim(R). The fundamental representation has /((J) = 1 and the Dynkin index

of the conjugate representation is I(R) = I(R). The Dynkin indices for some other
common representations of SU(N) are given in Table 8.

The second term in (4.23) is known as a mized anomaly. It is again cubic in the
charges, but this is shared between a single U(1) charge ¢ and two non-Abelian charges.
In perturbation theory, it arises from the triangle diagram:

JA

I
B
Jp

To have a consistent gauge theory, any mixed anomalies must also cancel. For a bunch
of left-handed fermions with U(1) charge ¢;, sitting in SU(N) representations R;, the
requirement of anomaly cancellation is

Z GI(R;)=0. (4.25)

You might wonder what happens if we have a single non-Abelian current, and two
Abelian currents,

Jv

Jo
But this vanishes automatically, because it’s proportional to the trace of the generator
TrT4 = 0.
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The Mixed Gauge-Gravitational Anomaly

Something similar plays out if we couple a quantum field theory to gravity. We needn’t
be bold and talk about quantum gravity here: it’s enough just to think about a quantum
field theory on a curved spacetime with metric g.

To motivate this, let’s first review how to couple spinors to a curved spacetime. The
starting point is to decompose the metric in terms of vierbeins,

G () = € () el (x) . (4.26)

There is an arbitrariness in our choice of vierbein, and this arbitrariness introduces an
SO(1,3) gauge symmetry into the game. The associated gauge field wl‘jb is called the
spin connection. 1t is determined by the requirement that the vierbeins are covariantly
constant

Dye;, = Oyey, — T e} + wzbeg =0 (4.27)

where I, are the usual Christoffel symbols. This language makes general relativity
look very much like any other gauge theory. In particular, the field strength of the spin
connection is

(Ruw)y = Ouwyyy — Optoy + [wps wo]% - (4.28)
This is related to the usual Riemann tensor by (R, )% = ejef R,,.”,.

This machinery is just what we need to couple a Dirac spinor to a background curved
spacetime. The appropriate covariant derivative is

1
D,uwa = a,uwa + §wzb<5ab)ﬁa¢ﬁ (429)

where S, = Z—i[fya, ") is the generator of the Lorentz group in the spinor representation.
Written in this way, the coupling of spinors to a curved spacetime looks very similar to
the coupling to any other gauge field.

This manifests itself in the path integral measure. If we assign the Weyl fermion a
charge ¢ and couple it to a U(1) gauge field a transformation, the partition function
shifts as

Zla] — exp (19€2q7r2 /d4:v ae“”paRW)\TRpg’\T) Zlal . (4.30)

with R, the Riemann tensor. This is a mixed U(1)-gravitational anomaly. The
equivalence principle means that everything couples the same to gravity, so there’s no
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analog of the Dynkin index in (4.25) and the requirement that a U(1) gauge theory is
consistent when placed on a curved spacetime becomes

Zqi =0. (4.31)

This is the condition (4.13) that we advertised previously.

Again, this result can also be seen in perturbation theory, this time by a suitable
regularisation of the triangle diagram,

graviton
Ju
graviton

This mixed gauge-gravitational anomaly only arises for Abelian gauge groups. There’s
no corresponding requirement for non-Abelian gauge theories, essentially because Tr T4 =
0 for any generator of a simply connected Lie algebra.

It turns out that there is no purely gravitational anomaly, with gravitons on all three
legs, in d = 3 4+ 1 dimensions. Such gravitational anomalies do exist in d = 2 mod 8
dimensions, and there are important implications in d = 1 + 1 for condensed matter
physics and in d =9 + 1 for string theory.

4.1.3 The Witten Anomaly

Among the G = SU(N) gauge groups, the smallest G = SU(2) stands out as special.
This is because all representations of G = SU(2) are either real or pseudoreal. (A
pseudoreal representation means that, while not actually real, the representation is
isomorphic to its complex conjugate.) This means that there are no perturbative gauge
anomalies of the kind described above for G = SU(2).

You can check this explicitly for the fundamental representation. This has generators

TA = %JA with ¢4 the Pauli matrices. But a little matrix multiplication will convince

you that
Tro? {o?,69) =0 (4.32)

for all A, B,C' = 1,2,3. That’s the statement that there’s no anomaly.
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Taken at face value, this suggests that SU(N) coupled to a single fundamental Weyl
fermion is inconsistent for all N > 3 but is fine for N = 2. That’s a slightly odd
state of affairs, not least because the SU(2) theory has a number of strange and hard-
to-interpret properties. (The instanton has an odd number of fermion zero modes for
example.) However, there’s something else at play that we’ve missed. It turns out that
the SU(2) theory suffers from a different kind of anomaly. This is known as the Witten
anomaly, or sometimes just as the SU(2) anomaly.

The Witten anomaly doesn’t show up in perturbation theory. Instead it can be traced
to some strange field configurations that we must sum over in the path integral that
wind in a non-trivial way around Euclidean spacetime. Mathematically, this follows
from the homotopy group

1 (SU(2)) = Zs . (4.33)

For this anomaly to cancel, an SU(2) gauge theory must have an even number of fun-
damental Weyl fermions to be consistent. Again, you can find details of this calculation
in the lectures on Gauge Theory.

4.2 Chiral (or ABJ) Anomalies

As we stressed at the beginning of this section, the anomaly for a symmetry group
G has various avatars depending on whether the symmetry is global or gauged. So
far, we've seen one of these avatars: the anomaly provides a collection of consistency
conditions on any gauge theory: the charges, or representations, must obey (4.7) and
(4.17) and, for mixed anomalies, (4.25) and (4.31).

In this section we discuss the second avatar of anomalies: a perfectly good global
symmetry of the classical theory, can fail to be a symmetry of the quantum theory.
This was the first place in which anomalies in quantum field theories were discovered.
This phenomenon is known as the ABJ anomaly, after its discoverer’s Adler, Bell and
Jackiw, and sometimes as the chiral anomaly and sometimes, confusingly, just as the
anomaly.

The ABJ anomaly can be viewed as a mixed anomaly between a U(1) global sym-
metry and a gauge symmetry G. As an example, suppose that we have a bunch of
left-handed Weyl fermions, transforming in the representation R; under a G = SU(IV)
gauge symmetry. Suppose, in addition, that there is a global U(1) symmetry of the
classical action, under which the fermions have charges ¢;.
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The full Euclidean partition function for this theory is, schematically,

Z= / DA exp (—% / d'r Tr FWF“”> Z[A] (4.34)

where A is the non-Abelian gauge field and Z[A] is the partition function for the
fermions, which are coupled to this gauge field

Z[A] = / Dipp;Dibr; exp (— / d'z izlﬁﬁﬂpuw) . (4.35)
Note that, in contrast to the previous section, we haven’t introduced a background
gauge field for the U(1) global symmetry. (This is what we called a, in (4.23).)

Now we do a global U(1) transformation
Y — €M, (4.36)

for some a € R. The mixed anomaly (4.23) means that the partition function is not
invariant. Instead, the fermionic part of the partition function transforms as

(8%

Z[A] — exp <167T2 Zqu(Ri)/d‘lx Tr FW*FW) Z[A] . (4.37)

We see that, although the classical action may be invariant under the global U(1)
symmetry, for this to persist as a symmetry of the quantum theory we also need the
fermionic measure to be invariant. This is true only if

Z%‘](Ri) =0. (4.38)

If this condition does not hold, then the classical symmetry is not a symmetry of the
quantum theory. It is said to be anomalous.

An Example: The Axial Anomaly in QCD

The most familiar example of this kind of anomaly arises for the (approximate) U(1)4
axial symmetry of QCD. Consider the generalised theory, in which we have a G =
SU(N,.), coupled to N massless Dirac fermions. The action is

Ny

1 _
S = / d'z —QTrGWG“”+iZ1/Jﬁ”DH¢,- . (4.39)

=1
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We studied this theory in some detail in Section 3.2 where we learned about the im-
plications of chiral symmetry breaking. Recall that the classical action 4.39 has an
U(Ny¢)r x U(Ny) g global symmetry, with each factor rotating gz, and g independently.
The SU(Ny¢)r, x SU(Ny)g subgroup is the main character in the story of chiral symme-
try breaking. Here we are more interested in the two U(1) subgroups, which we take
to act as

Uy : Y — €Y, and g — g,
U(l)A . wLi — eia¢Li and 77Z)Ri — e—iadei . (440)

Here U(1)y is the “vector-like” symmetry, meaning that it acts the same on left- and
right-handed spinors. In the context of the Standard Model, this is also referred to as
baryon number because it counts the number of baryons in a given state. Meanwhile,
the axial symmetry U(1)4 acts differently on the left and right-handed spinors.

The left-handed spinors 1, transform in the N, of SU(NN,) while the conjugated
right-handed spinors ¢z (which, due to the conjugation, are themselves left-handed)
transform in the N.. For both of these, the Dynkin index is I(N.) = I(N) = 1.

Under U(1)y, the ¥, have charge +1 and the 1)z charge —1, which means that the
anomaly (4.38) vanishes. Hence, U(1)y is a good symmetry of the quantum theory. In
contrast, under U(1)4, the 1y have charge 41 while the 15 also have charge +1. This
means that the anomaly (4.38) does not vanish, and U(1),4 is not a symmetry of the
quantum theory.

We've already seen one consequence of the QCD axial anomaly in Section 3.2: the
chiral condensate would naively seem to spontaneously break the U(1) 4 axial symmetry,
but there’s no associated light Goldstone boson in the QCD spectrum. Indeed, the
would-be Goldstone boson is the ’ which is significantly heavier than the pions. The
reason is that U(1)4 was never a symmetry of the quantum theory in the first place
and wasn’t available to be spontaneously broken.

4.2.1 The Theta Term Revisited

There is another way to think about the chiral anomaly. We see from (4.37), that
acting with an anomalous U(1) global symmetry adds a term to the path integral that
is proportional to Tr F,, *F*".

But we’ve met a term like this before. We can always add to the Yang-Mills action
(or, indeed, to the Maxwell action) a theta term that takes the form
_ b9
1672

S / d'z Tr F,*F* . (4.41)
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We discussed some properties of this term in Section 3.4. Comparing with the form
of the chiral anomaly (4.37), we can interpret the anomaly as saying that the theta
parameter is shifted by a U(1) transformation,

Ul)a: 0 >0+a) gI(R:). (4.42)

But if a parameter (as opposed to a field) changes under a symmetry, then that means
that the symmetry is explicitly broken. This is another way to frame the anomaly.

For example, if we return to our generalised QCD with G = SU(NN,) gauge group
and Ny massless Dirac fermions then, under the axial transformation (4.40), the theta
angle transforms as

U1)a:0 = 0+2Nsa . (4.43)

Thinking about things in this way makes certain aspects of the physics more transpar-
ent. For example, suppose that we have a theory with a single massive Dirac fermion
1. There are two different Dirac masses that we could write down:

Emass - mﬂ/_ﬂb + ngl/_ﬂ}/5'¢ . (444)

If we decompose the Dirac fermion into Weyl fermions, ¥ = (¢1,, ¥r), then these masses
become

»Cmass = m”LELwR -+ m*’QERQ/JL with m = my + img . (445)

Now suppose that we do an axial rotation, ¥;, — € and ¥ — e ). Then the
theory isn’t invariant because the mass term shifts by a phase. But, from (4.42), so
too does the theta angle. We have

Ulsa: m—e®m and 0—0+2a. (4.46)

However, rotating the phase of the fermion can’t change the physics of the theory.
For example, if we have a free massive fermion (not coupled to a gauge field) then for
every value of the mass m € C in (4.45), the physical excitation always has mass |m)|.
Now when we couple the fermion to the gauge field, rotating the phase of the fermion
changes both the phase of m and the value of #. This means that the physics depends
only on the invariant combination 6 4 arg(m). More generally, with Ny fermions we
can have a complex mass matrix M and the quantity 6 + arg (det M) remains invariant
under chiral rotations.
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This, ultimately, is the way in which the strong CP problem in QCD gets its teeth:
it’s not quite true to say that 6 = 0 in QCD. It’s more accurate to say that 6 +
a bunch of phases of masses = 0. And, as we will see in Section 5, those phases of the
masses come from rather different physics of the Yukawa couplings.

There is one further observation that follows from the discussion above. Suppose
that we have a gauge theory coupled to one, or more, massless fermions. Then rotating
the phase of that massless fermion shouldn’t affect the physics of the theory, but acts to
shift theta as in (4.42). This means that, in a theory with massless fermions, the theta
angle isn’t physical: it can just be shifted away by an axial rotation. This suggests a
rather cute solution to the strong CP problem: perhaps the mass of the up quark is
actually zero! In that case, the physics would be independent of the value of §. Sadly,
as numerical simulations have got better, we're now pretty confident that the mass
of the up quark is non-zero, and this idea is not a viable solution to the strong CP
problem.

4.2.2 Noether’s Theorem for Anomalous Symmetries

If a theory has a continuous symmetry, then Noether’s theorem tells us that there will
be a corresponding conserved current J#, obeying the continuity equation

8, J" =0 (4.47)

What happens if the symmetry is anomalous, so that it’s a symmetry of the classical
action, but not of the full quantum theory? How does this show up in the conservation
of the current?

To answer this, let’s first recall how to derive Noether’s theorem. To start, we’ll
work with scalar fields, even though our ultimate interest is in fermions. Consider the
transformation of a scalar field ¢

56 = aX(9) . (4.48)

Here « is a constant, infinitesimally small parameter. This transformation is a symme-
try if the change in the Lagrangian is

5L=0. (4.49)

We can actually be more relaxed than this and allow the Lagrangian to change by a
total derivative; this won’t change our conclusions below.

- 162 —



The quick way to prove Noether’s theorem is to allow the constant a to depend on
spacetime: o = (). Now the Lagrangian is no longer invariant, but changes as

oL =~ (?9f s 04(60) + % 56
= 51857 QWX (@) + 50X (0
= (0h0) 555 X0+ | G0, X(O) + GEX@) | an (@50

But we know that §£ = 0 when « is constant, which means that the term in square
brackets must vanish. We're left with the expression

0L = (0,a)J" with JH = X . 4.51
The action S = [ d*z L then changes as
08 = /d4x 0L = /d4x (Opa)JH = — /d4x ad,J* (4.52)

where we pick a(x) to decay asymptotically so that we can safely discard the surface
term.

The expression (4.52) holds for any field configuration ¢ with the specific change
0¢. However, when ¢ obeys the classical equations of motion then 65 = 0 for any d¢,
including the symmetry transformation (4.48) with a(x) a function of spacetime. This
means that when the equations of motion are satisfied we have the conservation law

oJ" =0. (4.53)
This is Noether’s theorem.

An Example: the Free Fermion

We can apply all of the above ideas to the fermions that we're really interested in. As
a warm-up, consider a free, massless Dirac fermion 1 with action

S = —/d4x USTEoRY, (4.54)

with 1) = 1'%, This theory has two symmetries, the vector and axial symmetries of
(4.40). Written in terms of the Dirac fermion, the vector symmetry acts as 1) — €'
and, infinitesimally, this becomes

Uy : 6 =iayp and 0 = —iar) . (4.55)
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We can read off the associated current from (4.51): it is

To =9 (4.56)
Meanwhile, the axial symmetry acts as ¢ — eiw’5w and, infinitesimally, this becomes
U(l)a: 0 =ian®y and 6 =iy’ . (4.57)

Here there’s an extra minus sign that rears its head in the transformation of §¢» which
arises because the 7° has to sneak past the 7" that sits in the definition of ). Again,
we can read off the associated current from (4.51): this time it is

Jh =y (4.58)

As a warm-up to understand the effect of the anomaly, we can see how the currents are
affected when we turn on a mass term for the fermion, so

S =— / d'z iy 0,0 + mabip (4.59)

The action remains invariant under the vector symmetry, and so the current Ji; con-
tinues to obey 0,J{; = 0. But the mass term is not invariant under the axial symmetry.
Nonetheless, that doesn’t mean that we can’t say anything. Let’s return to our deriva-
tion of Noether’s theorem and do a transformation with the constant o again promoted
to a function of spacetime a(z). We can repeat the steps we did before, except that
we need to include an extra term because the action is no longer invariant under the
symmetry. Instead, we have

4S = /d4x (9,00) T + 2iman)y°1) (4.60)

with JY given in (4.58). Now the argument proceeds as before: when the equations of
motion are obeyed, we must have 65 = 0 for all transformations, including those with
a(x). So whenever the equations of motion are obeyed, the axial current satisfies

D Jly = 2imyPy°yY . (4.61)
This tells us how conservation of axial charge fails when the fermion has a mass.

The Conservation Law for Anomalous Symmetries

Now we can reframe our original question: how is conservation of axial charge affected
by the anomaly? We’ll consider Ny massless Dirac fermions, coupled to a Yang-Mills
theory, with action

N
Og !

1 2 _
S@ = /d4l‘ ( — 2—92TI' FMVFMV + 16;2TI' FMV*FMV —1 Z¢17MDMw¢) .
=1
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We’ve seen that we can capture the effect of the anomaly by shifting the theta angle,
as in (4.43)

But now we can think of this as a shift of the classical action, and we're in the same
boat as when we looked at massive fermions above. In particular, we find that the axial
current obeys

Nfg2
2

9" =

Tr F,,* F* . (4.63)

8

This is the effect of the anomaly.

Above, we have derived the anomaly equation (4.63) by thinking about the classical
action. But one can also show that this holds as an operator equation in quantum field
theory, what’s known as a Ward identity. You can read about this in the lectures on
Gauge Theory.

The anomaly equation (4.63) tells us that the axial symmetry is not conserved.
However, at first glance, it appears that there might be a loophole in this statement.
This is because, as we saw in (3.109), the term Tr F),,* F* is actually a total derivative,
with

9
Tr F,,*F" = 20,K" with K" = "I (A,,(?pA(7 — EZA,,A[,A,) . (4.64)
This suggests that we can define a combination of J! and K* to construct a current

that is conserved. Indeed that is naively possible, but it’s not legal because K* is not
gauge invariant, even though 9, K" is.

We can also ask: under what circumstances does the axial charge change? The axial
charge is measured by integrating over a spatial slice

Qa = / Pz JY . (4.65)

The change in axial charge from time ¢t — —oo to time t — 400 is (assuming that
things drop off suitably fast at spatial infinity)

0 N 2
AQa = / dtd*x % = / d'z 9,J! = 8; 9; / d'z Tr F,, F" . (4.66)

But we've already seen in section 3.4 that the integral of Tr F},,*F'* is quantised. This
means that )4 can jump by integer amounts. At weak coupling, the violation of axial
charge is mediated by instantons.
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There is a similar story for the mixed gauge-gravitational anomaly that we discussed
previously. For example we saw that a single, free Weyl fermion has a U(1) symmetry
that suffers a mixed gravitational anomaly. This shows up because the current for this
U(1) is no longer conserved when the theory is placed in a curved background. Instead,
it obeys

. N vV po T
Vi = 35 42 e Ryae Ry (4.67)

where V, is the appropriate covariant derivative from differential geometry.

4.2.3 Neutral Pion Decay

0

The neutral pion, 7° = \/Li(ﬂu —dd) has a substantially shorter lifespan than its charged

cousin. It lasts only around ~ 1071¢ seconds, decaying primarily to
™ = . (4.68)

There is an interesting story associated to this. Indeed, it was the effort to understand
why this decay occurs at all that first led to the discovery of the anomaly.

To set the scene, first note that, although we’ve focused on massless QCD above,
the axial anomaly also arises in QED coupled to massless fermions. Suppose that we
have Ny Dirac fermions v, each with charge (); under a U(1) gauge symmetry. Then
the axial symmetry v; — el aiq), suffers an ABJ anomaly, and the associated current
obeys

1 * v
9,4 = (Z qu?> o F (4.69)

Again, this follows from a triangle diagram with one J/ leg, and two photon legs. This
is reflected in the charges, which are linear in the axial charge ¢; and quadratic in the
gauge charge Q);.

Now let’s see the implications of this for QCD. We'll take Ny = 2 light quarks,
corresponding to the up and down. If we assume that these are massless, we know that
the QCD action has a U(1)y x SU(2); x SU(2)g symmetry. Now we introduce the
coupling to the photon with charges

1

Q1= g and @2 = 3 (4.70)

Because the quarks have different electric charges, this breaks the flavour symmetry
down to U(1), x U(1)g C SU(2)r x SU(2)r. We can combine these into a new vector
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symmetry U(1);, and a new axial symmetry U(1)’,, under which the quarks transform
as

Uy, : u—e®u and d—e'd.
U1y : u—e®u and d—ed. (4.71)

The vector symmetry U(1), is anomaly-free, while the axial symmetry U(1)’, does not
suffer an anomaly due to the QCD gauge field because there is a cancellation between
the ¢ = +1 charge of the up quark and the g5 = —1 charge of the down quark. However,
the axial U(1)’y does suffer an anomaly with the QED gauge field. To compute this, we
need to remember that, from the perspective of electromagnetism, each quark comes
in NV, = 3 different varieties, due to the fact that they also transform under the SU(3)
gauge group. This means that the ABJ anomaly (4.69) is

, 2\°  /1\%\ 1 e No o
8uju:Nc<(§) - g 167T2F/“, F“ :487T2FMV F“ . (472)

where we’ve left the value of N, = 3 in this formula to highlight that the anomaly

coefficient depends on the number of quark colours.

This additional axial current is J* = ay*y°u — dy*y°d and, from (3.68), is precisely

the current that creates the neutral pion 7°,

(O] () |7 (p)) = —ifr0% ple™P . (4.73)

The anomaly equation then gives an amplitude for 7° — 4. This amplitude is propor-

tional to N., the number of colours, and gives an experimental method to determine
N, = 3.

There is more to this story which we mention only briefly. This amplitude for 7° —
~7 is the same as that which would arise from the coupling in the Lagrangian

B N._e?
4872

B, P (4.74)

In other words, the neutral pion field 7% acts very much like a dynamical theta term!

0 is a Goldstone boson and, as such, should

There’s something odd in this because 7
only appear in the action with derivative couplings. But, after an integration by parts,
the pion is derivatively coupled in (4.74) if we remember that F,,*F* = 20,K" as in
(4.64). There is a much longer story here, involving the beautiful Wess-Zumino-Witten

(WZW) term that you can read about in the lectures on Gauge Theory.
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4.2.4 Surviving Discrete Symmetries

Thinking of the anomalous symmetry as shifting the theta angle reveals something
novel. That’s because the theta angle is, as the name suggests, an angle with 6 € [0, 27).
This means that if we transform by an anomalous U (1) symmetry that maps § — 0+2m,
then that hasn’t actually changed the value of 8 at all. In this way, some discrete
subgroup of the U(1) may remain.

We can see this in the case of QCD, although the end result turns out to be a little
fiddly and not particularly interesting. From (4.43), we see that a U(1) 4 transformation
of the form e~ = ¢2™/2Ns will send § — 6+ 27. By acting with a compensating U(1)y
transformation, there is a surviving Zy, subgroup which acts as

ZNf : ¢Li — 627ri/Nf¢LZ‘ and 77Z}Ri — 77Z)Ri . (475)

But we recognise this as the centre of the SU(Ny),, global symmetry. So in this case,
the surviving discrete symmetry doesn’t tell us anything new.

Here’s a different example where things are more interesting. Consider SU(N) Yang-
Mills coupled to a single, massless Weyl spinor A in the adjoint representation. We've
already seen that the adjoint representation is real, so this theory doesn’t suffer from
a gauge anomaly. Indeed, it’s a rather famous theory because it secretly has a su-
persymmetry, exchanging the gauge field and fermion. This theory is known as super
Yang-Mills. Thankfully, we won’t need to know anything about supersymmetry for our
discussion. (You can read more in the lectures on Supersymmetry.)

Classically this theory has a global U(1) symmetry which rotates the phase of A
Ul): A= ). (4.76)

But quantum mechanically, this theory suffers an anomaly. We need the fact, from
Table 8, that I(adj) = 2N for the adjoint representation. Then, from (4.42), we see
that the theta angle shifts under this U(1) symmetry as

U(l): 6—60+2Na . (4.77)

This is telling us that the U(1) symmetry is anomalous. But, by the argument above,
a discrete Zon survives since this shifts 8 — 6 + 27, while the fermion transforms as

Zon : A 22NN (4.78)
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This discrete symmetry becomes particularly interesting because this theory, like many
other non-Abelian gauge theories, flows to strong coupling at some scale Aqgcp where
it exhibits confinement and the formation of a fermion condensate,

(AX) ~ Adep - (4.79)

In actual QCD, such a condensate breaks the chiral symmetry. And the same is true
here, but with the important difference that the chiral symmetry in question is not
U(1) but instead just the surviving Zsy. The condensate breaks this to Zoy — Zo,
where Zs : A — —A. But we know from our discussion in Section 2.1 that, when
a discrete symmetry is spontaneously broken, it means that the theory has multiple,
degenerate ground states. Indeed, that’s the case here: SU(N) gauge theory, with
a single adjoint Weyl fermion, has N degenerate ground states, distinguished by the
phase of the fermion condensate (A)).

4.3 ’t Hooft Anomalies

So far we have discussed two manifestations of the anomaly:
e For a gauge symmetry, the anomaly better cancel. Or else.

e A mixed anomaly between a global symmetry and gauge symmetry means that
the global symmetry isn’t.

But what if we have an anomaly just for a global symmetry? What are the conse-
quences? From what we’ve discussed above, we know that the symmetry isn’t conserved
if we couple it to background gauge fields. But nothing compels us to do so. Indeed, if
we're in the realm of particle physics then it’s a little odd to do so because we're usu-
ally interested in relativistic physics in Minkowski space, while turning on a constant
background electric or magnetic field breaks Lorentz invariance. So what else can we
learn from this?

The answer is both subtle and powerful. The basic idea is that the anomaly provides
a way to classify different quantum field theories: two quantum field theories with the
same global symmetry group G can only be deformed into each other if they share
the same anomaly. This is particularly useful when thinking about how theories flow
to strong coupling, where we often don’t know what happens. The anomalies provide
constraints on what the theory can do. Such anomalies in global symmetries are referred
to as 't Hooft anomalies.
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We can flesh out this idea some more. Suppose that we've got some theory with
a global symmetry that, for the sake of this argument, I'll call Gr. We can compute
the anomaly for this symmetry. This is just a number — say Y., Q¢ if the symmetry
is Gp = U(1), or the generalisation if Gr is non-Abelian. As we will now argue,
this anomaly is a way to characterise the theory and, provided that the symmetry is
not broken, the anomaly remains unchanged under any deformation of the theory. In
particular, the anomaly remains unchanged if the theory flows to strong coupling. In
fact, this anomaly is one of the few handles that we have on the strong coupling physics
of quantum field theories.

We will first explain the basic idea and then give a concrete example. Suppose that
we have some quantum field theory — typically a non-Abelian gauge theory — that is
weakly coupled in the UV, but flows to strong coupling in the IR. The most important
example is, of course, QCD. We will abstractly call the UV theory Tyy. We assume
that it has some global symmetry G'r. This should be a true symmetry of the quantum
theory meaning, in particular, that it has no mixed anomalies with the gauge symmetry.

This UV theory may have a 't Hooft anomaly for Gr. This anomaly is just a
number. If G is Abelian, this anomaly is simply > Q3 as in (4.7); if it is non-Abelian
the anomaly is > A(R;) as in (4.17). Either way, we will denote this anomaly as Ayy
and assume Ay # 0.

The theory now flows under RG to a theory 7;g in the IR which will typically be
very different. For QCD this is the theory of mesons and baryons. For other quantum
field theories, the infra-red physics may be quite mysterious. We have the following
result:

Claim: Either the symmetry G is spontaneously broken, or the anomalies match
meaning

Avy = Az . (4.80)

This is a wonderfully powerful result. If G is spontaneously broken then we necessarily
have massless Goldstone bosons. But if G is unbroken then we must have massless
fermions that reproduce the anomaly. This is known as t Hooft anomaly matching.

Proof: The argument for 't Hooft anomaly matching is very slick. Suppose that

Ayy # 0 then we know from the discussion above that we’re not allowed to couple Gg
to dynamical gauge fields. That would lead to a sick theory.
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To proceed, we introduce a bunch of extra massless Weyl fermions transforming
under Gr. We call these spectator fermions. These won’t interact directly with our
original fields in Ty, but they are designed so that the total anomaly of the original
fields and these new fermions vanishes:

AUV + Aspectator =0. (481)

Now that the anomaly cancels, there’s nothing to stop us introducing dynamical gauge
fields for Gr. We do so, but with a very (very!) small coupling constant.

Now let’s go back to our original theory 7y It will flow to strong coupling at some
scale Aqcp and we’d like to understand the physics Trr below this scale. If the gauge
coupling for G is small enough, then this RG flow takes place entirely unaffected by
the presence of the G gauge fields. This means that one of two things could have
happened. It may be that the strong coupling dynamics of 7y spontaneously breaks
the symmetry Gg. (For example, as we've seen, this is expected to happen if we take
GF to be the chiral symmetry of QCD.) This was the first possibility of our claim.
Alternatively, Gr may be unbroken at low-energies. In this case, we're left with T;g,
together with the spectator fermions,; all coupled to the G gauge fields. But this can
only be consistent if

AIR + Aspectator =0. (482)
Clearly, this means that we must have Arz = Ayv. O

4.3.1 Confinement Implies Chiral Symmetry Breaking

Anomaly matching has many uses. But the most important is a statement about QCD.

Recall from Section 3 that there are two strong coupling effects that arise in QCD.
The first is confinement, the second chiral symmetry breaking. We will now use 't
Hooft anomalies to argue that the former implies the latter.

We can work more generally with an SU(N,.) gauge theory, coupled to Ny massless
Dirac fermions ¢;, each in the fundamental representation. This is a vector-like theory,
so doesn’t suffer any gauge anomaly. We've already seen that the U(1) 4 axial symmetry
suffers an ABJ anomaly, so the global symmetry of the theory is

Grp=U(1)y x SU(Ns) x SU(Nf)R . (4.83)

We want to compute the 't Hooft anomalies of this global symmetry group.
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This is straightforward if we work in the UV where the theory is weakly coupled. In
this case, we can just pretend that the fermions are essentially free and read off the
result. There is no 't Hooft anomaly for U(1)?,, where the subscript 3 means that all
three legs in the triangle diagram have U(1)y currents, because this is a vector-like
symmetry. In contrast, there is a 't Hooft anomaly associated to the chiral, SU(Ny)
factors. In fact, there are two. The first is the purely non-Abelian anomaly,

[SUNg)LP: A= A@D)=N,. (4.84)

Here the anomaly arises because each left-handed quark ¢, transforms in the fundamen-
tal O of SU(Ny)r, and A(O) = 1. But the quarks also come with a colour index which
means that there are N, such fermions. (More generally, you have to sum over any
other indices that the fermion carries that aren’t themselves involved in the anomaly.)
Hence the result A = N A(O) = N.. There is a similar anomaly for SU(Ny)g.

In addition, there is a mixed 't Hooft anomaly between U(1)y and SU(Ny). This is
[SUNg) P x ULy : A=) qI(0) =N, (4.85)
which again simply counts the number of quark colours.

Now the question is: what happens in the infra-red? For suitably low Ny, we've seen
in Section 3 that we expect the chiral symmetry Gr to be broken down to U(1)y x
SU(Ny)diag, but proving this remains an open problem. Here we will shed some insight.
We will assume that the theory confines and, moreover, that in the infra-red, the
physics is described by weakly interacting mesons and baryons. (This is in contrast to
the conformal field theories that we see at larger Ny.) In such a situation, 't Hooft
anomaly matching shows that the chiral symmetry must be broken.

Here is the argument. Suppose that G is unbroken in the infra-red. Then there must
be massless fermions around that can reproduce the anomalies A and A’. Moreover,
by assumption, these massless fermions must be bound states of quarks, either mesons
or baryons.

Mesons certainly can’t do the job because these are bosons. Baryons, meanwhile,
contain N, quarks so these too are bosons when N, is even. This is telling us that when
N, is even, a confining theory contains no fermions at low-energies and so certainly can’t
reproduce the anomalies. We learn that chiral symmetry breaking must occur when
N, is even.
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What about N, odd? Now baryons are fermions. Is it possible that some of these
baryons could be massless and reproduce the 't Hooft anomalies? Of course, this
doesn’t happen in our world: the simplest baryons are the proton and neutron which are
certainly not massless. But might it be a theoretical possibility? The answer, it turns
out, is no. The basic argument is to figure out what representations of G the putative
massless baryons must sit in, and then to show that there’s no possible combination of
baryons that can reproduce the 't Hooft anomalies A and A’. This means that if QCD
confines into weakly interacting colour singlets, then chiral symmetry is necessarily
broken. We now present this argument in more detail.

The Representations of Massless Baryons

It turns out that we can make the argument for any number of colours N, but it is
simplest if we restrict to N. = 3. Which, happily, is the case we care about for QCD.

If the SU(3) gauge group confines, then any massless fermion must be a colour singlet.
The only possibility is baryons, comprised of three quarks. Each constituent quark can
be either left-handed or right-handed. Under SU(Ny), x SU(N¢)r C G, the left-
handed fermions transform as (N, 1), while the right-handed fermions transform as
(1,Ny). Both of these Weyl fermions have charge +1 under U(1)y.

We've already seen in Section 3.3 that baryons in QCD can have either spin % or
spin %, depending on how the constituent spins of the quarks are aligned. You might
imagine that the same can be true for our putative massless baryons, but there is a
theorem by Weinberg and Witten which says that one cannot form massless bound
states with helicity A > 1. So if the massless baryons above do indeed form then they

must have helicity i%.

So what representations of Gp = U(1)y x SU(Ny)r x SU(Ny)r do the colour singlet
baryons sit in? Well, to form a helicity % baryon, we should contract the spin indices
of two fermions of the same handedness, and then leave the third spinor degree of
freedom hanging. There are different ways to do this. For example, we could have
three left-handed spinors, so that the indices combine to leave us with a left-handed
spinor. In this case, the resulting bound state will transform in one of three possible
representations of the SU(Ny), symmetry which, in the language of Young diagrams,
read

L (450
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The first representation is the totally symmetric, the second the totally anti-symmetric,
and the final is some representation whose name I don’t know. Some properties of these
representations are listed in Table 9. We've labelled the boxes with L to remind us
that these are constructed out of three left-handed quarks.

But, alternatively, we could get ourselves a left-handed spinor by combining the in-
dices on two right-handed spinors, and then leaving the final left-handed spinor hanging.
These baryons would transform in representations of SU(Ny), x SU(Ny)g that take
the form

R
[L]®[RI[R] . ® (4.87)

Each of these transforms in the fundamental O of SU(Ny)y,, while the first transforms
in the symmetric [1J of SU(Ny)g and the second transforms in the anti-symmetric H
of SU (N f) R-

So (4.86) and (4.87) are the possible representations for massless left-handed baryons.
But there’s also the option for massless right-handed baryons which we get by simply
exchanging L < R,

R

L
. [LIL]®[R] @ (4.88)

R
REE - E

So these are our options for forming massless baryons. Now the question is: which
combination of these massless baryons will reproduce the 't Hooft anomalies of the UV
theory?

We started with a vector-like theory, in which all fermions came in left /right pairs
to make a Dirac fermion. So it seems reasonable to assume that we end up with a
vector-like theory. Indeed, a strong constraint comes from the U(1)?, anomaly which
vanishes. We will assume that we reproduce this by taking left /right pairs, so that if
one of the massless baryons in (4.86) or (4.87) arises in the spectrum, then so too does
its counterpart from (4.88).

So now we have a well-defined problem on our hands. We take some number p, > 0
of each of the a = 1,2, 3,4,5 possible baryons above and then see which values of p,
can reproduce the 't Hooft anomalies A and A’.
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dim(R) I(R) A(R)

Ny 1 1
SNp(N;+1) Ny +2 Ny +4
TNg(Ny—1) Ny —2 Ny —4

%Nf(Nf—l-l)(Nf—i-Q) %(Nf—l-Q)(Nf—Q—?)) %(Nf—i-?))(Nf—i-G)

s Ny (Np = 1)(Ny = 2) | 5(Ny = 2)(Ny = 3) | 5(Ny —3)(Ny —6)

m@m@mw

| LN/ (N2 - 1) N? -3 NZ—9

Table 9. Properties of some representations of SU(Ny)

Actually, at this point a subtlety raises its head. Above, we confidently asserted
that (4.86) and (4.87) were left-handed spinors, while (4.88) were right-handed spinors.
That’s certainly true if we're dealing with a weakly interacting theory where we can
just read off the representations from contracting indices. But things could be more
complicated in a strongly interacting theory. In particular, it may be that a massless
spin 1 gluon binds with one of the baryons to flip its helicity from +% to —%. So it may
be that some of the baryons that we listed in (4.86) and (4.87) are actually right-handed
instead of left-handed.

In fact, it’s easy to take this subtlety into account. We’ll assign an index, p, € Z,
with @ = 1,...,5 to each of the five baryons in (4.86) and (4.87). The magnitude
|pa| denotes the number of species of baryon that arise in the massless spectrum. If
these baryons are left-handed then we take p, > 0; if they are right-handed then we
take p, < 0. Our task is to find which values of p, will satisfy anomaly matching and
reproduce (4.84) and (4.85).

Next, we need a little group theory. For a representation R of SU(Ny), we will need
to know the dimension dim(R), the anomaly coefficient A(R), as well as the Dynkin
index I(R) that we already met in (4.24). The relevant data is shown in Table 9.
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We can now compute the infra-red anomalies, assuming that we have p, massless
baryons of each type. For SU(N;)} with N; > 3, the anomaly is

A= SNy +8)(N; + Opr + 5(Ny — B)(N; — O)pa + (V] — 9y (4.8

N | —

+ (% f(Nf+1)—Nf(Nf+4)>P4+ (% f(Nf—l)—Nf(Nf—4))p5-

Note that the baryons with numbers p, and ps arise from tensor products and have two
terms. For example, for p, the first term comes from the left-handed baryon | L|®|R|R],
and the second — with the minus sign — from the right-handed baryon |R|®|L|L|.

Meanwhile, for the SU(N;)? x U(1)y anomaly, each baryon has charge 3 under the
U(1)y. Dividing through by this, we get a contribution proportional to the Dynkin
index I(R),

A1

3 = E(Nf + 2)(Nf + 3)]?1 + %(Nf — 2)(Nf - 3)]92 + (NJ% - 3)])3 (490)
1

1
b (SN 1) = N 42 )it (NN = 1) = NNy =) e
To match the anomalies, we need to find p, such that A = A" = 3.

To start, let’s look at Ny = 3. Anomaly matching gives

/

A

We can immediately see that there can be no solutions to the second of these equations
since A’/3 in the infra-red theory is necessarily a multiple of 3 and cannot reproduce
the ultra-violet anomaly A’/3 = 1. We learn that G = SU(3) gauge theory with
Ny = 3 massless fermions must spontaneously break the G flavour symmetry, as long
as the theory confines. You can check that the same argument works whenever Ny is
a multiple of 3.

Decoupling Massive Quarks

When Ny is not a multiple of 3, things are not quite so simple. Indeed, we will need
one further ingredient to complete the argument. To see this, let’s look at the anomaly
matching conditions for G = SU(3) gauge theory with Ny = 4 flavours. They are:

A = 35p1 — pa + Tp3 — 22ps + 6ps = 3

/

A
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Now there are solutions. For example py = 3 and p; = 1 with p; = p3 = py = 0 does
the job. This corresponds to four massless baryons in the representations

3(4,1) ® (4,6)],  [3(1,4) @ (6,4)], (4.93)
where the L and R subscripts denote the chirality of these Weyl spinors. Note that

the left-handed baryons now transform under both SU(4), and SU(4)g of the chiral
flavour symmetry.

Naively, the existence of the solution (4.93) suggests that there is a phase with
massless baryons and the chiral symmetry left unbroken. In fact, this cannot happen.
The problem comes when we think about giving one of the quarks a mass. We will
make the following assumption: when we give a quark a mass, any baryon that contains
this quark will also become massive. It is not obvious that this happens, but it turns
out to be true, a result known as the Vafa-Witten theorem. (It’s one of a number of
Vafa-Witten theorems.)

If we give one of the quarks a mass, then the symmetry group is explicitly broken to

What happens to our putative massless spectrum (4.93)7 A little group decomposition
tells us that under G', the left-handed baryons transform as

3(4,1) > 3(3,1) ®3(1,1) and (4,6) — (3,3)® (3,3)® (1,3) @ (1,3) . (4.95)

The right-handed baryons have their SU(3), x SU(3)g representations reversed. Of
these, the (1,1) and the (3,3) do not contain the massive fourth quark. By our
assumption above, the remainder should become massive.

There is a further constraint however: all of the baryons that contain the fourth
quark should become massive while leaving the surviving symmetry G’ intact. This
is because, as the mass becomes large, we should return to the theory with Ny = 3
flavours and the symmetry group G’%. Although we now know that G’ will ultimately
be spontaneously broken by the strong coupling dynamics, this should happen at the
scale Aqcp and not at the much higher scale of the fourth quark mass.

So what G'-singlet mass terms can we write for the baryons that contain the fourth
quark? The left-handed spinors transform as 3(3,1) @ (3,3) @ (1,3) © (1, 3). Of these,
(3,3) can happily pair up with its right-handed counterpart. Further, one of the (3, 1)
representations can pair up with the right-handed counterpart of (1,3). But that still
leaves us with 2(3,1) @ (1,3) and these have nowhere to go. Any mass term will
necessarily break the remaining G’ chiral symmetry and, as we argued above, this is
unacceptable.
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The result above should not be surprising. Any baryon that can get a mass without
breaking G’ does not change the 't Hooft anomaly for G”. If it were possible for all
the baryons containing the massive quark to get a mass without breaking G’ then the
remaining massless baryons should satisfy anomaly matching. Yet we’ve seen that no
such solution is possible for Ny.

The upshot of this argument is that there exists no solution to anomaly matching
for Ny = 4 which is consistent with the decoupling of massive quarks. It is simple to
extend this to all Ny and, indeed, to all N.. 't Hooft anomaly matching then tells us
that the chiral symmetry must be broken for all N, > 2 and all Ny > 3.

Massless Baryons when N; = 27

There is one situation where it is possible to satisfy the anomaly matching: this is
when Ny = 2. Since there is no triangle anomaly for SU(2), we need only worry about
the mixed SU(2)2 x U(1)y 't Hooft anomaly. We can import our results from earlier,

although we should be a little bit careful: the anti-symmetric representation is the

singlet of SU(2) while the representation é L] does not exist. The 't Hooft matching
condition for gauge group SU(3) now gives

A/

S =10 —Spatps=1. (4.96)

This has many solutions. The simplest possibility is p; = ps = 0 and p5; = 1. This
means that we can match the anomaly if there are massless baryons which transform

under SU(2);, x SU(2)g x U(1)y as
(2,1); @ (1,2);5 . (4.97)

So for Ny = 2 we cannot use 't Hooft anomaly matching to rule out the existence of
massless baryons. But it does not mean that they actually arise. To understand what
happens, we need to look more carefully at the actual dynamics. The only real tool we
have at our disposal is the lattice and this strongly suggests that even for Ny = 2 the
chiral symmetry is broken and there are no massless baryons.
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