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The effects on seismic waves of interconnected nearly aligned cracks
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SUMMARY

Transfer of fluid between connected cracks may occur during the passage of seismic
waves. Such fluid flow can be modelled using an extension of effective medium theory
(Hudson et al. 1996) and is effected via non-compliant pores. The flow is governed by
a parameter 7 representing the relaxation time of pressure equalization between cracks.
However, if the cracks are fully aligned and have the same aspect ratio, the theory
produces the unexpected result that, at low frequencies, the cracks are effectively
isolated and at high frequencies they are fully drained. The artificial restriction of the
model to perfectly aligned cracks of identical aspect ratio is seen to be the cause of
this result. By reworking the model to allow the crack orientation and aspect ratios
to vary, we see that a more realistic model has the usual properties in which the cracks
are isolated at high frequencies and undrained at low frequencies. We have chosen the
distributions of aspect ratios to be in agreement with observation (Hay et al 1988).
Thomsen’s parameters (Thomsen 1986) and the attenuation coefficients are seen to be
frequency-dependent via the non-dimensional parameter wrt.
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1 INTRODUCTION

Cracking originates in rocks from a number of geological
processes, of which thermal gradients and tectonic stress are
particularly important. The resulting fracture network will
depend upon both the mineralogy and grain orientation within
the rock. Experiments on thermally induced cracking (Fredrich
& Wong 1986; Hadley 1976; Homand-Etienne & Houpert 1989)
and stress-induced cracking (Montoto et al. 1995; Tapponnier
& Brace 1976; Wong 1982) suggest that the former process
produces a fairly isotropic distribution of predominantly inter-
granular cracks, while the latter produces a strongly aniso-
tropic distribution of intragranular and transgranular cracks,
with the majority of cracks oriented parallel to the direction of
maximum principal stress (David et al. 1999; Menéndez et al.
1999).

Effective medium theories giving expressions for the overall
mechanical properties (in particular, the wave speeds) of materials
with cracks are now well established. Among the best known
are the self-consistent method (O’Connell & Budiansky 1974),
the method of smoothing (Hudson 1980) and the differential
method (Nishizawa 1982). In all such theories it is necessary
to calculate the response of a single crack in an unbounded
homogeneous matrix. Since all the methods involve extensive
averaging, the cracks are represented for this purpose by a ‘mean
crack’, usually taken to be circular. The cracks may be aligned,
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partially aligned or randomly oriented (Hudson 1986), they may
be filled with gas (dry), liquid or a weak solid (Hudson 1981)
and they may be connected through the porosity of the matrix
rock (Hudson et al. 1996; O’Connell & Budiansky 1977). In the
latter case, fluid is able to flow between cracks that, because
of their difference in orientation, say, have been distorted
differently by an imposed stress field. We follow the analysis of
Hudson et al. (1996) here and it should be borne in mind that
the theory developed here is valid only to first order in the
number density of the cracks. Although Hudson et al. (1996)
and Pointer et al (2000) imply that the extension to second
order in the number density is straightforward, it has not been
established that this is the case and we restrict ourselves to a
first-order theory here.

In their paper, Hudson er al. (1996) derived a rather
unexpected result for aligned connected cracks. This was that,
in high-frequency wave propagation, the cracks behave as if
they are completely drained (dry) and, at low frequencies, as
if they are isolated without connections. Although apparently
running against physical intuition, this result is explained by
the fact that because the cracks are fully aligned, the pressure
gradient driving fluid from one crack to another varies on the
scale of a wavelength, inversely proportional to the frequency w;
the diffusion length, on the other hand, varies as ® 2. Thus,
as the frequency tends to zero, the diffusion is less and less
effective, with the opposite effect as w—oo.
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Hudson et al. (1996) derived their results for aligned cracks
by a method that ignores local crack-to-crack flow since it was
assumed that because the cracks all have the same orientation,
it would be unimportant. However, if the formulae for non-
aligned cracks are specialized to cracks with a single orientation,
the result differs from the above in the addition of one term
that becomes important at high frequencies. The incorporation
of crack-to-crack flow shows that it cannot be neglected when
the frequency is sufficiently high that the wavelength approaches
the size of the intercrack spacing. We compare the two results
here and show that, with the more complete theory, fully
aligned cracks behave as if isolated at high frequencies as might
be expected. However, they still behave as if isolated at very
low frequencies for the reasons given above.

As well as depending on the assumption that the cracks are
fully aligned, these results also rely on the fact that the cracks
were assumed all to have the same aspect ratio. Relaxing either
of these two assumptions leads to local fluid flow between
neighbouring cracks that have been distorted in different ways
by the incoming wave because of their different orientations or
aspect ratios or both. In this paper we analyse the effect of
allowing small variations in alignment and aspect ratio and find
that the behaviour of the material is that of undrained cracks at
low frequencies, in accordance with physical expectation. We
show, graphically, how the material behaves when the cracks
are nearly aligned and when they all have nearly the same
aspect ratio.

2 BACKGROUND

The method of smoothing developed by Keller (1964) has been
applied by Hudson (1980, 1981, 1986) to determine expressions
for the effective elastic parameters ¢ of a cracked material,
to first order in crack density e=v{a*), where v'=N/V, N is
the number of cracks, V' is the material volume, « is the crack
radius and the operator {.) denotes the mean value, such that

c:c0+ac1+@(82), 1

where ¢” is the elastic tensor for the assumed isotropic, porous
matrix material,

Cg;jq = A0ipdjq + :“(51'/'5174 + 51’:15]'17) > 2
where / and u are the Lamé constants of the material; ¢!
accounts for scattering off individual cracks.

Determination of ¢' depends upon the orientation of the cracks
and the nature of the crack infill. Expressions for ¢' under
varying conditions for isolated cracks can be found in Hudson
(1980, 1981, 1986). For aligned isolated cracks of identical
aspect ratio, with normals lying in the x3-direction, these are of
the form

1 _
I _ 0 0
Cipig = _l; Ck3ipclqu%k1 ’ (3)

where the nature of the crack infill is reflected in the diagonal
matrix {%,;}, where %, =%, due to the assumed symmetry
of each crack. The resulting effective medium is vertically
transversely isotropic.

3 THEORY

The model of connected cracks proposed by Hudson ef al. (1996)
for the transfer of fluid between cracks by non-compliant
pores (seismically transparent pathways) (see Figs la and b)
makes the assumptions that the distortion of the pores is
negligible compared with that of the cracks during the passage
of a wave and that the pore porosity is low, so that we neglect
compression of the pore fluid.

The population of cracks is divided into families of parallel
cracks with identical aspect ratio and identical radius, labelled
n=1, 2, .... Hudson et al. (1996) give a first-order expression
for the porosity of the nth set of cracks,

bn = )+ ¢l : (6" + pi) — . (4)

0,1
4
K

where k= A4+ 2u/3 is the bulk modulus of the matrix material,
¢o and ¢, are the stress-free porosity and the first-order
dependence on stress, respectively, for the nth set of cracks, ¢°
is the imposed static stress field and pf is the fluid pressure in
the nth set of cracks.

Figure 1. (a) Schematic of an aggregate in which the misfit between
the particles creates a porous system. (b) Schematic of a possible
distribution of nearly aligned cracks in an aggregate. The insert
(areduced version of a) represents the structure of the material in which
the cracks lie.
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The relation proposed by Hudson ef al. (1996) for the mass
flow out of the nth set of cracks, derived in Appendix A, is

oo . 0
2E00) _ G ), )

or

where pf is the fluid density in the nth set of cracks, pg is the
unstressed density, k¢ is the bulk modulus of the fluid, py is
the average (local) pressure in the fluid and 7 is a relaxation
parameter. Estimations of the value of 7 are made by Hudson
et al. (1996) and O’Connell & Budiansky (1977). This gives us
the relationship between the fluid pressure, pf, in the nth set of
cracks, the average fluid pressure and the imposed static stress,

1. 0
. g .
pr= (pf + ioTKp ¢¢O >/(1 —iwty,), (6)

with
1
Kf Kf(¢n)jj
yo=1-—= g 7
/n K (ng 2 ( )

where we have used the relationship between the fluid pressure
and density,

71

Po_y=_0, 8)
Pr Kf
and have assumed a plane wave solution to the equations of
motion of the form u=be'® - *~9 g0 that the operators 0/0x;
and 0/0t are replaced by the factors ik; and —iw respectively.
This is the opposite convention to that used by Hudson et al.
(1996).

From Hudson et al (1996), conservation of mass and
D’Arcy’s law yield an evolution equation for the total mass
concentration of fluid, my,

0
"y, (ﬂ K'.fo), ©)
ot ﬂf

with K" the permeability tensor of the matrix, including cracks—
in general this will be anisotropic, although Hudson et al
(1996) assumed an isotropic permeability; m; is given by

= pidn, (10)

where pyis the average fluid density, #¢ is the fluid viscosity, and
prand pg obey the same relation as p{ and pf in eq. (8).

Let us assume that K" is spatially constant. Substituting eqs
(4), (6) and (8) into eq. (10) and using eq. (9) we gain, to first
order in pe/ir and @) : 6%¢°, where ¢° is the average stress-free
porosity of the cracks,

zwl€ K’ quKf

Jj P7pq
{( ) Z 1- zwwn fz 1 — iy, 02

I, 0
10
- _ 7 11
; 1 —iwty,’ an
where
~ k
k, = f (12)
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is the ratio of the wavenumber in the x;-direction to the total
wavenumber, and v is the wave speed; we approximate this to
lowest order by using either vp or vg corresponding to P or S
waves respectively.

Letting the normal to the nth set of cracks be n”, from
Hudson et al. (1996) we have

(#), 20—y
o (13

where o, =c,/a, is the aspect ratio of the nth set of cracks and

A
— _ 14
22+ p) (14)
is Poisson’s ratio of the matrix material. We now have
2K(1 —
y ooty 2=y (15)

K UL,

Substituting eq. (13) into eq. (11) yields an expression for p¢

and hence by eq. (6) an expression for p{’ in terms of ¢°.

Thus, from eq. (4), the relative change in porosity becomes

¢’n B ¢2
o
21— nint (1 — i) ( ) Emlt; 1!
RETT(EEn | R U e,
s oor -1
Z Em%mYm 3160kaququ ol (16)
m - lwr})m 47'[1/‘21’]f .

As in Hudson et al. (1996), we write this as

3 n 0
dmpo, 7 %>

(17)

thus defining {N;}, the crack opening parameters for the nth
set of cracks. This is a modified version of the corresponding
result derived in Hudson et al. (1996) that allows for variable
aspect ratio.

The analysis of Hudson et al. (1996) now proceeds to show
that the perturbation ec' in the elastic parameters is given by

1 j— n
ECipjg = — Z =1 mic"y Cknpl/ults Cuqu

X [5)‘3(5;711511 + 5/112512)%71 + 5/113Nm 5 (18)

where ¢, is the crack density of the nth set of cracks; that is,
&, =Vvia, where v§ is the number density and a, is the radius of
the nth set of cracks.

{;} is the rotation matrix from the background axes to axes
fixed in the crack with normal in the x3-direction, so that
Iin = 0j3 (19)

no__ n
131'_”[’ jitti

and we have adopted the opposite convention for the definition
of {/;}} to Hudson (1986), Hudson et al. (1996) and Pointer et al.
(2000). We note that Hudson et al. (1996) incorrectly stated
their choice of the sense of the rotation {/j}. The values of
{N};} in eq. (18) are to be calculated for cracks with normals in
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the xs-direction,

(1-v)
1—i

n

8
ltfg

{5/3513(1 —iwt) — o (y, — DI

Lo -1
N Siwk, K kqkr
4nvng '

(20)

n

EmmVm

1 —iwty,,

111 5,
5 Z Enh' N
— 1 —iwty, \ 4

U}, is given by Hudson (1981) for a weak viscous material infill
with effective rigidity — iy as

. 161 —v

=3 2_v/(1+M,,), @1)
where

M, = 411—vw;1f' (22)

2=V uoy,

Inserting eq. (20) into eq. (18), we finally arrive at an expression
for the first-order correction to the elastic constants,

o P
EChpjg = ZH

n

n g O
tkn ckrzpl s usjq

_ 8 1 —iwt
X {(5115/1 + 0ndp)UY, + 3 0i30i3(1 —v) }

1 —iwty,

8 &p 0 0 O(n( — l)
+3(1-v) ; 21 " ChripCusi W

Emlty 1y
1 —iwty, \ 4

. 1
entn )| Si0k K Ky Kf)

1 —ioty, 4mvtn,
(23)
4 HIGH- AND LOW-FREQUENCY
LIMITS
The behaviour of eq. (23) at high frequency is given by
SH
Scl!pfq == Z ltkn Ckupl/u s m/q
8
X | (0n0n + 0pdn)UT, + 3 03di3(1—v) /7, (24)

which corresponds to the result for isolated cracks filled with a
fluid with wnr< k< x (Hudson 1981); that is, a fluid such that
its effective rigidity is small in relation to its bulk modulus,
which in turn is negligible in comparison with the bulk modulus
of the material. The low-frequency limit of eq. (23) is

8
1 _ m .n 0 n n 0
8ciqu - § (1 - V) § - lkn ckrlp luns cus/q
n

X (01011 + 5:2512)

—

s 5;3513}
8 én non 0 0
+§ (] - V) Z U e, ('knpcus;qa"(yn - 1)

x Z anmnm/z EmOmVm » (25)
m

the first term of which corresponds to the result for dry cracks
(Hudson 1981). However, the presence of the second term
means that the response at low frequencies is that for undrained
material, as we now show.

We define the compliances s in the same manner as we define
the stiffnesses ¢ (eq. 1), such that

s=s"+as' +0(), (26)
where
0 A 1 .
S = 37 1 20 0 T (0jx0qr + 0jr0qc) @7
and
1
SipjqCigkr = CipjqSigkr = E (5ik5pr + 5il‘5pk) . (28)

Using the result in eq. (28) and assuming that eqs (1) and (26)
represent power series, we equate the ((¢) terms and can
therefore write s' in terms of ¢' as

1 _ 0 I 0
Spwnw = 7sn1z'z'[)cl'qusjqnw . (29)

Thus, for the low-frequency limit,

ss.}qkr :g (I=v) Z = Lynylyn {(@15/1 + 5:2512) T 813013
8 &
-3 (1— v); ﬁ njnqoc,,(/ -1
X< et |3 et (30)
We write
Sigkr = Sigkr T Sighr (31)

and identify s' and s'® with the first and second terms of
eq. (30) respectively. Thus, we may write the limit for dry
cracks as
S/C'lqkr = /qkr + bS /qkr (32)

Brown & Korringa (1975) extended the work of Gassmann
(1951) to give an expression for the undrained compliances in
terms of the dry result,

d 0 d 0

(qupp B qupp) (Siikr B Siikr) ) (33)

¢0(1/K - I/Kf) - (S%ss - S(I)lss)

Hence, from eq. (32) and using ¢° =4meuy/3, where o= <o),

|
Sigkr = ‘S?iqkr +

1a 1
&S yppSiikr ) (34)
(47‘[0(0/3Kf)(1 —Kr/x) + ‘S//vv

d
Sigkr = Sjqkr =

From eq. (30),

8 &
asjl[;)p 3 (I=v) Z m niny (35)
and
2 S(l—v
sy =220 " ! (36)
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therefore eq. (34) becomes

8 2ie(1 —v) g g
d — f n o n_n m-_m.m
Sigkr = Sjgkr = 3 (I-v) Wz}q:;”jnq;?nw, >
(37
where
2re(1 —

K ULy

We note that ¥, ¢,,=¢ and X,, ¢,,0,,, = &x, provided that we
assume that ¢ and o are independently distributed parameters;
then, from the definition of y,, (eq. 15), £, &,,0,,7,, = 0y and
hence, from eq. (30),

8
1b (1 —y H

ke = 73

en non Sm m m
— nmnyo(y, — 1) E — .
ey 57 M M

(39)

We can neglect the term «/ic in (y,,— 1) on the assumption that
the maximum value of the aspect ratio, o,y satisfies the
condition

4(1—?)

3n(l—2v)° (40)

Omax <<
which is consistent with our restriction to small aspect ratios
provided that v —1; then the term o,(y,—1) in eq. (39) is
independent of n, and eq. (39) reduces to the right-hand side of
eq. (37) exactly, so the undrained moduli are given by

8 2Kp(1 — v g g
St = sy =5 (1 =) ZIO Y 5 B 5 B
medyy G4

(41)

This is identical to eq. (30) for the low-frequency limit for
connected cracks, showing that, at low frequencies, connected
cracks respond at each point in exactly the same way as the
same material under static, undrained conditions.

5 CONTINUOUS LIMIT

Having developed the theory from a discrete perspective, we
shall henceforth assume a continuous limit: ¥, F(n) in eq. (23)
is replaced by

0 0 T 21
J J J J F(9, 0, a, o) f, fufa sin 0dpdOdad o 42)
2=0 Ja=0 Jo=0 Jp=0

for any function F, where f,, f, and f, are the probability
distribution functions of the random variables ¢, ¢ and n
(defined by polar angles ¢ and 6) respectively. We shall assume
that these distributions are independent of one another, for the
purpose of separately assessing their effects on seismic aniso-
tropy. More realistically perhaps, one would expect aspect ratio
to depend upon orientation, with cracks parallel to the direction
of maximum principal stress having a larger mean aspect
ratio than those perpendicular to it. Gibson & Toksdz (1990)
developed a model of a probability density function for crack
orientation with an aspect ratio distribution included. Their
results from the inversion of velocity measurements are generally
good, although there is an implied non-uniqueness of inversion.
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Prior to the exposure to stress, a rock will have a generally
isotropic background distribution of cracks (David et al. 1999).
Stress will induce further cracking, which will be of an aniso-
tropic nature (Menéndez et al. 1999), and thus a more accurate
description of crack distributions within a rock may be obtained
by representing the crack distribution as the sum of an isotropic
and an anisotropic part.

For a given aspect ratio, the crack radius a, only appears
within the term ¢, in eq. (23), so that in the continuous limit it
occurs in the form of () only, and thus ¢, may be replaced
everywhere by e.

6 ALIGNED CRACKS

If we take the limit in which the cracks are fully aligned and of
identical aspect ratio, we find that ¢' is given by eq. (3), with

- 161—v ali
=5 5y (), @)
W =3 (1)1 + K (#4)
and
pien — ALV (45)
T -V
-1
elien _ 2e(1—v)  wp 4 it P (46)
O\ muoy K 1+ (w1)’Pk)
where
P = % 47)
and
Pk . 3kapK;qkq (48)

 dmeagrity

The quantity wtP™ is identical to the intracrack viscosity
parameter P, of Pointer ez al. (2000), who estimated that,
with the fluid properties of oil or water, its effect is negligible
for seismological applications for both aligned and randomly
oriented cracks.

We have written the expressions in eqs (45) and (46) in terms
of wt, which is the short-range diffusion parameter P,,; of
Pointer ef al. (2000) and the quantity wtP* is 3/4n times the
long-range diffusion parameter P, of Pointer et al (2000).
Apart from the presence of an additional term—the «¢/x term,
neglected by Hudson ez al. (1996)—this result is identical to the
aligned limit of the expression derived for non-aligned cracks
by Hudson et al. (1996). Both of these expressions for aligned
cracks with identical aspect ratio differ from that given by
Hudson e7 al. (1996) in the value of the parameter K*€%; the
formula given by Hudson et al. (1996) is

2i(1 —v)
LU

Klien — (1 —iweP) ™, (49)

which ignores the term (wt)*P* and uses the opposite sign
convention on the temporal derivative. This difference arises as
a result of the failure of the aligned cracks result (Hudson et al.
1996) to account for any local fluid flow (note that wtP* is
independent of 7).
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We see from eq. (46) that in either of the limits wt—0 or
WT— 00,

2k (1 =v) ke

Kahgn N ,
Tl K

(50)
which is the result for isolated cracks filled with a fluid with
ong<ke<k (Hudson 1981). The inclusion of local crack-to-
crack flow gives the expected result at high frequencies, but at
very low frequencies the cracks still act as if isolated for the
reasons given earlier.

7 VARIABLE ASPECT RATIO

To begin with, we assume that the cracks are fully aligned,
hence

Ja(0, 9100, o) = 0(6 — 00)6(¢ — o)/ sin 0, (1)

and consider the effects of variable aspect ratio only. Let us
further assume that 0,=0, so that all the cracks now have
normals in the x;-direction. Eq. (23) now takes a form identical
to that of eq. (3),

1 _
1 0 0
Cipig = —; Ck3,-p6’13_,-qJ7lk/ s (52)

where {%, ;) is a diagonal matrix with

~ ~ 161 —v
I =An =3 5— [+ M), (53)
~ 8
’%33:§(1*V)F1/(1+K,) (54
and
. 1
=Y ; weP"E(m) { dilov a)‘chE(m)} . (55)
T —V
K =(y—1)
iwrPk ( - F ) 1+( Kq/k) =D~ =
% |1+ lru‘r,f,] )
_ (Fz _ Fl) lwr(l7M-/r;)7i((;:-4)lc)(,071) + ((/J‘L')ZPk'

(56)

We have defined here two functions that depend upon the
probability distribution function of «,

Jadow 1 —iwty,
(1 —iwt(l — k/x))?

o0
Fi=(1—-i =
1=(1—iom,) L 1 —iwty

x {1 - ia)r(l - %) + im( 14 ’Cf)E(k)} (57)

and

Fr= 1 —iwty, J* ofdo

o o 1 —ioty

- zzo;(fC(f?f/K)) K ’m<1 _Km))z
N )

(o (0 -1+ %)2 E(k)} , (58)

£0) =055 ) (59)

and the parameters of the distribution are chosen such that
{oy =0. Finally,

2i¢(1 —v) iwt
k= — 60
nuoo 1 —iot(1 — xke/k) (60)
and
4il-
m=— " epm, 61)
T2—v

We can generalize this result to the case of arbitrary values of
0o and ¢, letting the normal to the cracks be n° = (sin 0, cos ¢y,
sin 0 sin ¢, cos 0y)T,

1
1 0.0
Cipjg = .U —n ck”pn5 clw U;d N (62)

where {Ul-,-} is just the rotation of {%},—} to the new axes and is
given by

Uy = (5 — 0 )02/11 + 103, (63)

with %, and %+ given as above (eqs 53 and 54).

7.1 Modelling the distribution

Our theory restricts us to consider o« 1 only, so we look for
distributions with a finite range and a small mean. For this
we have chosen a generalized form of the Beta distribution
(e.g. Ross 1989), Beta(u, p, g), with a probability density function
(pdf)

fulolu, p, q) = m G)IFI (1 — %) o for h

0<o<u, with p,¢g>0,

and B(x, y) is the Beta function (e.g. Carrier et al. 1983). The
three parameters p, ¢ and u allow us considerable flexibility
with our model and in particular we may choose them such that
the pdf closely resembles observational results (Hay et al. 1988).

We wish to fit the parameters of the distribution such that

oy =,

(65)
Var(a)=(a?) — (a)? = (),
for some §. Thus we choose p and ¢ such that
u—op — 00>
=,
uo (66)
_ u— 0o
=

Our choice of ¢ will dictate the spread of the distribution and
U= 0nayx, the maximum value of o that can be achieved.
Choosing u=0.2, 0p=0.00837 and 6=0.703 ensures that
our probability density function resembles the results of Hay
et al. (1988) (see Fig. 2) based upon a truncation of the data
provided in Hay (1988), where the larger aspect ratio values
have been ignored. For o greater than some critical value much
less than u, the pdf is effectively zero; it is not surprising,
therefore, that variations in u have a negligible effect upon the
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Figure 2. The generalized Beta distribution, with mean «y=0.00837,
variance governed by 6=0.703 and width ©=0.2 (solid line), u=0.5
(long dashes), and the Gamma distribution governed by the same values
of oy and ¢ (medium dashes) to approximate the sum of the crack aspect
ratio observations for grain boundary, intergranular and intragranular
cracks of Hay et al. (1988) (bars).

values of the elastic constants—while there is a very small
observable difference between the Beta distribution with u#=0.2
and 0.5 (Fig. 2), there is no discernible difference between the
resulting components of the stiffnesses (eq. 52)—so we replace
eq. (64) with

filaloo, &) = lim f.(xlu, p, )

-1/6*
_ (0‘052) /91
= 2
r(1/5)
which is a Gamma(1/6%, 1/096?) distribution (Ross 1989), with
I'(z) the Gamma function (Carrier et al. 1983). Graphically,

this looks almost identical to the Beta distribution with u=0.5
(Fig. 2). With this choice of distribution, we have

e /%9 , for 0<a, (67)

2 ve) /(z— —X
(y) = 1/0 J e (68)

d _F(l/éz) 0 x4/

7.2 Results

We start by choosing the parameters of the Gamma distri-
bution such that it closely follows the measurements of Hay
et al. (1988); thus 0p=0.00837 and § =0.703. Furthermore, we
shall use £=0.02, vp=3.5x10°m s}, v5=2.0x10° m s~ ' and
p=2.2x10* kg m~* (average values that could correspond to
a large number of possible matrix materials), kp=2.25 x 10° Pa
and 7= 1073 Pas (for water), thus v=0.258 and x¢/k=0.148.
We shall, for simplicity, assume that {K }=K0,, and use
K'=10° mD (~10~'2 m?), so that only the parameter T remains
unknown in the expressions for P and P* (eqs 47 and 48
respectively).

We start by considering the variation of Thomsen’s para-
meters (see Appendix B) with the non-dimensional frequency
ot and the constants P and P”. From the definitions (egs B1,
B2 and B3),

4ev

o =15, %(@33) , (69)

57" =& 2%(‘}?}33) — 11_ 2V

() (70)

© 2001 RAS, GJI 146, 249-263

Interconnected nearly aligned cracks 255

and
v =35 () (1)

to first order in crack density ¢. Thus ¢ (a measure of the
P-wave anisotropy) is independent of P and, from Fig. 3(a), is
described by a bell-shaped curve for lower values of P* that
develops a flat top for higher values, while y7 (a measure of the
SH-wave anisotropy) is independent of P¥ and is described by a
monotonically decreasing curve (see Fig. 3b); 6 depends upon
both PX and P".

We see from Fig. 3(a) that increasing P* results in an increase
in the magnitude of the peak of ¢z up to a maximum reached at
PF~10° and a decrease in the value of wt at which the peak
occurs, at approximately ot =(P*)~?>—thus we see that the
term (wt)’P* dominates eq. (56). Increasing P* still further
does not change the peak value of ¢z, but broadens the range of
ot within which &7 is non-negligible.

From Fig. 3(b) it can be seen that an order of magnitude
increase in the value of P results in an order of magnitude
decrease in the value of wt at which a transition is made from

0.07 T T T T T T

0.06 |- e e -

. . 7
005 - . g Y \ i
, ! 7

0.04 - !

er ; ! ! i \

003 : i \\ .
002 |- ! i \ -

oot S A N\

(a) log wt

0.025 : . I

0.015 \
T 5 '\_

T

0.005

(b) logwt

Figure 3. (a) Thomsen’s parameter ¢7 as a function of non-dimensional
frequency wt for PF=10 (solid line), 10? (long dashes), 10% (medium
dashes), 10* (short dashes), 10° (long dash-dot), 10° (short dash-dot)
and 107 (double dashes), with the Gamma distribution given in Fig. 2
for the aspect ratio and crack density ¢=0.02. (b) Thomsen’s parameter
yr as a function of non-dimensional frequency wt for P"=10 (solid
line), 10 (long dashes), 10° (medium dashes), 10* (short dashes), 10°
(long dash-dot), 10 (short dash-dot) and 107 (double dashes), with the
Gamma distribution given in Fig. 2 for the aspect ratio and crack
density ¢=0.02.
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the maximum to the minimum values of y7 (as wt— o0,
E,,—0 such that M’— oo and thus # 11—0) with the transition
occurring over a range [0.1 (P™)~", 10 (P™)~"] of wr.

We now consider the effect upon Thomsen’s parameters
of the distribution parameter é and the crack density ¢. In
Fig. 4(a) we consider the effect of § and & upon &7, for P=10%
We see that a decrease in the variance of the distribution
increases the value of ¢ at its peak—that is, it increases the
degree of anisotropy, as we would expect. The greatest value of
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Figure 4. (a) Thomsen’s parameter ¢z as a function of non-dimensional
frequency ot for P=10%, with distribution parameter =0.703 (solid
line), 0 (long dashes) and 1.0 (medium dashes), and crack density
£=0.02, also with §=0.703, ¢=0.0216 (short dashes) and 0.0182
(long dash-dot). (b) As (a), but with P¥=10%. (c) Thomsen’s parameter
yr as a function of non-dimensional frequency wt for P” =102 with
distribution parameter 6=0.703 (solid line), 0 (long dashes) and 1.0
(medium dashes), and crack density ¢=0.02, also with 6=0.703,
£=0.0216 (short dashes) and 0.0182 (long dash-dot).

er 1s obtained for 6=0, where all the cracks have the same
aspect ratio. Although this case corresponds to an anomalous
result for the elastic moduli at low frequencies, we see that the
behaviour of ¢7in the limit 6—0 is not remarkable. Away from
the peak value, little change is seen in the value of &7 when 9 is
varied. Furthermore, we note that an increase in the crack density
also serves to increase the peak value of ¢z—thus decreasing
the variance from 0.703 to O (the aligned case) produces a
result that is very similar to that achieved by increasing the
crack density from 0.2 to 0.0216, and similarly, increasing
the variance to 1.0 (an exponential distribution) is seen to be
almost equivalent to decreasing the crack density to 0.0182.

So can we distinguish between the effects of the crack density
¢ and the variance of the aspect ratio distribution 6? At values
of wt away from the peak value of ¢z, a change in ¢ will not
affect the value of ¢, whereas an increase or decrease in ¢ will
cause an increase or decrease, respectively, in e7; however, this
effect is barely discernible for such small changes in ¢ as those
discussed above. For larger values of P*, we are more able to
distinguish between the two effects (see Fig. 4b), where now
P*=108. Only a small change is seen in ez with &, but a notably
different change is seen when adjusting the value of e.

Fig. 4(c) shows how y varies with & and &, for P"=10%. We
see that a reduction in the variance of the aspect ratio distri-
bution will increase the value of wt at which the transition from
the maximum to minimum values of y begins, without affecting
the point at which the minimum value is reached. This effect
can be distinguished from changes in the value of &, which
clearly increases or decreases the maximum value of y7 with wt
as it is increased or decreased respectively.

The attenuation coefficients Q! for the three waves are
defined in eqgs (C13), (C14) and (C15); these are dependent upon
the incident angle of a wave. For an incident wave parallel
to the direction of the crack normals (and thus perpendicular to
the cracks), the x3-direction, the change in Q; 7 with frequency
is shown in Fig. 5(a) for different values of the parameter P
and Fig. 5(b) for different values of ¢ and 6. For values of
P* smaller than about 107 there is a single peak in the value
of Q;pl. For sufficiently large P* this peak remains at a fixed
frequency and amplitude, while a second peak occurs at a
frequency that decreases as P* increases. Comparing Figs 3(a)
and 5(a), we see that the frequencies at which the peaks in the
attenuation parameter Qq}l occur coincide with the frequencies
of the maximum gradient in the corresponding plot of &r.
A change in ¢ clearly changes the magnitude of both peaks
(see Fig. 5b) and a change in  produces a larger change in
the magnitude of the higher-frequency peak than it does in the
lower-frequency peak. Indeed, for larger values of PX, a change
in 0 has no effect on the magnitude of the low-frequency peak.
Thus, we can always adjust the value of ¢ to mimic the effect on
the high-frequency peak in Qq}1 of a change in ¢, but both
peaks cannot be simultaneously matched. The relative heights
of the two peaks should be able to give us an indication of
the value of J, assuming that both frequencies are seismically
possible. At an incident angle parallel to the cracks, Q;Pl shows
a similar variation with the parameters P*, ¢ and 8, but is of an
order of magnitude smaller (not shown).

Being able to distinguish between the effects of 6 and ¢
on Q‘,_S]H is far less likely (see Fig. 6). The frequency at which
the peak in Q,;SIH occurs coincides with the frequency at
which the corresponding plot of y7 has a maximum gradient
(see Fig. 3b).
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Figure 5. (a) The P-wave attenuation parameter Qq}l for an incident
wave perpendicular to the cracks as a function of non-dimensional
frequency wr for P*=10? (solid line), 10* (long dashes), 10° (medium
dashes) and 10% (short dashes), with ¢=0.02 and the Gamma
distribution given in Fig. 2 for the aspect ratio. (b) The P-wave
attenuation parameter Q,» for an incident wave perpendicular to the
cracks as a function of non-dimensional frequency wt for PX=10%, with
distribution parameter §=0.703 (solid line), 0 (long dashes) and 1.0
(medium dashes), and crack density ¢=0.02, also with 6=0.703,
£=0.024 (short dashes) and 0.0173 (long dash-dot).

8 VARIABLE ORIENTATION

We shall now consider the effects of allowing the orientation of
the crack normals to vary while keeping o constant; thus

Saul(otlowg) = 0(ar — o) - (72)

0.025 T T T T T
0.02
0.015
Qgén (0°)
0.01

0.005

logwt

Figure 6. The SH-wave attenuation parameter Q;SIH for an incident
wave perpendicular to the cracks as a function of non-dimensional
frequency wt for P =102, with distribution parameter 6 =0.703 (solid
line), 0 (long dashes) and 1.0 (medium dashes), and crack density
£=0.02, also with 6=0.703, ¢=0.0245 (short dashes) and 0.017 (long
dash-dot).
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We find that
1 Lo o
Cipjg = 7 Chrip Cusiy Thrus» (73)
where
_ 8 1 —-iwt
Tirus = | (011011 + 00200)U 11 + = 03013(1 — V) ————| Quierius
3 1 — ity
8 (1—v) =l o My [y 4 i0tP* (1 — iwtyy)] ™!
3 1 —iwty, ’
(74)
7 21
Qoo = [ [ lun.fsin a0 (75)
0=0 Jg=0
and
T 21
I, = J J iy fo sin 0dpd0 . (76)
=0 J =0
U, is given by
_ 161 —v
7 I
Uy 32_‘}/(14—]‘4), (77)
4i 1 —
M=V . (78)
T2—v

8.1 Modelling the distribution

We shall make the assumption that the crack distribution is
rotationally symmetric—that is, the cracks are uniformly
distributed with respect to ¢—and consider distributions for
n that are concentrated around a mean orientation. We use
the Watson distribution (Mardia 1972; Fisher et al. 1987), a
bipolar distribution, such that

f _ b(k) ek(sin 0sin O cos(¢p—py)+cos 0 cos ()g)2
W=
21

0<0<n/2,0<¢p<2m and k>0, (79)

for

where

b(k) =1 / (E ek’Zdt) (80)

and we have restricted the range of 6 to half that given in the
original definition of the distribution, to avoid any ambiguity
in the definition of crack-normal orientation (as Peacock &
Hudson 1990). We shall take 6,=0 so that the mean orientation
of the normal, n°=(0, 0, )T, is along the xz-axis, and the
resulting effective medium is vertically transversely isotropic.

The parameter k is a measure of the variance of the
distribution,

Var(n)z<|nfn0|2> =2-2I,, 81)

where the integral I,,, ,, is defined by eq. (D1). k=0 corresponds
to a uniform (isotropic) distribution and as k— oo the distri-
bution approaches a delta-like function (eq. 51), so that the
cracks are fully aligned. With this distribution, we find that
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{II,} is diagonal, with

1
Iy = p = Ly,
2 (32)

33 =1

To evaluate the components of {Q,,,; we must find {/;},
given that

hbi=n;, Lini=0p3. (83)

The rotation {/;} is given by Fisher et al (1987) as

cosfcospcosyy—singsiny  cosOsin@cosyy+cospsiny  —sinfcosy

{[‘/} = |—cosOcos ¢sinyy—singcosyy —cosOsingsiny+cos¢pcosy sinlOsiny |,

sin 0 cos ¢ sin 6 sin ¢ cos 0

(84)

where / represents an arbitrary rotation about the xjz-axis.
{Tirust (eq. 74) is independent of the angle i, and those
elements of {Q,.s} that contribute to {7},,} are given in
Appendix D.

8.2 Results

The effect upon Thomsen’s parameters of the crack orientation
distribution is now considered. We examine how they vary with
w1, PX, P ¢ and the distribution parameter k. We use the same
values of all of the parameters as with the variable aspect ratio
model.

We no longer have such simple expressions for Thomsen’s
parameters as eqs (69), (70) and (71), while y; remains
independent of the parameter P*, and &7 now depends upon
both PX and P, as does &1, as before. When k=0.0, the distri-
bution of crack-normal orientations is uniform (i.e. isotropic) and
all of Thomsen’s parameters are identically zero. For £=10.0, the
distribution of crack-normal orientations about the mean is given
in Fig. 7, and with P"=10" the variation of &7 with wt for a
range of values of P¥ is shown in Fig. 8(a). We note that Figs 8(a)
and 3(a) look very similar; however, it is not now until P,=10’
that ¢ reaches its largest peak value. The peak values obtained
are less than the corresponding ones in Fig. 3(a).

By choosing a different value of P”, we would have made
only a minimal difference to Fig. 8(a). A smaller value of P
would result in a larger value for &7, but only for smaller values

3.5 T T T T T T T T T

fo

0 5 100 15 20 25 30 35 40 45 50

0 (degrees)
Figure 7. Azimuthally symmetric crack-normal orientation distri-
bution with variance governed by the parameter k=10.0 (solid line)
and k=1.0 (long dashes).
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Figure 8. (a) Thomsen’s parameter ¢7 as a function of non-dimensional
frequency wt with P"=10* and the same values of P* as in Fig. 3(a)
with orientation distribution as in Fig. 7. (b) Thomsen’s parameter yr
as a function of non-dimensional frequency wt with the same values of
P" as in Fig. 3(b) and distribution as in Fig. 7.

of P¥, whereas a larger value of P" would reduce ¢ for the
larger values of P*—these effects would be difficult to distin-
guish from either a larger value of the distribution parameter
k or a more tightly concentrated distribution or an increased
crack density e.

In Fig. 8(b) we show the variation of y; with P” (independent
of P*); compare this with Fig. 3(b). Certainly there is a
considerable similarity, as with ¢z however, for P"=10* and
higher, the transition from the maximal to minimal values of y
occurs over a larger range of wrt than for the variable aspect
ratio model; indeed, for P higher than 10%, y;appears to reach
a non-zero minimal value before finally approaching zero at
higher values of wr.

For the choice of parameters P*=10* and P"=10" the
effect on ¢ of a change in k is indistinguishable from a change
in &, except perhaps at low frequencies. From Fig. 9(a) it is seen
that increasing k to infinity (the fully aligned limit) appears
identical to increasing the crack density to ¢=0.0242, while
decreasing k to 1.0 appears indistinguishable from decreasing ¢
to 0.0034. Altering the value of PX or P does not increase the
difference between the effect on ¢ of changes in k and e.

For a smaller value of k, the difference between Figs 8(b)
and 3(b) is amplified, while for a larger value of &, Fig. 8(b)
becomes indistinguishable from Fig. 3(b)—compare the long
dashed lines in Figs 4(c) and 9(b). This is as we would expect,
that a very small perturbation in either the crack-normal or
aspect ratio distributions from the perfectly aligned identical
aspect ratio limit would be indistinguishable.

© 2001 RAS, GJI 146, 249-263
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Figure 9. (a) Thomsen’s parameter ¢7 as a function of non-dimensional
frequency wr for P*=10* and P"=10* with distribution parameter
k=10.0 (solid line), oo (long dashes) and 1.0 (medium dashes), and
crack density ¢=0.02, also with k=10.0, £=0.0242 (short dashes) and
0.0034 (long dash-dot). (b) Thomsen’s parameter y7 as a function of
non-dimensional frequency wt for P™=10% with distribution para-
meter k=10.0 (solid line), oo (long dashes) and 1.0 (medium dashes),
and crack density ¢=0.02, also with k=10.0, £=0.0242 (short dashes)
and 0.0034 (long dash-dot).

A change in k is distinguishable from a change in ¢, although
only at higher frequencies (see Fig. 9b), where at low frequencies
increasing k to infinity appears equivalent to increasing ¢ to
0.242 and decreasing & to 1.0 is almost equivalent to decreasing
¢ to 0.0034. The P-wave attenuation coefficient, Q{;pl, also
shows similar behaviour for this model as it does for the
variable aspect ratio model (see Fig. 10a). A change in the value
of P" would alter this figure marginally for the smaller values of
P* only.

The change in Qq_pl with a change in k or ¢ is illustrated in
Fig. 10(b). We note that while we see a close correspondence
between increasing k to infinity and increasing ¢ to 0.023, and
also between decreasing k to 1.0 and decreasing ¢ to 0.01,
the values of ¢ at which this correspondence occurs differ
from those at which a similar correspondence occurs in &r
(see Fig. 9b). As with the variable aspect ratio model, the peak
in Q, + is seen to occur at the same frequency at which e has a
maximum gradient.

A variation in the SH-wave attenuation coefficient, Qq_gly, is
seen with a variation in P" (Fig. 11a). It is seen that for large
enough values of P, there is a second (small) peak in Q,]’SIH
perpendicular to the cracks. For P =10 such that a second
peak occurs, the variation in Q;SIH with k and ¢ is given in
Fig. 11(b). While we are able to match the height of the low-
frequency peak resulting from a change in k by a corresponding
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Figure 10. (a) The P-wave attenuation parameter Q' for an incident
wave perpendicular to the cracks as a function of non-dimensional
frequency wt with P =10% for P¥=10 (solid line), 10* (long dashes),
10° (medium dashes) and 10® (short dashes), with ¢=0.02 and k=10.0.
(b) The P-wave attenuation parameter Q,,’P] for an incident wave
perpendicular to the cracks as a function of non-dimensional frequency
ot for P=10* and P"=10% with distribution parameter k=10.0
(solid line), co (long dashes) and 1.0 (medium dashes), and crack
density ¢=0.02, also with k=10.0, ¢=0.023 (short dashes) and 0.01
(long dash-dot).

change in ¢, the existence and relative height of the higher-
frequency peak enables us to distinguish between the two
competing effects.

For lower values of P, at which this second, smaller peak
does not occur, the effects of k and ¢ become indistinguishable.
The peaks in Q;SIH occur at the frequency at which y, has a
maximum gradient, thus for smaller P”" when y7 exhibits only
one region of change (see Fig. 8b), there is only the one peak in
O,9u » while for larger P, O gy exhibits a second peak.

9 DISCUSSION

We have seen that for both the variable aspect ratio and the
variable orientation models there exist critical (non-dimensional)
frequencies in both the variation of Thomsen’s parameters and
the attenuation coefficients at which either a peak is reached or
a transition is made from one value to another. The significance
of these critical frequencies is their potential use in determining
estimates of the unknown parameters within the model—e, o,
d, k and 7; n° can be determined as the direction correspond-
ing to maximum attenuation. We rely, then, on the value of
T being such that the critical (non-dimensional) frequencies
are attainable within the frequency range that can be achieved
seismically (1 <w<10* rad s~"). Estimates of = (Hudson et al.
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Figure 11. (a) The SH-wave attenuation parameter Q,Ifng for an
incident wave perpendicular to the cracks as a function of non-
dimensional frequency wt for P =10, (solid line), 10% (long dashes),
10? (medium dashes), 10* (short dashes) and 10° (long dash-dot), with
£=0.02 and k=10.0. (b) The SH-wave attenuation parameter Q,jslH for
an incident wave perpendicular to the cracks as a function of non-
dimensional frequency wt for P"=10% with distribution parameter
k=10.0 (solid line), oo (long dashes) and 1.0 (medium dashes), and
crack density ¢=0.02, also with k=10.0, £=0.0255 (short dashes) and
0.011 (long dash-dot).

1996; O’Connell & Budiansky 1977) lead us to believe that this
is possible.

On consideration of either the variable aspect ratio or
variable orientation model alone, it appears that we ought to be
able to differentiate between the effects of ¢ and ¢ in the former,
and ¢ and k in the latter, via Thomsen’s parameters and the
attenuation coefficients. Our ability to do this depends not only
on the range of values of wt at our disposal, but also on the
values of PX and P, both of which are inversely proportional
to 7.

As might be expected, a very small variance in the aspect
ratio distribution is not readily distinguishable from a similarly
small variance in the orientation distribution. However, for larger
variances, these effects do indeed become more distinguishable.

We could allow both the orientation and the aspect ratio to
vary simultaneously, leading to an expression for the first-order
correction to the elastic constants of the same form as eq. (73),
but with a more elaborate expression for 7j,,,. For complete-
ness, this form is given in Appendix E, although it is used
nowhere within this paper.

Although the limit of fully aligned cracks of identical
aspect ratio is a singular limit, in so far as its behaviour at low
frequency is as if isolated, as opposed to undrained for non-
aligned cracks, we see that this limit is not a significant one—
there is no singularity in the behaviour of either Thomsen’s
parameters or the attenuation coefficients in this limit.

10 CONCLUSIONS

The model proposed by Hudson ez al. (1996) for the transfer of
fluid between connected cracks via non-compliant pores has
been extended to allow for a continuous distribution of values
of both crack orientation and aspect ratio. This more realistic
model has the expected properties that at high frequencies the
cracks behave as if isolated, while at low frequencies they
behave as if undrained, and agree with the results of Brown &
Korringa (1975). In the fully aligned limit they behave as if
isolated at both high and low frequencies.

We looked separately at the cases of allowing the aspect
ratio and orientation to vary, while keeping the other fixed, and
studying the frequency dependence of Thomsen’s parameters
and the attenuation coefficients. For both models, we con-
sidered whether or not we were able to notice, and differentiate
between, the effects of the variance of the distribution and the
crack density of the model. Furthermore, we addressed the
issue of differentiating between the effects of the variable aspect
ratio and orientation.

We believe that it is possible to both notice and differentiate
between the effects of the crack density and the variance of one
or other of the models. Furthermore, we believe that there is
some hope of distinguishing the effects of the variance of one
model from those of the other.

Critically, however, there is a dependence upon the undeter-
mined parameter corresponding to the relaxation time of
pressure equalization between cracks, 7. Although estimates of
this parameter have been made (Hudson et al. 1996; O’Connell
& Budiansky 1977), a numerical investigation remains the
subject of future work.

ACKNOWLEDGMENTS

I would like to thank Stephen J. Hay at Statoil, Norway,
for permission to use the crack dimension data from his
thesis (Hay 1988), John A. Hudson at DAMTP, University of
Cambridge, for the content of Appendix A, and Enru Liu at the
British Geological Survey for support and encouragement. The
work was sponsored by the National Environment Research
Council through project GST022305 as part of the thematic
programme ‘Understanding the micro-to-macro behaviour of
rock fluid systems (¢2M)’ and is published with the approval
of the Director of the British Geological Survey.

REFERENCES

Brown, R.J.S. & Korringa, J., 1975. On the dependence of the elastic
properties of a porous rock on the compressibility of the pore fluid,
Geophysics, 40, 608-616.

Carrier, G.F., Krook, M. & Pearson, C.E., 1983. Functions of a
Complex Variable, Theory and Technique, Hod Books, New York.
David, C., Menéndez, B. & Darot, M., 1999. Influence of stress-
induced and thermal cracking on physical properties and micro-
structure of La Peyratte granite, Int. J. Rock Mech. Min. Sci., 36,

433-448.

Fisher, N.I, Lewis, T. & Embleton, B.J.J., 1987. Statistical Analysis of
Spherical Data, Cambridge University Press, Cambridge.

Fredrich, J.T. & Wong, T.-F., 1986. Micromechanics of thermally
induced cracking in three crustal rocks, J. geophys. Res., 91,
12 743-12 764.

Gassmann, F., 1951. Elastic waves through a packing of spheres,
Geophysics, 16, 673-685.

© 2001 RAS, GJI 146, 249-263



Gibson, R.L. & Toks6z, M.N., 1990. Permeability estimation
from velocity anisotropy in fractured rock, J. geophys. Res., 95,
15 643-15 655.

Hadley, K., 1976. Comparison of calaulated and observed crack
densities and seismic velocities in Westerly granite, J. geophys. Res.,
81, 3484-3494.

Hay, S.J., 1988. Permeability, past and present, in continental crustal
basement, PhD thesis, University of Glasgow.

Hay, S.J., Hall, J., Simmons, G. & Russell, M.J., 1988. Sealed
microcracks in the Lewisian of NW Scotland: A record of 2 billion
years of fluid circulation, J. geol. Soc. Lond., 145, 819-830.

Homand-Etienne, F. & Houpert, R., 1989. Thermally induced micro-
cracking in granites: characterization and analysis, Int. J. Rock Mech.
Min. Sci. Geomech. Abstr., 26, 125-134.

Hudson, J.A., 1980. Overall properties of a cracked solid, Math. Proc.
Camb. Phil. Soc., 88, 371-384.

Hudson, J.A., 1981. Wave speeds and attenuation of elastic waves in
material containing cracks, Geophys. J. R. astr. Soc., 64, 133-150.
Hudson, J.A., 1986. A higher order approximation to the wave
propagation constants for a cracked solid, Geophys. J. R. astr. Soc.,

87, 265-274.

Hudson, J.A., Liu, E. & Crampin, S., 1996. The mechanical properties
of materials with interconnected cracks and pores, Geophys. J. Int.,
124, 105-112.

Keller, J.B., 1964. Stochastic equations and wave propagation in
random media, Proc. Symp. appl. Math., 16, 145-170.

Mardia, K.V., 1972. Statistics of Directional Data, Academic Press,
New York.

Menéndez, B., David, C. & Darot, M., 1999. A study of the crack
network in thermally and mechanically cracked granite samples
using confocal scanning laser microscopy, Phys. Chem. Earth, A24,
627-632.

Montoto, M., Martinez-Nistal, A., Rodriguez-Rey, A., Fernandez-
Merayo, N. & Soriano, P., 1995. Microfractography of granite rocks
under confocal scanning laser microscopy, J. Microscopy, 177,
138-149.

Nishizawa, O., 1982. Seismic velocity anisotropy in a medium
containing orientated cracks—transversely isotropic case, J. Phys.
Earth, 30, 331-347.

O’Connell, R.J. & Budiansky, B., 1974. Seismic velocities in dry and
saturated cracked solids, J. geophys. Res., 79, 5412-5426.

O’Connell, R.J. & Budiansky, B., 1977. Viscoelastic properties of fluid-
saturated cracked solids, J. geophys. Res., 82, 5719-5735.

Peacock, S. & Hudson, J.A., 1990. Seismic properties of rocks with
distributions of small cracks, Geophys. J. Int., 102, 471-484.

Pointer, T., Liu, E. & Hudson, J.A., 2000. Seismic wave propagation in
cracked porous media, Geophys. J. Int., 142, 199-231.

Ross, S.M., 1989. Probability Models, 4th edn, Academic Press,
San Diego.

Tapponnier, P. & Brace, W.F., 1976. Development of stress-induced
microcracks in Westerly granite, Int. J. Rock Mech. Min. Sci. Geomech.
Abstr., 13, 103-112.

Thomsen, L., 1986. Weak elastic anisotropy, Geophysics, 51, 1954-1966.

Wong, T.-F., 1982. Micromechanics of faulting in Westerly granite, Int.
J. Rock Mech. Min. Sci. Geomech. Abstr., 19, 49-64.

APPENDIX A: LOCAL DIFFUSION
EQUATION

Let pf, ¢,, and pf be the fluid density, volume and pressure in
the nth crack. The mass flow into the nth crack is

_ 0(pfén)
thy = = (A1)

Let pf” be the fluid pressure distribution due to unit pressure in
the mith crack and zero in the rest. Let M, be the associated
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flow into the nth crack. Then,

iy =Y pPM = pEM Y pEM (A2)
m

m#n

Fluid mass is preserved and does not concentrate in the
pores, so

S My =0 (A3)

or

> My =M, (A4)

m#n

thus

1y, = *C{P? - Z P’fﬂMr’zn/ Z M;T} 5 (A5)

m#n m#n

where

C=>Y M=-M,. (A6)
m#n

We make the approximation

> oMy / > M =pr, (A7)
m#n

m#n

since it is clearly a weighted average of the pressure in the
cracks (excluding the nth) and the weights decrease with distance,
becoming negligible (probably) at several crack spacing lengths.
Then

ity = =Clpf —pr(x")] (A8)

where p; (x") is an average of the pf over a region %, centred on
x", the centroid of the nth crack. Taking the average over %,

) = = o) = 3 ) [ 3 w0 (49

m m

where w, are weight functions. Thus,
m(x")=C Z wy (X7 [pr (™) —pf(x")]/z wy(x™) . (A10)
We identify

0

c =P (A1)
KfT

a constant of appropriate dimensions, containing an unknown

relaxation parameter, t.

APPENDIX B: THOMSEN’S
PARAMETERS

In the conventional condensed, two-subscript, 6 x 6 matrix
notation, pairs of indices are represented as a single index:
ij—p, kl—q, such that 111, 222, 3353, 234, 13-5 and
12—6. We thus use the representation C,,, rather than c;i
(eq. 1).
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We make use of the anisotropy parameters defined by
Thomsen (1986) for vertically transversely isotropic material,

Ci1 — Cs3
= 7 Bl
&r 20 s (BI)
- (Ci3 4 Cu)’—(Cx3 — Cu)?
or = B2
g 2C33(C33 — Caa) (B2)
r= 7@; ;44C““ (B3)

where the real part is assumed when the stiffnesses are complex.
We may use the wave speeds, eqs (C9) and (C10), to calculate
two of these parameters,

04p(90°) — v4p(0°)

3 B4
&r = bqp(O) (B4)
and

vysa(90°) — v 0°
- 4s11(90°) — vgsn (0°) (BS)

UqSH(OO)

to first order in &.

APPENDIX C: WAVE SPEEDS AND Q

We make the assumption that the mean wave is a plane harmonic
wave, u=be’* " and substitute this into the time-harmonic
equation of motion,

0

~~ Cipjg A~

+ pw’u; =0, (C1)
0x, 0x,

where p is the density of the matrix and  the frequency of the
propagating wave. We have

(00?0 — cipigkpky]b; = 0. (€2
The attenuation coefficient Q! is given by
_ I (k)
=2 . C3
0 ) (C3)

For a given o, we let k=k°+¢k' and b=b"+¢b' and equate
coefficients of ¢ and &' in eq. (C2). Thus, at ¢(c°) and O(c') we
have

Myb} =0, o
Myb} = Nyb),
where
My = po?dy — ¢ kpky
(C5)

07,1 17,0 07,0

Ny /A tqu (k k kpkq) ijqkpk
The ¢(s° term is just the isotropic result. To first order, the
cracks have normal (0, 0, 1)T and the rotational symmetry
of the problem ensures that the material is transversely isotropic,
so that, for a given w, we can rotate the (x,x,) plane such that

K = % (sin0, 0, cos0)" (C6)

for some incident angle 0, where v=uvp or vg, corresponding to
quasi-P (¢P) waves, or quasi-S (¢S) waves, respectively. For the
qP wave, we have b2p= (sin 0, 0, cos 0)T, while for the qS waves
we have b?]SV=(COS 0,0, —sin O)T or b25H=(0, 1, 0)T, corre-
sponding to ¢SV and ¢SH waves, and we are free to choose the
magnitude of b°. Pre-multiplication of the ¢(¢") term with b°
yields a single equation for the components of k',

BYN;b) =0. (C7)

On the assumption that k' is parallel to k°, this becomes an
expression for the magnitude k' of k'.
The wave speeds, to first order, are given by

w — v Re 72 1
= (1 swk>, (C8)

for v=vp or vs, and we take the appropriate values of k!. Thus,
the normalized wave speeds are
Ugp €

=+
vp 202+ 2p)

1
X Re (sin49 C}, + cos*0 CL; + 5 sin®20 C}; + sin*20 C515) ,
(C9)

UgSV & P 1 .
T T a <1 sin®20(C}, + Cj; — 2Cj3) + cos20 Cés) :

(C10)

UgSH

. (cos?0 Cly +sin*0 Cg) - (C11)
s

&
=1+4— %
=y

These are equivalent to Hudson (1981).
From eq. (C3), the attenuation coefficient is given by

0! :%s\fm(kl)] (C12)

to first order for v=vp or vg and the appropriate k'. Thus,

0, = s 2 .Jm<s1n49 C}, + cos*0 C,

1 .
+5 sin?20 C}; + sin*20 C515) , (C13)

0,4y :E Im <Z sin®20(C}, + Ch — 2Cl5) + cos?20 c;5> ,
(C14)
O on = ‘fm cos?0 Cj, +sin®0 Cjg) |- (C15)
APPENDIX D: NON-ZERO
CONTRIBUTING TERMS OF Q
We start by defining the integral
/2 o,
Dy = b(k)J sin™ 6 cos” 0¥ 040 . (D1)
0
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The components of €, that contribute to T, (eq. 74) are

3 1
Qi + Qii2n1) = 3 Ly + 3 Lo = Q2212 + Q222) , (D2)

1 3
(Qui2112 + Q12012) = 5 Lo+ 5 Lo = (Qi2i121 + Q221221) , (D3)

8 8
1 1
(Quizi13 + Qi3213) = 3 T4+ 3 Iy = (Qi23123 + Q23m3) , (D4)
1
(Quin22 + Q11222) = ~3 Isp = —Q311322, (D5)
1
(Quin133 + Q11233) = ~3 Ly = (Quoi33 + Q033) = —Q311333
= —Q3333, (D6)
1
(Quz1131 + Q31231) = 5 Iso = (Qi32132 + Q3032) (D7)
(Qu33133 + Q33233) = L2, (D8)
3
Q31311 = 3 Isp = Q3232 , (D9)
1
Q310310 = 3 Iso) = Q31321 (D10)
1
Q313313 = 3 L = Q3333 = Q331331 = Q3323325 (DI11)
Q333333 = D14, (D12)
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and those related to the above by the symmetries

Q/krlus = Qlkxlur = Qlurtks = Qluslkr . (D13)

APPENDIX E: VARIABLE ASPECT
RATIO AND ORIENTATION

For completeness, we give an expression for the first-order
correction to the elastic constants derived by allowing both
the aspect ratio and the orientation to vary while remaining
independent of one another:

1
1 0 0
Ciqu = - p Ckn'p cusjq Tkrux 5 (E 1)
where

. ~ 8 . 1 —iwt)F
Thrus = {(5“511 + 0020p) U1 + 3 0303(1 —v) g} erlus

1 —iwty,

F

8 Kt
—=(1 =)y (po — DF) ——(F, — F) ) —————
3( R ((/0 )i ;c( 2 1)) 1 —iwty,

-1
X [V()Fl + (1 —’%) (Fy — Fy) 4 iotP (1 — iwryo)] .

(E2)



