Gravitational Waves and Numerical Relativity: Example Sheet 2

Part II1, Easter Term 2025
U. Sperhake

Comments are welcome and may be sent to U.Sperhake@damtp.cam.ac.uk.

. Series expansion

Consider the leading-order expansion of the functions

y(u,m0) = clu,®)r t +0O0@r?),

Blu,m,0) = H(u,0) —c(u,0)r 2+ 03,
and the second main equation of the Bondi formalism,

o, [7«4e2<7*5>arU] — 2r? |:87~89,3 — 8,097 + 20,y Ogy — 2 cot 0 Dy — 2ai =0, (1)
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Taking into account functions of integration, show that the leading-order behaviour of the
function U (u, r, 6) is given by

Uu,r,0) = L(u, 0) 4+ 227 @O 9 H (u, ) r = + O(r72). )

. The metric and its determinant

Let g,3 be a metric of Lorentzian signature g3 and g = det g, its determinant. Show that
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e 99°"
Jap
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agaﬁ - _ggOéB )

where ¢*? denotes the inverse metric. Conclude that the derivative of the determinant g can
be written as

909 = 99" 0agur = —9 909"’ = QQFZQ .

. Absence of conical singularities

The Bondi metric for an axisymmetric spacetime that is invariant under azimuthal reflection is

T

ds? = (—Ve% + U2r2627> du? — 2¢*Pdudr — 2Ur%e®Vdu df + r2(e27df? + e sin? 0 d¢?)

where 3, v, U and V are functions of the coordinates (u,r,§). Consider the case of asymp-
totically flat spacetimes with no incoming radiation, so that the series expansion of v at large
radius r is given by

v(u,r,0) = c(u, 0)r~t + Or3),

where c¢(u, #) is the Bondi news function.



Show that for spacetimes with no conical singularity on the polar axis, the news function sat-
isfies

lime= limec=0.
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[Hint: Consider spheres of constant w and r in the limit of large r. Compute the proper circumference
and the proper radius of circles with small constant 6 = A6 around the North Pole and show that their
ratio equals 27 if and only if the first of the above conditions is satisfied. Repeat the same for the South
Pole.]

. The Bondi mass

Let (M, g) be an asymptotically flat, axisymmetric spacetime that is invariant under azimuthal
reflection and contains no conical simgularities. In the Bondi formalism for such spacetimes,
the mass aspect M (u,0) arises as one of the functions of integration. By the supplementary
equations, the evolution of the mass aspect is given in terms of the Bondi news c(u, #) by

1
OuM = —0yc + 5(93%6 + %COt 0090c — (auC)Q :

The Bondi mass is defined as the integral of the mass aspect,

1 T 27
m(u) = 47r/0 /0 M sin 0d¢d6 .

Using the result from question 3, show that the Bondi mass evolves according to

Oum = 1 / (Dyc)? sin Hd6 .
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Briefly interprete this result.

. Spatial covariant derivative

Let (M, g) be a globally hyperbolic spacetime with Levi Civita connection V,, and spatial hy-
persurface ¥ (i.e. the gradient d¢ is timelike), and let 75 be a rank (g) tensor that is tangent
to X in all components, i.e. T% 3 no = ... = T“"ﬂ_nﬁ = ... = 0. The three-dimensional or
spatial covariant derivative of T' is defined as the rank (S:_l) tensor

D“Ta'"ﬁ... = J_puJ_O‘UJ_TB e VPTO—”.T... .

(i) Show that D, satisfies the defining criteria for a covariant derivative, i.e. for spatial vector
tields X, Y, V and a scalar function f on ¥ the following conditions hold,

(1) Duf=0uf,
(2)  Dyx1gvV =fDxV +gDyV,
(3) DxV+DxW =Dx(V+W),
4)  Dx(fV)=[fDxV +(Dx[f)V.
(ii) Show that D,, is compatible with the three-dimensional (spatial) metric 7,3, i.e. D703 = 0.

(iii) The torsion tensor associated with D), is defined by

T:(X,Y)>T(X,Y)=DxY — Dy X — [X,Y]



or T,°“X"Y"=X'D,Y*-Y'D,X*—-[X,Y]%,
where X, Y are spatial vector fields and [ X, Y]|* = X#0,Y* — Y*0, X is the commutator of

X and Y. Show that D,, is torsion free, i.e. its torsion tensor vanishes.

. Lie derivative of the projector

Given a hypersurface ¥ of a globally hyperbolic spacetime with unit normal n® and projector
1% = 0%g + n“ng, show that

Lnl® = n%? +nfa®+ 2K
Lnl% = n%ag,
Lnleg = —2K,5,
where L, is the Lie derivative along n®. Conclude that for a spatial tensor 7z,
»CnTaB = J—”aJ—VB['nT;Wa

i.e. the tensor’s Lie derivative along n is also spatial.

. Ricci equation

Let X be a spatial hypersurface of a globally hyperbolic spacetime with unit normal n®, accel-
eration vector a, = n*V,n, and extrinsic curvature K,g.

(i) By projecting the (spacetime) Ricci identity applied to the unit normal,
vagn“ - Vngn“ = Ruypony )
twice onto space and once onto time, show that

Loun” 1P n"RY e = —Koao K% + Dyaq + aqay + 1LF o 1P 0V Ky, . )

(ii) Compute the spatial projection of the Lie derivative of the extrinsic curvature along the
unit normal, 1#,1"3L,K,,, to substitute for the last term on the right-hand side of Eq. (¥),
and thus derive the Ricci equation

1
1Han” 1P n Ryppe = LnKay + —DoDya + K Ko
(6
You may use without proof that a, = D, (In o), where « is the lapse function.

. The evolution equation for the energy density

The energy- and momentum density and stress associated with the energy momentum tensor
T, are defined as

p = ijnunu s Ja = _J—'uaT,uunV ) Sa,B = J—MaJ—V,BT;w )
& Tap = pnang + jang + najs + Sas

where n# denotes the unit normal of a spatial hypersurface ¥ and L#, = 6*, + ntn,. The
equation for conservation of energy-momentum is V, 7%, = 0.



By projecting the energy conservation law onto n“, derive the evolution equation for the en-
ergy density,
Lnp=-2j"D,(Ina) + pK + S*" K,,, — D, j" .

Show that in coordinates adapted to the spacetime foliation, this equation becomes
Orp = B"Omp — 2§ Dipax + a(pK + 8" Kyn — Dm]m) .

Here K is the trace of the extrinsic curvature, « the lapse and * the shift vector.

. Strong hyperbolicity

Consider the partial differential equation
Adu + POu+Cu=0 (sumoveri), (%)

for a function w : Q C R — RN where A, Pi,AC are reial N x N matrices and A is invertible.
This PDE is weakly hyperbolic if for all vectors k? with |k| = 1, all Eigenvalues of

Q(k;) = —A"P™k,,

are real. The PDE is strongly hyperbolic if furthermore Q(k?) is diagonalizable for all k.

. Al
(i) Let Jo = ( 0 )\>. Show that

i n iNE 1 itA
iJot it
e =€ <0 1) .

(ii) Assume that the PDE (%) is weakly hyperbolic but that the Jordan normal form of Q(/;:Z)
contains a Jordan block of the form J,. Argue why for such a PDE, there exists no regular
function f(t) such that

M| < s, ®
where M = A~1(—P™E,, +iC).



