Gravitational Waves and Numerical Relativity: Example Sheet 1
Part II1, Easter Term 2025
U. Sperhake

Comments are welcome and may be sent to U.Sperhake@damtp.cam.ac.uk.

. Riemann tensor in linearized theory

Show that in linearized theory, the components of the Riemann tensor,
1
Ryvpe = 5(8[,8”/5“0 + 00 0uhwp — 0p0uhue — 050, hyp)

are invariant under first-order coordinate transformations ¢ = 2 — £ where £ = O(e), € <€
1.

. Advection equation

Consider the advection equation
Of +X0:f=0, XNeER,
for a function f on the domain (¢, z) € R2.

(i) Show that f remains constant along curves z(t) = At + xo, where zy = const. These are
the characteristic curves of the advection equation.

(i) Consider Gaussian initial data
f(0,2) = e~ (@=w0)*

Sketch the characteristic curves in the (¢, z) plane (with ¢ pointing upwards and x horizon-
tally. Also graphically sketch the solution f(¢,x). Quantitative precision is not required
in this sketch and there are multiple ways to generate a graphic illustration; one figure is
sufficient.

(iii) Now consider the case of a varying A = A(¢, z) where we write the advection equation in

the form of o
a + %(A(t,x)f) =0.
The characteristic curves of this differential equation are solutions of
dx
— = A, z).
ar = Mbo)

Show that the advection equation can be written as an ordinary differential equation along
the characteristic curves.

. Burgers’ equation

A more dramatic variation of the advection equation arises when we allow the flux term A\ f
to be a non-linear function of the evolution variable f, i.e. where ) itself depends on f. This
results in so-called quasi-linear PDEs which are linear in the derivatives but not in the function
f itself. The prototypical example for this type of PDEs is Burgers’ equation, where A(f) = 1 f.
In a more common notation, this is written as F':= Af = % f?, so that

Ouf + 0uF = 0,f + 0, (3%) = 0.
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(i) Determine the characteristic curves for this PDE, i.e. the curves along which the PDE
can be written as an ordinary differential equation. Write down this ordinary differential
equation.

(ii) Sketch the characteristic curves in the (¢, z) plane (with ¢ pointing upwards and z hori-
zontal) for Gaussian initial data

f(0,z) = e~ (@=z0)*
(iii) Sketch the time evolution of the Gaussian initial data. Compare the result with that ob-

tained for the advection equation in Question 2.

. Quasi-linear first-order PDE systems

Let f : RY — RM and let us use the notation

fl ) aozfl
f: : ) aafzzi = : ) a:17 '7N
. 81:& .
fM 80an
The general quasi-linear first-order PDE for f is
A“(m,f)@uqub(m,f) :O>
< Al (Ta, fi)Oufn + bim(za, fi) =0 (sum over u, m, n), (t)

where b is a vector valued function, each A¥ is an M x M matrix and initial data for f are
given on a surface S defined as the level set of a function f(z) = 0 with V6 # 0. We introduce
coordinates adapted to this hypersurface S by

€Y =¢%(aM) fora=1,..., N—1,
N =0(zt).

(i) Show that the initial data f on S determine all derivatives df;/9¢, foraw = 1, ..., N — 1.
Show that the PDE () also determines the derivative 0f;/0¢y if and only if

det (A“ae> #0.
Oz,
(ii) The characteristic equation associated with the PDE () is
det (A“%) =0, (%)
Ox,,

and a level surface S defined through 6(x,) = 0 by a solution to this equation is a characteristic
surface.

(a) Determine the matrices A“ for the advection equation 0, f + 0, f = 0 and write down the
characteristic equation. Note that the A® are just scalars in this case.

(b) Introducing ¢ = 0;f and A = 9,f, write the 1+1 dimensional wave equation 97 f —
c?92f = 0, ¢ > 0 as a first-order system of two equations, one each for d;1) and 9, \. [Hint:
Partial derivatives commute.] Determine the A® and the characteristic equation.

(c) Introducing ¥ := 0, f and \ := 9, f, write the 2 dimensional Laplace equation 02 f + 65 f=
0 as a first-order system of two equations, one each for 9,1 and J,\. Determine the A®
and the characteristic equation.



5. Classification of first-order PDE systems
(This question directly proceeds from question 4 and employs all definitions therefrom.)

For the classification of first-order PDE systems, we define for an /N dimensional vector ¢,

C($’ f, C) = det [A“(mv f)C,u] .

We furthermore introduce a linear mapping

¢=Mn, where n=(n1, ..., nN-1, K),

with a non-degenerate matrix M, and write

Cle,f,n)=Clz, fym,...,N-1,K) == C(:t:,f,('(m7 e IN—1, Ii)) )
This reparametrization of the vector ¢ is necessary to single out a specific parameter « that
does not necessarily coincide with a single component of ¢ in the coordinates x,,.
We then define the PDE
Az, f)ouf + bz, f) =0
to be

* hyperbolic at x if there exists a regular linear mapping ¢ = Mn, such that there exist M real

roots k; = Ki(x, f(x),m,...,mqn-1),i =1,...,M of C(=x, f,m) = 0 for all (n1,...,Mn—1).
Note that the number of roots required equals the number of independent variables in f,
not the dimensionality NV of the domain.

* parabolic at x if there exists a linear mapping ¢ = Mn such that C is independent of &,
i.e. depends on fewer than IV parameters.

e ellipticif C(x, f,{) = Oonly if ¢ = 0.
Determine the type of the advection equation, the 2-dimensional wave equation and 2-dimensional

Laplace equation from question 4 according to this classification.

6. The constraint equations

Let (M, g) be a globally hyperbolic spacetime with a foliation ¥;. Let z® = (¢,2%) denote
coordinates adapted to this foliation.

(i) Show that the components of the Ricci tensor can be written as

1

Ry = _§gmn802.gmn+M00a
1

Ry = igomaggz‘m+M0i,
1

Ry = —igooaggij‘i‘Mij,

where My, My; and M;; are a collection of terms that include at most first time derivatives of
the metric g, 3.

(ii) Show that the components G,° of the Einstein tensor can be written as

1 1
Gy’ = igooMoo—*gmanm

G" = ¢"My +¢"" M,

and therefore contain no second time derivative of the metric.



7. The Bondi metric

The Bondi metric is given by

—%ew + 720227 —e2P —p2Uey 0
—e2P 0 0 0
ap = —r2Ue? 0 r2e2v 0 @
0 0 0 r2e=27gin? 6

Use the cofactor matrices to compute the inverse Bondi metric g

8. Bianchi identities

Le M be a Lorentzian manifold with metric g,3. Show that the contracted Bianchi identities
VHGq, can be written as

. 1
g <apr ~ T Roo — 2aaRW,> .



