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Abstract

This document contains the long version of the lecture notes for the Part III course
Gravitational Waves and Numerical Relativity. These notes are extensive and written
such that they can be consumed either together with the lecture or on their own.

These notes assume that readers are already familiar with general relativity as lec-
tured, for example, in DAMTP’s Part II and Part III General Relativity lectures. Some
knowledge of Part III Black Holes will be helpful, in particular a basic knowledge of the
properties of the Kerr spacetime describing rotating black holes. We will also introduce
some background material on the structure and properties of partial differential equations,
but this should be consumable with a background in standard mathematical methods as
lectured in Part IB without requiring exposure to specialized lectures dedicated to partial
differential equations. There exists by now a healthy amount of text books and lecture
style notes where the reader will find more in-depth discussion of some of our topics;
knowledge of this literature is, however, not anticipated in our lecture.
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o R. LeVeque, Numerical methods for conservation laws. Birkhduser Verlag (1992)

e R, Courant, D. Hilbert, Methods of Mathematical Physics II. Wiley-Interscience,
New York (1962).

e E. Gourgoulhon, 8+1 Formalism and Bases of Numerical Relativity, Springer, New
York (2012); see also https://arxiv.org/abs/gr-qc/0703035.

e M. Maggiore, Gravitational Waves, Vol. 1: Theory and FExperiments, Oxford Univer-
sity Press (2007); Gravitational Waves Vol. 2: Astrophysics and Cosmology”, Oxford
University Press (2018).

e R. d’Inverno, "Introducing Einstein’s Relativity”, Clarendon Press, Oxford (1992).

Example sheets will be made available on

http://www.damtp.cam.ac.uk/user/examples

Lectures Webpage:



http://www.damtp.cam.ac.uk/user/us248/Lectures/lectures.html
This course does not involve practical coding in numerical relativity, but readers interested
in an open-source numerical relativity code in spherical symmetry are recommended to

explore Katy Clough’s Engrenage [!].
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A  Introduction and conventions

A.1 Introduction and motivation

These lecture notes are concerned with the Einstein field equations of general relativity. From
a physical point of view, our main goal is to understand the phenomenon of gravitational
waves and to discuss the computational methods that enable us to determine the gravitational-
wave patterns emitted by the most common types of astrophysical sources. The only method
presently available for solving the Einstein equations in the fully non-linear regime for generic
physical systems consists in numerical simulations. This, in turn, requires us to write the
Einstein equations in a form suitable for computer modeling. This turns out quite a subtle
issue and again requires us to look in detail at the structure of the Einstein equations.

We will have to take some care in organizing our journey through these topics to make sure
we always maintain a clear view of the overall picture. We will begin with a brief overview
of the Einstein equations and our specific choice of conventions. This will be followed by
the canonical analysis of gravitational waves using the linearized field equations. While this
analysis had already been noticed by Einstein in 1918 [2], its interpretation has been the
subject of controversy for about 40 years thereafter. Even Einstein himself called into question
the existence of gravitational waves. How could such confusion arise inside a concrete theory
formulated in a clear and rigorous mathematical language? As we have already seen in the Part
IT and Part III lectures on General Relativity and Black Holes, the interpretation of solutions
to the Einstein equations faces multiple complications not present in Newtonian physics, such
as the coordinate or gauge freedom and a lack of concrete definitions for local mass and energy.
Here, we are facing the additional problem of non-linearity; it is far from clear whether solutions
of the linearized equations represent good approximations of weak-field solutions to the fully
non-linear theory. A fully non-linear treatment of wave like solutions in general relativity is
much harder and was only achieved around 1960 with the seminal work by Bondi, Sachs and
collaborators [3, 4] using the characteristic formulation of the Einstein equations. This guides
us to the next stage of these notes, a brief discussion of the classification of partial differential
equations and their characteristic structure, followed by a first analysis of the Einstein equations
and the Bondi-Sachs formalism itself.

In spite of the elegance of the characteristic formalism, the vast majority of computational
modeling of astrophysical sources inside the framework of general relativity proceeds inside a
so-called space-time or 341 split. The comprehensive development of such a 3+1 formalism
of Einstein’s equations is another result that has only been obtained decades after the the-
ory itself, mainly in the form of the canonical formulation by Arnowitt, Deser and Misner [7]
and York’s reformulation [6]. And yet, even these developments were not enough to facilitate
fully functional numerical simulations. For one thing, the resulting equations turn out to be
ill-posed in a sense we will make more concrete later on and, second, it is critical to employ
the coordinate freedom of general relativity in a way that prevents simulations from running
into the singularities inherent to Einstein’s theory. Indeed, the two-body problem of general
relativity, the inspiral and merger of two black holes, remained unsolved until Pretorius’ 2005
breakthrough [7], followed and confirmed about half a year later by the so-called moving punc-
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ture simulations of the Brownsville and NASA Goddard groups [3, 9]; see also [10] for a review.
Rapid improvements in the codes’ efficiency and accuracy led to more precise gravitational-wave
calculations in the following years; and not too soon, as these turned out critical in the Nobel-
Prize winning direct detection of a gravitational-wave signal by LIGO in 2015 [11]. The second
half of these lectures will guide us through the theoretical foundations of these calculations:
the 3+1 formalism of general relativity, the remedies applied to it for obtaining a well-posed
formulation and the eventual extraction of theoretical predictions for gravitational waveforms
as used in the ongoing gravitational-wave observation programs using the LIGO, Virgo and
KAGRA detectors as well as future observatories.

We will try to not overwhelm readers with too many acronyms, but some are so common
and convenient that we give in to the temptation of using them in the remainder of these notes.
Here is a brief glossary for orientation’.

Glossary
ADM Arnowitt-Deser-Misner
BH black hole
GR general relativity
GW gravitational wave
KAGRA Kamioka Gravitational Wave Detector
LIGO Laser Interferometer Gravitational-Wave Observatory
PDE Partial differential equation

A.2 Definitions and conventions

Einstein’s theory of general relativity models spacetimes as four-dimensional Lorentzian mani-
folds, i.e. four-dimensional manifolds M equipped with a metric g, of signature +2, where we
employ a “mostly positive” signature — + + +, i.e. timelike (spacelike) vectors have negative
(positive) norm. In these notes, we follow the conventions of Misner, Thorne and Wheeler [12])
given by the following definitions for the quantities derived from the spacetime metric. We use
Greek letters «, 3, ... for spacetime indices running from 0 to 3 and, further below, we shall
be using middle to late Latin letters ¢, 7, ... for spatial indices running from 1 to 3.

14Virgo” is not an acronym but simply the name of the gravitational-wave detector near Pisa in Italy.
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Def. : On a Lorentzian manifold M with metric g,s of signature +2, we define the

1
Levi-Civita connection: T = gg“p (08Gvp + 0908 — Op¥8y)

Riemann tensor: R pop = 0al)g — 01, +ThsT7, — T T s,
Ricci tensor and scalar:  Rnp = R'q3, R:=RY,,
1
Finstein tensor: Gap = Rop — §ga,3R.
(A.1)
Proposition: The Riemann and Einstein tensors satisfy the
Bianchi identities: RE oy = Vs RE Yo = 0, (A2)
Contracted Bianchi identities: V"G, =0. (A.3)

These identities follow from the symmetry of the Riemann tensor and their derivation can

be found, for example, in Reall’s Part III lecture notes [13]. The Einstein equations are then
given by
811G
Gaﬁ = 7 af — 87TTa5, (A4>

where we have temporarily restored (and then quickly dropped) Newton’s gravitational constant
G and the speed of light ¢. Henceforth we will set G = 1 = ¢ in our equations unless otherwise
stated. The energy-momentum tensor 7,5 needs to be specified separately, depending on the
type of matter under consideration. In vacuum, we have 7,53 = 0 and, hence, G*, = —R = 0,
so that the Einstein equations in vacuum become

Raﬂ =0. <A5>
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B Linearized theory and gravitational waves

B.1 The linearized Einstein equations

Perturbation theory plays an important role in many areas of physics and general relativity is
no exception. Furthermore, gauge invariant perturbation theory in general relativity leads to a
remarkably elegant formalism developed by Gerlach and Sengupta [14, 15]. Readers may also
find Chandrasekar’s book [16] a good starting reference for a more in-depth exploration of black-
hole perturbation theory. Here, we restrict ourselves to the specific case of small perturbations
around Minkowski spacetime in Cartesian coordinates, i.e. the manifold M = R* with metric

Gap = Nap = diag(—l, 1, 1, 1) . (Bl)

The perturbations are then given by a tensor field h,s = O(¢) < 1 on the Minkowski back-
ground. The parameter e represents some small dimensionless number that will serve us in
our book keeping throughout this section. In practice, this number represents some physical
quantity or, more commonly, the ratio of some physical quantities. For example, in weak-field
calculations in the solar system, this parameter may denote the ratio of the solar mass to the
distance from the sun, say the (average) radius of Mercury’s orbit. In a sense that we will make
more concrete as we proceed with our calculations, we may indeed regard h,s as a genuine
tensor field in the Minkowski spacetime. Note that we thus have two metrics, the background
metric 1,5 and the physical metric

Jap = Nap + hag . <B2)

The inverse physical metric ¢ is given by an as yet unknown perturbation of the inverse
background metric 7%,

gaﬁ _ naﬁ + kaﬁ, where kaﬁ — O(G) , (B?))

and is defined by the condition g**g,3 = 0%g. At linear order this gives us

9" gz = (™ +E") s + hup) = 01 + 0 hys + K + K hyp
——
=0(e2)—0
= 0% 1 s + KM = 6% ?
= k%7 = —nn™h,s = —h*". (B.4)

In the last step, we have introduced the convention that we raise and lower indices with the
background metric. It is in this sense, that we regard the tensor field h,, as a tensor field on
the Minkowski background.

In a similar way, we can compute all derived quantities of the physical metric in terms of
the background metric and the perturbations. The key simplification of linearized theory is
that we can discard as negligible at any stage terms of order O(¢?) or higher. We thus find

1
e, = §nu0(aphw + Ohpe — Ophuyp) (B.5)
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1
Ripe = 5(8,,8,,@0 + 0,0,y — 0,0,he — 0,0,hyp) (B.6)

1
R,, = 0704h,), — 58”8ph,w — 0,0,h, where  h:=n",, o"'=n"0,, (B.7)

1 1
s = Ol — 50" physs = 0,0 = 51, (070 hs — 0°0,1) (B.8)

These equations may not look too informative, but we can already derive two important prop-
erties that will be important later on. First, note that the second term on the right-hand side of
Eq. (B.7) for the Ricci tensor represents the wave operator acting on h,,. Likewise, Eq. (B.8)
contains two wave operators. Wave operators are nice in the sense that they lead to manifestly
hyperbolic partial differential equations as we will see in Sec. C below. Much of our following
calculations serve the purpose of getting rid of all the other second derivatives in the expressions
for R, and G, such that we end up with a wave equation for h,,. The second observation
arises from plugging Eq. (B.8) into the Einstein equations G, = 87T),,. Since G, = O(¢), we
immediately conclude that the local matter distribution is weak, T}, = O(e).

Def. : The trace-reversed metric perturbation is defined as

1 . ; Lo
h‘l“/ = h,wj — 5}”7#’/ = h = huu = —h = h’/W - h;w - ihnuu . (BQ)

A straightforward calculation shows that this shortens Eq. (B.8) to
1 - - 1 -
G = —iﬁpé’phuy + 0°0.,h.y, — Enuyap(?”hm =8&nT,, . (B.10)

We can achieve further simplification by changing to a more suitable set of coordinates. In
this process, however, we would like to preserve the background metric and therefore consider
coordinate transformations at perturbative level. These are given by a “flow vector field”
&" = O(e) and define new coordinates according to

P=at - & a% =4, (B.11)

The metric in the new coordinate system becomes

- axM al”/ 1 14
Jop = %Wgw’ Jap + 0a8"0" 3G + 05E" 0" 0 gy + 0(62)
= Tap + hcxﬁ + aozgﬂ + aﬁga + O(€2> ) (B12)

so that the perturbation transforms according to
hocﬂ — ilozﬁ = haﬁ + aozgﬁ + 8B£oc

= h — h=h+20"0,¢,
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_ 1 = 1- _
= haﬁ — haﬂ - §hnaﬁ — hozﬁ - hoz,B - §h77a6 - haﬂ + aafﬁ + aﬂéa - aﬂgunaﬁ

= b = Pl =0 b+ 048 + 05u—0"Ew | = 0" + 90,8, (B13)

Note that we have lowered the index of 0” with the background metric 7, here. Next, we
choose ¢, such that

0°0,&, = —0°hy, . (B.14)

This is always possible by virtue of the existence and uniqueness of solutions to the wave
equation. With this choice, we obtain the crucial transformation

Ol = 0hyy = Ry, + 070, =0, (B.15)

which eliminates two terms in the linearized Einstein equation (B.10) and results in the lin-
earized Einstein equations in the Lorenz gauge,

Ol = 00 h = (=82 + V)R, = —167T, . (B.16)

B.2 Gravitational waves in the linear approximation

Gravitational waves are modulations in the fabric of spacetime that are generated by some
strong-field source, say an inspiraling black-hole binary, and then propagate outwards. Far
away from the source, their amplitude has diminished to such an extent that we can regard
them as perturbations of the Minkowski metric. Furthermore, we treat the environment where
the GWs travel as vacuum, so that in Lorenz gauge gravitational waves obey Eq. (B.16) with
T,,, = 0 which is the flat-space wave equation

Dhy = (=02 + V), = 0. (B.17)

Plane-wave solutions to this equation are readily obtained as

hyw = Hu,,eikf’xp , H,, = const, (B.18)

where k, denotes the 4-wave vector. This solution has the following properties.

(1) Plugging the expression (B.18) into the linearized vacuum equations (B.17), we obtain
kPk, = 0, i.e. the wave vector is a null vector and GWs propagate at the speed of light.

(2) The Lorenz gauge condition 0"h,, = 0 implies k*H,, = 0, so in this gauge, the waves are
transverse to the direction of propagation. For a plane wave traveling in the z direction,
for example, we have k, = w(—1,0,0,1) and, hence, H,o + H,3 = 0.
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We can further simplify the expression for the plane wave by using the remaining gauge freedom.
Indeed, Lorenz gauge is not unique, since the transformation (B.11) with

£o= X, e = 979,6,=0, (B.19)

leaves the Lorenz gauge condition (B.14) unaltered. One can show that there exists a choice
for the X, such that
Hy, =0, H",=0. (B.20)

This specific gauge is commonly referred to as transverse-traceless or T'T for short. In this
gauge, the plane-wave solution has the following additional properties.

(1) h=0 = hu = hu, so that the trace-reversed perturbation is equal to the original
metric perturbation.

(2) For a plane wave propagating in the z direction, we have Hy, = Hs, = H*, = 0, so that

00 0 0
|lo H. H. 0

e A (B.21)
00 0 0

In order to see what effect such a GW has on an arrangement of test particles, we solve the
geodesic equation for the metric g,, = 1, + h,, with the perturbation given by Egs. (B.18),
(B.21). Consider for this purpose a particle initially at rest in a background inertial frame,
i.e. with four-velocity u® = (1, 0, 0, 0). The geodesic equation at the initial time is given by

d
Euo‘ + I ufu” =u® + TG, =0. (B.22)

The Christoffel symbols are obtained from Eq. (B.5) and become
1
I = 577(1”(80%0 + Oohoy — Ophoo) =0 since  Hg, =0. (B.23)
u® = (1,0, 0, 0) at all times is therefore the unique solution of the geodesic equation and

the particle remains at fixed coordinate position z* as the GW passes through. Physical
experiments, however, measure the proper distance that is obtained from

ds? = —dt? + (1 + hy)da?® + (1 — hy)dy? + 2hydady + d2?, (B.24)

) P .
where | hy , = H, ™" |. We consider two cases.

Case 1: Hy = 0, H, # 0, so that h, oscillates. The proper distance between specific
particles can be summarized as follows.
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2 particles at (—4, 0, 0), (4, 0, 0) have ds* = (1 + h, )45>.
2 particles at (0, —4, 0), (0, §, 0) have ds? = (1 — h)46>.

The figure illustrates the motion of the four test particles as the
gravitational wave generates the oscillating perturbation h,. This
pattern motivates the index “+7”.

Case 2: H, = 0, Hyx # 0, so that hy oscillates. The proper distance between specific
particles can be summarized as follows.
2 particles at (—d, —4, 0)/v/2, (6, 6, 0)/v/2 have ds? = (14h, )46
2 particles at (0, —6, 0)/v/2, (—0, 6, 0)/v/2 have ds? = (1—h, )46

The figure illustrates the motion of the four test particles as the
gravitational wave generates the oscillating perturbation h,. This
pattern motivates the index “x”.

B.3 Geodesic deviation

We can obtain the result (B.24) in an alternative way which turns out to be particularly useful
for the comparison of the linearized equations with a fully non-linear treatment further below.
This alternative derivation is based on the equation for geodesic deviation,

TV ,(T"V,S8%) = R®,,,T"T*S° &  VVpS = R(T,S)T, (B.25)

where S is the vector pointing from one geodesic to a nearby one and T is the tangent
vector to the geodesic. This approach is frequently found in text books on general relativity,
but care needs to be taken in interpreting this equation, in particular in the interpretation of
the vector S®. The geodesic deviation equation is manifestly covariant, and its interpretation
requires us to relate the vector S* to an observable. This is most conveniently achieved by
choosing an appropriate frame or gauge. Our choice, however, is not the TT gauge but a
local inertial or freely falling frame. In such a frame we can choose coordinates such that
G = N = diag(—1, 1, 1, 1) and the first metric derivatives vanish, 0,9,, = 0. This implies
that the Levi-Civita connection also vanishes, Iy = 0. Of course, we cannot gauge away
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spacetime curvature, so the second metric derivatives and the Riemann tensor will in general
be non-zero.

Let us now consider the order in € of terms in the geodesic deviation equation (B.25). On the
right-hand side, the Riemann tensor is a first-order perturbation, so both sides of the equation
must be O(e). On the left-hand side, the rate of change VyV 7S is small even though S is of
order unity. In words, S oscillates with an amplitude O(e€) around its fixed initial magnitude
of O(1). It is therefore sufficient to consider the tangent vector T" at background order, which
for particles initially at rest simply gives us the coordinate vector T' = 0;, so that the geodesic
deviation equation simplifies to

02S% = R% 0,57 . (B.26)

This may appear like black magic; after all, we have gauged away the metric perturbations
h,. out of the metric and the connection I'}, and readers may wonder how these perturbations
can effect any physics. To answer this question, we have to return to the geodesic deviation
equation (B.26) and, in particular, the Riemann tensor appearing on its right-hand side. The
components of the Riemann tensor in the linearized formalism are given by Eq. (B.6) above
and they are — that’s the key point in this argument — gauge invariant, i.e. (Exercise) they are
invariant under coordinate transformations of the type (B.11). We can therefore compute the
Riemann tensor in the TT gauge and use them in the geodesic deviation equation in the local
inertial frame. Using hg, = 0 in TT gauge as well as the standard symmetries of the Riemann
tensor, we find

1
Rooor = 0, Rjooo =0,  Rjoor = —Rjoro = iaghjk ; (B.27)
where j, k=1, 2, 3 are spatial indices. The components R, are thus given by
Ry = n™Ruox = — Rooor = 0,
J g 1o
Roo = "Ry = Rjoor = 530 P
R%0 = Rlgpg = 0. (B.28)

Assuming that the geodesic equation vector satisfies S° = 0 initially, we have S° = 0 always
and can write the geodesic equation as

. ) 1
8352 = RZQOkSk = iafhiksky hxx = h+ = _hyy’ hﬂ?y = h><

1 1

= 01" == (07haaS” + OPhayS) = 5 (07hy S” + OPhs SY)

N = N
N[ — N

A 028V = = (82hysS” + 02hyySY) = = (02hsS® — OZhySY) . (B.29)

J

The latter two equations are often encountered in text books, but it can easily lead to
misconceptions. Even though they contain the metric perturbations h, and hy of the TT
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gauge, they actually hold in the local inertial frame. More details about the potential confusion
of analyzing GWs in linearized theory using different frames can be found in Leclerc’s article

[17].

Let us now consider the vector S with S° = S* = 0 and

1 1
S* = dx+ zhydx + zhydy,

2 2
1 1
SY = dy+ §hxdx — §h+dy. (B.30)

Its second time derivatives are

1 1
925" = 5 (024 dz + }h,dy) = 5 (02h4S™ + 02hocSY) + O(R2 ),

1 1
08" =3 (02hdx — O7h dy) = 5 (9hS™ = 2hyS) +O(HY ), (B31)

and we see that our S solves the geodesic deviation equation (B.29). Furthermore, its norm
evaluated in the local inertial frame is

guS*SY = n,StSY = (S7)*+ (9Y)°

dy dx

= d2*(1+ hy) +dy*(1 = hy) + 2k, dydz + O(RZ ), (B.32)

which, at linear order, is exactly the proper separation we calculated above in Eq. (B.24) for
particles with dt = dz = 0. The key benefit of computing this result from geodesic deviation
is that it will allow us to compare the gauge invariant components of the Riemann tensor with
the asymptotic expansion of the characteristic formalism in Sec. EE without having to worry
about how to transform into TT coordinates.

According to linearized theory, GWs therefore have two polarization modes and manifest
themselves through a change in proper separation of test particles. This is indeed correct and is
exactly the way the current network of ground-based detector measures GW events, including
the first ever detection GW150914 [11]. It should be noted, however, that the nature of GWs
remained under constant debate for about 40 years, including Einstein himself who vacillated on
the issue. It was only around 1960 that results by Bondi, Pirani, Sachs and others demonstrated
convincingly that gravitational waves are not merely a gauge effect but carry physical energy
and are also predicted by the fully non-linear theory of general relativity. Understanding how
this can be demonstrated is the main goal of the following sections. For this purpose, we
need to take one step back and first discuss some fundamental properties of partial differential
equations.
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C Classification of Partial Differential Equations

Many physical systems are modelled in terms of partial differential equations (PDEs). Given
the enormous number and range of physical systems, this provides us with a gargantuan zoo
of differential equations and a correspondingly sizeable challenge to develop a toolbox for their
solution. Quite remarkably, however, this zoo of equations exhibits a considerable degree of
structure and most (relevant) PDEs can be classified into three groups that are referred to
as hyperbolic, parabolic and elliptic PDEs. This classification is related to the propagation of
information and the degree to which boundary or initial data determine a solution. These
properties play a key role in the understanding of Einstein’s equations of general relativity and
we therefore start our discussion with a review of this classification of differential equations. One
could easily spend an entire lecture series on this topic and readers are asked for forgiveness if in
places we dispense with mathematical rigour and also refrain from a comprehensive treatment.
At the same time, we attempt to go beyond the rather cavalier treatment that explains the
categories by merely giving examples; statements such as “the wave equation is hyperbolic”
or “the Laplace equation is elliptic” are absolutely correct, but little more descriptive than
defining a star by saying “the sun is a star”. Readers interested in more details of the structure
of PDEs will find this in abundance in the still gold-standard book of Courant and Hilbert [18].

C.1 Second order PDEs of a single function

We start our discussion with second-order PDEs in a single variable. In this context, the term
“order” refers to the degree of the highest derivative present in the equation. Most systems in
contemporary physics are indeed governed by second-order PDEs;, as for example the Maxwell
equations of electrodynamics, the Schroedinger equation, the heat transport equation and Ein-
stein’s field equations of general relativity. The seeming absence of higher-order derivatives in
the PDEs of physics may be related to the Ostrogradsky instability. Formally, Ostrogradsky’s
theorem states that a non-degenerate Lagrangian dependent on time derivatives higher than
first corresponds to a Hamiltonian unbounded from below. While this does not entirely rule out
theories involving higher-order derivatives, it severely restricts the construction of such theories
[19]. We do not have to worry unduly about the consequences of Ostrogradsky’s instability, but
we note in passing that the study of higher-order theories is an important field of contemporary
research and also plays an important role in attempts to modify Einstein’s general relativity
[20]. Finally, we note that we can reduce the order of derivatives in differential equations at
the expanse of introducing auxiliary variables as in the trivial example

O2f =0 & O.f=g9g N 0,9=0. (C.1)

This is a rather common approach, especially in the modeling of fluids using conservation laws
[21]. For the time being, however, we dispense with this type of shenanigans and consider
second-order PDEs plain and simple.
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Figure 1: A level surface S defined by ¢(z') = 0 in the RV,

C.1.1 Classification of second-order linear PDEs

Def. : Let 2; € RY, f: Q Cc RV — R. The general partial differential equation of second
order is
where F is a sufficiently regular function in its (IV + 1)? arguments.
A linear second-order partial differential equation is an equation of the form

Apin(2)OmOn f + b () O f + (i) f + d(x;) = 0. (C.3)

Since partial derivatives commute, we can assume without loss of generality that the
matrix A, is symmetric: A, = Anm.
The main or principal part of the PDE is the set of terms that contain the highest
derivatives. For example, the principal part of Eq. (C.3) is A,,,,0mOn f -

Let us now consider a function ¢(z;) with non-zero gradient, Vit := (0it, ..., Ont) # 0

everywhere and let S be the level surface defined by ¢(z;) = 0 as shown in Fig. 1. Let us further
assume that f and 0;f are specified on S (or, to be more precise on the intersection of S with
the domain ). The question we now wish to answer is whether, for the given PDE (C.3) and
surface S, we can calculate all derivatives of the function f on S. If the answer is yes, then the
solution f is determined away from S at least in the neighbourhood where the Taylor expansion

of f converges.

In order to answer this question, we define a mapping ' — £%, where i, a =1, ..., N, on

Q) given by

o =& (x;)) fora=1,..., N—-1,
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Env = t(z:) . (C.4)

In words, we have chosen a new coordinate system such that our surface S is the level surface
of one of our new coordinates, namely &y =t = 0. With our earlier assumption Vi # 0, one
can show that such a mapping with smooth functions &, exist, at least in some neighbourhood
of S. We can now regard f(z;) = f (xz(ga)) as a function of the new coordinates and obtain by
chain rule

of 0% 0f _ 0&

W = gr T awmoe  an
0, & 9% og® 9
%0f = Ox; O (a%' abf) - O Oz, %f + ox' Oxd Dadhf - (C.5)
Our PDE (C.3) expressed in the new coordinate system is then given by
Apn 0 0% 0,05 f + lower order terms = 0, (C.6)
0x,y, Oxy,

where the “lower order terms” involve at most first derivatives of f. Next, we recall that we have
“initial” data on S for f and all 9;f which we can directly translate into the new coordinates,

f&) = F(&, v, 0) = f(&l(a),

o 0
0¢, Oz,

aaf(£a> = aaf(fla BRI £N*17 0) (07)

S
These initial data determine most of the second derivatives through direct evaluation of the
differential quotients

O (oo Enr 0) = lim o (61 e Gty 61, 0) = af (s e, 0

h—0 h

, (C.8)

forb=1,..., N—1. For b= N, however, this does not work, since we do not know f and 0, f
away from the surface S. Still, we can use Eq. (C.8) to formally substitute in Eq. (C.6) for all
second derivatives except for 9% f/0¢%;, and our PDE can be written as

Oy Oy O*f

e D DEN)? = terms known on S, (C.9)
m n N

where on the left-hand side we sum over m and n, but not over N. We are therefore able to
calculate the missing second derivative using the differential equation if and only if
0y O
Ay o2 O
0x,, Oxy,
If this condition is satisfied, we can repeat the game by differentiating the PDE to compute
all third derivatives and then all fourth derivatives and so forth. Recalling that {5 = ¢, the
condition (C.10) motivates the important definition:

£0. (C.10)
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Def. : The differential equation
Apin(2;)Omt Ot =0, (C.11)

is called the characteristic differential equation associated with the second-order,
linear PDE (C.3).

If t(x;) with Vt # 0 is a solution of (C.11), the surface defined by #(x;) = 0 is called
a characteristic surface.

J

In the special case that the matrix A,,,(x;) is positive or negative definite on 2, then for
any t(z;) with Vt # 0, we have

ApnOnt Ot >0 or  ApnOntO,t <0, (C.12)

so that Eq. (C.10) is satisfied and the PDE admits no characteristic surface. More generally,
second-order linear PDEs are classified as follows.

Def. : The PDE

Apin ()0 f Onf + b () O f + () f + d(x;) =0, (C.13)
is said to be of type («, 3,7) at z; € Q if a Eigenvalues of A,,,(x;) are positive, /3
Eigenvalues are negative and ~ Eigenvalues are 0 with o + 3 + v = N.
The PDE is:

o ellipticif it is of type (N, 0, 0) or (0, N ,0), i.e. if all Eigenvalues are non-zero
and have the same sign.

« parabolic if it is of type (N — 1,0, 1) or (0, N — 1, 1), i.e. if one Eigenvalue
is zero and all others are non-zero and have the same sign.

e hyperbolic if it is of type (N —1, 1, 0) or (1, N —1, 0), i.e. all Eigenvalues are
non-zero and exactly one of them has the opposite sign of all the others.

A few remarks are in order.

1. Note that in the parabolic and hyperbolic case, we can always find a non-trivial (i.e. non-
vanishing) linear combination V;, of Eigenvectors such that* A,,,V;,V;, = 0, i.e. at every
point x; there exists a non-zero 0,,t that satisfies the characteristic differential equation
(C.11) and therefore the PDE admits a characteristic surface. In the elliptic case, in con-
trast, A,,, is positive or negative definite, the only solution to the characteristic equation
is the null vector and we cannot construct a characteristic surface.

2The key point is that we can expand V,, in an orthonormal Eigenvector basis (since A,,, is symmetric).
Then A,,n Vi Vi becomes a sum of terms o< )\iW(i) . W(i), where W is the ith Eigenvector and \; the ¢th
FEigenvalue. Since w® . wl) = i, this simply becomes a weighted sum of the Eigenvalues; for appropriate
weights, i.e. an appropriate V', this sum can vanish because one Eigenvalue differs in sign from the others.
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2. According to this definition, there are other types of PDEs aside from elliptic, parabolic
and hyperbolic. But we do not concern ourselves with these; they play no role in the
physics we are interested in (nor in any other physics for all I am aware of).

3. The type of a PDE depends on the point z* and may change across the domain €.
Examples

(1) The Tricomi equation
Yo f +95f =0, (C.14)

appears in the theory of transsonic flow. The matrix of its principal part is

e () e

Clearly, the Eigenvalues are y and 1, so the Tricomi equation is elliptic for y > 0,
parabolic on y = 0 and hyperbolic for y < 0.

(2) The Laplace equation in 3 dimensions is
Af=0f+0f+0:f=0, (C.16)

with A" = §" and all 3 Eigenvalues are 1. The Laplace equation is therefore elliptic
everywhere. For any surface S given by ¢(2') = 0, V¢ # 0, we can compute all
derivatives of f on S provided we have initial data f, 9;f on S. The solution is thus
fully determined by the initial data at least in some neighbourhood of S.

(3) The wave equation in 3+1 dimensions,
Of =0} f+0:f + 0. f+02f =0, (C.17)

is hyperbolic everywhere with Eigenvalues —1, 1, 1 and 1.
(4) The heat equation in 3+1 dimensions

— O f +OPf + O2f+2f =0, (C.18)

is parabolic, since one Eigenvalue is 0 and the three others are 1.

C.1.2 Principal axes*

Let us briefly recapitulate some key properties of matrices and their eigenvalue decomposition.

Def. : Let A bea N x N matrix. V € RY is an Eigenvector with Figenvalue \ of A if

AV =XV or AV, =AV,. (C.19)

Symmetric matrices have particularly convenient Eigenvalues and Eigenvectors.
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Proposition: A symmetric N x N matrix A;; = Aj; has n real Eigenvalues and the asso-
ciated Eigenvectors can be chosen such that they form a set of N mutually
orthonormal vectors.

The proof can be found in most standard textbooks on linear algebra. We next arrange the
N Eigenvectors as column vectors of the new N x N matrix Q,

Qu| Qre|... Qun

Q- | W O (C.20)
Qni Qua. - Qs
N - Vi)

where we denote by Vj(2) the components of the second Eigenvector V(5. The matrix Q is
orthogonal in its columns by construction since the Eigenvectors are orthonormal,

8i = Von(i) Vin(j) = @miQumj = Qb Qrmj - (C.21)

In index free notation, this gives us
QQ=I = Q'=Q7 = QQ=QQ'=1 = QmQjm=7;, (C.22)

so the rows of Q are also orthonormal. If we denote by M) the i-th Eigenvalue, we have N
Eigenvalue equations (no summation over )

Ak Vi) = i) Vi) Vi) -
= Vi) AkmViny = Ao Vi) Vi) = A0 )

= QrjAkmQmi = A\i)0ij

Ay 0 - 0
0 Mg -+ 0
= QTAQ = _ . = A. (C.23)
: : T 0
0 0 - A

We have summarized this very familiar result in more detail here to clarify how the Eigende-
composition of a matrix looks like in index notation.

The Eigendecomposition is of particular convenience for second order PDEs where the
principal part has constant coefficients, i.e. Eq. (C.3) with A,,, = const. As mentioned earlier,
we can assume a symmetric A,,, without loss of generality and therefore apply the above
Eigendecomposition. More specifically, we consider the Eigenvectors V'(;) of the matrix A,,,
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and let them constitute the columns of the orthogonal matrix @, == V). Next, we transform
to a new coordinate system,

9y
Yi = szxm = 8[Ej = sz(sm] = sz'
oF _of ou _, Of
ox,  0Oy; Ox, " Oy,
o f o2 f
00T, Qmi@nj 0y;0y,
0% f 0% f O f o2 f
A YTy 0.2 0T A R WO S
= mn 8xm8xn anszn] 8%8@/] sz annJ 8yZ3yJ (4)9ij aylay]

L )

(summation over i!) . (C.24)

This procedure allows us to eliminate all mixed derivatives and essentially, we can reduce phys-
ically relevant second-order linear PDEs with constant coefficients into a form whose principal
part very much resembles that of the wave, heat or Laplace equation.

C.1.3 Second-order PDEs in 2 dimensions

Two-dimensional domains are particularly easy to visualize and draw on sheets of paper. We
therefore analyze in this section PDEs on domains Q2 C R2.

C.1.3.1 Classification of PDEs in 2 dimensions

We now consider linear, second-order PDEs in two independent variables,

a(x,y)05f + 2b(x,y)0:0, f + c(z,y)d% f + lower-order terms = 0, (C.25)

on some domain 2 C R%. The characteristic differential equation associated with (C.25) is

a(0yt)? + 2b0,t Oyt + c(9,t)*> = 0. (C.26)

Let us assume that we have a solution to this characteristic equation given by t(z,y) with
Vit # 0 on Q. We next consider the level sets of t(x,y) given by

{(a:,y) ‘ t(z,y) = const} :

In 2 dimensions the level sets are, of course, curves. At a given point (z,yo) € {2 we can assume
without loss of generality that 0,t # 0; otherwise we would inevitably have J,t # 0 and could
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t(x,y)= const

(XpY,)

1(x,y)= const

X

Figure 2: Two examples for a level set (curve) t(z,y) = const in the R?. In the (upper) blue
example, we have a curve where at (o, yo), the derivative 0yt # 0. In the (lower) red example,
we have 0,t = 0 at (x¢,yo); the level curve is vertical (parallel to the y axis) at this point.

simply swap the coordinate labels. Since d,t # 0, the curve ¢(z,y) = const will not be parallel
to the y axis in some neighbourhood of (zg,yo); cf. Fig. 2. In that case, we can represent the
curve t(x,y) = const in the form y(z) in some neighbourhood of (zg, yo). If we parametrize the

curve with A € R, we have t(\) = t(x()\), y(A)) = const and, hence,
dt  otde otdy

—_ = —— =0
d\ Oz dA + Oy d\
dy dy [(dz) " Opt
Y22 == C.27
dz  dA (d)\> Oyt ( )
This allows us to write the characteristic equation (C.26) as
dy ? dy
Provided a # 0, we can solve this equation for ' := %,
2b b b2 1
(y/)2_7y/+520 = y =—+ —2—E:—<bi\/b2—ac). (C.29)
a a a a*> a a

Real solutions only exist if > > ac whereas characteristic surfaces do not exist if b < ac. We can
indeed confirm this result with our general classification of PDEs from the definition (C.13).

. 1 b
For this purpose, we compute the Eigenvalues of <Z c)’

a—XA b
=ac—(a+c) A+ N =" =0

b c— A
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= M —(a+c)A—(b*—ac) =0

a+c (a+c)? a+c b2 — ac
= A= + b? — = 1+, |14+4——- C.30
+ 2 \/ x ( ac) 2 * (a+ c)? ( )
As expected for a symmetric matrix, the Eigenvalues are always real,
b — ac 1 (a —c)? + 4b°
1+4 = 244 —dac] = —————>0. C.31
* (a+¢)?  (a+c)? [(a +e)+ ac] (a+c)2 = ( )

Next, we see that the two Eigenvalues A+ have the same sign if b < ac, and opposite signs if
b? > ac, and one Eigenvalue vanishes if > = ac. Finally, this analysis also covers the case a = 0

which implies
A —Eiw£+w (C.32)
4+ — 2 4 . .

Clearly, the Eigenvalues have opposite signs unless b = 0 in which case we obtain A_ = 0. We
can summarize this result for arbitrary a as follows: At a point (z¢,yo) € €2, the PDE (C.25) is

1. elliptic if b < ac; A4+ have the same sign.
2. hyperbolic if b2 > ac; A+ have opposite signs.

3. parabolic if ¥* = ac; in that case, A\_ = 0.

C.1.3.2 The normal form of hyperbolic PDEs in 2 dimensions

Let us now consider a PDE that is hyperbolic in some neighbourhood of the point (xg, yo).
Then we have two different solutions, which we denote by wu(z,y) and v(z,y), to the charac-
teristic equation (C.26) with Vu # 0 # Vu. We can always rotate the coordinates (z,y) such
that in a neighbourhood of (zo, yo) we have d,u # 0 # 9,v. This allows us to write the curves
of constant u and v, respectively, in the form

y =1y (x) along which u = const,
y = ya(7) along which v = const .
with
O u 0y
(z) = — 2 (1) = — 2 C.33
yl (33) ayu ) y2 (l’) ayv ( )
= u+ydu=0 A  dw+ydyu=0. (C.34)

We illustrate the corresponding level sets u(z,y) = const and v(z,y) = const in Fig. 3 and
proceed by identifying some of their properties.
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y
u(x,y)= o,
ulx,y)= o,
vxy)=P,
vixy)=B,
x

Figure 3: Two level sets of curves given by u(x,y) = const and by v(x,y) = const.

Lemma : Let u(z,y), v(x,y) be two different solutions to the characteristic equation
(C.26) associated with a second-order hyperbolic PDE of the type (C.25) with
Vu # 0 # Vu. Then the two families of curves defined by u = const and by
v = const satisfy the following:

(i) Curves from different families cannot touch, i.e. intersect each other with
equal tangent direction.

(i) The functions u and v obey the inequality

O0pu Oyv — Oyu 0,0 # 0.

Proof.

(i) At points of intersection, curves belonging to the two different families have a slope given
by Eq. (C.29). Since the two curves belong to different families, we have the + sign in
Eq. (C.29) for one of them and the minus sign for the other. The difference between their
slopes is therefore

, , 1 1 b? — ac
V2 = (bi Vb2 — ac) - <b$ Vb2 — ac) = iQT #0 (C.35)
since b? > ac for a hyperbolic PDE.
(ii) Plugging Eq. (C.33) into y) — y; # 0 gives us

0, v Oyu
Oyv  Oyu

#0 = Oudyw—0,v0u#0. (C.36)
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Def. : The solutions u(z,y), v(x,y) to the characteristic equation (C.26) associated with
the PDE (C.25) are called characteristic coordinates.

Proposition: In characteristic coordinates, a hyperbolic PDE of the form (C.25) becomes

0u0y f = lower order terms. (C.37)

Proof. Introducing the short-hand notation u, := d,u, f, == Ouf, fuw = 0,0, f etc., we find by
chain rule that

0y = Opudy+ 0,00, , 0, = 0udy+0,00,,
fo = wfutvefy,
fy = uyfutoyfo,
foo = Ou(uafu+vuf) = Uppfu+ U fuu + UsVs fou + Vaafo + Vally fuv + U2 fo
= 2 fuu + 20300 fur + V2 for + Uae fu 4 Vra fo
foy = (wy0u + vy0,) (s fu + v fo)
= Uy fu + Vayfo + Uytie fuu + (UyVz + UzVy) fuv + V2Vy fou

fyy = u?/fuu + QUynyuv + szvv + uyyf“ + Uyyfv '

The principal part of our PDE thus becomes
fze + 20fay + Cfyy = O fuu + 28 fuv + Y fou s
with
a = aul+ 2bugu, + cuz =0,
20 = a2u,y, + 2b(uyv, + vyuy) + c2uyv,
v = avl+ 2bv,v, + cvi =0,

where v and v vanish since u and v satisfy the characteristic equation (C.26).
Furthermore, a lengthy but straightforward calculation (best performed with a program like
Mathematica or Maple) shows that

|

ay — 32 = (ac — b*) (uzv, — uyv,)* <0,

since for a hyperbolic PDE b* > ac. So 3% > 0 and 3 # 0. O
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Example

(1) Restoring the more common coordinate names (¢, 7) in place of the abstract (z,y), the
wave equation for a free field in one spatial dimension is given by

Gf—0if=0, (C.38)
and has the associated characteristic differential equation
(Ou)? — (O,u)* = (Opu + Opu) (Opu — Opu) = 0
= O =—-0,u V oyu = O, u
= ) =1, ro(t) = —1. (C.39)
The solutions to the characteristic equation are therefore given by
u(t,r)=t—r, v(t,r)=t+r. (C.40)
Transforming the wave equation (C.38) to characteristic coordinates gives us
O = w0y + 1,0, = Oy + Oy A Or = w0y + 0,0, = —0, + 0,
= 0=0f =07 =(0u+3,)°f — (00— 0,)°f = 40,0, f
= 0,0,f=0. (C.41)

Writing this as 9,(0,f) = 0, we see that 9, f is a function only of u, so for any C?
function that satisfies the wave equation we have 9,f = ¢(u) for some C?* function ¢.
Integrating in v for given fixed v, we thus obtain

f@ﬂﬂz/¢@ﬂu+G@% (C.42)

where G(v) acts as the v dependent integration constant. Denoting F'(u) := [ ¢(u)du,
we obtain the general solution to the wave equation

flu,v) = F(u) + G(v). (C.43)

On the other hand, every function of this form clearly satisfies 9, 9, f = 0. In summary,
f solves the wave equation 92 f — 92 f = 0 if and only if

ft,r)=Ft—r)+Gt+r), (C.44)

for some C! functions F, G.

Let us also use this example to illustrate the deficiency of specifying initial data on
a characteristic surface (or curve in this two-dimensional example). Assume that we
prescribe f(u,0) = fo(u) on the characteristic curve v = 0 as illustrated in Fig. 4.
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t

u (r = const)

(v = const) v

(u = const)

r

(t = const)

\\\><\P: (u,v)

v'=const > 0

y =const=0

Figure 4: Characteristic coordinates (u,v) = (t —r,t +r) for the wave equation 92 f — 92f =0
in one spatial dimension. If we specify initial data f(u,0) = fo(u) at v = 0, we do not have
enough information to determine the solution f(u,v) at any v # 0, say at point P on the green

dashed line.

That allows us to determine 9, f on the slice v = 0. The differential equation then
predicts 0, f at least in some neighbourhood v # 0, for example on the green dashed
curve in Fig. 4. However, we cannot reconstruct the solution f itself at any point on
this dashed curve, since we do not know the integration constant G(v). The problem
would not arise if we had specified initial data on a non-characteristic surface, as for
example on the horizontal curve ¢ = 0.

We have seen in this example two special features of the characteristic surfaces. First,
without some further information, initial data on a characteristic surface does not
determine the solution even in a small neighbourhood of the surface. Second, charac-
teristic coordinates significantly simplify the structure of the underlying PDE. A third
feature may already become apparent from our physical insight into the wave equation.
The characteristics in Fig. 4 represent the light cone of the wave equation and we know
that information propagates along the light cones. In a sense that we will make more
concrete further below, information propagates along characteristic curves.

C.2 *Systems of PDEs

So far, we have only considered single PDEs for one single function. We will now generalize these
ideas to systems of PDEs. This is most conveniently achieved by considering first-order systems,
i.e. the PDE only contains first derivatives. Second-order PDEs can always be converted into
such a form by introducing auxiliary variables as we will see in some of our examples.
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Figure 5: Illustration of a solution to the advection equation (C.45) in the (¢, ) plane. Suppose
we prescribe initial data f(0,x) in the form of a Gaussian profile at ¢t = 0. Along the (green
dashed) curves x = At + xy, the value of f remains constant according to Eq. (C.47). In con-
sequence, the Gaussian pulse simply propagates to the right with velocity A without otherwise
changing its shape. Note that the (red) Gaussian curves are not to be regarded as curves in
the (¢,z) plane; if I could draw in 3D, they would pop out of the paper instead.

C.2.1 *The advection equation

Before we explore more general first-order systems, we will illustrate some of their fundamental
features in the case of the simplest possible PDE, the advection equation in one variable and
two dimensions,

Of +X0,f =0, AeR. (C.45)
Let us now consider the curves
d

ditﬁ =\ = z(t)=X+m. (C.46)

Along these curves,
df _of  dxof _of , \of _ (C.47)
dt ot dt Ox ot ox
by virtue of the PDE (C.45). Now suppose, we specify initial data in the form f(0,z) = fo(z),
say a Gaussian profile as in Fig. 5. For every z(, the solution f along the curve x = M + xg
remains constant at its initial value f(0,xy). The Gaussian profile therefore simply propagates
to the right with velocity A but does not otherwise change its shape. We say, the Gaussian
pulse is advected with velocity A. As we will see later, the curves © = A + z( are actually the
characteristic curves of the PDE (C.45). Note also the similarity to the propagation of light
in relativity; for reasons that will become clear soon, the advection equation is sometimes also
referred to as the one-way wave equation.
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We can easily generalize the advection equation to varying propagation speeds A(t,x). In
practice, such an z dependence appears most commonly in the form of conservation laws,
i.e. PDEs of the form O,f + 0,F(f(t,z)) = 0 where F' is a flux function depending on the
solution f. The generalization of Eq. (C.45) is therefore often written in the form

of o

Fn + %(/\(t,x)f) =0

= (; + A(t,w)gi:) f(t,x) = =N(t,z)f(t,z), (C.48)

where X (t,z) = O\/Ox. As before, we consider the characteristic curves

dx
T A(t, x) (C.49)

along which we can now construct a solution to Eq. (C.48) by solving for each x the ordinary
differential equation (ODE)

(if(:c(t),t) = —N(t,2)f(z,1). (C.50)

One can show that for initial data f(0,z) = fo(z) € C*(—o00, 00), the solution f(¢,x) is equally
smooth in space and time, i.e. f € C*((—00,00) x (0,00)).

C.2.2 *Burgers’ equation

As a further extension of the advection equation, we may allow the propagation speed A to
depend on the solution f itself. This step has such dramatic consequences that we promote
our discussion of this case to a separate subsection. Again, this type of equations often arises
in conservation laws

Ouf + 0 F(f) = 0 + F'(£)duf = 0. (C51)

First-order differential equations where the coefficients of the partial derivatives depend on the
function f, but not on derivatives of f, are commonly referred to as quasi-linear; they are linear
in the derivatives but not in the function f. The prototypical example for a scalar (i.e. one
dependent variable) first-order quasi-linear PDE is Burgers’ equation,

Of +0u (517) = Ouf + fOuf =0. (C.52)

Comparing with Eq. (C.45), we see that this is an advection equation where the advection
speed is equal to the function value. Along the curves

dx_

E_f’ (C.53)
we find Af  of dzdf of of
x
it "o Tator o =Y (€54)
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|

N

A -0

X

Figure 6: The same Gaussian initial pulse as in Fig. 5 is evolved in time, but now according
to Burgers’ equation 0, f + f0.f = 0, i.e. the characteristic speed is now equal to the function
value f. Along each characteristic, f remain constant, but now the characteristics will cross
in finite time resulting in the formation of a discontinuity or shock. As in Fig. 5, the (red)
Gaussian curves are not to be regarded as curves in the (¢, z) plane, but rather should pop out
of the paper.

so the function remains constant along each characteristic curve. The key difference to the
advection equation (C.45) is that the slopes of the characteristics now vary with the initial
data f(0,2) = fo(x). This is illustrated by the green dashed curves in Fig. 6 which shows the
time evolution of a Gaussian pulse. The characteristics cross in finite time, resulting in a multi
valued function, i.e. a discontinuity or shock. Rather than being advected across the domain,
the Gaussian profile tilts over until its slope becomes vertical. In order to compute the solution
beyond this point, one needs to resort to shock capturing schemes that take into account the
conservation law underlying the PDE. This topic is outside the scope of our lecture, though, and
readers are referred to LeVeque’s book [21] for a more detailed introduction to these methods.

C.2.3 *Constant-coefficient first-order systems

Before we engage into the more general class of quasi-linear PDE systems, we consider a simpler
type of equations that can be reduced to a set of advection equations. Let f : R2 — RM and A
be a constant M x M matrix. Denoting our coordinates by (¢, z), the PDE

hf +ALf=0, [f0,2)=fz), (C.55)

then provides us with a first-order homogeneous PDE system with constant coefficients with
initial data fo(x).
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Def. : The PDE system (C.55) is hyperbolic if A is diagonalizable with real Eigenvalues. If
all Eigenvalues are distinct, the system is called strictly hyperbolic.

We now use the same notation as in Sec. C.1.2, so let us assume we have a hyperbolic system
and denote by V(1) and A, respectively, the Eigenvectors and Eigenvalues of A. We assemble
the Eigenvectors as column vectors of the new matrix

Vi Vi - Vion
Voay  Voy -0 Vaan
Q= (Qi) = : : y : , (C.56)
Vvay Vme - Vuon
and define the diagonal matrix
Ay O 0
B Lo Ay 0
A== . "2 . (C.57)
0 0 Ay

We can always orthonormalize the Eigenvectors and thus make Q orthogonal, so that Q' = QT
(otherwise replace QT with Q! in the following), so that the Eigenvector condition gives us

AV(k) = )\(k)V(k) = AQ = QA
= A=QAQT & Q'AQ =A. (C.58)
Next we introduce characateristic variables g := QT f and our PDE (C.55) becomes

Q'o.f +QTAd, f =0

= Q0 f+AQT9,f =0 ) Q = const

= 0g+Ad,g=0, (C.59)
or, in components,

019i + A\#)029; = 0 (no summation over 1) (C.60)

This is a system of M decoupled advection equations of the form 0,9 + A\d,g = 0 with solutions
g(t,x) = g(0,2 — At). The solution to Eq. (C.60) is therefore given by

g9i(t, ) = g;(0, 2 — Apt) . (C.61)

Next, we recall that

f=Qg & Jm = Qmi%i = Vin) 9 (Here we sum over i) . (C.62)
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So g; is the ith component of the Eigenvector expansion of f. This enables us to write the
solution to the PDE (C.55) as

fi(t’ ZE) = Qimgm(t7 ZL‘) - Qimgm(07 €T — /\(m)t) = gm(07 €T — )\(m)t)v;(m) . (063)

In words, find the Eigenvector expansion of the initial data fy(z). The mth component in this
expansion is g, (0, ), the Eigenvector is V ,,,) and the Eigenvalue is A(,,). The solution to the
PDE is then (C.63). The characteristic curves are given by x — A(;,)t = const and there are M
such sets of curves.

C.2.4 *Quasi-linear first-order PDE systems

C.2.4.1 *The characteristic equation

We now switch to the physically more important (and interesting) case of quasi-linear first-
order PDE systems. We also generalize the domain to more than one spatial dimension. Let
us consider for this purpose functions f : RY — R™. We use the notation

fl a,ufl
f=1:1, of=—f= : , p=1 ..., N. (C.64)
fM a},ch

Def. : The general quasi-linear first-order PDE for a function f : Q C RY — RM is
A, )0, f +b(a, ) =0, (C.65)

where b is a vector valued function and each A*, =1, ..., Nisan M x M matrix.
In component notation, we write

where we sum over p, m and n.

. J

As in our discussion of second-order PDEs in Sec. C.1.1, we next consider a hypersurface
S defined as the level set of a function ¢(z,) = 0 with V¢t # 0. Let us assume that initial data
f(x) are specified on S. As before, we ask the question whether or not we can calculate all
derivatives of f on S.

As a first step, we introduce adapted coordinates &, as in Eq. (C.4),

o =&u(2") fora=1,...,N—1,

v = t(‘T‘u) )
so that by chain rule

o O _060F 0

= Du 0w, 06 Gxuaaf with pu=1,..., N. (C.67)
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In terms of these coordinates, our PDE system (C.65) becomes

9 Of
A"O,f =A'——_—— = —b. C.68
.“-f axu aga ( )
Fora =1, ..., N — 1, the derivatives % can be evaluated from the differential quotients
of .. f(&, ... &+ h, o 61, 0) = f(& - €, 0)
S = }Lli% - : (C.69)

as in Eq. (C.8) in our discussion of second-order PDEs. The missing derivative % = %—{ is

obtained by using the PDE (C.65) which we can write as

a0 OF

D, Ot = terms known on S . (C.70)

Solving for %{ requires inversion of the matrix which, in turn, requires

det<Aﬂéif> £0. (C.71)

Note that this condition depends on the coefficient matrices A" and the surface S, i.e. the
function ¢(x,,).

Def. : The characteristic equation associated with the PDE (C.65) and the level surface S
given by t(z,) =0 is
det(A*0,t) =0. (C.72)
A level surface S defined through ¢(x,,) = 0 by a solution to the characteristic equation
is called a characteristic surface.

In words, initial data f(x) specified on a characteristic surface does not allow us to calculate
all derivatives and therefore does not determine the solution at any point away from S, no
matter how close. Before we proceed with the classification of PDE systems, it will be helpful
to acquire at least a modicum of experience about what is going on here.

Examples

(1) The wave equation in 2 4 1 dimensions and Cartesian coordinates is
— g+ g+ g=0. (C.73)
We convert this equation into a first-order system by defining
V=09, A=0ug, p=0y,

= O —OA—0u = 0,
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A\ - xw + (3t>\ — O 5
N =0y +op = 0. (C.74)

We note that one subtlety arises in this conversion into a first-order system: We have
treated the t coordinate in a preferential way here by using the second-order wave
equation in deriving the first-order equation for 0,1, whereas the equations for o\
and 01 merely mirror the commutation of partial derivatives. There is nothing wrong
with our choice, but we mention it in passing since this freedom may complicate some
aspects of analyzing the PDE system.

In the notation of (C.65), the system (C.74) becomes

b 100 0 —1 0 0 0 —1
f=|Ar|, A=|0 10|, A"=[-1 0 0], A=[0 0 0
" 00 1 0 0 0 ~10 0

Since we have already used the letter '’ as a coordinate here, we label the level surfaces
by the function (¢, x,y) and obtain the characteristic equation

8,0 —0,0 0,0
det(A*9,0) = |~0,0 90 0 |=...=00(00)" - (0:0)" — (9,0)*] . (C.T5)
~9,06 0 90

(2) For the Laplace equation in 3 dimensions,
Qg+ 029+ 029=0, (C.76)

we proceed in complete analogy as for the wave equation. Besides the relabeling of the
coordinates from (¢, x,y) to (z,y, z), the only change is that all =’ signs turn into '+’
signs and we obtain the characteristic equation

det(A"9,0) = 0,0 [(0:0)* + (9,0)* + (9.0)°] . (C.77)
(3) The heat equation in 2+1 dimensions,
—8tg+3§g+8§g:0, (C.78)

is a little different since we have no second derivative in ¢t. Still, we can proceed largely
as in the case of the wave equation and define

@ZJ:Z atgv >\:: a$g7 M= 8@/97
= _a:c)\_ayu' = _wa

A\ &)x - @ﬂb = O,

34
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A Oy —0,0 = 0. (C.79)

The appearance of —1 on the right-hand side is inconsequential for the existence or
absence of characteristic surfaces and therefore plays no further role in our analysis.
In the matrix notation of (C.65), we have

P 000 0 -1 0 0 0 -1
f=1X|, A=|0 10|, A=|-1 0 0|, A=(0 0 0|,
1 0 01 0 0 0 -1 0 0

and the characteristic equation is given by

0 —8,0 9,0
det(A"0,0) = |=0,0 00 0 |=...= =00 [(0:0)* + (9,0)] . (C.80)
—9,0 0 90

C.2.4.2 *Classification of first-order PDE systems

We now return to the characteristic equation (C.72) and interpret its gradient solutions
d,t. This gradient is associated with the level surfaces t(z,) = const by defining at every point
x, the direction normal to the surface. We can thus interpret the characteristic equation as
the search for the normal directions of surfaces on which initial data will not be sufficient to
compute all derivatives of the function f. We therefore introduce a vector (or one-form) field
Cu and define

C(z, f,C) = det [A"(x, £)C,] - (C.81)

For the classification of PDEs, it turns out convenient to express the directions ¢ in a more
general form as a linear function of N parameters, i.e. introduce a linear mapping

¢=Mn, where n=(m,...,9n_1, K), (C.82)

with a non-degenerate matrix M, and write

Cla, £,m) = Cla, £, -1, 8) = C(2, £,¢(n, - n-1,5)) - (C.83)

The purpose of allowing for this generic reparametrization of the directional vector ¢ is that
we wish to single out a specific parameter x that does not necessarily coincide with an actual
component of ¢ in our original coordinate system.
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Def. : The general quasi-linear first-order PDE system (C.65) is

o hyperbolic at x if there exists a regular linear mapping ¢ = Mmn, such that
there exist M real roots k; = Ki(x, f(x),m,...,nn-1), ¢ = 1,..., M of
C(x, f,m) =0 for all (m1,...,7,—1). Note that the number of roots required
equals the number of independent variables in f, not the dimensionality N of
the domain.

o parabolic at x if there exists a linear mapping ¢ = Mmn such that C' is inde-
pendent of k, i.e. depends on fewer than N parameters.

o elliptic if C(x, f,¢) =0 only if { = 0.

If you find this definition a bit cryptic, that makes two of us. Let us try our best to interpret
the three cases. The elliptic case is intuitively the most obvious: det[A¥*(x, f)(,] is non-zero
for any non-vanishing gradient d,¢, so that there exist no characteristic surfaces. That means
for any initial surface S, we can determine all derivatives and, thus, the solution in some neigh-
bourhood of S. Loosely speaking, the hyperbolic case implies that we can find for each function
fi a characteristic surface. The parabolic case, to me, is rather shrouded in mist. I should note,
at this point, that I have as yet not come across a situation where I had to apply this definition
in practice. Let us instead acquire some familiarity by discussing examples and comparing this
definition with the simpler cases we have discussed above.

Examples

(1) For the advection equation equation

Of+0:f=0, (C.84)
the matrices A* are in fact trivial scalars,
Al=1, A*’=1; (C.85)

the superscripts are, of course, not exponents here, but correspond to 4 =1 and pu = 2
in A*. For ¢ = ({1, (2), the characteristic equation gives us

C =det(A'G+A’G) =+ G =0. (C.86)
Just setting (1 = n1, (o = Kk, we get n; + £ = 0 which for any 7; has one real root
k = —nq; the advection equation is hyperbolic.

(2) The wave equation with propagation speed ¢ in one spatial dimension is given by
OFf —2O2f =0, (C.87)

and can be converted into a first-order system according to Eq. (C.74) by introducing
Y= O f, A := 0, f which gives us

o (3)+ () = (6 () + (& 7)o (3) =
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s Al . 1 0 A2 . 0 —C2
—\0 1) “\-1 0
_ 2
S det(AfG) = | L TEY — o (C.88)
—C¢ G

Again, we set (; = 11, (o = K, so that the characteristic equation becomes

2
C=n—c2k*=0 = m::t\/%, (C.89)

i.e. we have two real roots and the wave equation is hyperbolic.

(8) For the 2D Laplace equation 9% f 4 95 f, we similarly introduce F := 9, f, G = 9,f,
so that 0,F = —0,G and 0,G = 0,F or

() (%)= 2)(6) (5 o) (o)

= det(A'¢ + A’G) = GG

5 dl=arg=o, (C.90)

which only has the trivial solution (; = (, = 0. Newsflash: the Laplace equation is
elliptic.

(4) The 141 dimensional heat equation —d;f + 82f = 0 is converted into a first-order
system in analogy to Eq. (C.79) for the 2+1 dimensional case by defining 1) := 0, f,
A := 0, f. This gives us

(o) = (22) = (0 D) (3) + (4 )2 (- ()
a0 A=)

- det(A“CM):‘_OCZ _452 _

—(2. (C.91)

Setting (; = K, (3 = 11, we see that C(x, f,n) is independent of &.

So what does this mean? Clearly any characteristic direction requires (; = (, = 0, but
we can choose (; = (; arbitrarily, so that all solutions are of the form ¢ = (k,0) and
the characteristic surfaces are just ¢ = const.

(5) For the constant-coefficient first-order systems we have discussed in Sec. C.2.3, we
defined hyperbolicity in a rather different way using the Eigenvalues of the coefficient
matrix A in Eq. (C.55). How does that square with the definition used here?

37
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This is most easily addressed by considering the PDE in its (fully equivalent) normal
form (C.59) which immediately gives us

A'=T, A" =A. (C.92)
This gives us
G+ A)Ge 0 oo 0
det(A*(,) = 0 o :A(Q)Cx 8 = ﬁ(@ + Ai»C) = 0. (C.93)
0 0 GGl

The Eigenvalues are real since we assume our constant coefficient system to be hy-
perbolic. Setting (; = « and (, = n;, we therefore obtain M real roots x of the
characteristic equation and our system is also hyperbolic according to the generalized
definition.

38
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D The structure of the Einstein equations

In this section, we will analyze in some detail the structure of the field equations of general
relativity or, to be more precise, of the gravitational sector of the equations

Gag = SWTaﬁ,

Expressed in a coordinate chart z®, these equations constitute a set of 10 second-order, non-
linear PDEs. We can view these differential equations from three different angles.

(1) Given a matter distribution 7,3, we search for the metric components g,z satisfying the
Einstein equations. For example, this is the view we take in solving the vacuum field
equations (A.5).

(2) We can freely choose the metric g,5, compute by recipe the resulting Einstein tensor G,z
which gives us the matter distribution corresponding to the metric. This approach is
rarely useful in practice, since the resulting 7,5 will almost invariably be unphysical.

(3) The 10 Einstein equations (A.4) relate 20 quantities, 10 metric components g,z and 10
components of the energy momentum tensor 7, 3. Here we regard the Einstein equations
as 10 constraints on simultaneous choices of g,3 and T,,3.

In the following discussion, we shall focus on the geometric sector of general relativity and
therefore largely work with the vacuum equations. By virtue of the Bianchi identities, we
immediately see that the energy-momentum tensor is conserved,

vV, T", =0, (D.1)

and the modelling of the matter sources involves a lot of new challenges such as shock capturing,
equations of state etc. These, however, intricately depend on the specific matter systems under
consideration and we could probably organize a separate lecture course for each type of matter.
Furthermore, these challenges are quite different in nature from those associated with the
evolution of the spacetime geometry.

D.1 The Einstein equations in vacuum

We have already seen above that we can write the vacuum field equations of general relativity as
Gap = 0 or, fully equivalently, as R,3 = 0. Our first observation is that the field equations are
not independent; the G,3 must satisfy the contracted Bianchi identities (A.3) and we seem to
have too few equations to determine all 10 components of the spacetime metric g,3. This should
not surprise us given the coordinate freedom of general relativity; the metric components gag
cannot be fully determined by physical considerations since we can change coordinates according
to 2% = £*(z") to obtain new metric components

ox* 0x¥

9ap = o 9B I (D.2)

without altering the spacetime. For example, we could choose the four coordinates such that
goo = 1 and go; = 0 everywhere. The six independent Einstein equations would then determine
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the six remaining metric components g;;. We will see this more explicitly further below when
we discuss the 3+1 split of the Einstein equations.

In our discussion, we will generally assume that solutions g,z to the Einstein equations are
infinitely differentiable, i.e. C*° functions, but we note that this assumption can be weakened
to merely require the metric functions to be C?, i.e. twice differentiable. This occurs in practice
when we have discontinuities in the matter sources Ty5 as for example in shock forming fluids.

D.2 The Cauchy problem

The Cauchy problem is formally defined as the process of constructing a solution to a PDE given
data on some boundary or initial hypersurface. In the context of the Einstein equations, this
implies the evolution in time of a specified initial snapshot, as for example two black holes at rest
separated by some initial distance. We emphasize that the formulation of the Einstein equations
as a Cauchy problem is far less obvious than for many systems in Newtonian dynamics since
we do not even know a-priori whether we have a time coordinate and whether some candidate
time is timelike throughout the spacetime. All we know is that the signature of the Lorentzian
metric is +2 and thus in principle admits one timelike direction. We start this discussion with
a few definitions.

Def. : Let M be a Lorentzian manifold M with metric g,s of signature +2.

A Cauchy surface is a spacelike hypersurface ¥ in M such that each timelike or null
curve without endpoints intersects X exactly once.

The spacetime (M, g) is globally hyperbolic if it admits a Cauchy surface.

Without proof, we note the following important result.

Proposition: Let ¥ be a Cauchy surface of a globally hyperbolic spacetime (M, g). Then
there exists a smooth function

t:M—R with dt+#0, (D.3)
such that X is a level surface

Yo ={peM : tp)=to}, (D.4)
and two level surfaces X;, and Y, are either disjoint or equal,

Etl ﬂ Etz = @ = tl 7é tz - (D5)

Def. : If (M, g) is a globally hyperbolic spacetime and M = tLeJREt, then the union of the
> is called a foliation of the spacetime.
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2

L

Figure 7: Illustration of a foliation 3, of a spacetime (M, g). Time points upwards and one of
the three spatial dimensions is suppressed.

A graphical illustration of a foliation is shown in Fig. 7. Let us now assume that we have
a globally hyperbolic spacetime with hypersurface ¥g given by ¢(z%) = 0 and that ||d¢||> < 0,
i.e. ¥ is spacelike. We can then promote ¢ to a coordinate, say, 2° := t and specify the re-
maining coordinates z’ such that they label on each hypersurface Y, the points inside this
three-dimensional submanifold. We now ask the same question as in Sec. C.1.1 when we at-
tempted to classify PDEs: Given the metric g.s and its first derivatives 0, g,5 on a hypersurface
Yo, can we determine through the Einstein field equations all derivatives of g, on ¥y? If yes,
the time evolution of these initial data is determined at least in some neighbourhood of .

As in Sec. C.1.1, the potentially problematic derivative is d3gas. In simple terms, we wish
to solve the Einstein equations for 93g,s5. We consider for this purpose the vacuum equations
in the form R,z = 0.

(1) We first compute the component Rgy. From the definitions (A.1), we obtain
Roo = Rlop0 = R0 + R™omo
R0 =0,
R™ gm0 = 0 Lgh — OL0r, + “T x T, (D.6)

where by I' x I" we denote the third and fourth terms in the definition (A.1) of the Riemann
tensor. The Christoffel symbols I'),, only involve first derivatives of the metric and are
therefore known on >; their explicit form is inconsequential for the question at hand.
Next, we note that the term 0,,I'(j involves at most one time derivative of the metric and
is therefore also known on ¥,. That leaves us with

1
aOFE)nm = a0 §gmp (aﬂgmp + amgpﬁ - apQOm)
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1 m 1 m!
= Rog = —59 ”aggmp + 59 OaSQOm + Moo

1
= —§gm"@§gmn + Moo, (D.7)

where we have introduced My, as a garbage collector for all terms involving at most first
derivatives in time, which are known on .

(2) We likewise obtain for the mixed space-time components,
Ry; = Rty = R0 + R™omi
R0 = 0oL, + Lot R™ymi = Lo.t.,

where l.o.t. stands for “lower-order terms” involving at most first time derivatives. The
only relevant term is

1
aﬂrgi = 0 igop(aogip + 31'9;70 - apgﬂi)

1 1 1
= Ry = 59008392-0 + §g°ma§gim — 590033902' + lL.o.t.
1
= 590m5§9im + Mo, (D.8)

where My, is the depository for all lower-order terms analogous to the above M.

(3) Finally, we have the spatial components

1 0p
= 00 (5970955 + 0;901 = B,035)

1

with M;; denoting at most first-order-in-time terms as before.
We can summarize our findings as follows.

(i) We have no terms 92goq, so the time evolution of the components go, is not determined
by the Einstein equations.

(i) We have 10 equations for the 6 unknowns 93g;;.

We have already seen that the first result follows from the coordinate or gauge freedom of
general relativity. The second result demonstrates that the metric must obey some constraints.
We will derive these constraint equations more concretely in the 341 split in Sec. F, but we
can already gain some insight by investigating the expressions (D.7)-(D.9) for the Ricci tensor.
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Assuming that® g% # 0, Eq. (D.9) can be solved for the missing second time derivatives 93g;;;
we can thus regard Eq. (D.9) as providing us with the time evolution of the metric components
gi;- Next, by taking appropriate linear combinations of all three equations, we find

gooROO - gmann = gOOMOD - gmann = 07
9" Roi + ¢"" Ry, = 9" Mo; + """ My, = 0. (D.10)

Now, if the evolution equations R,,, = 0 are satisfied, then the vanishing of Ry = Ry; = 0 is
equivalent to the vanishing of terms that only involve M,g, which are completely determined
by the initial data. In other words, Ry = Ry = 0 provide us with constraints that the
initial data must satisfy if they correspond to a solution of the Einstein equations. We can
alternatively express these constraints in terms of the Einstein tensor. For this purpose, we
first use Eqs. (D.7)-(D.9) to write the Ricci scalar as

R = g'uVRp,u = QOOROO + 2gomfz()m + gmann
1 mn mn 1 mn mn
= —59009’””839% + " Moo + 6" 6°" 03 g + 29”" Moy, — 59 90 Gn + ¢ My
= =9 9" Gmn + 9" 9" O Grm + 9" Moo + 29°" Mo + g™ Myny, - (D.11)

For the Einstein tensor we thus obtain

1
Gaﬂ - RaB - 590(,8R
1 1 1
=G = RS- 5500R = ¢" Ry, — 51—2 = ¢ Roo + ¢"" Ry — 5R

1 1 . . 1
— _7gmn9008(2)gmn+gOOMOO+7g0mg0 aggmn+go MOm_iR

2 2
00 om 1 00 Oom 1 mn
= g Moy +g " Moy — 59 Moo — g™ Moy, — 59 M,
1 1
= G = 5gOOMOO — igm”an. (D.12)

We likewise find

G = ¢"Rip+ ¢""Rim

1 m 1 m m

3The special case where g°° = 0 leads to the characteristic formulation of the Einstein equations and will be
discussed in detail in Sec. E.
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= G" = ¢" Mo+ 9" My , (D.13)
so that Eq. (D.10) is equivalent to
Go"=0 A G"=0, ie G, =0. (D.14)

We can thus summarize the Einstein equations as the six evolution equations R,,, = 0 plus
four constraints G,° = 0.

An important relation between the constraint and evolution equations arises from the
Bianchi identities (A.3) which can be regarded as integrability conditions of the Einstein equa-
tions.

Proposition : Let ¥ be a Cauchy surface of a globally hyperbolic spacetime (M, g). If the
constraints G,° = 0 are satisfied on 3 and the evolution equations R,,,, = 0
are satisfied on M, then the constraints are satisfied at all times by virtue
of the Bianchi identities.

Proof. This proof is not particularly inspiring and we include it here mostly because the the-
orem plays an important role in free numerical evolutions of the Einstein equations, i.e. time
evolutions where one does not actively enforce the constraints through elliptic solving. Our
strategy will be to first show that all components of the components G,? are linear functions
of the components G,". This enables us to convert the contracted Bianchi identities V.G !
into a set of time evolution equations 9yG,’, which has a unique solution by the theorems of
PDEs. G,° = 0 is a solution and hence the only solution and the constraints hold everywhere.

Here is the long version. We start with the assumption that R;; = 0 everywhere. The
definition of the Einstein tensor Gog = Rag — 3gapR then gives us

1
GOO = QOMRO/L_ 55009;1,111[{'“1/

1
= ¢"Roo + ¢"" Rom — B <900R00 + 9" Rop + 9™ Rono + ¢™" Ronn >
-0

1
_ 5900300, (D.15)
1
GiO _ gouRi,u . 5(Sl[)R _ gOm \% +gOOR0i _ gOOROi , <D16)
=0
Goi - ngO# -0 = gimROm + gi0R007 <D17)

. . 1. . 1
G;' = G"R;,— 253'1(900300 + QQOmROm) = ¢"Rjo— B (QOOROO + 290m30m> (D.18)
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Since our initial hypersurface ¥ is time like, we have g% # 0. We can then use the above
relations to write

(D.17) (D.15),(D.16)

Goi glmROm 4 QiORoo AN gim(gOO)fleO + giO(QOO)fl 2G00, (Dlg)

(D.18)

Gj' 9" Rjo — 553'1 <900R00 + QQOmRom>

(D.15),(D.16)

i — 1 % m —
AN gzO(gOO) lGjO_ 55]' [2G00+2g0 (g()O) leO]_ (D.QO)

So the components G,* are linear functions of the components G,° with coefficients that involve
only the metric components.
Now we use the contracted Bianchi identities

V.Gt = 0,Gl = T8 G+ T G (D.21)
The only term containing derivatives of G,° is the first on the right-hand side,
0,Got = 00Go’ + 0, G, (D.22)
so that the contracted Bianchi identities become
0 = VWG = 0,G.°—T5G," -T2, G, +T4,Go° + Tt G,

= G’ + 0 G —T5G," = T2, G, +T4,Go° + Tk, G

~G o0 NGPO ~G 0
= 9GS0 = 8,60 + DGO, (D.23)

where C™, and D*, depend only on the metric and its first derivatives. Equation (D.23)
is a PDE determining the time evolution of the functions G,°. By the Cauchy-Kovalevskaya
theorem, the differential equation has a unique solution and, since G,° = 0 on X, this solution
is given by G, = 0 everywhere. O

In numerical simulations, this result does not entirely safe us, however, since any numerical
implementation will have some finite error — round-off error at best. The resulting constraint
violations can grow over time and even result in numerical instability. We’ll discuss ways to
mitigate and control this issue in Sec. G.
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E The Bondi-Sachs formalism

E.1 Characteristic coordinates

The study of GWs in the framework of fully non-linear GR is most conveniently formulated
in terms of characteristic coordinates. This may appear a bit surprising, since we have seen
in Sec. C that initial data on characteristic surfaces do not suffice to determine the evolution
in its neighbourhood. This does not debar characteristic approaches from use in the evolution
of hyperbolic PDEs, however; the missing information in this case is provided in the form of
boundary conditions. This can be achieved either through explicit mathematical expressions
for the variables or by employing a hybrid approach where part of the domain is evolved as
a Cauchy problem using time and spatial coordinates and the remainder with a characteristic
formulation. The latter method has been studied in the context of GR and is known as Cauchy-
characteristic matching or CCM. We will briefly return to this concept further below but need
not concern ourselves with the details; for our purposes it will be sufficient to assume that the
boundary information can be obtained through such means.

The key advantage of a characteristic approach is the simplification it typically bestows upon
the structure of PDE systems; cf. the wave equation (C.41). We likewise obtain a remarkably
clear structure of the Einstein equations of GR which enables us to interpret the nature of GWs
in a fully non-linear framework.

We start this development by constructing a specific set of coordinates adapted to the
characteristic structure of the Einstein equations. Recall for this purpose from Egs. (C.9)-
(C.11) that the characteristic surface is a surface where we cannot directly evaluate all higher
derivatives by just using initial data and the PDE system. In short, the problem is that we
cannot evaluate the second time derivative 92f. In the case of the Einstein equations, we
identify the very same problem in Eq. (D.9) which we can rewrite as

gooagg,-j = 2Mz] . (El)

Here, M;; denotes the collection of all terms involving at most first-order derivatives of the
metric in time 2 = ¢. Clearly the condition for solving this equation for d3g;; is ¢"° # 0. In
other words, the characteristic surfaces of the Einstein equations are surfaces where g% = 0,
i.e. the coordinate z° is chosen such that 2° = const are null surfaces or, equivalently, z is a
null rather than a timelike coordinate. The normal direction to these surfaces is given by the
one-form dz° with
|dz°|)* = g(dz°,da") = g™ = 0. (E.2)

In more physical terms, this implies that characteristic surfaces are locally tangent to light cones
as illustrated in Fig. 8. Recalling furthermore that information propagates along characteristics,
we also see that information in GR travels along null curves. This is in agreement with our
analysis of the linearized Einstein equations where we have seen that the metric perturbations
obey the wave equation (B.16).

The null coordinate 2V is often denoted by w in the literature and we follow this convention
here. It is also common to introduce the vector £ for the normal direction,

0= di® = du. (E:3)
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0

Figure 8: A surface u = 2” = const (shown in black) is at any point tangent to the local light

cone (displayed in blue).

This completes the first step in our construction of characteristic coordinates: a null coordinate
2% = u labels three-dimensional null surfaces whose stack constitutes the four-dimensional
spacetime manifold. Even without specifying the other coordinates, we can already say quite

a lot about the vector £. First, we find

by = (dz°)q = 0%, . (E.4)

0

Next, we note that £ is orthogonal and tangent to the null hypersurface z° = const,

i) tangent: 2 (dz®), = [|d2°|]> = 0,
(i) tang (

0

(ii) orthogonal: £ = dz° is orthogonal to the surface x° = const by construction.

The simultaneous tangent and orthogonal nature of a vector may appear strange at first glance
but is typical for null vectors; we are just not used to thinking in terms of null vectors (possibly
this was not critical for survival in the stone age...).

The next step in our construction is to look at the integral curves of the vector field ¢*.
These are curves z%(\), A € R that satisfy the equation

dx®

ﬁ = goz = ga“(?uu . (E5)

Proposition: The integral curves of ¢ are null geodesics and )\ is an affine parameter.

Proof. Since partial derivatives commute, we have
Oulp = 0,05u = Ol , (E.6)
so that
N Loy = NV, Ou = 010,0,u— 0T Opu = 0"0,0,u— T Opu
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1
= ("Voly = 3Vall't) = 0. (E.7)

So the integral curves of £ are the curves of propagation of information, i.e. they are the
characteristic curves or bicharacteristics of general relativity.

Def. : A spacetime (M, g) is asymptotically flat if there exist Cartesian coordinates such
that the metric components g3 can be written as

Gop = Nap + haﬁ s
with

lim hos = O(r7 1), Lim 9, hap = O(r—?), lim 0,0,hapO(r?), (E.8)

T—00

where 7 = /22 + 32 + 22 and 1),z is the Minkowski metric in Cartesian coordinates
(t, z, y, 2).

In asymptotically flat spacetimes, we therefore recover the light cone structure of special
relativity at large distance from a radiating source. Let us then consider the 2-dimensional
manifold given by constant time and r — co. We can label the points on this shell of infinite
radius by standard angular coordinates 6, ¢ and integrate from every point the null geodesic
equation inwards. This construction of null geodesics and the corresponding choice of the vector
field € are not unique. This is a consequence of the coordinate freedom of GR; in fact, the set
of coordinate transformations which preserve the asymptotic structure of the metric form a
symmetry group known as the Bondi-Metzner-Sachs or BMS group. The BMS group is the
generalization of the Lorentz transformations of special relativity for spacetimes that are “only”
asymptotically flat. We will employ this coordinate freedom further below to simplify the field
equations. For now, the point that matters is that once we have made a choice for the vector
field £, the resulting congruence of null geodesics will fill the characteristic surface without any
geodesics crossing at least in some neighbourhood of infinity; cf. Fig. 9. This enables us to
construct our characteristic coordinate system as follows.

(1) The null coordinate 2° = u is chosen such that the surfaces u = const are characteristic
surfaces, i.e. such that g% = 0.

2) Defining ¢, := (du),, the integral curves of £¢ are null geodesics, i.e. characteristic curves
g g g
of GR. We define a radius #! = r as a monotonic parameter along each null geodesic.

(3) The angular coordinates 6, ¢ of a point are given by those of the null geodesic that connects
the point to infinity.

This coordinate system will break down once null geodesics integrated inwards from r — oo
cross; we cannot uniquely assign angular coordinates 6, ¢ to such a point of crossing as it
connects to infinity through multiple null geodesics. Such a crossing of geodesics will in general
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r
parameter
along null
curve

in general
null rays
focus in
the interior

Figure 9: Starting from every point (6, ¢) at infinity » — oo (black circle), we can integrate
the null geodesics inwards (blue curves). In the neighbourhood of infinity the resulting family
of null geodesics will fill the characteristic surface without crossing. Further inwards, however,
the null geodesics will in general cross due to spacetime curvature, resulting in a breakdown of
the characteristic coordinate system.

occur at some sufficiently small radius. This is not a problem, however, since we shall need
our characteristic coordinate system only in a neighbourhood of infinity and we can always
assume that the interior is modelled using some other coordinate system which we match to
the characteristic chart at some sufficiently large radius. This approach forms the core of the
Cauchy-characteristic matching technique mentioned above; for more details see [22].

E.2 The Bondi metric

Having established our coordinate system, we next consider the resulting structure of the metric
components. In the coordinates x® = (u,r, 6, ¢) the tangent vector to the null geodesics is

dx®
— =0 E.9
dr 1, ( )
and it must be proportional to £¢, since the null geodesics are integral curves of £. This implies

(* =00% forsome oc€R, og#0. (E.10)

Here, we impose the condition o # 0 to ensure that we have a monotonically varying parameter
r along the null geodesics. In consequence,

0o — gocuauu — gau(sou — gocO — gOa ; 0_5a1
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The inverse metric thus has the form

0 o 0 0
11 12 13
a o g g g
9’8: 0 921 922 923 . (E-12)
0 931 932 933

The metric components gg, are obtained by inverting the matrix (E.12) which we do by con-
structing the cofactor matrix C*¥. The component C* is obtained by crossing out in g’
the row p and the column v, calculating the determinant of the resulting reduced matrix and

finally adjusting by the 4+ or — sign given by the usual i— I_ pattern in the calculation of

determinants. The inverse of ¢g®° is then obtained by taking the adjunct of the cofactor matrix
C% and dividing by det g®®. Consider first, the component C1!,

0 0 O
CH =10 g2 ¢®|=0, (E.13)
0 g52 g53
so that g;; = 0. We likewise obtain
0 o O
C2=—10 ¢*' ¢®|=0, (E.14)
0 g ¢

and C'3 = 0 in the same way. The metric components in our characteristic coordinate system
thus satisfy

gn=g12=913=0. (E.15)
We next fix the radial coordinate r by the requirement that 2-spheres u = const, » = const

have proper area A = 4mr2. This radial coordinate is often called the areal radius or luminosity
distance parameter, and the condition implies that (you may wish to check this as an exercise)

922 ¢g23
g32 Gs33

=r*sin® . (E.16)

In order to reduce the amount of calculations, we will now restrict ourselves to spacetimes that
are axially symmetric and invariant under azimuthal reflection. This is the scenario originally
studied by Bondi et al [3] and will illustrate the main features of gravitational radiation as
derived in non-linear GR. The extension to general spacetimes was derived by Sachs [1] shortly
afterwards and we will summarize the resulting changes at the end of our discussion.

Azimuthal reflection symmetry implies that the line element ds? is invariant under the
change d¢p — —d¢ and thus requires that

Jos = g13 = g23 =0, (E.17)
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and axial symmetry enables us to construct angular coordinates such that

aga[o’ _

99
Equations (E.15) and (E.17) eliminate 5 of the 10 metric components and the condition (E.16)
for the areal radius fixes the product g9 ¢33, so that we are left with 4 independent components,

0. (E.18)

Joo Go1 Yo 0
g1 0 0 0
= E.19
Jap g2 0 g2 0 ( )

0 0 0 7r*sin®6/gs
It turns out convenient to represent the 4 remaining degrees of freedom in terms of four functions

V', B, U and ~y of (u,r,0) such that the line element is given by the Bondi radiation metric

v
ds? = (—Tew + U2r2627> du®—2e*du dr—2Ure* du df+r?*(*7df* e~ sin® 0 d¢?) . (E.20)

In matrix form, this gives us the following.

Proposition: The Bondi metric and its inverse are given by
—%ew + r2U%e?r —e2f _p2Ue? 0
B — 0 0 0
Gop = —r2Ue? 0 r2e2y 0
0 0 0 r2e~27sin? 46
0 —e 0 0
_ .28 V_-28 _77,-28
o _ e e Ue 0
g 0 B 0 (E-Ql)
0 0 0 r=2e?Ysin"2 0

Proof. We have already derived the covariant metric and only need to compute its inverse. The
determinant is given by

—%ew +7r20%e» —e?f 0
det gop = r’e”*'sin’ 0 —e28 0 0 | =—e*rtsin?g. (E.22)
—r2Ue* 0 r2e®
The rest is a straightforward calculation of the cofactor matrix elements [recall that for C* we

cross out row i and column v in g,s, compute the determinant of the remainder and multiply
with (—1)#], whence g*# = C#/det g,,. The complete list of these calculations is as follows.

0: =0 = ¢"=0,
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—e2B 0 0
01: C" = —|—r2Ue> r2e* 0 = r*e? sin? 0
0 0 r?e?sin?0

:>g10:_6725:g()1,
02: C”%=0 = ¢"=¢*=0,

03: C®=0 = ¢®B=¢=0

—Le 4 r20%en —r2Ue? 0
11: ot = —r2Ue* r2e® 0 =r?e P gin? 0 (—rVezB””) = —r3Ve*Psin? 6
0 0 r?e~%7sin? @
Cll
= g = =7 Ve ¥,

det gop

—%(22’3 + 1202 —e? 0
12: O =— —r2Ue* 0 0 = —r?e P sin? O(—r U ) = r1Ue? sin” 0

0 0 r2e~27sin? 0

= g2l = e =g12

13: C¥=0 = ¢M=g%=0,

—Ye 4 202 —e? 0
22 O = —e2P 0 0 = —r2e % gin? fe*?
0 0 r2e 27 sin% 0

23: C®=0 = ¢B=¢2=0,

33: OB =P = ¢¥ =12 sin?0. (E.23)

E.3 The characteristic field equations

In principle, we could now plug the Bondi metric (E.21) into the machinery for computing the
Ricci tensor and thus write down the vacuum Einstein equations R.3 = 0 as a PDE system for
the functions V', U, § and 7. Doing so one finds that the components Ry3 = Ri3 = Ro3 = 0
vanish identically. The other components, however, are lengthy and we obtain rather more
insight into the Einstein equations by first studying how the contracted Bianchi identities (A.3)
relate the remaining components of the Ricci tensor. For this purpose, we write the Bianchi
identities as follows.
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Lemma : .
V¥ G = ¢ (8 R = T3, Rew = 500y (E.24)
Proof.
G = ghe 1
\Y ap g vp Rozu - igapR

g g 1
= gMP (OPROCM - FapRUu - FupRaa - 2gauapR>

o o 1 oT
= 0" (pRoy — 7, Rac) = 0T, Rope = 50097 Rer)

:gMPRup
1 1

= g* (@,Rw T Ry — ZaaRup) _ (Qaagw + g“’Tgp> R,,  (E.25)

This is the required result provided the second term on the right-hand side vanishes. To show
that this is indeed the case, we use the relation

9" 0aGup = = GupOag"” . (E.26)
Then we obtain
1 oH 1274 1 on 1 wp oT
(28049 + g Fap) Rau = {28049 + 59 g (_a‘rgap + aagpﬂ' + apgfa)] Rau

1 o oT oT oT
= 3 [Q%QJ + 977 9ap0r 9" = 9" 9pr 009"" = 9" Gra0pg ] Ry,
1 oT o uT op
= 5 (g goépaﬂ'g —4g gpaa‘rg ) RUM = O, <E27)

because the expression in parentheses on the last line is asymmetric in (o, 1) and R, is sym-
metric. [

We will next look at the individual components of the contracted Bianchi identities in the
form (E.24). For this purpose, let us assume that we have solved by some means four of the
vacuum Einstein equations, namely the so-called main equations R11 = Ris = Ros = R33 = 0.
Furthermore, we recall that the components Ry3 = Ri3 = Rag vanish identically and that the
inverse Bondi metric is given by (E.21). In summary, this gives us

gP =g"=y¢g" =0, Rz =0,
913:0, Riy=Ria=Ri3=0,

g0 =g¢*=0, Ro1 = Rgp = Ry =0,
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g¥ =g =¢” =0, R30 = R31 = R3z = R33 =0, (E.28)
which simplifies our calculation considerably. Expanding Eq. (E.24) then gives us
a=0: 9% 9, Roo + glpapROI + 92pap302 - guprngoo - gupFipRm - gupripRoz

1

1
290180}%01 — 591050R10 =0

= g0 Ry + g0 Ro1 + g 01 Ror + 920 Ro1 + g*1 01 Roz + g*202 Ry

- guprngoo - gupr,ap301 - gupripROQ — g Ryt = 0. (E.29)
1
a=1: g, Ry, — g“pFZpng - ig“palRM, =0

1 1
= §%9,Ri0 — g"T,  Rio — 590181301 - 591081310 =0

= "0 Ry — ¢TI ,Rio — g"' 01 Roy = 0

= - g“pfnglo =0. <E3O)
1
a=2: g“”apRQM — g“pFZpRga - 59“”32}%#,) =0

= 9%0,Ra — ¢"T Rog — "' %2Ro1 = 0

bp

= gmaleo — g“‘TZPRQO — 90182R01 =0. (E31)

The oo = 3 component vanishes trivially since all R3, = 0 and none of our functions depend on
23 = ¢ by axisymmetry. The three above expressions may not look all too helpful, but read
in the correct order, they greatly simplify. First, we note that a tedious but straightforward

calculation gives us

2
0 _
g”pFup = 7"6725 y <E32)

so that Eq. (E.30) directly implies Ry; = 0. Using this result together with (E.32) in Eq. (E.31),
we find (note that we now start replacing dy, 01, 0y with 0y, 0, Op)

9015’1320 _ g“prngzo =0
2

= —efwarRzo — 21”7167%]%20 =¥ (aTROZ * ROZ) =0
T

— —67267‘7287«(7"2R02) =0. <E33)
So if the main equations hold, we have 0,(r*Rg;) = 0 and, hence

RQQ = f(u, 0)7’_2 s (E34)
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for some function f. Now, if f(u,6) = 0 for some radius r, then Ry, = 0 everywhere. Together
with the above Ry, = 0, this simplifies Eq. (E.29) to
¢" 01 Ry — g“ngpRoo =0 = —e 2 20.(r*Ry) =0, (E.35)
which is the same equation as (E.33) but now for the component Ry, so
Roo = g(u,0)r 2, (E.36)

for some function g. Again, if g(u,0) = 0 at some radius then we have Ryy = 0 everywhere.
The equations Rgg = 0 and Ry, = 0 are commonly referred to as the supplementary equations.
That leaves us with the main equations which after some crunching of terms (I used Maple
with the GRTensor package) can be written in the following form,

Ru = =20) + 20,6 = [3.6 - 2r(0:2?] =0, (E.37)
2r°Ryy = 0, [7‘462(7_@&"U} — 2r? [@T&gﬁ — 0,09y + 20,7y Ogy — 2 cot 0 0,y — 286;5 =0,
(E.38)

e? =) Ryy + 1°e* R
=20,V — 7:@2(7—ﬂ>(6TU)2 + 120,0pU + 12 cot 0 8,U + 4r(0pU + cot O U)
+2*0=7 [1 4 cot 0 (307 — 958) + Oy — O3B — (968)” — 2(097)” + 2043 O]
=0, (E.39)
— %P R5 = X077 [—1 — cot 0 (30yy — 2068) — 03y + 2057(0ey — BB)] + 270,

+ (1 = 716,7)0,V — (10%y + 8,7)V — (1 — r8,7)0U — r*(cot @ — 9gy)0,U

+ 1rU(2r0p0yy + 2097y + 1 cot 0 0,y — 3cot ) = 0. (E.40)

Remarkably, this veritable mess contains only one single term involving a u derivative,
marked in orange color. The other equations exclusively involve derivatives inside u = const
surfaces. This is one key benefit of using characteristic coordinates.

Let us for the moment not worry about constants of integration; we’ll handle them shortly.
Given initial data for the function v on a surface u = const, we can then formally construct a
solution to the entire Einstein equations as follows.

(1) v is given on a hypersurface u = uy.
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(2) Then Eq. (E.37) determines 3 on this hypersurface.
(3) Then Eq. (E.38) determines U on this hypersurface.
(4) Then Eq. (E.39) determines V' on this hypersurface.
(5) From Eq. (E.40) we can compute 9,7y on this hypersurface.

(6) Knowledge of 9,7 enables us to update v from the hypersurface u = ug to the
hypersurface u = ug + du.

In spite of the lengthy expressions on the right-hand sides of Eqgs. (E.37)-(E.40), the evolution
of initial data obeys a remarkably clear and simple hierarchy. This is due to the fact that each
consecutive equation in the above list depends on exactly one additional variable as compared
to its predecessor. This is the second key benefit of the characteristic formalism.

But now let us return to the important question of the functions of integration. These are
functions that depend on (u, #) but not on . By inspection, we immediately see the following.

« Equation (E.37) needs one function of integration H(u,#) to determine (.

« Equation (E.38) needs one function for the integration of d,[r%e?0=99,U]; we call this
function —6N (u, ). We then need a second function L(u, @) for the integration of U itself.

« Equation (E.39) needs one function for the integration of V'; we call this —2M (u, 6).
« Equation (E.40) determines 0,y except for a function of integration that we dub d,¢(u, ).

We thus have 5 functions of integration in total and, together with the main equations (E.37)-
(E.40) they completely determine the evolution of initial data for v prescribed at u = uy. We
physically interpret this situation as follows. Say, we know the state of a physical system on
the hypersurface u = ug which is a light cone opening to the future as graphically illustrated
in Fig. 8. If this system is doing anything “new”, such as emitting gravitational radiation,
then this development must be mathematically encoded in the functions of integration, since
these affect the integration along the outgoing null rays. We will see below that the number
of independent functions of integration can be reduced from 5 to 1, leaving only the so-called
Bondi news function. The fact that we only have one news function but two degrees of freedom
in vacuum GR is merely a consequence of our restriction to axial symmetry; in the generalized
characteristic formalism of Sachs [!], the news function is complex in agreement with our
expectation of two degrees of freedom.

Our closer analysis of the functions of integration is based on a series expansion of the
metric functions in % For this purpose, we consider spacetimes that (i) are asymptotically flat
in the sense of Eq. (E.8) and (ii) contain no incoming gravitational radiation originating from
past null infinity.

The asymptotic flatness condition implies that v oc =" at large radius. In the absence of
incoming radiation, the coefficients in the series expansion of v depend only on retarded time*
u =t — r but not on advanced time t 4+ r. We can then expand

N = f(qiv 0) =+ O(r72> ’

1

4The relation v = ¢ — 7 is in general only valid in the limit r — oco.
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for some function f. Plugging this expansion for « into Eq. (E.40) and, in particular, the orange
colored term, we see that

Ou(ry) = 0uf(u,0) +O(r™1). (E.41)

This is exactly the constant of integration we have labeled 0,c(u, @) in our above list, so that
f(u,0) = c¢(u,0) and the expansion of v becomes

_ c(u,0)

v +0(r?). (E.42)

The series expansions for 3, U and V are obtained by inserting (E.42) into the main equa-
tions (E.37)-(E.39). We illustrate this procedure by computing the series expansion of § from
Eq. (E.37),

0.6~ 5r(0A) =0

2
= 0.8= ;r —‘3(";;9) +00%)| = 0(3;3)2 +0(r )
= B=H(u,0) — C<Z;f>2 +0(r?), (E.43)

where in the last line we have recalled the constant of integration H. The expansion for U then
follows from inserting Eqs. (E.42) and (E.43) for v and g into Eq. (E.38) and by substituting
for v,  and U in Eq. (E.39), we obtain the series of V. This calculation becomes quite lengthy
and is most conveniently done with a symbolic manipulation tool like Mathematica or Maple.
The result is

U = L+2*"0gHr™" — e [0pc + 2c0pH + 2cotOc)r 2+ ... | (E.44)
V = [Leotf+dpL]r* + ¢ [1 = (9pH)* — O3H — cot 00, H| 7 + ... . (B45)

Together with Eqs. (E.42) and (E.43), these are our preliminary series expansions of the metric
variables. Next, we will eliminate the functions of integration L and H.

Proposition: For asymptotically flat spacetimes with no gravitational radiation coming in
from infinity, the constant of integration L vanishes: L(u,#) = 0.

Proof. We will show that the assumption L(u, #) # 0 leads to a contradiction. For this purpose,
we recall that @, is by construction a time like vector. Using Eqs. (E.44) and (E.45) can be
written as

9(04,04) = goo = —Kew + Ur?e® = L*r* + O(r'), (E.46)
r

which is manifestly in contradiction to the timelike nature of 8,. The only way to avoid this
contradiction is that L(u, ) = 0. O



E THE BONDI-SACHS FORMALISM o8

Proposition: We can choose the coordinates (u,r,0,¢) such that the form of the Bondi
metric (E.21) is preserved and H (u,6) = 0.

Proof. Let us define new coordinates 2 = (u, 7,6, ¢) by
u = Ao(u,0)+ Ay (u,0)F 4+ ...,
ro= T+po(a,0)+...,
0 = 0+ By(u,0)r+..., (E.47)

while ¢ = ¢ remains unchanged. Next, we consider the series expansion in 1/r of the metric
components which we find by inserting the corresponding expansions (E.42), (E.43) and (E.44)
for the functions ~, g and U as well as using V ~ r. This gives us

Guu = const+O(r 1),

G = — 4 007?),

Gu = —1Ue® = —2re*9yH + O(1Y),

geo = 1 = r* 4+ 2cr + 00,

Gop = r2sin?fe = r?sin’f — 2crsin?0+ O(17). (E.48)

We also recall that g4 = gr» = gro = Gro = 9o = 0. The metric components then transform
according to

oxt Oxv
Gy = 2O E.4
Jap oz aiﬂguu ( 9)
We thus find
o o OztOx” o Oulu o ,0ulr o ,0udd o 0606
g = Tor o I T prorde T “ar ot T Y or o7 T o or 9%

A 2 A A B

241, oy, B 3 2H 2 2.2 -3
= _?(_e )+§—|—(’)(r ) = 24P+ Bir P+ O3,
_ or du 00 00 4
Jrg = %ﬁgur + %8*07999 +O(r )
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= —€2Ha§A0 — Bl + O(Tﬁl) s

ou 96 00 06
gz = 2—=—=¢, O
966 598999+8989990+ ( )

= 205A0(=2r0pH e*) + (14 05 By7 1)2(r? + 2rc) + O()
= 205A0(=2r0pH e*) + (14 05 B17 1)?[(F + po)? + 2¢c7] + O(F)
= 724 207 + 2pgT + 205 Bi7 — 40; AgOp He* 7 + O(7°)

9o = r?sin?fe” " = (74 po)?sin®(0 + By t) — 2¢r sin® 0 4 O(7°)
= 72(sinf + By ' cos0)? + 2pyisin® O — 2cr sin? 0 4+ O(7°)
= 72sin? 0 + 2B;7sin? 0 cot § + 2por sin? 6 — 2csin’ 07 + o)

= sin®0 (7 + 27po + 27 By cot 0 — 2c7) + O(7°),

Ou Or .
Gur = a 0 gur+(9( )
= oA+ 0O .. (E.50)

For the product gzpg55 we find

1 9A
P [1+2C+2+28931—4 aal
T

965936 = OpH e ]

By
xfzsin29[1+2p0+2 cot — 2 } + O(#?)
B 2 A
= 7'sin?0 [1 a2 269 -+ 31 cot ) — 469 2o HeZHl : (E.51)
T r r

Requiring i+ = g5 = 0 and gg5955 = 7 sin? @ then implies at leading order

2A,e*H = —B? |

Bl = —€2H8§A0,

2p0 + 0381 + By cot § — 20; A0 OgHe* = 0. (E.52)
In Eq. (E.50) we can thus choose 934y = ¢ 2 so that gz = —1 and H = 0 in our new

coordinate system. The second equation in (E.52) then determines Bj in terms of Ay, the first
equation determines A; and the third determines py. Likewise, the higher-order terms in these
equations determine the higher-order coefficients in the coordinate transformation (E.47). O
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Now that we have shown the vanishing of the the two functions of integration, L(u,0) =0 =
H(u,0), it is a good time to review our expansion and also add a few higher-order terms. We
recall that the metric is given by Eq. (E.21) and the functions satisfy the main equations (E.37)-
(E.40). The starting point to explore the series expansions is the outgoing radiation condition
(E.41). We have already seen that the function f in that equation equals the function of
integration c. We furthermore extend the series expansion of v to the order 3. Inserting this
expansion into Egs. (E.38) and (E.39) for § and U, a straightforward calculation shows that
the ~ r=2 in the expansion of v leads to logarithmic terms Inr in the expansion of U which,
ultimately, can be shown to contradict the outgoing radiation condition of the other metric
variables. We do not consider such potentially problematic spacetimes and therefore assume
that v contain no ~ r=2 term,

(u,r, 0) = (u, O)r~! + {e(u, 6) — éc(u, 0)3] r3 4 O (E.53)

where we have followed Bondi’s [3] notation for the ~ 772 coefficient. Inserting this into
Eq. (E.38) gives us the expansion for /5 (recall that the function of integration H vanishes),

4

1
B = —Zczr_Q + l; — icel 4+ 0, (E.54)

Inserting both v and § into Eq. (E.38) gives us the expansion for U (recall that the function
of integration L vanishes),

4
U = [-0pc—2ccotf]r™2+ [2]\7 + gcagc + 202 cot 9} p3

3 3
+ |—2¢% cot 6 + 3e cot 6 — 502890 —3Nc+ 2896] r~*+ 0% . (E.55)

J

Note that our coefficients for 7= and r~* differ slightly from Eq. (32) in Bondi’s work [3].
Despite careful checks of our results, including a calculation with Maple, we cannot rule out an
error on our side. These higher-order terms have no impact on our conclusions, however, and
we mention this discrepancy here for completeness only.

The final step consists in using the expansions for v, 5 and U in Eq. (E.39) which gives us
the expansion for V,
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V. = r—-2M

37 53 5 9 A 11 2l
+ Ec%ccot@ — N cot 0 + 4c¢” cot™ 6 + 60890 — OgN — 5 + E(@gc) r

3 3 1
+ [e — <6Nc + 5¢%0pc + 2696> cot 6 — 50(890)2 —4c® cot? 6 — 3N Oye — 2(9926] 2

+0(r3). (E.56)

With these expansions in place, we are ready for the final step in reducing the number of
independent functions of integration. We still have three such functions, ¢, M and N. These
are related, however, by the supplementary equations Ropy = Rpz = 0. As we have seen in
the discussion around Egs. (E.34) and (E.36), the sole surviving terms in a series expansion of
the supplementary equations are those ~ r~2; the vanishing of the corresponding coefficients
then provide us with two equations relating ¢, M and N. Health warning: Performing the
following calculations without a symbolic computation program like Maple or Mathematica can
have damaging consequences for your mental health.

Expressed in terms of the metric variables, the supplementary equations are very lengthy.
Abbreviating f, .= Ouf, fr == 0. f, fus = 0pO,f etc. for f =+, B, U, V, we obtain
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V V‘/rr V2 rr V2 r V‘/r r Vu_2v u
ROO = Q?Bur_ - ﬁ - ﬂ - 6 - 5

272 r2 r3 r2 72

L 280UV + BT,V + BUV +28,U%, | 280V UV | UsVy 20V UpVh

r r2 2r2 2r 72 2r

9, UV,
T 98, U — 28uUs + 27usU + 27Us + Ung + UUgg + U2

Uvra

+2(vo — Bo)UUg + + (287 — 286779 + Yo0)U? + 272

—cot 0 (QﬂuU—nyuU_Uu —UU, _’YGUQ—F U‘; B Uv, B ﬁTUV>
2r 2r r

+r2620) {—UUM 9 <%T ) U2 — 2(yu — B)UU, — 20U,y — 20U,

2 vu,.V 40U,V
_271"9(]3 - ;'.)/GU?’ - 379U2U7" + 269U2Ur + - +

7.2
UuV .UV UV UV 3U,
( 67") 7 + g + 2k 9 - ’ - %U2U9
r T r r
2 2
1
UV UV g (UT+U+7TU> cotH] + SrtedAYRp?
r 2r r 2
1
—ﬁewﬁ) [Vir + 280V + (28, — 2y, + cot 8) (Vs + 26,V)] = 0, (E.57)

Ros = Bus — Yus + 27%uYe — 27ucot & — U(Beg + 285 — 28676 + Be cot 6)

Ve Va
2r  2r2

3 3UU,
( 57’) 2 2(7 A) UU’!’0+ ’

N1
+ 2U (Vur + Py) + *Uur
r 2

U, v.. .UV 42U,V

27r9U2 + (Vuﬂu)Ur + fYrUUG + (279 - /BG)UUT + UTUG -

2r i
/YTT’UV + ( /BT)U V+ ’YTUV 'YTUV + 270U2
r 72 r
1 U 1, 4(v—B) 9
+U (2Ur+r+%«U) cot@] —5re IS — i) (E.58)

Note that we differ in the 2nd term on the 2nd line of Eq. (E.57) from Bondi’s equation in
Appendix 2 of Ref. [3] where we have a S,U,V instead of their SyUV,. Again, we cannot rule
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out an error on either behalf. At order r=2, the series expansion of these two equations gives
us the relations

1
OM = —O,c+ 583&0 + 2 cot 00pd,c — (Duc)? (E.59)

1
30N = —0pM — S+ ga(,auc. (E.60)

J

The first of these equations is Bondi’s Eq. (35) while the second is similar to Bondi’s (36) but
differs in some coefficients on the right-hand side. The key point of these equations, however,
remains unaffected: If M and N are specified on some initial hypersurface u = const and c is
specified as a function of (u,#), then the entire evolution of the characteristic field equations is
fully determined by the single function c.

E.4 Interpretation of the functions of integration

We can acquire some understanding of the physical significance of the functions of integration
by comparing the Bondi metric with specific, analytically known spacetimes. Let us consider
for this purpose the Schwarzschild metric

M. 2Mg\ !
(1 2 (12 e

in outgoing Eddington Finkelstein coordinates. These are given by
t=t—2Mgsln|r —2Msg|, (E.62)

and are translated into characteristic coordinates of the Bondi type by defining u = ¢ — r. The
line element is then given by

ds? = — (1 _ 2‘?@) du? — 2dudr + r2(d6? + sin® 0dg¢?) (E.63)
which corresponds to the Bondi metric (E.21) for the special case v = f§ = U = 0 and
V = r — 2Ms. Comparing with the series expansion (E.56) for V', we directly see that for
spherically symmetric spacetimes, the function of integration equals the Schwarzschild mass of
the spacetime or, equivalently, the Arnowitt-Deser-Misner (ADM) mass [5]. Note that M is
indeed constant by virtue of Eq. (E.59) and the vanishing of c.

Bondi et al extend this comparison to general axially symmetric static spacetimes which
can be written in cylindrical coordinates in the form of the Weyl metric

ds? = —e2di? + e [ (dp? + d2?) + pde?] | (E.64)

where 1) and ¢ are functions of p and z. The field equations lead to a Laplace equation for 1,

1
02 + ;ap@b + 0% =0, (E.65)
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and an equation that determines ¢ in terms of ¢ but which we do not require. The solutions
1 for asymptotically flat spacetimes can be expanded in Legendre polynomials and is

Y = f: A R 'P,(cos ), (E.66)

n=0

with p = Rsin © and z = Rcos ©. The leading coefficients in this expansion represent the mass
m, the dipole D and the quadrupole moment () according to

1
Aozm, A1:D, Ang—{—gm?’ (E67)

The coordinate transformation between Weyl and Bondi coordinates is rather tedious and
we only quote here the results. In this case, the function ¢ can be written in terms of a
transformation function «(6),

1 1
c= —589204 + 5(9904 cotf, (E.68)

and one then obtains
1 1
M=m, N = Dsin6 — moya, €= 5@ sin? @ — OypaD sin O + §m(89a)2 , (E.69)

where e is the third-order term in the expansion (E.53) of . We thus recover the above
interpretation of M as the mass of the spacetime while the function N and e are related to
the dipole and quadrupole moment of the spacetime; for more details of this calculation see
Ref. [3].

The function M is sometimes called the mass aspect, and the above result shows that for
spherically symmetric spacetimes it equals the mass of the system. In general, however, it will
be a function of (u,#) and we define the mass m(u) as the angle averaged integral

m(u) = L /Tr 27r M sin 0dedf = 1/7r M (u,0)sin6dd , (E.70)
dm Jo Jo 2 Jo

where the second equality holds for our axisymmetric case. This recovers the limit m = M in

spherical symmetry where M (u, §) = const, but we can obtain an even more profound result by

relating the rate of change of the mass to the news function ¢ via Eq. (E.59). This derivation

requires the following Lemma.

Lemma : For axisymmetric spacetimes with no conical singularity on the polar axis, the
news function satisfies
lime=lime=0. (E.71)

6—0 00—

Proof. Let us consider spheres of constant u and r and, more specifically, circles with small
constant 8 = Af. Along these circles, the proper length follows from the Bondi metric (E.21)
with du = dr =df = 0,

ds* = r?e % sin? 0de . (E.72)
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Considering large (but finite) radii, we can expand « in r~! according to Eq. (E.53). Finally,

close to the North pole, sin A8 ~ A# for small Af, so that the circumference is

2 27
[ = ds = / rsin Afe™"d¢ ~ 2mrAf (1 - ;) : (E.73)
0 0

We similarly obtain the proper radius as the integral of ds from 0 to A# along the curve
du =dr =d¢ =0,

AO N
p= [ redomran (1 4 ) . (E.74)
0 r
In the absence of a conical singularity, the ratio [/p must be 27, so that
[ 1-¢ 2
- =21—-1L %277‘(1—6) < or. (E.75)
1% 1+ o r

This is realized only if limp_,oc = 0. Around the South pole § — m, we have sin(m — Af) =~
sin Af for small Af and thus obtain the same expression for [. The integration for p now
proceeds in the inverse # direction, so that we use —d# instead of df and thus also recover the
above result (E.74). Again, the ratio [/p = 27 requires limy_,, ¢ = 0. O

With this result under our belt, we are ready to compute the rate of change of the mass
m(u).

Proposition: The time evolution of the Bondi mass is given by

1 ™
Oym = —3 (0,c)? sin 0d6 . (E.76)

0
Note that the right-hand side is manifestly non-positive, so m remains con-
stant or decreases. As we will show further below, a non-zero integrand

corresponds to emission of gravitational waves.

Proof. Taking the u derivative of Eq. (E.70) and substituting for 0, M with the right-hand side
of Eq. (E.59) gives us

1 /7 1 /7 1 Q
Oym = 3 / Oy M sin 0d0 = —5 / ((f“)uc)2 sin 0d0 + Zﬁu/ {—20 + 830 + 3cot 0890} sin 046 .
0 0 0

=1

Splitting the three contributions of I = I + I, + I3 in that order, we find through integration
by parts ([ f'g = [fg] — [ fg') that

L = —2/7Tcsin8d9, (E.77)
0

I, = /ﬂ dicsinf = [Dpc sind]] — /Tr Ogc cos 6do
0 0
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= 0—[ccosb]y + /Wc (—sinf)dfd = -— /7r c sin0df — [c cos O] , (E.78)
0 0
0 T
I; = / 30pc cosdf = [3c cosb] + / 3c sinfdf . (E.79)
0 0
So I + Iy + I3 = [2¢ cos 0]§ which vanishes thanks to the Lemma (E.71). O

From our point of view, the most important diagnostic of the characteristic formalism is
the GW signal and its relation to the news function. As we have already indicated in Sec. B.3,
the relation between the GW polarization modes h, and hy is most conveniently established
by computing the components of the Riemann tensor. For this purpose, however, we first need
to relate the characteristic coordinates to those used in the linearized formalism. This task
is greatly simplified by the fact that the Riemann tensor is already a perturbative quantity
[cf. Eq. (B.6)], so that it will be sufficient to relate the coordinates and their associated unit
vectors at background or zeroth-order level.

For this purpose, we first investigate a simpler scenario, the relation of the coordinate
vectors in Minkowski spacetime at constant angular position or, equivalently, for the case of
two dimensions spanned by the coordinates T" and R. The line element in this case is simply

ds? = g,5datda’ = —dT? + dR?, (E.80)

where the indices &, § run from 0 to 1. Note that the coordinate vector dr is defined as the
tangent vector to the curves R = const and g is the coordinate vector tangent to the curves
T = const. Both are unit vectors since g(0r,0r) = —1 and g(8gr,dr) = 1. The coordinates
and vectors are graphically illustrated in Fig. 10. Next, we define the characteristic coordinates
u and r by

u=T—-R T'=u+r
& . (E.81)
r==R R=r
Chain rule gives us the characteristic coordinate vectors as
or OR
0,= 07+ —0p=0r Or =0,
ou Ju
oT OR & . (E.82)
8, = 0p+ —8r=0r+ g Or =0, — 0,
or or

Second, we need to relate the Cartesian directions (x, y, z) used in the linearized approximation
to the directions associated with the spherical coordinates (r, 6, ¢) in the characteristic formal-
ism. This relation is highly non-trivial in general, but becomes relatively simple at infinity
where the Bondi metric approaches Minkowski and outgoing GWs become plane waves propa-
gating in the radial direction. At a given point, we can then rotate the Cartesian coordinate
system such that the z direction points radially outward, the x direction coincides with that of
the polar angle # and the y direction points in the direction of increasing azimuthal angle ¢;
cf. Fig. 11. At this point, we can identify the unit vectors

e, —ep — _au + 87’7 (E83)
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7 \ 0,

u

Or R

Figure 10: Illustration of the coordinate vectors for the two-dimensional Minkowski spacetime
using space-time coordinates (7', R) and for characteristic coordinates (u, r).

e, =€ = 189, <E84)
r
e, =e; = ! (E.85)
VTR0 rsing ¢ '
er=e,=20,, (E.86)

where the factors in front of the angular coordinate vectors arise from normalization and we have
used the above relations (E.82) for the radial coordinate vector g and the timelike vector 9.
These relations enable us to compute the components of the Riemann tensor in the linearized
regime from the Riemann tensor of the Bondi metric for the limit r — oo according to

RachT - R(exa er, e, eT) 3 (E87)

and so on. In the axisymmetric case, 8 of the 20 independent components vanish, leaving us
with the 12 independent components

Rorer = —Ryryr = —Rpzar = Ryyr = Ryzpz = — Ry = —02er™' + O(r™?),

Rorer = —Rure: = —Rypyr = Ryay> = — (0p0uc + 2cot 0 dyc) 12 + O(r™?)

R.020 = —Ruyey = —(2M + 2c0,0)r > + O(r™). (E.88)
The corresponding result obtained in the TT gauge of the linearized regime for a plane wave

propagating in the z direction is given by Eq. (B.6) with h,s = H,ge*** and H,g given by
Eq. (B.21). We have used these relations to compute the Riemann components (B.27) needed
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z, R

T2
T

Figure 11: A gravitational wave propagating radially outward. We rotate the Cartesian coor-
dinate system such that the z axis points in the outward radial direction and the polar angle
points in the z direction. The azimuthal angle ¢ then points in the y direction (into the plane
in this figure). Note that the (spatial) outward radial direction is O whereas 0, is a null vector.
In the limit of infinite radius, the outgoing wave becomes planar.

for geodesic deviation. The extra components we need here are obtained in a similar fashion,
using h,, = 0 and the fact that for an outgoing wave

hag = f(t — Z) = azhag = —80ha5 . <E89)

Close inspection of the perturbative Riemann tensor (B.6) then shows that in the final expres-
sion of Eq. (B.27),

1
Rjoor = §aghjk: ,

replacing on the left a time index 0 with z implies replacing on the right-hand side a dy with —0.,.
Finally, we note that for a planar wave we have 0,h.g = Oyhag = 0. With hyy = —hyy = hy
and hgy = hy, = hy, we then find the TT analog of Eq. (E.88) as

1
2
Rioz0 = _RyOyO =Ry = RyzyOR:pzxz = _Ryzyz = _580 h’+ )
RszO = —R.p,. = _Ryzyo = Rywyz - 07

RzOzO = _Rzyxy =0. (E90)
Since 2° = T and 9, = Or, this equals Eq. (E.88) if

hy = 2 (E.01)

r
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In words, the plus polarization strain is equal to the Bondi news function times a distance
scaling 2/r. The cross polarization mode hy vanishes here due to axisymmetry. It is recovered
in the general, non-axisymmetric case as the imaginary component of a then complex news
function. This is the result of Sachs’ [1] generalization of the characteristic formalism which we
will briefly review next.

E.5 The characteristic formalism for general spacetimes

A few months after the paper of Bondi et al was published, Sachs [!] presented the generaliza-
tion to general asymptotically flat spacetimes. These calculations are naturally more lengthy
and we do not have the time (nor need) to go into the details. Purpose of this section is to briefly
summarize Sachs’ work, highlight the differences from the axisymmetric case and, most impor-
tantly, establish the relation to the cross polarization mode h, missing in the axisymmetric
case.

The construction of characteristic coordinates proceeds in the same manner as above leading
again to the retarded time u, areal radius r along the outgoing light rays and angular coordinates
0 and ¢. The line element is then given by

ds? =

28
du® — 2e*’dudr + r*hap (da:Ade — dz*UPdu — dzPUdu + UAUBdu2) , (E.92)

r

where A, B =2, 3 are angular indices and

e2r + %
2

e 42

hapdzddz? = 5

df? + 2sin fsinh(y — 6)dfd¢ + sin® 6 de? . (E.93)
We have used a tilde in V here, since Sachs applies a minus sign in the definition of this function
relative to Bondi’s definition, V' = —V; cf. Eq. (2.8) in [1] and Eq. (14) in [3] where we also bear
in mind that Bondi et al use the metric signature +—— — in contrast to Sachs’ and ours —++ +.

For completeness, we spell out the metric components for coordinates z® = (u, r, 0, ¢),

Gow = Vi% N 27 _2|_ 625T2(U9)2 +7r2sin2 0 sinh(y — 6)U6U¢ + MTZ sin2 6 (u¢)2 ’
Gur = —€7,
Guy = —r’sinf sinh(y—0)U? — 627_2*'626(]9 ’
Jup = —r?sinf sinh(y — 5)U‘9 —sin%6 M;G%U¢ 7
Gr = Gro = =G = 0,
el + e

oo = T ——(=—,
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goy = r°sinf sinh(y —9),

—2v —26
Gop = 7"26;6 sin? 6, (E.94)
and we see that we recover the axisymmetric metric (E.21) for V==V, U'=U,U®=0and
~v = ¢§. But, imagining how the Ricci tensor might look like for this monster of a metric, we
also feel vindicated in chickening out on doing the general case in full detail.
The Einstein equations for this metric are most conveniently decomposed into projections
with a null tetrad composed of four vectors — two real vectors k and £ and two complex vectors
m and m conjugate to each other® — whose inner products are

gk)=1, g(mm)=1, (E.95)

g(kv k) = g(ﬁ,E) = g(mvm) = g(& m) = g(k7 m) = g(m,m) = g<£7m) = g(kvm) =0.

Since a tensor is uniquely defined in terms of its action on a set of basis vectors, the metric can
be expressed in terms of the tetrad as

g=k@L+Lk+mmM+mm. (E.96)

The specific choice of tetrad used in Sachs’ calculation is given in terms of the metric variables
by Eqgs. (A.10)-(A.13) in Ref. [1], but the complicated expressions are not important for our
discussion®. We note, however, that as r — oo, they approach their flat-spacetime limits

k* ~ [-1,4,0,0],

5 99

éa

12

[0, 1,0, 0],

m® ~ 0,0, &, =] (E.97)

» 2r 7 2rsinf

In terms of the 3+1 unit vectors of Egs. (E.83)-(E.86), we can write the asymptotic limit of
the tetrad vectors as

Or + O

1 1
k~-98,+-0,=-0 = ——
+2 T+ 5 5

(01 — 01) = —(er —ex) = —5(er —e2),

EzBT:8T—|—BR:8T—|—8Z:eT+eZ:eT+eR,

SUnsurprisingly, there is a large variation of the letters used for these null tetrad vectors. The most common
alternative is the use of n in place of k, but readers should not be surprised to see any combination of letters
imaginable in the literature. Note that both, Bondi et al [3] and Sachs [4], use different notations from ours
and from each other.

SNote that Sachs denotes our ¢, by k, (hence our decision to use different fonts for our tetrad vectors) and
has a sign inconsistency between the definition of k, = u = (2°) o in Eq. (2.2) and the expression in the
second last line of Eq. (A.10) where k, = [—1,0,0,0]. We assume here the + version, but it does not matter
much since his k% (our £*) will only appear hereafter as a factor in expressions that vanish.
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e +e, .e—e;, e€,+e, e —e
~ = . E.98
mETy > T (E.98)

Projecting the Einstein equations R,3 = 0 onto the tetrad vectors results in a hierarchy of
equations analogous to those of Bondi’s axisymmetric case in Sec. E.3.

(i) 6 main equations which subdivide into

(a) 4 hypersurface equations Rapl®0? = R,3(°mP = R,smm® =0,

(b) 2 standard equations, Rosm®m? =0,
(ii) 1 trivial equation R.pl“k"? =0,
(iii) 3 supplementary equations R,sk®m? = R,sk?k? = 0.
As in the Bondi case, one can show the following: (i) The trivial equation is an algebraic
consequence of the main equations. (ii) The supplementary equations hold everywhere provided
they hold on a hypersurface r = const and the main equations hold everywhere. (iii) the
hypersurface equations contain no u derivatives of the metric variables [cf. Egs. (E.37)-(E.39)]
while the standard equations contain time derivatives 9,y and 0,0 [cf. Eq. (E.40)].

The construction of a solution to the Einstein equations then consists in the determination

of the 6 metric components V, U4, 3, v and § as functions of the coordinates (u,r,0,¢). This
is achieved as follows.
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(1) We need to prescribe 2 functions of (7, 6, ¢) as initial data for the variables 7, § at ug
and 2 functions of (u, 6, ¢) for their time derivatives d,c. The complex function c is
the Bondi news function generalized to non-axisymmetric spacetimes and represents
the leading-order term in the series expansion of 7 and § analogous to Eq. (E.53),

;Ka Fin)(1 = 1)) = er~! + O(r~2) (F.99)
= Buclu,b,8) = ;;gg@ (6 +i7) (1 — )] . (E.100)

We also need to prescribe three functions of (6, ¢), a complex-valued N and a real
M, as initial data for three constants of integration.

(2) On the initial hypersurface u = wug, the four hypersurface equations result in or-
dinary differential equations along the null rays whose integration gives us the
remaining metric functions 8, U4 and V. Here we need N and M as functions of
integration.

(3) The two standard equations then determine the time evolution of v and ¢ which
we update to the next time ug + du. Here we need 0,c as two further functions of
integration.

(4) The supplementary equations determine the time evolution of the functions of in-
tegration, N and M, in terms of the news function ¢ in analogy to Egs. (E.59),
(E.60). Hereafter, we repeat the process starting with step (1) at the updated time
value.

As in the case of axisymmetry, the field equations combined with the requirement of asymp-
totic flatness and no incoming radiation leads to a series expansion of the metric functions now
given by Eq. (E.99) and

Bo= = oe),
Ul +iv?® = —<8gc+2cot00— .1 8¢c>7’_2+(9(7“_3),
sin @

The relation between the news function ¢ and the gravitational-wave strain is obtained by
computing the projections of the Riemann tensor onto the tetrad vectors k, £, m and m. The
resulting series expansion in 1/r for the 10 independent components of the Riemann tensor in
vacuum is given in Egs.(5.1)-(5.5) of Ref. [1] in accordance with the peeling theorem which
describes the asymptotic behaviour of the Weyl tensor at null infinity [23]. In the limit r — oo,
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the Riemann tensor is dominated by two components,”
R, pokim”kPm? = —1836 +0(r?). (E.102)
r

We wish to evaluate these components in the limit » — co where the tetrad vectors are related
to the unit vectors along the space-time coordinates by Eq. (E.98), so that

Rupokm”kPm® ~ R(k, m, k, m)

NR(_eT_eR € t+ey ieg—e¢ _er—ep €+ €y j99—8¢>
o 2 ’ 2 2 2 ’ 2 2
er—e, e t+e € —e er—e, e;,te, ,ex—ey)
~R|— —
( 2 g 2 7 2 .
(E.103)

In total, this gives us a sum of 64 individual components of the Riemann tensor, but this
calculation is greatly simplified if we recall that the Riemann tensor for outgoing radiation

satisfies R.q5, = —Rrapy- A lot of terms then cancel or trivially add up and we obtain
_ 25
lim R0k m*kPm? = Rpur, + j et 5 Bryry 1 ;0 (E.104)
T oo r
In the linearized regime, Eq. (B.27) gives us
1 1
RTsz - _ia%hxm = _ia%th?
1 1
RTxTy - _ia%hmy - _ia%hx 5
Lo Lo
Inserting these expressions into Eq. (E.104) yields
2 2
hy = —Re(c), hy = =Im(c). (E.106)
r r

This generalizes Eq. (E.91) from the axisymmetric case by adding the cross polarization
mode in terms of the imaginary part of the news function.
The time evolution of the Bondi mass

m(u) = Z;T/OF/O%M(U,G,gb)sinﬁdgde,

"Note that Sachs uses a different sign convention, swapping the last two indices of the Riemann tensor
relative to our convention, which leads to the minus sign on our right-hand side compared to his Eq. (5.1).
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is obtained from the =2 terms of the series expansion of the supplementary equations analogous
to Eq. (E.59) which give us 9,M in terms of c¢. Integrating over the surface of a sphere gives
us the following result.

Proposition: The time evolution of the Bondi mass for non-axisymmetric spacetimes is given
by

1 T 2T
dum = ——/ / 19c|? sin 0 dg A0
4 Jo Jo

7"2

T 2w
T 2 21 .
= —lim - /0 /0 [(Orhs)? + (Orhy)? sin @ de dd .(E.107)
Note that the right-hand side is manifestly non-positive, so m remains constant

or decreases. For stationary spacetimes, the mass is constant.

We can interpret this result in physical terms by considering a source that passes from a
time independent state with mass m;,; through a dynamical phase before settling down into
another time independent state with mass mg,. The amount of GW energy radiated to infinity
during the dynamical phase is then given by mi,; — mgy.

Even though we have discussed the characteristic formulation for asymptotically flat space-
times, it can and has been employed with great success also for spacetimes with different
asymptotic behaviour, such as anti-de Sitter. The reason for our focus on asymptotic flatness
lies in the identification of the news function with the GW strain of linearized theory which
holds in this form only in asymptotic flatness. The identification of gravitational radiation in
fully non-linear GR was, of course, our initial motivation for studying the characteristic for-
malism in the first place, even though we may have temporarily forgotten about this... The
key limitation of characteristic simulations is the breakdown of the coordinate system once null
rays cross — which generically happens in BH binary spacetimes. The numerical community
still investigates possible improvements of characteristic methods to simulate compact binaries,
but as of now, all numerical relativity simulations of compact binaries have used so-called 3+1
methods. How this is done, is the next chapter in our voyage.
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F The ADM 3+1 formulation

In our classification of PDEs in Sec. C, we have distinguished hyperbolic, parabolic and elliptic
differential equations based on the existence or absence of characteristic surfaces, i.e. surfaces
where the specification of initial data is not sufficient to determine a solution in a neighbourhood
of the surface. We have also seen that information propagates along curves that make up the
characteristic surfaces; see for example our discussion of the wave equation in characteristic
coordinates on page 26. It is therefore common to view hyperbolic and parabolic PDEs — both
of which admit characteristic surfaces — as time evolution or initial value problems whereas
elliptic PDEs are boundary value problems. The idea is that time evolution problems require
the specification of initial data whose evolution in time is determined by the system of PDEs.
For example, if we prescribe the temperature profile along a metal bar, the heat equation will
determine how the temperature at every point will change in time. A more complex example
working in the same way is the weather forecast which computes the time evolution of the
present weather conditions according to the equations of hydrodynamics in the presence of a
gravitational field. Boundary value problems, in contrast, describe stationary configurations
constrained by specified boundary conditions. For example, we can compute the shape of a
drum head whose surface is subjected to the pull of gravity while being fixed to the drum’s
frame with a specified tension. This distinction of time evolution and boundary value problems
is also motivated by the development of numerical tools employed to solve them; elliptic solvers
operate differently from time stepping algorithms.

We have already gained some insight into the structure of the Einstein equations in Sec. D,
where we have seen that the vacuum equations R,3 = 0 determine the evolution of some, but
not all, components of the spacetime metric. In this section, we will analyze this feature of the
Einstein equations in more detail and also introduce the canonical formulation of the equations
as a constrained evolution problem.

F.1 Spacetime foliations, induced metric and extrinsic curvature

The canonical 3+1 split of the Einstein equations dates back to the work of Arnowitt, Deser
and Misner [5] and is commonly referred to as the ADM formulation. Most practical work
in numerical relativity, however, is based on York’s [0] reformulation which expresses the time
derivative of the metric in terms of the extrinsic curvature rather than the canonical momentum
variables. In spite of this difference, York’s equations are still commonly called the ADM
equations and we shall follow this convention. Our derivation will be self-contained but readers
interested in more details can find these in Gourgoulhon’s review [24].

Let us start by considering a manifold M equipped with a metric g and a hypersurface X
given in the form of a level surface t(x) = const. Eventually, ¢ will become our time coordinate,
and we consider globally hyperbolic spacetimes as defined on page 40; for the moment, however,
we allow dt to be either timelike or spacelike and we even allow g to be either a Lorentzian
(signature +2) or Riemannian (signature +4) metric. Many of our definitions and derivations
hold for either case and find practical applications; alternatively to hypersurfaces of constant
time, we may, for example, deal with surfaces of constant radius.
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Def. : Let M be a manifold with Lorentzian or Riemannian metric g and ¥ a hyper-
surface defined as a level set ¢(z*) = const. We define the unit normal of this
hypersurface as

-1
n = Fadt, where o= /F||dt||> (F.1)

so that [|[n|[* = n*n, = F1. Here, and in the following, the upper sign is used if d¢
is timelike and the lower sign if d¢ is spacelike. Note that we have two minus signs
for timelike dt; the first implies that m is future pointing, (dt,n) = —al|dt||? > 0,
and the second ensures a positive argument inside the square root. The function «
is called the lapse function or lapse for short. We furthermore define the projector

J_aﬂ = 5a5 + nanﬁ 5 (FZ)
and the acceleration vector or acceleration for short,

ag = n"V,ng & a=V,n. (F.3)

Def. : A vector X is tangent to X if (dt, X) = 0 or, equivalently, n - X = 0. The
projection of a tensor T of arbitrary rank is

W, = 1O, o N g TP, (F.4)

i.e. we apply one projector for each index of T'.

These definitions imply the following.
(1) L*n" =n*+n*(n,nt) =0, since n*n, = F1.
(2) The acceleration is tangent to ¥: na, = n*n”V,n, = in”V,(n*n,) = 0.
(3) L, Ltg = (8% £n*n,)(0"s £ n'ng) = 6% £ 2n%ng + (n,n*)n*ng = L%,
——

=F1
i.e. 1% is idempotent which is the defining property of a projector.

(4) For any vector V', LV is tangent to X: 1%, V¥n, =V, x (n%ny) n,V* = 0.
——

::|:1
If V' is already tangent to ¥, then L%, V# = (6%, + nn,)VF =V

(5) For any vectors V', W tangent to X, we have g,zVeW? = L VWP,

The last two properties apply in analogy to one-forms and to each component of a tensor of
higher rank. This motivates the following definition.
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normal direction at Q

Figure 12: We take the unit normal n at point P of a hypersurface ¥ and parallel transport
it along the integral curve of the vector field V' to the point ). The resulting vector n’ will in
general not be normal to ¥ at (). Its deviation from the normal direction is a measure for the
curved embedding of ¥ inside the spacetime M and defines the extrinsic curvature.

Def. : The induced metric on ¥ is

YaB = —Laﬁ = Gap + ngng . (F5)

It is sometimes also called the first fundamental form. Note that we have two
symbols for the same object here, 7,5 = Lo3. We will use both in the following,
depending on whether the emphasis is on its character as a projector or a metric.

Let us now consider a vector field V' that is tangent to X at every point and parallel transport
the unit normal vector n from point P to @) along V as illustrated in Fig. 12. Recall that the
equation for parallel transport along the integral curve of a vector field is given by

Vyn=0 <& VIV,n*=0. (F.6)

We now ask the question whether n remains normal to 3 as we parallel transport it from P to
Q. In other words, does the inner product of n with an arbitrary vector field Y tangent to X
remain zero under parallel transport? The answer is that in general it does not, since

VIV, (YN) =Y VIV ing +n, VIV, Y (F.7)
=0
does not vanish. As illustrated in Fig. 12, this departure from orthogonality of n under parallel
transport is a consequence of the curved embedding of ¥ in M which we now phrase in concrete
mathematical terms.
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Def. : For any extension of the vector field 2 in a neighbourhood of X such that n#n, = F1,
the extrinsic curvature or second fundamental form is defined as the map

K: (VW)= n(Viy(LW)) & K V"W =n,LVIV, (L"), (F.8)

Note that we do not require the vector fields V' and W to be tangent to X in this definition.

Proposition: Independent of the extension, the extrinsic curvature tensor is given by

Kog=—1"Vng = =Vang F nqag. (F.9)

Proof. For two vector fields V., W we find,
K, VWY =n, LVIV ,(LWY) = —LVFIW"V n, = — 11 VLY WPV i,
This relation holds for arbitrary V', W, so that the components of K are
Kop = -1, 173V, n, . (F.10)

Now let n/, be another extension in the neighbourhood of ¥ and define m,, := n!, — n,. Then
at every point on ¥ we have m, = 0 and

VWP (Ko — Klg) = LU LYVoW V,m, = LVA[LW'V,m, + m V(L)
=0

— LVAV,(m, LW") = 0,

because the last derivative is taken along a direction tangent to > where the argument m, L W"
vanishes.
Finally, we can eliminate one of the projection operators in Eq. (F.10) since

1
n'Van, = =Va(n,mnt) =0

2
= Kaﬁ = —L’uaJ_Vﬂanl, = —J_“’a(5”3 + n”nﬁ)vuny = —J_“avunﬂ . (Fll)
This also gives us
Kog = —Vang Fnan"V,ng . (F.12)
———
=ag

]
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Proposition: The extrinsic curvature is symmetric,

Kop = Kpa, (F.13)
and tangent to X in both indices,
Kopn® = 0= K,gn”. (F.14)
The trace of the extrinsic curvature is

K = g‘uuKm[ = '}/‘LWKW,. (F15)

Proof. Recalling Eq. (F.1), we can write

ny

V.n, = FV,(adt,) = FaV,V,t + <VMO‘)E

= Kag=—1" 175V, m, = +al’, 15V, V,t +0. (F.16)

In general relativity we use the Levi-Civita connection which is torsion free, so that V,V, t =
V.Vt for any scalar field ¢. The tangent nature follows directly from Eq. (F.10). This also
implies
K=¢"K,, ="K, Fn'n"K,, . (F.17)
—

]

From now on, we shed the burden of multiple signs and restrict our discussion to the case
of Lorentzian metrics and spacelike hypersurfaces ¥, i.e. the case of timelike normals dt and n.
This corresponds to using the upper signs in all expressions of this subsection, i.e. henceforth,
we use

n = —adt, n,nt =—1, 1% =08 +n"ng,  Yap = Gap + Nang. (F.18)

By considering both cases so far, we merely wanted to emphasize that the formalism can be
applied to both space- or timelike hypersurfaces with simply some changes in signs. The main
application in our notes, however, is the derivation of time evolution equations where the slices
> are spatial.

F.2 Intrinsic curvature

The extrinsic curvature describes the embedding of the hypersurface ¥ inside the four-dimensional
spacetime manifold M. The hypersurface may, however, also have intrinsic curvature in the
sense of a non-vanishing Riemann tensor and its manifestation through geodesic deviation and
a change of vectors under parallel transport along closed curves. The intrinsic curvature is a
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purely three-dimensional phenomenon and thus concerns exclusively tensors that are tangent
to Y in all components, as for example a rank (g) tensor T3 with T,,n* = 0 = T,sn*. The
Riemann tensor associated with the three-dimensional hypersurface is different from its four-
dimensional counterpart and is denoted in the following by R,s,5. Eventually, we will see that
the spacetime Riemann tensor can be regarded as a combination of its three-dimensional coun-
terpart and the extrinsic curvature K,3. As a first step in our derivation of the corresponding
relations, we define the three-dimensional covariant derivative.

Def. : Let T4 be a tensor of rank (r) tangent to X in all components, i.e. 7% 3 n, =
S
T”"“g._,nﬁ = ... = 0. The three-dimensional or spatial covariant derivative of T is
the rank (SL) tensor

DT =17, 1% 175...V, T . (F.19)

In words, we take the four-dimensional covariant derivative and project on every free
index.

Proposition: This definition implies that for any vector field X tangent to 3,

(DxT) = L(VxT) or X"D,T% 4 = 1% 175 . (X°V,T7", ).

Proof. Since 17, X" = X*, we find
(DxT)a'“lgm = XuD'uTa'"B“_ = X#LPMJ_CVULTB .. .VPTU"'T_“

= 1% 174, (XPV,T7, ) = L(VxT)* 4. . (F.20)

Proposition: The derivative defined by Eq. (F.19) is a covariant derivative for tensors tan-
gent to Y. It is torsion free and compatible with the spatial metric v,5. By
the fundamental theorem of Riemannian geometry, the connection associated
with this covariant derivative is unique.

Proof. The covariant derivative is defined as a map from two smooth vector field X, V to a
smooth vector field VxV such that the mapping is linear in the first argument, linear with
regard to addition in the second argument and obeys Leibniz rule for scalar multiplication
of the second argument. Furthermore, the covariant derivative applied to a scalar reduces
to the partial derivative. We first show that the derivative defined in Eq. (F.19) satisfies
these requirements and thus constitutes a covariant derivative. Consider for this purpose three
smooth vector fields X, Y and V tangent to X and let f, g be scalar functions on ¥. We find,
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(1) Covariant derivative of a scalar:
(Dxf) = X“D,f = X' 1PV, f = X'1°,0,f = XP0,f, (F.21)

since X is tangent to ¥ and, therefore, 1#,X? = X*. This applies to any spatial vector
X, so that we can write D, f = 0, f as required for the covariant derivative of a scalar.

(2) Linearity in the first argument is inherited from the four-dimensional covariant derivative,
DixiovV = L(VixygvV) = L(fVxV +¢gVyV) = fIVxV +9lVyV
= fDxV +gDyV.
(3) Linearity for addition in the second argument:
DxV+DxW = LVxV+1VxW = L [VxV + VxW] = 1LVx(V+W) = Dx(V+W),
since V is linear with respect to addition of the second argument.
(4) Leibniz rule:
Dx(fV) = 1Vx(fV) = L[fVxV +(Vxf)V] = fLVxV +1V1(Vx/)

= fDxV +VDxf,
since V obeys Leibniz rule and LV = V.

So D,, as defined in Eq. (F.19) satisfies the requirements for a covariant derivative for scalar
and vector fields tangent to X. Its operation on general tensors tangent to X is obtained by
using Leibniz rule. For a one-form n tangent to 3, for example, we obtain

(Dxm)(Y) = Dx(n(Y)) - n(DxY), (F.22)

which holds for any vector Y tangent to X and thus fully determines the covariant derivative
of n. Likewise we can define DxT for any tensor T of higher rank.
The second main part of the proof is to show that D, is compatible with the induced metric
Yap- We obtain
Dy Yop = L, L7017 5V ) (gor +nonr) =0, (F.23)

because 1L7,n, = L"gn, =0 and Vg, = 0.
Finally, let X and Y be two vector fields tangent to ¥. Then the torsion tensor is defined
as the map

T:(X,Y)~T(X,Y)=DxY — DyX — [X,Y]
or  T,°X"Y”=X"D,Y® —Y"D,X*—[X,Y]" (F.24)

where [ X, Y] is the commutator of X and Y. Since the four-dimensional covariant derivative
V is torsion free, we find

T,°X"Y" = XFLV,Y®—YFIV,X*—[X,Y]* = L(X'V,Y*) - L(Y"V,X?) —[X,Y]"
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= LYXMV,YP — 1O YRV, XP — [X, Y]
= X'V,YY YAV, X 4 n%n, X"V, YP —nn, Y V,X? — [X,Y]"
= nn,(XMV,YP =YV, XP) = = n®YPX'V,n, + n® X YV 0,

(£9) n(XPYH — YPXH) (=K, — n,a,) =0, (F.25)

since Y#n, = X#n, = 0 and K, is symmetric. This holds for arbitrary vector fields X, Y
tangent to Y, so the three-dimensional torsion tensor vanishes and D,, is torsion free.
O

In a coordinate basis, the connection coefficients I'3, are given in terms of the metric by
Eq. (A.1). Likewise, we will see further below how we can express the three-dimensional con-
nection coefficients, which we denote by® I'g., in terms of the Christoffel symbols of the spatial
metric y,5. This, however, requires us to specify a coordinate system adapted to the space-time
split. Readers will have noticed that we have in this section formulated relations between three-
dimensional objects, i.e. tensors tangent to X, in terms of four-dimensional indices «, 3, .. ..
This is perfectly fine and straightforward for tensorial quantities, but becomes problematic once
we consider non-tensorial expressions like partial derivatives or the Christoffel symbols. The
three-dimensional covariant derivative of a vector field, for example, can be written as

DoV = 11 1PV, V" = = 1[0,V 4 nfn,0,V° + TSV (F.26)

where .
rpﬁ,u = nyyg(apf}/;w + a,ufyap - 807pu> . (FQ?)

While the latter equation has the form we would expect for the Christoffel symbols, the extra
terms in Eq. (F.26) indicate that the interpretation of the covariant derivative as the sum of a
partial derivative plus connection terms is not clear in this notation. We should not be surprised
about this deficiency; we have not provided enough information about how our coordinates take
into account the projection from four to three dimensions. We will fill this gap further below and
then also find perfectly satisfactory expressions for the three dimensional Christoffel symbols
and how they give us the components of the three-dimensional Riemann tensor.

The spatial covariant derivative defined in the previous subsection defines the spatial Rie-
mann tensor Rqg.s in complete analogy to the four-dimensional Riemann tensor R,s.s.

8Note the different symbols, I' and T, for the three- and four-dimensional Christoffel symbols, respectively.
While their difference in appearance is not particularly striking, the intended version will usually be clear from
the context and, a bit further below, also from the indices (Latin versus Greek).
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Def. : Let X, Y, V be vector fields tangent to the three-dimensional hypersurface > with
induced metric v,5. The three-dimensional Riemann tensor is defined such that

R(X.,Y)V =DxDyV — DyDxV — Dix vV with
(R(X,Y)V)" =RV XY (F.28)
The three-dimensional Ricci tensor and Ricci scalar are defined as

Reap = RFapus R i= "R, . (F.29)

J

From this definition we obtain the same symmetry properties as for the four-dimensional
Riemann tensor,

Raﬁ'yé = _Raﬁ&y ) Raﬁ'yé = R’y(saﬂ ) Ra[,@'yé] =0. (F3O)

Likewise, the definition (F.28) directly gives us the three-dimensional Ricci identity.

Proposition: A vector field tangent to X obeys the three-dimensional Ricci identity

(D, Ds — DsD,)V® = R sVH. (F.31)

F.3 The Gauss, Codazzi and Ricci equations

With the three-dimensional Riemann tensor in place, we can now start our derivation of the
3+1 split of the Einstein equations. The first step is to compute all possible time and space
projections of the four-dimensional Riemann tensor and express them in terms of the three-
dimensional Riemann tensor and the extrinsic curvature. We start with the fully spatial pro-
jection of R%gs.

Proposition: The Riemann tensors satisfy the Gauss equation

LR%gy5 = R%ys + K Ksg — K% K,5. (F.32)
This implies the contracted and scalar Gauss equations,
J_NQJ_VBRW, F J_”aJ_pgn”n”Rng = Rag == KKag — KQ“K‘ug ]

R+2n"n"R,, = R+K>—K"K,,. (F.33)

Proof. The Riemann tensor is fully determined by its action on vector fields according to the
Ricci identity (F.31). For a vector field V' tangent to ¥ we find

DDV = 14 175 17,V,(D,V?) = LFo 1517V, (L7, 123V, V7). (F.34)
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For the derivative of the projector we find
VL%, =V,(07, +n°n,) =n,V,n” +n°V,n,. (F.35)

Recalling the extrinsic curvature K,3 = —1#,V ng = —L*, 175V n, and using idempotence
of the projector, 1%, 1#5 = 1%, we obtain

DaDgV7 = LFal”s 17, [(VoVA)LAAV,L, + (Vo V) L7V, L0 + 17,10V, V, V7
U2 guavgn, [o + (Vo VN LPnV un, + (Vo VM na L7, V,m? + 0 + LU,,LPAVMVUVA]
—_———
=—VAVyny
= M\ (Vo VNV, — L4 L7517 (V) VAV ony + L, 17517,V ,V, VA
= —KagLVAn”VUVA — KQ’YK/B)\V/\ + J_MaJ_UﬁJ_’y)\VMVUV/\ .
For the Ricci identity we antisymmetrize over o and 8 which eliminates the first term,
DaDgV? — DD, VY = (KozKg" — KsnK )V 4+ 11, 175 173(V, V,V* = V,V,V?)
= (KanK3" — Kpn K )V + LFo L7310 RY VP

!

= R sV’ (F.36)

where in the last two lines we have used the four- and three-dimensional Ricci identities. Since
VP =1r,V? we find

R eV = [KapKp" = KgpKa" + 1V L5 L3R ) | L2,V . (F.37)
Since this holds for arbitrary spatial vectors V7, we get the Gauss equation,
Ll LY L 1P R = LR o = Rpap + Ko Kpy — K5 Ko - (F.38)

The contracted Gauss equation is obtained by contracting over v and «,

J_V[;J_“)\J_pgR)\p‘LW == Rgg + KKgU — K'yﬁwa J_‘u)\ = 5“)\ + n“nA
= 1517 R,, + L 51700 Ry = Rop+ KKpy — K5 K, (F.39)
R
=prvp

or, renaming indices,
LV[),J_M&RW/ + J_ng_“an”n”RWpo_ = Raﬂ + KKocB — KOWKA% , (F40)
Multiplying with v*# = 1% gives us the scalar version,

Y Ry + 400" Rype = R+ K% — K, K™
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= R+n"n"Ru + ¢""n"n’ Rupo + n'n’n"n’ R, = R+ K> — K"K,

=0

= R+2n"n"R, =R+ K’ — K"K,,. (F.41)

Proposition: The mixed space-time projection of the four-dimensional Riemann tensor is
given by the Codazzi equation

1017517, " R*, e = DgK," — Do K" . (F.42)

The contracted Codazzi equation is

L#n" Ry, = DoK — D, Ko . (F.43)

Proof. We apply the four-dimensional Ricci identity to the unit normal vector n* and project
on all three free indices, which gives us

L(VaVs = VsVa)n = LR ogn
= 1Pl LT R pent = 1P 17517 (V,Vy — Vo,V )0 . (F.44)

Next we recall Eq. (F.9) for the extrinsic curvature, K,p3 = —V,ng — nyas, which enables us
to write the second derivative of the unit normal as

1P 17617 N Von™ = 1P 1517,V ,(—K,” — n,a")
= 1P, 1% 17 (V,K," +n,V,a" +a"V,n,)

= —D.Kg" —a”" 17,173V n, . (F.45)
—_——

=—Kup

The projection of the Riemann tensor is given by the antisymmetrized version of this expression
which eliminates the K3 term,

1P L7 L7 R, o0 = DgK," — D Kg" . (F.46)
Next, we contract on v and «,
1P 17317t R e = DgK — D Kg"
= 17 17%n"R" 0 = (077 +nn;) LOgn" R, pp = L7 0" ﬁ‘f/ +0=DgK — D, K3 .

=Rou

[]
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The Gauss and Codazzi equations (F.32) and (F.42) have given us two projections of the
four-dimensional Riemann tensor, the former with all indices projected onto ¥ and the latter
with three spatial projections and one onto the timelike unit normal n. There is exactly one
projection left, that with two spatial and two time projections on the index pairs 1,3 and 2,4
respectively. All other projections result in zero due to the symmetry of the Riemann tensor.
For this final projection of the Riemann tensor, it turns out helpful to derive the following
auxiliary results.

Lemma : L.l = n%P 4+ nfa® + 2K (F.47)
EnJ_ag = naag 9 (F48)
Loleg = —2Ka5, (F.49)

where L,, denotes the Lie derivative along the unit normal n. This implies that
for any spatial tensor T,,3 = LT3,

LoTog = Lo L"3L, T, (F.50)

i.e. the Lie derivative along m is also spatial. Note that this does in general not
hold for upstairs indices as in £, 7%g.
The acceleration vector can be expressed in terms of the lapse function,

a,=D,Ina. (F.51)

Proof. The first three results follow from the definition of the Lie derivative,
L, 1% = ptv, 1% — 1MV n® — 1%V, n”

= n"V,(nn") + K’ + K"

= n%" +nfa®+ 2K (F.52)
Likewise,
L,1% = n'V, 1% — 1'3V, n* 4+ 1%, Vgnt
= n'V,(n"ng) — Van® —n*ngV,n* + Van® + nn,Vgn
o o =0
= n%g+nga® —nga® = nag, (F.53)
and

Lnloeg = n'V,Llog+ L,sVent + L,,Van! = 0V, (nang) + 9,8Van" + 9o, Vant
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= nfngV, ne +n'n,V,ng + Vang + Vgn,
= (0"y +1'ng)V,ng + (0¥ 4+ n*ng)V,n,
= 1rVung+1"sV,n, = — Ko —Kgo = —2K,3. (F.54)
With the Lie derivatives of the projector, we find that a spatial tensor 7,3 satisfies
LT = Ln(LFoLl"sT,,) = LFoL"3Ly T + LT Ly LY g+ LY 6T, Lo LF,
= 1H 1" LT + Toun"ag + T pnta,
= 1LY L T, (F.55)
since T,,n* = 0.
For the acceleration vector, we use the definition of the unit vector, n = —adt < n, =

—aV,t from Eq. (F.1). Furthermore, our connection is torsion free, so that second covariant
derivatives of scalars commute. This gives us

ag = n'V,ng = —n'V,(aVgt) = —antV, Vst —nt (Vgt) V,a
—— ——
ngut :,énﬁ
B n, nkng B Vea  nfng
= om“V/gg + Tvua = n'Vgn, —om“nu? Vo
=0
1 V,«o Dsa
— —(o",v ngVaa) = LFe—= — P2 — Dylna. F.56
a( 5V + n'ngV,0) 5, " slno (¥.56)
O
Proposition: The space-time-space-time projection of the Riemann tensor is given by the
Ricci equation (not to be confused with the Ricci identity),
1
1Hn 1P 0" Ry pe = LnKoy + —Do Dy + K\ K, (F.57)
Q@
Proof. We start with the four-dimensional Ricci identity applied to the unit normal n*,
Vv,V = V,Vn' = RN, on" . (F.58)

Projecting this equation twice onto space and once onto time gives us

Lopn”LP n°R*, e = Loy Ll?n?(V,Vent —V,V,nt) ‘ Kop = —Vang — ngyag

= LouLPn? [Vp(—KU“ —nea) + V,(K! + npa“)}
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= J_Q#J_p,yn"[ - V,K," —a"'V,n, —n,V,a" + VK, +ad"V,n,+ anUa”}
= LauL? {K“van" -0+ V,a" +nV, K} +a'a, + O}

= Koo(—K,%) + D,ao + L L n°V,K,, + asa,

= —KuoK% + D,an + agay + L7417 0V, K,,, (F.59)

where we have used n,K*", = 0 to trade VK for Vn, and n?V n, = 0.

The next step in our proof consists in expressing the covariant derivative of the extrinsic
curvature in terms of the Lie derivative along n. For this purpose, we apply the Lemma (F.50)
to the extrinsic curvature which is spatial in both indices,

LoKopg = L'al’sLnK,, = 1M 1Ysn"V, Ky + KoV + K, V0’|

= _L'ua_]_ygngngw, = L:nKag — KPBL“QV#n” — KQPLVBVZ,H’D

= L,Kop+ KK, + Ky, Kz". (F.60)
We use this result to substitute for the last term in Eq. (F.59), so that
Loyn” 1P n° R, = —% + Dyag + aqay + Lo Koy + K, K" + M
= LpKoy + Dyag +agay + K, K" (F.61)
Finally, we substitute for the acceleration terms using” Eq. (F.51),
D,a  D,a Dga 1 Dsa (Dya)(Dsa)
Dga, + ag = D = —DgDya — (D,
Bla + dalp e o DoDac = (Dac) 5~ + 2
1D D 1D D (F.62)
= — @ = —DyDsar, )
a P a o
where the last equality follows from the torsion free nature of D,,. O]

The Gauss, Codazzi and Ricci equations and their contractions enable us to express the
four-dimensional Ricci tensor and scalar exclusively in terms of 3+1 variables.

Proposition: The four-dimensional Ricci tensor and scalar satisfy the relations

1
J_MaJ_VgRMV = _ﬁnKa,B - —DaDgoz - 2Kapr5 aF Raﬂ I KKag 9
«

2
R = —2L,K—-D'D,a+R+K*+K,K". (F.63)
«

J

91t is unfortunate that the letter o appears here with two meanings, first as an index and second as the lapse
function. An alternative notation found in the literature uses N for the lapse function and N°? for the shift
vector — which we will define shortly. This double usage of N does not appear too much of an improvement,
though, and we will use the more common « for the lapse and /3° for the shift vector.
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Proof. The contracted Gauss equation (F.33) gave us
J_uaJ_Vngj + J_'uaJ_pgnynaRw,pa = RQB + KKaﬁ — KauK“/g ,
which we can combine with the Ricci equation (F.57) where we place v by £,
1
_L“an”Lpgnonpg = ﬁnKag + *DQDBOC + Kpngap,
Q@

such that 1
1Ho1YsR,, = —LpnKop — —DoDga — 2K, K5 + Rap + KKop . (F.64)
«

This is our first result. For the second we use our Lemma (F.47) to obtain
L Ly Kap = LoK = Kopln 1% = Ly K — Kopn®a® +na® + 2K = L, K — 2Kos K7,

since K,,n* = 0. Next, we contract Eq. (F.64) with 127,

L LY Ry = =LK + 2K K — ;J_aﬁDaDga — 2K, K + R+ K*
= R+n'n"R,, =—L,K — ;DMDMa +R+ K. (F.65)
This can be combined with the scalar Gauss equation (I.33)
R+2n"n"R,, =R+ K* — K, K" |
which leads to 5
R=—2L,K - —D"Dya+ R+ K’ + K, K" . (F.66)

We could similarly express n#n” R, in terms of 341 variables, but as it will turn out, we have
this time-time projection in exactly the required from already in the scalar Gauss equation
(F.33). Finally, the mixed projection Ln*R,, is already given by the contracted Codazzi
equation (F.43). O

F.4 The 341 version of the Einstein equations

We now turn our attention to the projections of the Einstein equations which we will consider
in two forms, (i) Eq. (A.4) with the Einstein tensor expanded in terms of the Ricci tensor, and
(ii) the trace reversed form. For completeness, we will also add the cosmological constant A,

. 1
Rog = 5Ros + Mop =87Tas & Rag =87 (Taﬂ - 2T9a6> + Agas (F.67)

where T':= T*,. Here we have used that the trace of the first version is given by

1 1
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For projecting the equations, we define the 341 decomposition of the energy momentum tensor.

Def. : The energy density, momentum density and stress tensor are defined by

p = nMnVTHV’ Ja = _J—'uanVT/wv Saﬁ = J—'uaJ—VBT;W
= Tap = prang + jang + najs + Sas - (F.69)

A quick calculation shows that the trace T can be written as
T:gWTW =—p—0 —O+gWSMV = —p+ (,y;w —n“n”)s,w =—p+S—-0=8—p. (E?())

Now let’s project...

Proposition: The time-time, space-time and space-space projections of the Einstein equa-

tions are
H = R+K*— K, K" —2\—161p=0, (F.71)
My = DoK — D, K"+ 8mj, =0, (F.72)
LoYop = —2Kup, (F.73)
LnKopg = —éDaDﬂoz — 2K, K" 4+ Rap + KKop — Ayap
—87 | Sap — %’yaﬁ(S —p)| - (F.74)

The first two are commonly referred to as the Hamiltonian constraint and the
momentum constraints. The third and fourth equations contain Lie deriva-
tives along n which represent time derivatives. These equations constitute a
first-order system for a second-order in time evolution of the spatial metric
Yap With the extrinsic curvature playing the role of an auxiliary variable.

Proof. Let us start with the Hamiltonian constraint. We project the first version of the Einstein
equation (F.67) twice onto time and use the scalar Gauss equation (F.33)

1
nn’ Rap + iR — A =8mp
=  R+2n"n’R,5 — 2\ = 167p

L R4 K2 KWK, — 27— 16mp=0. (F.75)
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Next, we project the first version of the Einstein equation (F.67) once onto space and once
onto time and use the contracted Codazzi equation (F.43),

1
1" Ry — = gLt an” R+ Agy ¥ on” = 8n LF 0" T,
2
=0
= 1Fn"R,, = —8mj,

UL DuK — DK+ 81 = 0. (F.76)

The third equation (F.73) in our above set is Eq. (I.49) and has already been derived there.
Finally, we project the trace-reversed version of the Einstein equation (F.67) twice onto space
and use the first relation in (F.63), and thus obtain

1
Ll Ry = Ayap + 87 (Saﬁ - 2%6T)

<O 1 1
9 Koy — —DaDpax = 2Ka, K" 5 + Rap + K Kop = Mo + 87 [Saﬁ — 58— p)m]

1 1
= ﬁnKag = —aDaDgOz — QKCWK“Q + Raﬁ + KKQB — A7a5 — 87 {Sag — 5(5 - p)’}/ag]

O

F.5 Adapted coordinates

Def. : Let (M, g) be a globally hyperbolic spacetime with a foliation ¥; constructed from
a function t : M — R with dt # 0 according to the definitions on Page 40. A
coordinate system adapted to the foliation is a coordinate chart

@ = (t, x') with i=1,2, 3, (F.77)

where 2° label points uniquely inside each X;.

Note that adapted coordinates define a coordinate basis 8;, 9; for vectors and d¢, dz for
one-forms.

Def. : The shift vector is defined by

B =08;—an. (F.78)
The shift vector is tangent to 3 since
(dt, B) = (dt, 8;) — a(dt,n) =1+ (n,n) =0, (F.79)
where we have used dt = —amn. The shift vector and its relation to the unit normal n and

the coordinate vector d; are graphically illustrated in Fig. 13. There we see that the shift
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Figure 13: Illustration of a spacetime foliation constructed from hypersurfaces >;, t € R.
Adapted coordinates are given by (¢, z%) where t labels the hypersurface and x’ points inside
each ;. The coordinate vector 8, is tangent to the curves z' = const. The shift vector is
a measure of this coordinate vector’s deviation from the direction normal to the hypersurface
given by the unit normal vector n.

measures the deviation of the coordinate vector @; from the direction normal to ;. Note that
the integral curves of 8, are determined by the way we assign spatial coordinates ¢ to points
inside each hypersurface; their deviation from the normal direction, i.e. the shift vector, is
therefore completely coordinate dependent. In other words, the shift encapsulates three of the
four gauge or coordinate conditions of general relativity.

The fourth and final degree of gauge freedom is contained in the lapse function «, but that
will become clearer after we have discussed how the metric components look like in adapted
coordinates. For this purpose we recall that the components of a tensor are obtained by filling
its slots with the basis vectors and one-forms. For the metric with downstairs indices, we thus
obtain

go = 9(0,0:) = glan+B,an+p) = —a’+ "B,

9 = 9(8:,0;) = 7(8:,0;) = v, (F.80)
where we have used 5 = (dt, 8) = 0, so that 8,, = ¢mnf" = Vmn3", and the fact that the
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vectors @; are spatial by construction, so that g(8;,8;) = (9, 9,).

Proposition: The components of the spacetime metric g are given by

| =+ "B ‘ B b _ ( —a~2 ‘ a2g )
Jop = ( 3, B ) R NPT P e

= ds® = (—a2 o @ﬂi)dtQ + 28;dt dz® + %»jdxi da?

= —a?dt? + v;;(dz’ + B'dt)(dz? + pidt), (F.81)

where 7% is defined as the inverse of the 3 x 3 matrix ;. In adapted coor-
dinates, the components of the unit normal vector are

iy = O = (1, —@i) | (F.82)

(07 (0%

Proof. We have already derived the components of the downstairs metric. The upstairs version
can be verified either by directly showing g**g,s = d%g or by computing the inverse metric
from the cofactor matrices according to the method described on Page 50.
The components of n,, directly follow from the definition n = —adt. Raising the index with
the metric gives us
1 B

n® = g*n, = [—Oz_Q(—a), a_26i(—a)} = [a’ _a] : (F.83)

]

Proposition: The proper time measured by an observer moving with four-velocity u® = n®
from hypersurface ¥, to hypersurface ¥; 4, is

dr = adt. (F.84)

Proof. We first note that n,n* = —1 and n is timelike, so it is a four-velocity. We parametrize
the world line of the observer moving along n with our coordinate time ¢. The tangent vector
to the wordline with this parametrization must be proportional to n® but will in general not be
equal to it. Let us call this tangent vector m. By definition,

w_dat fdedry () (1
[ P W TR TR S TR B a

= m“:omo‘:(l, —Bi).
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The proper time along the integral curve of m® is

t2 dz# dzv dz® dav
AT—/M e vl Sl vt P

Using the metric components from Eq. (F.81), this gives us

dr = \/_goomomo — 2goim®m* — giymim/ dt = \/O‘2 = B = 26i(=f) — v 07 dt = adt.
[

So the lapse function determines the amount of proper time (as measured by normal ob-
servers) that separates two infinitesimally close hypersurfaces 3, and ¥,,q;. This amount of
proper time clearly depends on the way we label the hypersurfaces or how we slice the space-
time; for example, doubling the coordinate time value of every slice, t — ¢ = 2t, will double
the proper time separating two infinitesimally close hypersurfaces ¥; and X7, 4. In summary,
the shift vector 3¢ determines our choice of spatial coordinates x* and the lapse function deter-
mines our choice of the time coordinate ¢. Lapse and shift thus encapsulate the gauge freedom
of general relativity.

Adapted coordinates also enable us to formulate equations for spatial objects in terms of
three-dimensional geometry using Latin indices ¢, j, ... = 1, 2, 3. Consider, for example, a
vector V' tangent to X. In adapted coordinates, we find

VO =V (da?) = V(dt) = (dt, V) =0, (F.85)

so the vector is completely determined by its three spatial components V¢. By the same
argument, any tensor component with one upstairs index 0 vanishes, e.g. 7%, = 0. In general,
this does not hold for downstairs indices; for example,

Vo = QOHV” = QOz‘Vi = Bz'vi ) (F-86)

is in general non-zero. Even in that case, however, the component 1 does not contain any
independent information, since all four components V,, are determined by the three V* (and
the spacetime metric). Furthermore, any contraction of indices acquires non-zero contributions
only from the spatial contraction, e.g.

V' o =V Toa + V"o = V" Ta - (F.87)
=0

In adapted coordinates, we can therefore replace in equations for spatial objects all Greek
indices with Latin indices. In particular, this applies to our 3+1 decomposition of the Einstein
equations (F.71)-(F.74). Before we do that, however, we derive a convenient expression for the
Lie derivatives appearing in these equations.
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Proposition: In adapted coordinates

1 1
En’)/,uu = agt’)/uu - E‘C,B’Y;wv (F88)
1 1
LnK;w = aatKlw - aEﬁKﬂy, (F89)

where Lg is the Lie derivative along the shift vector.

Proof. Let T3 be a tensor tangent to X in both indices, i.e. T),n* =0 = T,,n", f be a scalar
function and n the timelike unit normal. We then obtain

EfnTaﬁ = fnuv,uTOéB + Tﬂﬁva(fnu) + TQ”Vg(f’n‘u)

= f (TL“VHTQQ -+ Tuﬁvan“ + TQ#VQTL‘M) + Tﬂgn“ Vaf + Ta#n“ Vﬁf
=0 =0

= fﬁnTaﬁ . (F90)

Writing Eq. (F.82) as n = (8, — 8), and bearing in mind that both K,s and 7,4 are spatial
in both indices, this result with f = 1/a implies that

1 1 1
‘CTLKMIJ = Eé(at*ﬁ)K/‘V — a (‘CatKMV - ‘CﬁKuU) — aatK‘u'V — aEﬁKNV 3 (Fgl)
where we have used that the Lie derivative along a coordinate vector equals the partial derivative
with respect to this coordinate. The corresponding equation for v,z is derived in exactly the
same way. O

Since the shift vector is spatial, we can compute the Lie derivatives along B using the
standard definition in three dimensions,

Lgvij = B"0m%Yij + YmiOiB™ + Ym0 ™ = B"0mij + 29m05 8™ (F.92)
LsKij = B"0nK;j + Knjoif™" + Kin0;8™ = "0 K;j + 2K,,:05)8™ . (F.93)

Likewise, we can now compute the three-dimensional Christoffel symbols and Riemann tensor
from their standard expressions analogous to Eq. (A.1),

M, = §7m (O5Ykm + OkYmi — OmVik) (F.94)

Finally, we replace Greek spacetime with Latin spatial indices in Eqs. (F.71)-(F.74).
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Proposition: The ADM or 3+1 formulation of the Einstein equations is
H = R+K>— KpK™ —2A —167p =0, (F.96)
M; = D;K—-D,K™+8rj,=0, (F.97)
Ovi; = B"O0mYiy + 29m0)B™ — 20Ky;, (F.98)
O Kij = pfTO0mKij +2Kn60;)8" — D;Djo+ a[Rij + KK;j — 2K, K™;]
—al\y;; — 8ma | S;; — %%j(S —-p)| - (F.99)

Note that these equations fully confirm the structure of the Einstein equations that we have
uncovered in Sec. D. We have four equations that contain no time derivatives, the Hamiltonian
and momentum constraints (F.96), (F.97), and 6 evolution equations written as a first-order
system in Egs. (F.98) and (F.99). As we have already shown on Page 44, the constraints are
preserved under the evolution equations. Furthermore, the Einstein equations do not determine
the four gauge variables o and 3%; these can be freely chosen and represent the coordinate
freedom of general relativity. Finally, we can count the degrees of freedom: We start with 10
components of the spacetime metric g,3. Four of these, the lapse and shift, can be chosen freely
leaving us with the 6 variables 7;;. The constraints impose 4 conditions on these 6 functions,
leaving 2 second-order in time degrees of freedom as expected.

For completeness, we list here without proof the 341 evolution equations for the mat-
ter variables which are obtained from projecting the conservation of energy and momentum,
V, T = 0 onto time and space.

Proposition: The energy density p and momentum density j; obey the 3+1 evolution equa-
tions

Op = B"0wmp— 2" Dine +a (pK + S™ Ky — Dyuj™) ,  (F.100)

Oji = B"O0mji + jm0if" — pDia — S™i Do+ o (5, K — D, S™;) .
(F.101)

J

Note that we do not have an evolution equation for the stress tensor S;;. This is expected,
since the evolution of the matter will depend on the type of matter under consideration. It is
therefore necessary to specify additional information about the matter; this often comes in the
form of an equation of state that prescribes the pressure as a function other matter variables
such as the energy density. This additional information then determines the stress tensor in
terms of the evolved variables p and j;. For a discussion of perfect fluids, for example, see
Sec. 5.3 in Gourgoulhon’s review [24].

With the ADM equations, we have now at our disposal a formulation of the Einstein equa-
tions as a constrained initial value problem. Unfortunately, this formulation is of limited
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practical value in numerical implementations. The reason is that the resulting equations are in
general not mathematically well posed. Well-posedness can, however, be achieved by modifying
the ADM equations using a conformal decomposition. How the problems arise and what we
can do to overcome them is the next stage in our odyssey.
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G Well-posedness, strong hyperbolicity and BSSNOK

G.1 The concept of well-posedness

The study of the well-posedness of the different formulations of the Einstein equations is still an
active area of research and extends well beyond the scope of these lectures. In this section, we
will therefore pursue the more humble goal of indicating for the case of a simple example, how
ill-posedness can arise in partial differential equations and how this property can be studied
analytically. In our discussion we follow the PhD thesis of Giuseppe Papallo [25] where readers
can also find a much more detailed discussion of this subject.

Def. : An initial value (aka Cauchy) problem is well-posed if a solution exists, is unique and
depends continuously on the initial data in the sense of a norm ||f(¢,.)|| commonly
taken to be the spatial L2 norm of a function f(t,2%) at fixed time t. If these
conditions are not met, the initial-value problem is #l/-posed.

Examples

(1) The potentially problematic issue of well/ill posedness is best illustrated by regarding
the two-dimensional Laplace equation as an initial-value problem; in fact it was this
specific study that led Hadamard to the above definition of well-posedness. In order
to emphasize our viewpoint of a Cauchy problem, we denote the coordinates by (t, x)
rather than the more common (z,y); of course this change of variables does not alter
the equation and its properties in any way. We are thus looking for solutions ¢(t, x) of

the PDE
Ap(t,x) = 0jp + 29 =0, (G.1)
with initial data
For the specific choice of initial data
fulz) =0, gn(w) = eV sin(nz),
the solution is given by
e_\/ﬁ
On(t,x) = sinh(nt) sin(nx), (G.2)
n

as can be readily confirmed by inserting into Eq. (G.1). Taking the limit n — oo, the
initial data converge to zero,

n—oo n—o0

whereas the solution (G.2) blows up exponentially for any non-zero value of ¢t. If we
denote by ¢, the time evolution of the initial data f.., goo, We clearly have

Jgnolo||¢n_¢00||zoo whereas nlggonn_fooH:Ov nlggngn_gooH:O? (G4)

and the solution at finite ¢t does not depend continuously on the initial data.
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(2) One can show that this problem does not arise for the wave equation where we merely
change the sign in front of the second time derivative,

0o(t,z) = =0/¢ +0; =0, (G.5)

with initial data

925(0’ l‘) = f(ZL’) ) 8t¢(07 JZ) = g(l‘) :

(3) The vacuum Maxwell equations for a magnetic field B(¢, ) and an electric field E(t, )
can be formulated as a system of linear wave equations in three dimensions,

OB(t,z) =0, OFE(t,x)=0, (G.6)
with initial data B(0,x), E(0,z), 0;B(0,x), 0,E(0, x) subject to the constraints
V-E(t,z)=0, V- -B(t,x)=0. (G.7)

These equations can also be shown to be well posed. Note the similarity to the structure
of the Einstein equations with evolution and constraint equations. In fact, the Maxwell
constraints are preserved under time evolution provided they are satisfied initially, in
complete analogy to what we have seen for the Hamiltonian and momentum constraints
in GR.

G.2 Well-posedness of first-order systems

The well-posedness of PDE systems is most conveniently studied for first-order systems. In
fact, the corresponding study of second- or higher-order PDE systems is commonly performed
by reducing these systems to first-order through the introduction of auxiliary variables; readers
interested in more details can find these in Sec. 2.3 of Papallo’s thesis [25].

As is often the case with studies of PDEs, the concept of well-posedness is rigorously for-
mulated for linear systems with constant coefficients. The results are then generalized to linear
systems in the sense of local well-posedness, considering a neighbourhood of some point in
the domain where the coefficient matrices do not significantly vary. The well-posedness of
non-linear PDEs is then studied by linearizing around some background and demonstrating
that local well-posedness is obtained for arbitrary backgrounds. In practice, one often consid-
ers only a certain set of common backgrounds like the Schwarzschild solution, Minkowski or
Friedmann-Lemitre-Robertson-Walker, thus obtaining candidate systems of well-posed charac-
ter whose well-posedness can be tested in experimental simulations. The beneficial features of
the Baumgarte-Shapiro-Shibata-Nakamura-Oohara-Kojima (BSSNOK)'® [26, 27, 25] formula-
tion — still the most popular formulation in numerical relativity — have actually been identified
empirically before its potential'! well-posedness was demonstrated analytically.

10Tp the literature, this formulation is often abbreviated to BSSN.
HWe add the qualifier “potential” here, since the well-posedness of a given formulation of GR depends on the
gauge conditions used.
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Throughout this section, we consider PDEs on a d 4 1 dimensional domain © C R4 with
coordinates (t,z;) where i = 1, ..., d. The picture we have in mind here is a domain with
d spatial dimensions and one time direction along which data is evolved. We consider vector
valued functions u : Q C R¥*! — RY satisfying the PDE system

Adu +POu+Cu=0, (G.8)

where A, each P* and C are real N x N matrices and A is invertible.

As mentioned above, we first consider the case where A, P* and C all have constant com-
ponents independent of (¢, x;). Defining the Fourier transform of a function f(x;) in d spatial
dimensions and its inverse by

r 1 —ikmam 1d
fli) = U = —= [ fapetomdie,
—17 F . 1 3 ikmxm d
fla) = 7M@) = —= [ Fr)etnata, (G.9)

where we sum over repeated indices, we can compute the Fourier transform of a spatial deriva-
tive using partial integration,

1 1
2V 27rd 2V 27rd

Here the boundary term drops out because square-integrable functions vanish at infinity.
Fourier transforming the entire PDE (G.8) gives us,

]:[@f](ki) =

/ 0, f e hmam ddy = — / f o (e7mm) dle = ik, f (k). (G.10)

Aodyu + P"ik,,u+Cu =0

= O+ A (iP"ky + C it = 0s—i| A7 (—P"ky, +iC) |@. (G.11)
=:M(km)

The solution to the transformed PDE (G.11) with initial data @ (0, k;) is then given by
a(t, k) = eMa(0, k), with M=A"(=P"k, +iC), (G.12)

and the solution to the original PDE (G.8) is reconstructed from the inverse Fourier transform

_ / Mg (0, k;)elbmom dd . (G.13)

V2r

For t = 0, the integral on the right-hand side converges since we have by assumption regular
initial data w(0,z;). But we have no guarantee that the integral converges and, hence, yields
a regular solution w(t,z;) for t > 0. To proceed with our quest to understand well-posedness,
we need to investigate under which conditions the integral in Eq. (G.13) converges.
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Proposition: If there exists a regular function f such that

M| < f(t) with M=A"'(—P™k +iC), (G.14)
then the right-hand side of Eq. (G.13) converges and the PDE (G.8),

Adiu +P"0,,u+ Cu =0,

with constant matrices is well posed.

Proof. 1f ||eM!|| < f(t), taking the norm of Eq. (G.12) gives us

[|al|(t) =

By Parseval’s theorem (also know as Plancherel’s identity), this implies

[lull(t) < f()[[u][(0), (G.16)

™| x [|al(0) < f()]]al|(0). (G.15)

so the inverse Fourier transform (G.13) with finite norm exists.

For the well-posedness of the PDE (G.8), we consider two solutions u;, us corresponding
to initial data u, (0, x;) and us(0, z;). By linearity of the PDE, the difference is also a solution,
so that

[lur — ual[(t) < f(2)]|ur — u2|[(0). (G.17)
The solution of the PDE therefore depends continuously on the initial data. We also see that
the solution for given initial data is unique since (0, x;) = u2(0, z;) implies ||u; — us|[(0) =0
and therefore wy(t, ;) — ua(t, z;) < f(t) x 0 =0, so u; = us. O

Our next step is to obtain a criterion that ensures Eq. (G.14) holds. We start with a
necessary condition.

The PDE
Adu +P"0,,u+Cu=0,

with constant matrices A, P™ and C is weakly hyperbolic if for any wave vector k; with unit
norm, |k| = 1, all Eigenvalues of

Q(ki) == APk, (G.18)

are real.

Proposition: Weak hyperbolicity of the PDE (G.8) is a necessary condition for ||eMf|| <
f(t) to hold for a regular function f(¢).
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Proof. Define

t=lklt, k= 2k (G.19)
so that Eq. (G.14) becomes
‘ 6ng/WH — || AT P RO i/ K] || || i [AT (P Rm i C/RD]E <f (ﬁ) (G.20)

Note that our rescaling of k; and t stresses the dominance of short-wavelength modes: Modes
with large |k| effect substantial evolution in terms of the rescaled time ¢ even for very short
steps in physical time ¢. This is not surprising if we consider the original PDE written as

ohu =—-A"'P"9,,u — A"'Cu.

Modes with very short wavelength have large gradients 0,,u which rapidly drive the evolu-
tion of w in time, completely dominating over the Cu term. Here lies the reason why the
structure of PDEs is dominated by its principal part, i.e. its highest derivative terms: Short
wavelength modes determine the convergence of the inverse Fourier transform and predom-
inantly act through the highest derivative terms in the PDE. But let us continue with our
proof.

Taking the limit |k| — oo at constant £, Eq. (G.20) becomes

Note that this equation must hold for arbitrarily large £ since for short-wavelength modes with
|k| = oo, even the smallest advance in physical time ¢ implies ¢ — oo.
Next we consider an Eigenvector V' of Q with Eigenvalue A = A\; + i)g, so that

eio(fc,-)i

| <f(0)  with  Q(h) = APk, (G.21)

QY — pihii—ralys (G.22)

Equation (G.21) can only be satisfied for arbitrarily large tif Ay > 0. But Q is a real matrix, so
if A is an Eigenvalue, then its complex conjugate A\ = \; — i), is also an Eigenvalue. Equation
(G.21) can therefore only be satisfied if Ay = 0, i.e. if all Eigenvalues of Q are real. O

The ADM equations discussed in Sec. F' can be shown to be weakly hyperbolic; see e.g. [29].
Unfortunately, weak hyperbolicity is not sufficient for well-posedness. The reason is that off-
diagonal terms that appear in the Jordan-normal form of the matrix Q, while avoiding expo-
nential violation of Eq. (G.21), still lead to polynomial violation of this bound.

=

Lemma : Let

Al .
Jo = (0 )\> ., with  XeC. (G.23)

Then .
eiJ2f — ei/\f <é llt> ) (G24)
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Proof.
1
et =1 4 1J2t}+ (ido1)? + 1J2®3 (G.25)

The pattern of the powers of Js is quickly understood by computing
A1\ a2 2a
0 A N0 A%
3 3 2
Al (A7 3A
0 A N0 M)
A 1)" A" pAn
(0 A) . (0 § ) (G.26)

i eiAf T
ert = ( O ei)‘£> s (GQ?)

so that

with

|
r = 0+it+2( )2/\+ 1@33%

— {1+1>\t+ (IME)? + }zife“f. (G.28)
O

Returning to Eq. (G.21), we see that Hexp {10 t} H cannot be bound by a constant f(0) if
it contains a Jordan block of the form (G.23). One can likewise show that larger Jordan blocks
of type n x n also give rise to terms o< (£) in '@ for some 1 < p < n and therefore spoil the
condition (G.21). The only way to avoid these polynomial terms is a diagonalizable matrix Q.

Def. : The PDE Ad,u + P™0,,u + Cu = 0 with constant coefficient matrices is strongly
hyperbolic if for all wave vectors k:; with unit norm, Q = —A~ 1Pmk has only real
Eigenvalues and is diagonalizable, i.e. there exists a matrix S( ,) such that Q =
SDS ! where D(k;) is diagonal. If the matrix S does not depend on k;, the PDE is
symmetric hyperbolic.

So far, our investigation is restricted to linear PDEs with constant coefficients. As indicated
above, the conditions for well-posedness are extended to linear PDEs by considering the local
well-posedness in a neighbourhood of some point (¢y, ) where the coefficient matrices A,
P™ and C are regarded as frozen at their values at the point (¢o, ). The justification for
this generalization is that well-posedness is a feature of short-wavelength modes, so that it is
sufficient to consider small neighbourhoods. This motivates the following definition.
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with |k| = 1, all Eigenvalues of Q(t,z;, ki) = —A(t, ;)" *P™(¢t, 2;)ky, are real. The
PDE is strongly hyperbolic if Q is furthermore diagonalizable for all (¢, x;) and k;.
The The PDE is symmetric hyperbolic if it is strongly hyperbolic and the symmetrizer
S is independent of k;.

Def. : The linear PDE Ad,u+P™0,,u+ Cu = 0 is weakly hyperbolic if for all (¢, x;) and k;

J

Readers may have noticed that our chain of conditions for well-posedness is a mixture of
sufficient and necessary conditions. Our recipe for analyzing the well-posedness of a given
PDE system is therefore not entirely rigorous. Violating strong hyperbolicity does not imply
ill-posedness with 100 % certainty and strong hyperbolicity does not guarantee well-posedness.
The well-posedness of non-linear PDEs is furthermore limited to studying the linearized equa-
tions around generic backgrounds. The development of stable numerical codes therefore in-
evitably involves empirical tests. The experience accumulated by the numerical relativity com-
munity over about five decades has established with high reliability that weakly hyperbolic
formulations like the ADM equations are almost guaranteed to result in numerical instability
on short timescales compared to the relevant timescales of the physical systems under consid-
eration. For example, all long-term stable evolutions of black-hole binaries employ strongly or
symmetric hyperbolic formulations. It should be noted, however, that even in that case, suitable
gauge conditions and stable numerical algorithms are required to obtain reliable simulations.

G.3 The BSSNOK formulation

The ADM formulation of the Einstein equations was used for most 341 simulations of the
Einstein equations well into the 1990s, despite the ubiquitous instabilities encountered in these
simulations. The realization that these problems might be a feature of the ADM equations
themselves (rather than the numerical algorithms employed for their evolution) gradually be-
came accepted by the community during the 1990s. As we have already noted above, how-
ever, this realization came about through a mixture of empirical observation and suspicion;
the weakly hyperbolic character of the ADM equations was not understood until the early
2000s. The vast improvements achieved in numerical simulations using the BSSNOK formula-
tion (e.g. [27, 30, 31]) played a key role in this realization. Following this empirical success, the
capacity of the BSSNOK system to result in strongly hyperbolic equations has been studied
intensively; see e.g. [32, 33].

We also note that the search for well-posed formulations is by no means restricted to the
BSSNOK system. Various other formulations have been studied and implemented in numer-
ical codes including the Kidder-Scheel-Teukolsky (KST) system [34], the Nagy-Ortiz-Reula
(NOR) formulation [35], the generalized harmonic gauge (GHG) formulation [36, 37, 38] and
the conformal Z4 formulation [39, 10, 11]. Indeed, the very first BH binary inspiral and merger
simulations by Pretorius [7] was obtained with the GHG formulation, followed and confirmed
about half a year later by the so-called moving puncture breakthroughs of the Brownsville and
Goddard groups using BSSNOK [3, 9]. In recent years, the conformal Z4 formalism has be-
come a particularly popular alternative to the BSSNOK formulation. We could easily arrange
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an entire Part III course on any of these formulations. Here, we have to focus our energy and
opt for a more detailed discussion of the BSSNOK system for two main reasons. (i) Its close
relation to the ADM equations makes it comparatively simple to derive and (ii) it suitably
illustrates the type of modifications that facilitate improvements over the ADM system. We
start our derivation by recalling some useful relations.

Proposition: Let g,3 be the metric, with arbitrary signature, of an n dimensional manifold

with inverse g®?. Then the determinant g := det g, satisfies

99 dg
=gg*” — = — : G.29
By 997 ggap = ~99as (G.29)
It follows that

9g piv piv p

8049 - maag;w =499 aag;w =g gMVaOég - QQFua g (G30)

Proof. We recall that the inverse of a matrix a;; is given by first constructing the co-factor
matrix Cj;, crossing out row ¢ and column j in a;;, computing the determinant of the remnant
and then multiplying with (—1)". The adjunct C}; divided by deta;; gives us the inverse
matrix (a~1);;. On the other hand, we can compute a := det a;; by expanding in the ith row
using the corresponding co-factor matrices,

da !
aaik = Cm = (a_l)ki a. (G31)

a = det aij = Z CLZ']‘CZ']'
J
Applying this relation to the metric g,5 and bearing in mind its symmetry, we obtain

g 8 8
— gg @ = gga s G32
90 (G.32)

which is the first equation above. For the second equation we exchange metric and inverse
metric which gives us

dgt 1 9g  _, dg
Therefore,
0n9 = 2200 = 0" On = D9 G.34
ad = ag,uzz =4gg ag,uzx =g g,uu ad ) ( 3 )

09
which also follows from ¢"”g,, = 4 = const. The final equality follows from the vanishing of
the covariant derivative of the metric,

Vaguu = aoeguu - angpu - F/y)agup =0

= 009 = 99" (Tabw + Tugun) = 29T - (G-35)

Note that theses results apply in analogy to the spatial metric v;;. O
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Def. : The BSSNOK variables are defined in terms of the ADM variables by'?

X = 7_1/3 ) K = menKmna
~ vy L g
Yij = XVij < Y=
X
A 1 L (A + 25
ij = X (Ki' - g’}’in) < Ky = ; ij + g%’jK 5
I = et (G.36)

Note that these definitions imply two algebraic and one differential constraints,

=1, A™Apn=0, @G =T"—3"T =0. (G.37)

In words, we apply a conformal decomposition to the spatial metric such that the conformal
metric has unit determinant, we split the extrinsic curvature into trace and traceless part and
apply the same conformal transformation to the latter. Finally, we promote the contracted
Christoffel symbols to the status of free variables. Two key benefits arise from this rearrange-
ment of the degrees of freedom. First, we have isolated much of the spacetime curvature inside
the two variables y and K rather than all twelve components of the metric and extrinsic cur-
vature. Second, one can show that introducing the I as evolution variables eliminates most
second derivatives from the Ricci tensor, leaving only the spatial part of the wave operator,
A" 0mO0n7ij; see Eq. (G.76) below. Given the well-posedness of the wave equation, this is re-
garded a key ingredient of the BSSNOK formulation. We start our derivation of the BSSNOK
equations with some auxiliary relations.

Lemma : The Christoffel symbols associated with the physical metric ;; and the confor-
mal metric 7;; are related by

A . .
== 2 <5lkan +0'0kXx — jnY 6mx) . (G.38)

Proof. Using 7;; = x7i; and product rule, we get
ik = 57 (95Ykm + OkYmj — OmYjk)

1 _. 1 . 1 1 1
2 J J J D) JX J % J %

12Tn place of the variable y, some numerical relativity codes have used with comparable success the alternative
variables ¢ := —(Inx)/4 or W := \/X.
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i 1 % ) o aAm
= T — 2 (560 + 050k x — AjpA ™ OmX) - (G.39)

Lemma : A metric 7;; and its inverse are related by
@"ij = —’ij’Yknai’Ymn, O0iVik = —YimVenOiy™"
= 0uy* = =70 - (G.40)

These relations hold in complete analogy for the spacetime metric g,3 and the
conformal spatial metric 7;;. For the conformal metric, 7 = 1 implies

M= ™0 = — Ou¥™, (G.41)
N 1.
Proof.
0= 0,67k = Bi(V"™ Ymk) = V™ O Yok + Vi Oy ™ Xy or X

= 07" = ="M 0y

A Ok = — Yk i0y"™ . (G.43)

Contracting the first result over ¢ and [ gives us

Oyt = —dmih gy (G.44)
The contracted Christoffel symbol of the conformal metric is

i 1 ~mn i N N 5

FZ = 5’)/ Y ! (&n’Ynl + &mm — al’}/mn) . (G45)

Recalling that 4 = 1 and, hence,

we obtain B . .
M= ﬁmnfyllam’?nl - - mﬁ/mz . (G47)
This also proofs (G.42) since
1 1
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Proposition: The ADM equations (F.96)-(F.99) together with the definition of the variable
I in Eq. (G.36) result in the BSSNOK equation,

PR 2
H = R—A™A,,+ gK2 —2A —167p =0, (G.49)
2 ~mnTy A & mamX :
Mi = 0K =" Dndin + ZAT=5 4 815 =0, (G-50)
m 2 m 2
Ox = B"O0mx — gXamﬁ + gOéXK, (G.51)
~ o - = m 2. m A

M 1
0K = B"OmK — XV DpDpa+ a |A™ A, + §K2 —A+4n(S+p)|, (G.53)

~ ~ 2 - ~ -~
OtAij = ﬁmamAij aF 2Am(183)ﬁm — gA”@mﬁm aF OéKAij — QCIAimAmj

—|—X (O!Rij — DiDja — 87TSij)TF 9 (G54)
. . 9. ) 1 L
O = BT Ol = "0 + 008" + 5™ On0nf' + 27" 0m0uB" + 20T, AT
Ny 4 "N o |
24O — 20" K 3aA"”XX — 16ma5™j,, — oG, (G.55)

where in the last expression o is a parameter and G’ the auxiliary constraint from Eq. (G.37).

The derivation of these expressions is lengthy; we therefore mention some comments while
our memory is still fresh before we risk its erasure in the proof’s odyssey.

o The Hamiltonian and momentum constraints (G.49), (G.50) are not employed in the time
evolution, but merely serve as a diagnostic; if they are not satisfied with high precision
during the evolution, something has gone wrong. FEvolutions that do not employ the
constraints are commonly called free evolutions in contrast to constrained evolutions where
the constraints are actively used in the update of variables and thereby replace some of the
time evolution equations. All 3+1 evolutions we are aware of are free evolutions, since the
repeated solving of the constraints at every time step is computationally very expensive.

o The free parameter o in Eq. (G.55) needs to be positive to obtain stable evolutions; this
is most likely due to the fact that with o > 0, this term damps violations of the auxiliary
constraint G* whereas for ¢ < 0 such violations are enhanced. Alternatively to adding
the 0G* term, empirical studies have shown that stable evolutions can also be obtained by
replacing in Eq. (G.55) all occurrences of undifferentiated I with their definition in terms
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of the metric 7;; = ™" = ... [30].

« It has also been found empirically that the auxiliary constraints A™,, = 0 needs to be
enforced at regular intervals. This is easy to achieve by replacing

~ 1 ~

Note that algebraic constraints are much easier to enforce than differential constraints like
H. All codes we are aware of enforce Eq. (G.56) at each time step.

o The second auxiliary constraint det 4;; = 1, in contrast, does not appear to require manual
enforcement. Most codes we are aware of, have this optionally implemented, but there
have been no reports where this enforcement has been found necessary to cure instabilities.

Proof. (1) We begin with the Hamiltonian constraint (G.49). Using
mn mk . nl 2 xmk znl 1 A 1. A 1.

I 2 | S 1
= A™A,.+ gfyk’KAk, + 5%@ K? = A™A,,,+0+ §K2 . (G.57)

the ADM version (F.96) becomes
2 ~ ~
H=R+ K> — K, K™ -2\ —16mp =R + §K2 — A™ A, —2A — 167p. (G.58)

(2) For the momentum constraint (G.50), we define A;; = K;; — 37, K = Agjx~" which gives
us

V" Dy Ain =A™ (O Ain = Tl Ay — T, A )

1 A,
5o (800 + 800X — Fom ¥ ) =
X X

1 J‘L
+2<%&&&QM—%#%@ﬂ
X X

~mn

- 1 " 5 7
= ™Dy Ay + — (0 + A0 x — A"iOpx — 3Ai’“3k><)
2Xx
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AmImX (G.59)
X

N | W

It follows that
1 1
and therefore

[GVIN )

——

R ,
DiK —5™ D, Ay + §Aim—x Y 81ji=0. (G.61)
X
=0; K

(3) Next, we consider the evolution equation (G.51) for the conformal factor x. Using
Eq. (G.30) for the spatial metric 7;; together with chain rule and the definition of x
gives us

_ 1 — 1 — mn 1 mn
dyx = Oy 3 = -37 30y = -37 ™ Y, = = 3X7"" OiYmn (G.62)

and likewise for 9;y. We then multiply Eq. (F.98) with 4% and obtain

2= =2 Bm0,x +20,,8™ — 20K
X X
= Ox ="0nx — §X3m5 + gaxK. (G.63)

(4) The evolution equation (G.52) for 7;; also follows from Eq. (F.98). Chain rule gives us for
Yij = Vij/ X . .
_ ~ Vij
0vij = ;a%j - ?(%(,

so that Eq. (F.98) becomes

X A N i - 1/ 1.
Oy = B"OmVij + ;] (Orx — B"Omx) + Q%n(iaj)ﬂ - QQX; (Az‘j + 3%‘3‘K>
(G63) A ~ Yii {2 2 m - m -2
ma x x m 2 m A
= B"O0nVij + 29m0y) B — g%‘jamﬁ — 2aA;5. (G.64)

(5) For the trace of the extrinsic curvature, we will use the relations (G.40),

a’}/ij = —%m’ana’Ymn, 37” = _’Yim'}/jna’}/mn7
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which gives us
oK = at(’Yinij) = ’VijatKij—i-Kz’jat’Yij = ’YijatKij—Kiﬂim’anat’Ymn = ’VijatKij—Kijat%j .
Together with Egs. (F.98) and (F.99) we obtain

OK = 27870, Ky + 27V K™ — 7’ DiDja+ (R + K*22K™" K )

3 7] m m
~3al —8ra |5 - (5 - )] - KV [ﬁ Om¥ig + 2m a0y 20Ky

= B"y90,K; — K" (—%szamvkl) + a(R + K?) — 3aA + 47a(S — 3p)

—7'DiDjo+ 77 Kpi0i 8" + 37 Kyni 08" — K308 = K730

= B0, K + B"KijOmy? + (R + K?) — 3aA + 4ra(S — 3p) — Y™ D, D
= B"0nK + a(R+ K?) — 3aA + 4ra(S — 3p) — X3 Dy Dyar . (G.65)

Next, we subtract a times the Hamiltonian constraint (G.49),

H=TR+ sz —A™ A — 2\ — 167p,

which is zero. Note that this addition changes the principal part of the PDE system
and also also enables us to feed back any constraint violations (which are inevitable in a
numerical implementation) into the evolution of the variables. Done the “right” way, this
may damp constraint violations and also facilitate the propagation of constraint violating
modes off the computational domain. In practice, finding the right way often involves
some trial and error. For our equation we obtain

a 1

For the traceless extrinsic curvature,

. 1.
Aij = xKij — g%‘jK, (G.67)
we note that for a derivative operator 0,
~ 1 1
04y = KijOx + x9Kyj — SK9%; — 50K . (G.68)

Applying this for the time derivative, we can insert using Eq. (G.51) for d;x, Eq. (F.99)
for 0,K;; and Eq. (G.52) for 0,7;;. For 0,K, however, it turns out more convenient to use
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the intermediate result (G.65) without subtraction of the Hamiltonian constraint. The
rest is lengthy but straightforward algebra leading to

- 2 2

1 B B m 2. m ~
—gK {5mam%'j + 2’Ym(iaj)5 - g%’jamﬂ - 204142’3'}

1
—5%i {BmamK — XF™" DDyt + a [R + K230 + 47 (S — 3,0)] }

1 - 1. m [ 2 2 .
= p” {Kijamx + XOm Kij — gKam%'j - 3%‘jamK} + O3 {_BXKij + 9K%j}

1. ~mn 1
—X {DiDjC‘é — 377 DmDna} +a {XRij - 3%‘9'73}

1 1
+2x {Km(iaj) — 3K’ym(i8j)}6m + 4o {_251']‘ +7i;(S —p) — gfyij(S — 3p)}

2 2 . 1
—f-gOéXKKZ] + XOZKKU‘ — 2XaKimej + gKOéAij — g’%j()éKQ
m 7 2 1 m TF TF A m
2 5 w2 « 1. 9
+4Tya <_2Sij + gvz-jS + 0) + gOCXKKij = 2axKim K™ + gOéKAz‘j - g%‘jaK ,
:ZXZ']'
where ‘TF’ denotes the tracefree part. The last four terms simplify to
5 ~ 1 . 1 < 1 2 . 1
Xij = gO[K (AZJ + 3’%3K> — 2« (Azm + 3’7me> <Am] + 35m]K> + gaKAij — g’%jOzKQ
5 ~ 5 o 4 - 2 2 -1

= OéKAZ'j — QOéAimAmj s
so that

y _ 9 .
O Aij = ["O0nAi + 2A,,:05H™ — gAz'j@mﬁm +x [aRy — DiDja — 878]'"
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(7) The evolution equation for I is the lengthiest derivation and requires the auxiliary re-
lations (G.40), (G.41) as well as 0/ = ™0 Amn = 0. Our strategy is to start with
(G.A41),

fﬂi _ ’Nymnf?uamf?nl
= Ol = 70,3 0A™ + A" O Ari O+ A0,y () (G.70)
= O = =7"0nTu 7™ 5" 0k — 7" Om 7T O
~mnz=i ~ ~ 2 ~ A
+ 3™ 0, | B Okt + 271(n O B* — g’YnlakBk —2aAy|,  (G.71)

where in the last line, we have substituted for 9;7%,, using the evolution equation (G.52).
We will likewise substitute for the other time derivatives of the metric. Note, however,
that Eq. (G.70) also holds for spatial derivatives 0y and we will use the reverse relation to
reconstruct 9T terms from the spatial derivatives of the metric. In this process, we will
mark terms by underlining in different styles to better follow how they are combined or
cancel. We then obtain

™ ~1 ~ ~mjan [ ra x x T 2~ T i
O = =310 T ™3™ | B0 + 230300 8 = S 780,5" — 20 A

~mn T P i ra 5 r 2 r i

#775| 300(013) + O30

~mn il

+7"y [M + YinOmOB" + O 0p 8" + :Yklamanﬁk‘|

+207" 0 Ap AT + 205 ™ O At AT — 275 | Ay Oy + A A
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7007 300 0,8" T 008" — T35 038” + 177 O Q8" + 773 010

Omar

_ak:ymi mﬁk + 20 [iZlamﬁnlAmn + ,_~ymn m;ynlAil . Azm . . ,?mn,?zlamgnl

~ . 2 ~ . ]"‘"L ~mn 7 - i i ~il ~ kn ~ _ -
BP0+ Z0n 8" + IO+ 00,5 — T OB — A5 O ion 036
A O AT Gk 038" + A O VDB + 7 O a0 B — 24 Oy
—2a0 {:Ymn:}/llamgnl _ :yzlam:ynlﬁmn o ;Vnn m%zz‘iil}

. 2. 1 . . . ~.
B"OnT" + grlamﬁm + gf?zm&m@nﬁ” + "0 0, 8" — T 0, 8" — 2A™ 0

_&m]’:}/ilam:nnajﬁn_i/mn:yij amﬁ/nlajﬁl + ;ymn:yzlam:yknalﬁk + &mnﬁ/llamﬁ/klanﬁk

The last line can be written as a covariant derivative (here we need ™" 0, = 0),

DmAnl = amfinl - ﬁ;m"zlﬂ - ﬁ?mAnT

=

_ 1. . L 1, 3 L

~ily A ~mn i A ]'~mn ~ ~ ~ A ki
nW leAnl =77 lamAnl — =7 (an’)/mk + am’)/kn - ak’Ynm>Ak

2

A (O mk + OmAkt — OkFim) A™*

N | —

~mn i A ~mn ~ A ki 1~'i ~ Am
=77 lamAnl -7 m’VnkAk +0— 57 l(al'Ymk)A k

1

= 3510, Ay — A Ak AR — Eﬁil(aﬂmk — Okt — aﬁlm)z‘lmk — A0, A AT

= 375" Om Ans — 7" O Ank AT = 7O AT = A Dy Ay — T, AT

The left-hand side equals the terms in brackets on the last line of Eq. (G.72) which we
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can therefore substitute,
~. ~. 2. 1 . . ~ , -
ore = pgmo,,I+ gl“l@mﬁm + §’y’m8m8nﬁn + "0 0, 8" — IO, 8" — 2A"™ 0,

—2a5™ 3" D, Ay + 2al A™™ (G.73)

For the final version, we use the momentum constraint (G.50) in the form,
. _ 9 3.0, .
Famn D, Ay = g”l&K + §AZW—X + 81" (G.74)
X

and subtract ¢G*, so that

- - 2. 1 . . -
Tt = [T, —T™0,0" + grlamﬁm + gfy’mﬁm@nﬁ” + A" OO0 8" + 20T, AT
y 4 o - |
—2A" 0o — ga’y”(()lK - 304A””XX — 167y iy — 0G". (G.75)
[

We are not quite done yet; the BSSNOK equations (G.49)-(G.55) contain some auxiliary ex-
pressions that we still need to express appropriately in terms of the fundamental variables.

Proposition: The spatial Riemann tensor and second derivative of the lapse function are
given by
D, 1~mn ~ ~ rm rm ~mnpk ~mny r
Rij = =57 0m0n%ij + JmOpl™ + T Tijym + 75 ThThin + 27TV iyin »
X 1 =N~ ~ ~mnD 1 X Amn
Rij = % (D:iDjx + %7 Dm Dnx) — v (0ix;x + 377" OmXOnX)
o 1 1 ~  ~mn
DiDjOé = DiDjOé T ga(zaﬁj)x — E’%J’Y 8mxan04 o (G77)

Proof. We start with the Ricci tensor. Writing Eq. (G.38) in the form

1

M —pe — fi ith A
k ik ik w1 ik 2x

; (6°405x + 30X = A" O
and recalling that T = 0 by Eq. (G.42), we can write

Rij = RMimj = Onlij — O, + T30 — Tl

J'im ij nm mm' nj
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OnlT) = O f 17— O3 = POy F2 s = Pl F P 4 T 0 = 3, 0

menj nj
= Ry + R, (G.78)
with
Rij = Olf —T7. T (G.79)
RS = —Omfl — Oifi — T frm o frfm + o T T o — o fm (G.80)

The conformal Ricci tensor is a good deal harder to rewrite than the two innocent terms might
suggest. Recalling Eq. (G.41), we write

”?miaj ﬁm = Wmiaj (/S/ms;yklakﬁ/ls)
Y VO™ O s + 057" Ok + M 0; 00 s
= 060 mi = i L™ = AV O™ Ot — O O (G.81)

Defining the Christoffel symbols of the first kind by

. N R ~ R
Fonig = Fmnlj = 5 (0 jm + Oimi — OmVis) (G.82)
we obtain
~km T 1. m ~ ~ ~ rmr
= ATy + §’Yk (—OkOmAij + Ok0jmi + OkOiVm) — Tl
(G.81) N 1._ 5 1. ~ | B 5 1. 5
= O Tij — §7kmakam%j + 5 Imidi T = §7mw“3ﬂmsams -5 A O A
1~ rm 1~ ~klag~msg ~ 1 ~kl ~ ~mn ~ ki T
+§7mjair = 3 Tmi7 O™ O s — 5&-7 g — 7"V Toik Nimg (G.83)
Next, we use
~ ~Ms 9 ~klzmnzsrg ~ ~ ~mn 9 x ~kry (GA40)
— AMOA AL = AMAAT O e s = A Oifnr (—ORA) T = AT Oy
so that
~ 1 m 1 ~mnpr g ~ 1 ~klg ~
Rij = _57 akamf)/z] =+ ’Ym a r + ak7 rmzy + 27mz/7 r 8j7m“ - §aj7 aIsf}/lz
1~ ~MNTT 9 ~ 1 ~kla ~ ~mn ~ klT '
+§7mﬂ I 0iYnr — 5@'7 i — ™" ik Nimy - (G.84)
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We now notice that

- 1 1

lijym = 1 (8j’~Ymi + O ij j?@%@f?@?@j + am’?ji—aj:ﬁm> = iam:h'j , (G.85)
~km T ~m1 ~ ~ ~
h" Fmij = =T B (=O0m%ij + OV jm + 0Vmi) (G.86)
which gives us
») 1~km N 5 rm 1~m 5 1~m 5 1~m 5 1~7" N
e T e M A L e L
=2M(i5)m
L0508 + 2o, — ~0AM 0 — A P T (C.87)
2 i Ok w 9 i Okl Y Tniklimg .

From Eq. (G.85), we conclude

]N—‘lmj + I’:‘mlj = jﬁ/lm

= A" ilimg = 3" Tk (Tt — 0im) = ATy + Tand 7™, (G.88)
so that

D, 1. m ~ ~ rm |, mr L, . ~ 1, ~ ~klrm T I ~n
Rij = —57’? OnOmFij +AmOpT™ +T r(ij)m—§3j7k13k71i—§ A AL + AT s + Tk 07 .

The 1st, 3rd and 4th term from the back still need some manipulation. We achieve this by
considering

—_

~mn z kr

f?mnr‘i—nﬁjkn = =07 (8m:)/ir + az’?rm - ar:ymz) (ak’?n] + anﬁ/jk - ajﬁ/kn)

—

= 7;5/mn,~ykr (ar;?mzaj;)//kn_ar;?mzak;?n]_ar’?mzan;?jk - am;?waj;?kn + am:ﬁrakﬁ/n]

W

= 2’~Ymn]:fn(zﬁ])kn = =7 ;? (87’5/mzaj;>//kn_am;yzra];?kn_alyyrmaz;?kn + %&c% + 8'L;?rman5/jk

where both the dashed and dotted pairs cancel while the other pairs contain duplicate terms
and thus lead to factors of 2. We compare this with
1 1

Tin 07" — 3 A O — 5@'7“@%



G WELL-POSEDNESS, STRONG HYPERBOLICITY AND BSSNOK 118

1 oy Y g ~Nr x kS ~ 1~7«~s ~ ~ 1~T~S - -
= _5(@__]%:77, +ak’7m' - anrsz )7 ’yk aj'%"s + ivk ’Yl 8j%$8wil + m

—0
= 25""TE Tiin (G.89)

where in the second line, we have marked the terms with the same linestyles as the non-vanishing
pairs in the previous result. This allows us to replace the 1st, 3rd and 4th term in the above
result for R,;;,

Rij = _§~kmakamfyij + @™ + T iym + AT 23T T jien (G.90)
::Ymnflfmfkjn
Note that second derivatives of the metric 4;; now appear only in the first term and in the form

of the spatial part of the wave operator. This rearrangement of second derivatives through

the introduction of the auxiliary variable I is an important ingredient for the success of the
BSSNOK formulation.
Next, we consider the x contribution to the Ricci tensor. We start with Eq. (G.80),

RY = =05+ 0L = Pl il + Pl P =

m’ nj njo
7 1 1 7 ~im
= o (005 + 8"30kX — V7™ OmX)

1 30;x
= fi = 2y SO = §J7‘

Plugging the f terms into R} gives a lengthy but straightforward expression,

8X _]:néanX
X 92 x

1 ~ ~mn
RS = —0n {QX (6™0ix + 0™i05x — Yy nX)} + 59 {

3 OnXx i
2 x 2><

X (5n i0; iX + 0" an 71]'77””8 ) <5nmazX + 5nzamX - %m'?NkakX) ]’:‘nmj

+F?m2 (6™ j0x + 0™ 0D5X = Ang " DX

_479(2 ((5nm8iX + 0" 0mXx — f?im'?”kak)() (5m OpX + 0™ an — :Ynj:)/mlalx>

i — . . JR— . . ~A,~mn ~AA S mn ~.A~mn
(] (] m
2X J JA D Emg b ErA b iy Em e YmA L g o A

anaiX+aiXan - ~mn8m><8n><+38 Oix 309;x0ix 3z, 00X
2x? 22 9T g 2 x 2 x* 29y
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3 ]- - m m
+-—5 { 9iXOix+0iXO;x—Tij 7" " OmXOnX ¢ + 5= Fm OiX + 5T 0mx — Bim Y™ Ok
4X ............................. 2 22‘ J 2X

m 2X

1
Afma N R -
2y U

_ddxg 113 LB 0 g o (1)
X { 2 24“2}+ X2 {2+2 23 4}+X7ﬂ 2

L 1
+?7ij7 mX nX{_2 -

3 1 1 1
n o 8m~i'~mnan ~i_am~mn n
4+2}+2X Yis Y x+2X% Y OnX

1- 3 1 1 L (o cuem ki
X

2 2 2 2y
2i0;x  Oix0;x 1~ N 3 i OmXOnX | OkX (o - mk | ~ o ~mk
2x e oy YT Ty (927" + 3007
—ifmax—i(ﬁﬁw+ﬁ-wﬂax (G.91)
2X ij Ym 2X inj jim kX - :

The terms underlined in the last expression simplify according to

— amk o~ o oamk Ll - - N\ank L m
O Yy V™" + Vg Oy k_g i + 0 Yin =0 ) 7™ Q(szln]+.aﬁ?73?m%)7 *

— %J@mf?mk (G.92)
so that

—1 ~ ~mn 1 rm ~ ~mn ~ ~m
Ry = 2 (9ix0jx + 397" OmxOnX) + ﬂ(aian = T 0mX 717" OmOn X + VijOmY kakX) -

:DiDjX

Again, we have underlined terms which we can simplify, this time writing the trace of the
second covariant derivative of y as

L. ~mnpy T _ L. ~mn il
a%‘ﬂ Dy Dpx = a%ﬂ (amanx_rnmalx)

1 1
X 2 N——

—0

L. ~mn X Amnz ~ Lo ~mn = ~m
= o (5 ™ OmOnx — A" T O kO] = a[%’ﬂ OO X + 3ijOm 7™ Oix

2x
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which gives the final version

-1

U, 1/~ = R
szj = 42 (DixO5x + 3957 I XOnX) + 7(DiDjX + VijY DmDnX> .

2x

That leaves us with the second covariant derivative of the lapse which, fortunately, is much
easier. We merely need Eq. (G.38) for the Christoffel symbols, whence

~ R 1
DiDjo = 09;0;a —Th0na = D;Dja + b (0™;0;x + 0™ ;0ix — Vi7" OnX) Omex
L~ 1
= DiDjCY + E (@ocﬁjx + 69-0480( — ’yw’ym"@nxama)
L~ 1 1. .
= DiDja + ;(‘%oﬁj)x — —%ﬂmnﬁmxﬁna . (G93)

2x
O

With the BSSNOK system, we now have a viable set of PDEs that enables us to evolve the
Einstein equations in time. But there remain two ingredients for a time evolution that we still
need to address, initial data and how to specify the gauge variables o and 3¢ which, we recall,
are not determined by the Einstein equations.
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H Gauge and initial data

H.1 Initial data

As with so many other topic of our notes, we could again devote an entire lecture course to
the construction of initial data. For the sake of brevity, our discussion will focus on the basic
methodology and discuss the arguably most important case of black-hole binaries. Readers can
find more details in Cook’s Living Review article [12].

The calculation of initial data faces two main challenges, (i) solving the constraint equations
and (ii) obtaining data that represent a snapshot of the physical system under consideration.
For analytically known spacetimes, such as Schwarzschild or Kerr, obtaining initial data is
straightforward. The evolution of these data also serves important purposes for code testing
and calibration, but the central goal of numerical relativity is the simulation of spacetimes that
cannot be modelled with analytical means. The calculation of initial data for such spacetimes
often also involves numerical methods, but are still aided by analytic solutions which can be
used to construct initial guesses for the elliptic solvers.

The constraint equations we aim to solve are the Hamiltonian and momentum constraints
(F.96) and (F.97) which we repeat here for convenience,

H = R+K*— K, K™ — 2\ — 167p,
M; = DK —D,K"+8rj;=0 & M =D,("K—-Km")+8rj'=0.

In a sense that we will make clearer below, one often interprets the Hamiltonian constraint as
one constraint on the spatial metric -;; and the momentum constraints as three constraints on
the extrinsic curvature K;;, leaving us with 5 independent components ~;; and 3 K;;. Given
that GR has 2 degrees of freedom, we would only expect 2 independent components each
for v;; and K;;. This discrepancy is explained by the coordinate freedom of GR; lapse a
and shift 3" determine how coordinates evolve in time, but we still have freedom in choosing
the initial coordinates. Indeed, the spatial metric v;; is fully covariant in the three spatial
dimensions, so that we have three spatial coordinates to specify on the initial hypersurface.
Likewise, we determine the embedding of the initial hypersurface through specification of the
time coordinate. Taking these into account, we end up with the expected two physical degrees

of freedom for v;; and Kj;.

H.1.1 Conformal transformations

The central goal of this section is to formulate the constraints as an elliptic system of PDEs
suitable for numerical algorithms. As it turns out, this is most conveniently achieved in terms
of a conformal transformation similar, but not identical, to that we have encountered in our
discussion of the BSSNOK formulation in Sec. G.3. In preparation for this calculation, we
recapitulate the changes of the main curvature variables under conformal transformation.
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Def. : Let M be an n-dimensional manifold with metric v. A conformal transformation of
the metric is given by the multiplication with a scalar function,

Vi =y & = e (H.1)

Note that in this subsection, ¢ and j run from 1 to n as we are discussing conformal trans-
formations of metrics in n dimensions. Furthermore, we do not impose any condition on det 7;;
here, unlike we did for the conformal metric in the BSSNOK formulation.

Proposition: The Christoffel symbols and curvature tensors associated with the two metrics
Yij = €*?7;; in n dimensions are related by

w = T~ (5ijak90 +8"%0jp = V7™ Ongp ) (H.2)
=k7m
R = Rijn + YieXg — YaXgn + Vi Xk — Vs X (H.3)

. ~ T~ 1— ~mn
with X = Xj; = D;Dip + 0,00, — 5%‘1(7 OmP0n )
1_ ~mn
= Dlegp = (9350(9190 == 5’}’31(7 mgoﬁngo)

= Rij + (n — 2)(D:Djip — 0:00;60) + V7™ | D Dnp + (1 — 2)0mpOntp] .

(H.4)
R = ¢ {7_2 + (n—1)3m™" [2Dml_)n<p —(n— 2)8m<,08n90”
= R+ (n—1)y" [2DpDpp + (n — 2)0mp0ny] . (H.5)
Proof. (1) We start with the Christoffel symbols,
My = §Vzm (05Ykm + Ok Ymj — OmYVik)

_ 1 2p =im = —2 = -2 S o2
L 3 ) 0 ) ()
= 0 — (04050 + 83000 — V7" Omip) (H.6)

(2) The relation for the Riemann tensor is good deal harder to obtain. Writing

o= 050+ 80,0 — Y " Ome = Th=T0— [, (H.7)

J
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AN i1

= 0'j0k0p + 8104050 — Y7 OuOmp — kA7 " Omp — YO " Omep

{5mj8190 + (SmlanD - ’_}/jl’_)/mn n@}{ézmak(p + (Szkam(p — "_ymkﬁ/” r@} .

the Riemann tensor becomes

i
R jr

Oy — O + T — T
Rijit = Ol + 0Ll = T o — F5iT s + + L5 = Sk i

R ju—08'50401p—0"10,0;0 + %577?@%0 + Ok " Omp + @Aaﬂf"f?w

~ k(870 + 0™1050 =47 Onp) + Tyt (07 0kp + ™ kDo = 77" On'p)

+{(56,- 010010 + 014050010 — Fin BrpBrp + 610,00k 0 + 610,000
A" D100, 0 =37 " pOnsp — AT DnpOmp+ A7 Dnsprip }
—{(,sf.,.z')k,ﬁ;z'),p + 61,0;00kp — A7 T OOk + 011050010 + 641000k
YY" 0500, 0=k " OrpOhnp — 0 1YY ™" On @O + ”7.7%”7”@9937’99}
—0(0k0yp — TT30mp) + 6"k (01050 — T510mp) + F317™ OsOmep

1_" _ _ — — —mn = Ar=ms9 =
+57 (O Tir + Oran — Ok ) Tt7™" Onip = T3 7™ O YrsOomsp

~ . ~im 1 ~ir = = = = . ~mn = SIrzmsAq 5
7" 0 p = 57 (OnTor + T = O ) 7" Onie + 7" OOt

—T0up—T 13,050 + Tk + Tiu0i0 — AinA" 0rpOrp + 0'k0; 0010 — 8" k757 ™" OnpOmip
—i—ﬁjﬁ"&agoﬁkgo — 5i13j<pakcp + 5iﬁ’jﬂmnan908m80 + ﬁfijkl

i B i B 7 R 1_ _ _ _
—0"1 Dy Djp + 6" DD + ¥y OpOmip — 2%17 Ay ( — OmVier + OkYrm + 3r7mk>anso



H GAUGE AND INITIAL DATA 124

= Riue™ =

Finally,
D

=  ~im 1_ ~ir = mn ~ ~ ~ ~imA9 =
—Yik V" O10mp + SR ( — O Vir + OYem + 3r7mz)an90 + 7" Ok Yj10mp

—im o — — —in 1 —mr = Y Y
~7" 01 0mp + Tk 57 (= 05 + 05 + 0305 ) Oup

—’_sz’_Ymi’_YW( — 0k + 0 Yr + ak’_Yrj)anW — kY OrpOyp + 8'1.0; 001

— 8"k Y " O pOnp + VitV OrpOktp — 6"10;00kp + 8 1YY" OnOmep + ﬁijkl
6Dy Djp + 61 DiD;jp + Vi1V " 0k0mp — Vi1V T Onp — VitV " 010 + VitV TieOntp

o I T S S S S S
+7 n90{3wjl—5ﬂjk—§3wjl + §aj'7lk + 5@%;‘ + 5317]%; — 533'%1—5@;%3’}

—3i1 7" OmpOrp + 01050010 + Y17 " OO — 0"10;00k 0 — 8 k777 ™" O POntp
0™ OnpOmp + R i

—%uDiDjp + Vi DiDj + Y16, Dy Do — Y;jx0;" Dy Dy

—Yik0ipO1p + Yir0;01p + V105 00kp — YOy pOkp

—YikVji (’_YmnamSOan@) + YaVjk (’_Ym"an@amsf?) + Rijki

—7i {DkDﬂP + Okp0jp — ;’ij (’an m%03n<P>]

+7ik [DszSO + O — ;%‘z (WmnamSOanSD)}

— BB 1 = ~mn
+71 [Dsz'sO + Opp0ip — 5 ik (7 m@anSO)]

= N N 1_ ~mn
—Yjk [DzDiSO + Oyp0sp — 5 i (7 5m¢5n80)]
Rijr + Y X — YaXjn + Y Xiw — YikXa

: N 7 ]'7 ~mn
with X = D; Dy + 00019 — it (7 &nso@nw) :

iDip = 0,000 —T}0np = 0,00 — T 0mep — [11Omep

= D;iDyp — O (0™1050 + 6™ ;010 — Yy Onp)
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= D;Dip — 20j0010 + Y7 OmpOntp (H.8)
so that
X1 = D;Dyp — 0;00,p + ;”_le’_ymnam@anSO (H.9)
(3) We write the Ricci tensor as
Rij = V" Ruinj = V" Rijui
= Ry + 7™ (YmnXij — YmjXim + Yij Xmn — YinXmj)
= Ry + (n—2)Xi5 + 57" X -
Using Xomn = Din Dy 4 0m©00n @ — Ymn(7°0,p050) /2, We obtain
7" Xonn = D™ Dynp + 2;”7””‘ PO,

and therefore

N T ]‘* —mn — = n_27mn
Rij = Rij+(n—2) [DiDjSO + 0;p0;p — i 8m903ns0} + Yij [D Dy — — 7 0

Rij+(n—2) (DiDjSO + 5i903j90) + 35 D™ Dinp — (= 2)757"™" OnpOnp -
In order to express the differences in terms of the original metric v;;, we use Eq. (H.8),

Rij = 7%- + (n — 2) (DiDj(p — 28i<p8j<p + "}/Z'j’}’mn mgoﬁngo + aigoﬁjgo)

+7i Y™ (D Dy — 2019009 + Ymn Y 0r0sp) —(n — 2)7i; 7™ OmpOnp

= Riy+(n—2) (Dingp — @go@jap) + i7" [DmDngo + (n — 2)(3mg0(9n4p} .
(H.10)
(4) The transformation of the Ricci scalar is obtained from

R = 7" Ry
e? {7@ + (n—2)D™ Dy + (0 — 2)7"™0pnpOp + nD™Dyip — n(n — 2)3™ mcpan@}
= & {R+(20—2)D" Dy — (n = 1)(n — 27" Iplup} (H.11)

Likewise, contracting Eq. (H.10) with v gives us
R = ¥R+ (n—2)D"Dyp — (n—2)7™0m0np + ny™ [DyDnip + (1 — 2)00n00, )

= ¥R +2(n—1)y"DpDpp + (n—2)(n — 1)y 0000 . (H.12)
[
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H.1.2 The York-Lichnerowicz conformal traceless split

It is customary in the initial data literature to write the conformal factor as 1* instead of the
exponential e?¥ we have used above and which enabled us to bypass some handling of tensor
densities in the derivation of the curvature tensors. The conversion to ¢? is straightforward,
though, now that we have obtained the conformal relations. It furthermore turns out convenient
to separate the trace from the extrinsic curvature and conformally rescale the traceless part.
The conformal decomposition of the spatial metric dates back to Lichnerowicz’s work [413]
whereas the split of the extrinsic curvature was developed some decades later by York [44, 45].
The variables thus obtained are summarized as follows.

Def. : The conformal traceless decomposition of the constraint equations employs the vari-

ables
Yij = V1 = ey < VI = opFH = 205 (H.13)
Kij = A + ;vin, (H.14)
Ay =v%A; & @ AT =y1049 (H.15)

Here ¢ is a free function. Note that we do not require det y;; = 1 at this point.

Note the different conformal factor in the rescaling of A;; compared to that used for the
BSSNOK variables in Eq. (G.36). The specific choice of ¢/~ leads to some convenient cancel-
lation of terms in our calculations; the factor =1 for A% follows from raising the indices with

7Y

Lemma: For the conformal transformation (H.13), the Christoffel symbols and Ricci
scalar transform according to

X _. 2 ; i —  —im
_ L —Ap 8 5D D H

Proof. Comparing the conformal transformations (H.1) and (H.13). we find

e 20 =t = p=—2Invy = Op = —2(2;/}

- . Dy 2 - - 2

D,.D,p=D,, | -2 =——D,D, — Op O .
= @ ( ¢ > ?ﬁ v+ o YOmtp
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Inserting these into Eq. (H.2), we obtain

r;‘k = ]:;"k - (5ijak90 +0',0j — %‘k?imamSO)

I 2 (] 7 ~ —im
= T+ ) (5 jOkY + 0" k0 — Yy 6m1/)) , (H.18)
and inserting them into Eq. (H.5) with n = 3, we get
-4 | ~mn 4= = 4 4
(G (G (G
_ —47 8 —mnD D 0
= R_$7 mDn) . (H.19)

Proposition: In terms of the conformal variables defined in Egs. (H.13)-(H.15) the con-
straint equations become

_ _ _ 9 _
H = 8y™D,,Dp1p — YR — §¢5K2 + YT A A™™ + 205 A + 16mp°p = 0 (H.20)

: -2 : .
M= DA™ = 2070, K — 879" = 0. )

Proof. With Eq. (H.17), the Hamiltonian constraint (F.96) becomes

_ 8 _
H=y 'R - Eﬁ”"DmDm + K% — Ky K™ — 2A — 167p = 0. (H.22)

The definitions (H.14) and (H.15) imply

1 1 1 2
KQ_KmnKmn — K2_<Amn + 3'7mnK> <Amn + 3,ymnK) — KQ—AmnAmn—gKQ — gKQ_AmnAmny
so that
_ _ 9
8™ D, Dpth — YR — P K2 + 4% A A™  +20°A + 16m)°p = 0. (H.23)
3 —_

:w—IQAmnAmn
The momentum constraint (F.97) can be written as

M’ =Dy, (Y™K = ™) + 875" =0.
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With the definition (H.14), we find

, . . 1 2 . . 2 . .
(H.24)

With the Christoffel symbols (H.16), the last term becomes
DmAmi - 0, (w—loflmi) + F;”mA%—lo + rz«mAmTl/’_lO

— 77Z)—loamjimi o 10Ami¢_118m77b + ]:Tm/_lri’l/)_lo + FimAmT@Z)_lo

2 ~ —mn AT 2 ) ) =~ =i Amr
o _ 2 - . _ _ _ .
= 10D, A — 10 LA™, 0 + o (A7 0p + BAT D) — A, + A1) + AT, — 0
_ wflol_)m[lmi.

The cancellation of the 0,,1 terms in the last step is the simplifying benefit of the choice of the
exponent 1~2 in the definition (H.15). The momentum constraint then becomes

) 2 . _ . 2 ) _ )
M = 0K — D AN 4 8w = ST MO, — D A 8

_ . 2 . .
= M' = DA™ — gw%maml( — 81yt = 0.
O

The key benefit of this reformulation of the constraints in terms of conformal variables arises
from the following result which we quote without proof.

Proposition: Let A% be a symmetric and traceles§ tensor. There then exists a transverse,
traceless symmetric tensor Q¥ (i.e. D,,,Q™ = 0 and Q™,, = 0) and a vector
field X? such that

. . . . _ _ 2 ..
AY = Qz] + (LX)ZJ — sz + DX+ DIX" — g’?meXm- (H25)

Note that (LX) is traceless by construction, (LX),,™ = 0.

We have named the symmetric traceless tensor A” here since we are interested in Eq. (H.25)
applied to our conformal traceless extrinsic curvature, but the decomposition works just the
same for any other symmetric traceless tensor S¥ and for any other metric g;;. Crucially,
Eq. (H.25) enables us to isolate the longitudinal part (LX)¥ and express it in terms of the
vector potential X*.
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Proposition: The constraint equations in the conformal traceless decomposition are

_ _ 92 -
H =8Y""D,, Db — YR — §¢5K2 + T A A™™ + 20°A + 167p°p =0,  (H.26)

—_

_ _ . . _ 2 . :
Mi=D"D, X'+ gD%Dme + R, X™ — gw%mlamf( — 8yt =0. (H.27)

Proof. The Hamiltonian constraint is the same as in Eq. (H.20), so we only need to consider
the momentum constraint (H.21). Inserting the right-hand side of Eq. (H.25) for A™, we get

— ) — . _ . — . _ — . _ . 2 .
DpA™ = DpQ™ + Dp(LX)™ = D,,(LX)™ = D, (DmXZ +DIX™ — 37““1)”)(")

— D,D"X' +5"D, Dy X" — gymDanXm. (H.28)
Next, we recall the Ricci identity, applied here for the conformal metric 7;;,
(DD, — Dy D) XF = RF i X
= DDy X" =DpDp X" + R"yin X' = Dy Dy X™ + Ry X!
= DA™ = DD 4 57D, D, X Rl X7
Substituting this expression in the momentum constraint (H.21) gives us
D™D, X" + ;ﬁi”DanXm + R X™ — §¢%miamK — 8!t = 0.
O

In the asymptotically flat vacuum case, p = j* = A = 0, we can summarize the benefit of
our rearrangement of the constraint equations as follows.

(1) We can freely specify

5 free functions for the conformal metric 7;;,
« 1 function for the mean curvature K,

o 2 free functions for the transverse traceless part Q% of the extrinsic curvature.
(2) We then solve

 the Hamiltonian constraint (H.26) for the conformal factor 1,
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o the momentum constraint (H.27) for the three components of the vector potential X*.

The benefit of this procedure is best illustrated with some examples. From this point on, we
assume asymptotic flatness and set A = 0.

Examples

(1) Spatial slices where K = 0 are often referred to as maximal slices since their three-
dimensional proper volume is maximized relative to other slices where K # 0. In this
case the constraints decouple and can be solved separately. More specifically, (H.27)
does not involve the conformal factor 1) and can therefore be solved on its own to
determine X°. Note that the momentum constraint is linear in X* which allows us to
superpose individual solutions to obtain new solutions. Once X' is determined, it is
inserted into the Hamiltonian constraint (H.26) which becomes a single PDE for the
conformal factor 1.

(2) In the case of vacuum (p = 0 = j*), time symmetry (K;; = 0) and conformal flatness,
ij = 0ij, the Hamiltonian constraint simplifies to

5™, Ot = 0, (H.29)

and the momentum constraint in its original form (F.97) vanishes completely. In that
case, we merely have to solve the flat-space Laplace equation for the conformal factor
which is solved, for example, by

=24, (H.30)

r

with r = /22 + y%2 + 22 and constants A, B € R. Strictly speaking, A% = —4ni(r),
which is the solution of a point charge. In the case of black holes, the Einstein equations
become irregular at the singularity and when we refer to black holes as vacuum solutions
of the Einstein equations we are implicitly excluding singularities. The point r = 0
we cut out from the domain for this purpose is commonly referred to as a puncture'®.
With appropriate rescaling of the coordinates, we can set A = %, B =1, so that

M
w:]-—i_ia
2r

which is initial data for a Schwarzschild black hole in isotropic coordinates,

ds* = — 1_% 2dt2+(1+M>4(d7’2+7"2d(92+7"281n29d¢2)
1+2—]\f 2r
1- 4 ’ 2 M ! 2 2 2
= — 2r 1 > . H.31
<1+J2\{> dt—l—(—l—Qr (dz” + dy* + dz7) (H.31)

131n this case, the point 7 = 0 is a coordinate singularity and actually represents an asymptotically flat spatial
infinity compressed into a single point.
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Of course, evolving these initial data in time will simply reproduce the analytically
known Schwarzschild solution which can be valuable for code testing but does not
provide us with new physical insight. The linear character of the Laplace equation
(H.29), however, allows us to superpose multiple solutions of the form (H.31) centered
at spatial points 1’21)7 :UZ@ etc. In this case, the conformal factor is given by

p=1+Y —

i=1

: (H.32)
2lr — )

which gives us initial data for n BHs with masses M), M), ... initially at rest at
locations (1), &2y etc. These data are known as Brill-Lindquist data [10] and are still
available in closed analytic form. For n > 1, however, the time evolution of these data
is not known analytically and can only be obtained using numerical simulations. For
the case n = 2, for example, Brill-Lindquist data represent two BHs some distance d
apart and initially at rest. Evolved in time, they will collide head-on, merge into one
single BH and emit GWs in the process. In fact, this emission of GW carries away
some energy from the binary, so that the final BH has a mass a bit below M) + M s

[47].

H.1.3 Bowen-York and puncture data

Brill-Lindquist data is still rather limited since it only gives us initial data for non-spinning
(Schwarzschild) BHs at rest. A slight generalization of our specified variables, however, turns
out to overcome these restrictions. We still consider vacuum and conformally flat initial data
but instead of requiring full time symmetry K;; = 0, only impose the vanishing of the mean
curvature K = 0 and the transverse part Q¥ = 0. But we allow for a non-zero longitudinal
traceless contribution

)
AV = D'XT 4 DIX' — 239 D, X (H.33)

to the extrinsic curvature. This case leads to the so-called Bowen-York data [18] for the traceless
extrinsic curvature and initial data for general BH binaries commonly referred to as puncture
data [19]. We will discuss this case in more detail in the remainder of this section. For the case
of Bowen-York data, i.e. 3;; = &;;, @Y = 0 and K = 0 in vacuum, the momentum constraint
(H.27) becomes

M= 0"0, X" + ;aiame = 0. (H.34)

Once again, we have a linear differential equation that allows us to superpose solutions. This
turns out particularly convenient for BH initial data since it not only allows us to superpose
multiple BHs but also different features of each BH. To see how this is achieved, we start with
solutions X* that carry angular momentum.
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Proposition: The momentum constraint equation (H.34) for Bowen-York data is solved by

X' = ejkr—;Jk, (H.35)

where €% is the totally antisymmetric Levi-Civita symbol (which equals the
Levi-Civita tensor since we have a flat conformal metric) and J; is a constant
vector.

Proof. Using 0;r = x;/r, we obtain

. ) Oim 3
O X' = EZJka (]3 — 5:L’jacm> (H.36)
T T

m mjk 5jm 3
; i 3 djmx 3 15 2%
i _ ik Jjml 1TjTm

N 00X = el l_rz; 5 (051 + Opu;) + o R ]
3

5 (

7

<

g 15
= Ewk]k |:— (5jm$l + 6jll'm + 5mlmj) + Tl‘jl‘ll‘m}

, y 15 . 15z ;
= 8’”8le = GijJk |:_T5 (Qij + T + 3%1) + 7177’2.Tj] = Ewak l:— TIL'] + 151‘]:| =0.

So both terms in the middle of Eq. (H.34) vanish individually. ]

The extrinsic curvature is readily computed for this vector potential. We start with Eq. (H.33)
where the last term vanishes by Eq. (H.37), so that

_y o L (H36) 5.7 3 , , 5.t 3 ,
AY = X'+ 00X (FL.36) ek J, ( — xnx1> + ek g, ( — xnxl>

SO SO

3T,

= —T—5Jk (emkxj + ej"kﬂ) (H.38)
S Ky o= Ayt aygK = YA, = _ 3y w*( R+ ”kx) (H.39)
iy 1J 371] — iy 7’5 k €; J E] i) - .

For asymptotically flat spacetimes, the total angular momentum of the spacetime can now be
computed from Eq. (8.83) of Ref. [21],

1 .’
J¥=—1lim ¢ (K;; — K %j)<¢m)z£7,2 sin #dfde, (H.40)
T

871' T—00 S'r'
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where S, is the sphere of radius r» and

¢w = _Zay + yaz ~ <¢m>l = (07 —Zz, y) ¢m = Emjkxjak
Py =—20,+20, < (¢y) = (20, —x) & = (dm)' = Gm(dz?) = €, 275,
¢z = _yax + xﬁy = ((ﬁz)Z = (_ya z, 0) = ((ﬁm)l = emjixj

(H.41)
Note that the integrand (K;; — Kv;;)(¢pm)'@? /r is a scalar'® and therefore can be evaluated in
Cartesian coordinates even though we use spherical polar coordinates for the integration over
the sphere. For the evaluation of this integrand, we need the product of two Levi-Civita tensors
which in three dimensions for a Riemannian metric is given by

k€™ = 8160 + 80+ 86 0™ — 6,10;,7 8™ — 606 — 8.6, 0k
= €™ = 38,70k 4 6,0 4 6,0k — 30,70, — 06 — 6,0 = 86" — 6,76
For asymptotically flat spacetimes

lim ¢ =1 = lim K;; = A;;, (H.42)

r—00 r—00

and together with the condition K = 0, we can write the integrand in Eq.(H.40) as
Aij(pm)'a? = Ajjen'a's’

3 "
= ——Jk[ xnx]emlxx +e] xnxzemlxx}

3 . ‘ 3
= _ﬁ(sms [EinkéSlxnxjxll’j Jk + 0} = - ﬁ {((5nm5kl - 5nl5km)$n$ljk]
_ 3 k l _ 3 xmxk k

Next, we use the freedom that we can always rotate our coordinate system such that J* points
in the 2 direction. With J* = (0, 0, J), we obtain

e rp ¥ = (x2J, y2J, 22J),  and 'z J™ = (0,0, r2). (H.44)

With these expressions, Eq. (H.40) returns J5° = J;° = 0 because the integrand is ~ z ~ cos ¢
which is odd across ¢ = 7. For the z component, on the other hand, we get

1 1
J7° = lim —j{ <3J — Ez J) rsin0dfd¢ = lim —]{ 3J(1 — cos? ) sinfdfde. (H.45)
73 S,

r—00 877 r r—oo 8
With
/ sin 0df = [—cosb]; = 2, (H.46)
0

4The coordinate x/ is not a proper vector, but the outgoing unit normal vector on the sphere z7 /7 is.
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u u 1 4 2 4
/ sin§(1 — cos®#)df = 2 — / cos’ 0 sinfdf = 2 + [COS?)Q} =2—=-=—,
0 0 3 0 3 3
we get J° = J, so the vector parameter J; in our vector potential (H.35) represents the

angular momentum. So Eq. (H.35) gives us an extrinsic curvature contribution with angular
momentum. We will now consider an alternative solution that gives us linear momentum.

Proposition: The momentum constraint equation (H.34) for Bowen-York data is also solved
by

. 1 g
Xt = <7PZ ”’“Pk> : (H.47)

4y 72

where P? is a constant vector.

Proof. We again consider Eq. (H.34) and compute

, 7 1 2tz 7T x Ry AR 16%,x, + 20
o, X' = 7p27 O _,7pk — _ _pizm T okemopk 7 mek T TRm pk
4r2° + l 4 3 ] 4r2-  r 4rd 4 r3
_ Zpixﬂ 32T LT pE_ 8L Pk + 2P,
4 73 45 4r3
7 3kak 3z, P* + 2™P,, 32, P™
= 0,X™" = me — = — H.49
4 7"3 4r3 4r3 2 73 ( )
, 7 Omi Ty 3 00Tk, x0T TTRdm T T
A 00,X = -P |23 -P -5
: 4 [ r3 1 + 4 rd 7o rd r?
_} 6im5klPk _ 35Zm$kpkl'l i 511Pm _ 3{L‘iPmCL’l
4 3 5 r3 o
, 7 3 1 3 et rlrr 3xtag iy,
= 99, X' — ‘pi [ 3 ] +2ph _5
4 [r3 4 o * P * o o
1 [P e, PE Pl i, P™ 1 3xia:kPk Pt
4|73 o r3 o ) 7o r3
: 8 T X 3 [P ', P™
A 00, X" = —Pm -3z = — |—-—3—"™"
2 [ r3 rd ] 2 [7‘3 7o ]
= 00, X"+ galﬁme = 0. (H.50)

(H.48)
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The extrinsic curvature for this vector potential is given by

(Hag) T Ty 3TETHTE _ b Pk +x Py 3 T §x(i$j)kak B b PF

9, x, =29 Lp. T | 2Ttk p — 2p,D
J 4 0y + 45 43 9 3 + 4 7D 43
(H.49) 3x,, P™
O xm 22
2 73

oA, - 3Pz +x, b n 3 xix;ay, ph_ léijkak Y

2 73 2 b 2 73 4T Y3

Xyl
r2

3
= — H$j+Iin+<

973 — 61]) l’um:| (H51)

The total linear momentum of the spacetime can be computed from Eq. (8.78) of Ref. [21],

1 k
PiADM — — lim (K, — K%k)m—r2 sinfdfde . (H.52)
T

8 r—oo Jg,

Using again K = 0 and asymptotic flatness with 1) — 1 at infinity, we have K, — Ky, = Ay
and can write the integrand of Eq. (H.52) as

_ 3 A S
Ayt = — [TQPZ + 2P + (2 — :E’)a:um] =

3
5,3 —P*(r?6y, + x;13,) - (H.53)

2r3
Let us again rotate our coordinate system such that P* points in the z direction, P* = (0, 0, P),

so that
p oF

/ka = 23 (wz, Yz, r? + 22) .

As before, integrands ~ z ~ cosf in Eq. (H.52) result in vanishing integrals since cos is odd

across ¢ = 7, so that P, = P, = 0, whereas

1 P
PAPM — — iy 32(1 + cos?0) sin @ df d¢ .

& r—oo S

With our above result (H.46), we find

T 2 8
/ sin8(1+00529)d9 =24 =_
0 3 3
and , o5
PAM = —or=ip=p, (H.54)
8t 32

so that the parameter vector P* denotes the linear momentum. Does it also contribute to the
total angular momentum? To see why it does not, we use Eqs. (H.53) and (H.41) to compute

_ o 3 . 3
Aij(pm)' ! = ﬁpk(ﬂ(sik + g )em' v = ZszMlPk-
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For P* = (0, 0, P), this gives us

- . . 3P
Ai' m = — y Ty )
J(Gw)e = 2y, 2. 0)
which, inserted into Eq. (H.40), gives us
JX = le ]f Au(pm)iz* rsindf de = 0, (H.55)
7T T oo

since 7™ cos ¢dg = [ sin pde = 0.
Likewise, the extrinsic curvature contribution (H.38) to the angular momentum,

_ 3 n - ; 3 n
Aij = _iJk (61 x; + ‘fjnk%‘) = Ajjr? = — - J’f G (H.56)
7o

has zero linear momentum. We see that by again rotating the coordinate system such that

JF = (0,0, J), so that
- 3
Ayjr? = ——(y, —, 0),

r
which, inserted into Eq. (H.52) gives us

PAPM — lim % AyxFrsinfdde = 0,

871- r—00

since again [ cos ¢dp = [ sin ¢d¢ = 0.

Let us summarize our findings so far.

o For 7;; = d;;, K = 0 and QY = 0, the momentum constraint reduces to the linear
differential equation (H.34) for the vector potential.

o This equation has the solutions (H.35) and (H.47) that contribute angular momentum J*
and linear momentum P*, respectively.

o We can superpose these solutions in two ways, (i) to construct combinations of (H.35)
and (H.47) that carry angular and linear momentum and (ii) to add such combinations
centered at different points, say x% and x%. These solutions will ultimately give us initial
data for multiple BHs with spin and boost!'® .

The Bowen-York solutions (H.35) and (H.47) give us analytic solutions to the momentum
constraints, but we still have to compute the conformal factor ¢ from the Hamiltonian constraint
(H.26)

H =89"0pth + 1 T App A™ .

1>The extrinsic curvature A;; derived in the original Bowen & York paper [18] contains some extra terms
which merely ensure isometry under reflection across a sphere, but do not change the momenta. These terms
were regarded as beneficial for solving the Hamiltonian constraint at the time, but turn out to be not necessary
in more recent methods to solve the Hamiltonian constraint, so that we can safely ignore them.
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Solving this highly non-linear PDE is no longer possible through analytic means, but we can
still simplify the numerical process considerably by exploiting the fact that we already know
the solution for the special case A,,, = 0, the Brill-Lindquist conformal factor (H.32),

¢BL=1+Z#

20—’

where M(;) were free parameters determining the mass of the i*" BH. We now make the Ansatz

Y = ypL + u, (H.57)

where u is the function we need to solve for and gy, satisfies the Laplace equation 0™ 0,1y, = 0.
On the domain R\ {0}, we therefore obtain

88m8mu + (wBL -+ U)77Amn[lmn =0

A AT u \"
= IMOnu+ —— 1+) =0. H.58
8L, < VBL (H.58)
For asymptotic flatness, we impose the boundary condition u = 1+ O(r~1) as r — co. Brandt
& Briigmann [19] have shown that there then exist unique solutions u to Eq. (H.58) that are

regular on all R3. The regularity of the function u implies in particular that near the puncture
locations 7(;), the Brill-Lindquist contribution vg;, dominates the conformal factor, so that the
BH character of the solutions is preserved. Superposing the Bowen-York solutions for multiple
BHs centered at z, x%, ... the data represent a snapshot of a spacetime containing n BHs with
spin and boost given by the parameters J; and P(;. These solutions are commonly known
as puncture data and are the most common type of initial data used for BH binary simulation.
Highly efficient elliptic solvers have been developed for the calculation of ¢ from Eq. (H.58),
most notably Ansorg’s spectral solver [50] which has been ported to many codes in the form of
the TwoPunctures module; see e.g. [71].

We conclude our discussion of initial data with some comments on the limitations of punc-
ture data and ongoing approaches to circumvent these.

o The conformal transverse traceless decomposition leading to the constraint equations
(H.26) and (H.27) is not the only way to apply a conformal rearrangement of the con-
straint equations. The most popular alternatives are the physical transverse traceless split
and the conformal thin sandwich method; more details about these can be found in the
reviews [12, 21].

o Puncture data typically contain some other “stuff” besides the n BHs located at the
punctures. This feature arises from the conformal flatness approximation. In particular, it
has been shown that the Kerr spacetime does not admit conformally flat spatial slices [52].
Bowen-York puncture data for a single spinning BH can therefore not represent an initial
snapshot of a quiescent rotating BH. Instead, it contains some additional field contributions
which in practice manifest themselves as a brief burst of unphysical gravitational radiation,
colloquially referred to as junk radiation.
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o Whereas the junk radiation is only a relatively minor inconvenience for BHs with mild to
moderate spin and/or boost and can be removed by cutting off early “contaminated” parts
of the GW signal, it grows rapidly as the dimensionless spin and /or boost velocity get close
to 1. In particular, Bowen-York data are limited to BHs with dimensionless spins J/M?* <
0.93 [53]. In simple terms, further increasing the parameter J* in Eq. (H.35) adds more
angular momentum to the junk radiation rather than the BH. A similar feature is observed
for boosts close to the speed of light. These observations have motivated adjustments to
the Bowen-York construction or the construction of alternative, non-conformally flat initial
data [54, 55, 50].

H.2 Gauge conditions

We have seen in Sec. D that the Einstein equations make no predictions about the metric com-
ponents go,, or, in the language of the 3+1 formalism, about the lapse and shift; cf. Eq. (F.81).
Rather, we are free to specify these variables freely in fixing the gauge or coordinate freedom
of GR. We can classify the methods to do so into four main categories.

1. We prescribe lapse a and shift 3% as functions of the spacetime coordinates (¢, z?).

2. We prescribe a and /3* in terms of other evolution variables such as the spatial metric’s
volume element v = 2 or the BSSNOK variable T

3. We can impose elliptic differential equations. A popular example is the mazimum slicing
condition K = 0. By combining Eqs. (F.96), (F.98) and (F.99), we find after a straight-
forward calculation that

oK =m0, K — ’yijDiDja +a[Kp, K™ — A+ 4n(S + p)] = 0. (H.59)
Setting K = 0 in this equation gives us the elliptic differential equation
Ao =~"D;Dja = o [Kpn K™ — A+ 47(p+ 9)] . (H.60)

4. We can evolve the gauge variables o and 3¢ according to hyperbolic or parabolic differential
equations.

H.2.1 What can go wrong?

Before discussing some of the choices in more detail, it will be instructive to demonstrate with
a concrete example the dangers and problems that can arise in choosing coordinates. For
this purpose, we recall the Kruskal-Szekeres coordinates for the Schwarzschild spacetime; see

e.g. Chapter D in Ref. [57] for more details. Starting with the standard Schwarzschild BH
metric 1
2M 2MN\ "~
ds? = — (1 _ ) de? + (1 - ) dr? + r2(d6? + sin® §dg?) | (H.61)
r r

we perform successive coordinate transformations

t=t+2MIn|r—2M|, t=t—2MIn|r —2M],



H GAUGE AND INITIAL DATA 139

v=t+r, u=t—r,
@:6&7 fa:—e 4%47
~ 1, N PPN
tzi(v—i—u), rzi(v—u). (H.62)

In the resulting coordinates (£, 7), the metric becomes

o 16M? _ > 2 20102 1 win? 2
ds” = e 27 (—dt” + df*) + r°(df” + sin“ 0 d¢7) , (H.63)
r
and slices of constant Schwarzschild time ¢ = const or radius r = const are given by the
equations

b -t | forr>2M  and | L —tamh-l | forr<oM

5 =tanh - or r an f—an Y orr ,
or |2 —7*= —em(r—2M)=C(r) |. (H.64)

The resulting Kruskal-Szekeres diagram is illustrated in Fig. 14 together with several slices of
constant Schwarzschild time and radius. We summarize the key insights of this solution as
follows.

The spacetime adds a mirror image of the Schwarzschild BH in the form of a white hole
and a second asymptotically flat region on the left, resulting in four regions in total.

Null geodesics follow lines of £ 4 7 = const, i.e. 45 degree slopes in this diagram. This
implies causal disconnection of the two asymptotically flat regions on the left and right.

Slices r = const > 2M are timelike whereas slices r = const < 2M are spatial, i.e. r
becomes a timelike coordinate inside the horizon.

The region t = 0, r > 2M in Schwarzschild coordinates is mapped either to the semi-
hypersurface £ = 0, # > 0 or that with { = 0, # < 0, depending on which of the two
asymptotically flat ends we choose. The region t = 0, r < 2M is mapped to the vertical
curve 7 = 0 bounded by the singularities » = 0.

One can show that the hypersurface t = 0 of the isotropic Schwarzschild spacetime (H.31)
is instead mapped to the complete slice £ = 0, # € R of the Kruskal diagram.

Let us now assume that we start our numerical evolution with the initial slice { = 0 or,
equivalently, isotropic Schwarzschild data at ¢t = 0.

Proposition: With geodesic slicing a = 1 and 3 = 0, a numerical evolution starting on

the hypersurface £ = 0 will encounter the BH singularity at r = 0 after 7M
time units, as illustrated in Fig. 15.
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Kruskal-Szekeres diagram

Figure 14: Kruskal-Szekeres diagram for the Schwarzschild BH with the singularity » = 0
marked in red, the horizon r = 2M in orange and several slices of constant Schwarzschild time
and radius in gray, magenta and sky blue. Each point represents a two-sphere with angles
6 € [0, 7] and ¢ € [0, 27).

Proof. The coordinate time of a numerical evolution is related to the proper time of observers
moving with four-velocity n* by Eq. (F.84). Here we have a = 1, so that t,,, = 7, assuming
both are initialized as zero. We add here the subscript “num” to the coordinate time to
distinguish it from the Schwarzschild coordinate ¢. Slices of constant coordinate time are
therefore slices 7 = const.

Next, Eq. (F.51) tells us that the acceleration

a, =n"Vyn,=D,a=0 for a=1, (H.65)

so that the observers moving along n* are following geodesics, i.e. are freely falling. From the
symmetry of the Kruskal-Szekeres diagram, we furthermore notice that at ¢ = 0, the derivative
of the Schwarzschild radius along the normal direction n* vanishes, so our observers start with
dr/dr = 0. We therefore need to compute the geodesics for observers starting at Schwarzschild
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Kruskal-Szekeres diagram with geodesic slices

Figure 15: Kruskal-Szekeres diagram for the Schwarzschild BH with hypersurfaces of a numer-
ical evolution starting at £ = 0 using geodesic slicing o = 1 and vanishing shift vector 3¢ = 0.
After mM units of evolution time, the hypersurfaces hits the singularity » = 0. The black
solid curves display the trajectories of individual observers in the (7, ﬂ plane spanned by the
Kruskal-Szekeres coordinates.

time ¢t = 0 from rest at initial radius r > 2M. Note that this corresponds to the semi-
hypersurface £ = 0, # > 0 in the Kruskal-Szekeres diagram: the evolution of observers starting
at 7 < 0 follows from symmetry across 7 = 0.

Timelike geodesics with zero angular momentum in the Schwarzschild spacetime (H.61) are

obtained from the equations (see for example chapter D4.2 in Ref. [57])
2M . 2M
(1—>t=E, —E? 4t =14 ", (H.66)
r r
where *:= d/dr and E is a constant of motion determined by the initial conditions of the

observer. Our observers start with 7 = 0 at r(0) = o, so that

2M
E=4/1-——¢€[0,1) for rye[2M,00),
To
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dr ) 2M  2M
—_— = = — -
dr T 0

9

where the negative root is used for infalling observers. Introducing the rescaled radius x =
r/ro < r =rox, obtain

) 2M |1
rot = —/—4/——1
To

N /,/1fxdx:—\/¥/dr (H.67)

The integral on the left is readily evaluated using substitutions,

1
u=+r = du:mdx = 2udu =dx

2udu =

= /%‘L’”:/ﬁ

u=sinf = du=-cos&d¢

2
U

Y

V1—u? “

.
:2/S(:l(r)lsgcosfdgzz/sm2fd§:_COS§Sinf+f:—u\/l—u2+arcsinu

= /lexdx:—\/$(1—a:)+arcsin\/5 .

Equation (H.67) thus becomes

2M /7o
— 7(3)(7'—7'0): —\/x(l—x)—karcsin\/il :arcsinM:O—;r—,/;O—;)

= T:\i%/—i_ro 27;/!<72T—arcsin1/7:)>—|—7‘m/2§w‘/1—;, (H.68)

and the singularity r = 0 is reached at 7 = roy/ro/(2M )7 /2. The first observer to disintegrate
in the singularity is the one starting at rq = 2M after 7 = 7wM, presumably deriving little
consolation from the shared destiny of her loyal followers whose demise is only marginally
delayed thanks to their larger starting radius rg. O]

A numerical code exclusively operates with arrays of numbers and can therefore not repre-
sent the physical singularity at » = 0, where some or all evolution variables grow out of bounds.
In practice, computer codes react to such situations by producing non-assigned numbers or'®

16Some programming languages will print the partially capitalized version NaN we are using here while others
print “nan” instead; of course it doesn’t matter whether the doom of our simulation is spelled in lower or upper
case.
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“NaN”s. Without so-called NaN-checkers, computer codes will in fact happily continue crunch-
ing NaNs; to avoid wasting computational resources one should therefore check ones runs either
using automated tools or by manually inspecting the log files.

Equation (H.68) gives us a neat analytic expression for the proper time of geodesic observers.
In order to construct the slices in the Kruskal diagram, however, two further tasks need to be
accomplished. First, we need to invert the relation 7(r) to obtain the radial position as a
function of time, r = r(7). This cannot be done in closed analytic form, but is straightforward
to achieve numerically given the monotonic and smooth nature of 7(r). We use a Newton-
Raphson[58] iteration which accomplishes this inversion with very high precision.

The second task involves more work; we need to compute one further variable along the
observers’ trajectories in order to determine their position in the (£, 7) plane. The Schwarzschild
time t is not suitable for this purpose, since it diverges at r = 2M, but we have multiple options
for non-diverging coordinates such as ¢ or 9. Unfortunately, the author has not found a variable
that allows for analytic evaluation'” as done in Eq. (H.68). We can, however, proceed with a
relatively mild use of numerical methods; for this purpose, we inspect the evolution of the
variable v in Eq. (H.62) which is given by

_ T
dv—dt+dr—dt+r_2Mdr+d7"—dt+r_2Mdr
S oo—ig r B r n r 2M  2M
v r—QMT_ r—2M r—2M r 70
T 2M 2M  2M
= 1— — — ) H.69
r—QM[\/ o \/r 7“0] ( )

Introducing the above rescaled radius r = roz as well as a := 2M /1y, we can write this as

@:xfa[M—m}:? (H.70)

with
_ — T b Va
flx)=+vV1-a \/E\/m 1 = fllr)=—cFFmr—

g(x) = a ; a = J(z)= - (H.71)

© has one singular point at x = a which, however, is a removable singularity for a > 1 < rg >
2M as we see with ’'Hopital’s rule,

1
= — H.72

_f

f/
r=a - ?

r=a g

17Tf someone knows such a variable, this would be welcome news.
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For 7y > 2M, we can therefore evaluate v(7) by numerically integrating'® Eq. (H.70) which
gives us v(7).

The case rg = 2M is even simpler since by symmetry, this observer has to remain at # = 0
which directly gives us her £(7) by inserting r(7) into Eq. (H.64).

For all other observers, we have r(7) and v(7) along their journey which gives us their
trajectory by computing through Eq. (H.62)

t+r=0=em and 2 — 72 =e W (r — 2M).

The slices thus obtained for an ensemble of observers is shown in Fig. 15 for several values of
7 € [0,7M]. As we have already shown above, the observer starting at r¢ hits the singularity
r =0 at 7 = w#M unit. The solid black curves in the upper right quadrant of this figure show
the trajectories of four specific observers; note that along their trajectories the Kruskal-Szekeres
radius 7 increases but their Schwarzschild radius decreases (as expected for infalling observers).

We identify two key problems for the gauge choice of geodesic slicing and zero shift.

(A) The code reaches the singularity after 7M time units and crashes by producing NaNs.

(B) A less evident problem is the gradual divergence of the individual observer’s trajectories;
see the four black solid lines in Fig. 15. This effect is known as slice stretching and implies
that neighbouring grid points in a numerical implementation can separate to ever larger
distance as time evolves. While not necessarily crashing a simulation, this can degrade
the accuracy.

The first of these problems needs to be cured by better choices for the lapse function, the second
is addressed by using non-zero shift vectors. Note in this context that the shift vector has no
influence on the spacetime slicing. The surfaces 7 = const in Fig. 15 look identical if we use a
non-zero shift because the coordinate time of a numerical simulation is related to the proper
time of observers moving with four velocity n*, irrespective of whether these observers have
constant spatial coordinate position z* in our numerical simulation; for 5° = 0 they do, but this
is inconsequential for the proper time they measure as they advance from coordinate time ¢ to
t + dt.

H.2.2 Singularity avoiding slicing

The key method that is used to address problem (A) in our above list is singularity avoiding
slicing. The analysis of gauge condition is still an active area of research based on a combina-
tion of empirical findings and mathematical investigations. One of the most intensively studied
scenario is the avoidance of singularities where the spatial volume element /7y = ,/det ;;
vanishes. This is realized, for example, for the Schwarzschild metric in Kruskal-Szekeres coor-
dinates (H.63) at r=0, but also occurs due to the focusing of the world lines of normal observers.
We do not really care too much whether the vanishing of /v arises due to a physical singularity
or merely a failure of the coordinates; either will break our simulations, so we seek for a way
to avoid this happening. In doing so, we largely follow the work of Refs. [59, (0] which readers
will find a good starting point for a more detailed discussion.

18The standard Trapezium rule works perfectly well for this simple problem.
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The idea behind singularity avoiding slicing is to drive the lapse function « to zero in the
vicinity of “dangerous regions” in the spacetime. From Eq. (F.84), we see that in that case, the
proper time along the normal direction n* will slow down, essentially freezing the evolution near
singular points while the simulation proceeds well and fine everywhere else in the spacetime.
In terms of Fig. 15, a reduction of the lapse close to the singularity » = 0 means that slices of
constant coordinate time ¢ will freeze prior to reaching the singularity but continue evolving in
the regions further away at larger 7. We therefore are looking for a way to prescribe the lapse
function in a way that measures the local volume element /7 and reduces o where v becomes
small.

Many of the slicing conditions employed in practical simulations are encompassed by the
Bona-Mass6 family of hyperbolic slicing conditions introduced in the mid 90s [61].

Def. : In the Bona-Massé6 family of slicing conditions, the lapse function is evolved according

to
O = (0~ Lo = (0 — D)o = —0? (@)K (H.73)

where L5 denotes the Lie derivative along the shift vector 8 and f(«) is a positive
but otherwise free function.

It turns out convenient to derive an alternative representation of the Bona-Mass6 equation
(H.73).

Lemma : In coordinates adapted to the 3+1 split, the components ng of the spacetime
Christoffel symbols can be written as
0 1 m 1 m Ql
0; 1
re, = BT K, (H.75)
« Q@
0 1

Proof. The spacetime metric components in adapted coordinates are given by Eq. (F.81), so
that

Op 1

00
g g m 1
F80 = 7 (a(]g()p + aOQpO - apgoo) = QOP ((9090;) - Qapg(]O) = 7 ogoo + 90 (3090m - 23m900)

= a0+ 7B + 0 B" [ — S0m(—a? + 57,)]

1
202

= 7726004 - % (Bmaoﬁm + ﬁm806m> + %Bmaﬁﬁm - Bm [_Qaama + ﬁnamﬁn + Bnamﬁn]
o' 2a o'
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m 1 m _i m an _i m n l m i m
= 7_7ﬁmaﬂﬂ _Tﬂﬁ aOﬁm 2(1/26 5 amﬁn 20&25 Bnamﬁ +a6 ama"'azﬁ a()Bm

(Bm00B™ = Yt B™ 008" = B™ B 00t )

1
= 538" (B0 + BB Ouiyus + B 5"

(9004 1
o 20270 202 T
1 . 1
1 . 1
= (O + " 0n0) — 5
_ 1
a (0%
1 m 1 n 2l k 1 m l
= (O + B 0n0) + 558" 29000 8 — 20K |~ 8" i

1 1
—(Opcx + B Omar) — — BB K -
a «

For I');, we likewise find

1
ng‘ = 590'0 (Oogip + 0i9p0 — 0pg0i)

1 1
= 5900 (Dogo:i + 0:900 — Bog0i) + = 9™ (OoGim + OiGmo — Omgoi)

2

1 1
= 5900@'900 + 590771 (OoYim + 0iBm — OmfB:)
= (0% 4 B B) 5 5B (0t B — D)
- _2&2 z(_a m) + 20&2 0Yim i¥m — UmpMi
a1
o« 202
aia L
o o o2 Pk
« «

Finally, we get

1
). = 3 9" (9,950 + 9;90i — Dogij)

1Om
+§9 (

0igjm + 0jgmi —

amgij)

(Bn0B™ — 57 006m) — 58" (5O + uO")

1 1 1
(Ooa + B Opcx) + ﬁﬁmﬁlao’%nz — ﬁﬂmﬁnﬁlam%l - ?5771515%51

(H.77)

(BndiB™ + BT0i6m) + 55 8" 00 Vim + 556" 0ifhm — 555" Om B,
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1 1
) <8i5j + ajﬁf%%j) + 202 " (@%m + aj’Ymi—am%j>

1 1 "
24 {7’.".@. B+ mi0i8T QO‘K"J}M 202 05 (Yim ™)
1 m m
a2 W+ 5l O
- g (H.79)
- o ij - .
O
Proposition: The Bona-Massé slicing condition (H.73) implies
1
[g’“’ 4 (1 - ?> n“n”} V,V,t=0, (H.80)
Proof. First, we note that in adapted coordinates
V.Vt = 0,0,t = I0,0,t = 9,0°, —14,6°, = —T},. (H.81)
Next, using v = ¢*® 4+ n“n¥, we obtain
17 1 v 12 1 v 1 /BZ
| (v )] vt = et G = (-1 7)
g 1(1 B BB
= Ty — 7 (Ogrgo — 2§ng + F0>
g 171 1 1 ¢ 1 iBI 1
= _LKij - {5004 + =" Opa——L"B" Kinn — 26( im> P <Kij>}
o fla? ol 03 a?\ o o . o? \a
1 1 1 m o 1 m 2 _
= K Lﬁ(@o—ﬁ am)a] - 7= (8 — B70m)a+ > fK] =0, (H.82)
where the terms in square brackets on the last line are exactly the Bona-Mass6 condition
(H.73). [

The Bona-Masso family also turns out very convenient to analyze quantitatively how the
lapse behaves in the neighbourhood of singularities. We illustrate this for so-called focusing
singularities following Alcubierre [60].
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Def. : A focusing singularity is a point where the volume element /7 vanishes at a bounded
rate as a function of the proper time measured by normal observers traveling with
four-velocity n*.

The convenient nature of Bona-Masso slicing for analytic studies becomes clear if we consider
the time evolution of the volume element . Recalling Eq. (G.51) for the conformal factor x
and its definition (G.36), we find

2 2
(0~ B"On)X = —XOnf™ + SoxK

= (at . ﬁmam),yl/2 — (at _ﬁmam)XfB/Z - _ §X5/2(8t . 6m8m>x — X73/28m6m . OCX73/2K

- (at . 5mam),yl/2 _ ,yl/QamBm . Oé"}/l/QK.

Recalling furthermore that the Lie derivative along a vector field X of a tensor density 7% 5.
of weight w is

LxT% . =X'0,T s — (0, X)TH 5. — ...+ (0 X")T* . + ...+ w(0,X") T 5.,
we can write the evolution of the volume element as
d
7= @=Ly = —a 2 |, (1:83)

Examples
(1) For f(a) =1, we obtain
d 9. (H83) «a d
il _ofK V) 2 &
dt” “ Nt A

d d
= &lna = &lnﬁ

= a = h(z")\/7, (H.84)

where h(x') is a function of integration that may depend on the spatial coordinates,
but not on time. Setting f =1 in Eq. (H.80), we see that this case corresponds to

Ot = VAVt =0, (H.85)

which is known as harmonic slicing. We will see below that it plays a special role in
our classification of singularity avoidance.
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(2) For f(a) = N = const, we similarly obtain

ioz = —a’NK = — —
dt \/_dt

= Ina = Nln7+ h(z)

= a=h(z)7". (H.86)

(3) One of the most popular slicing conditions is obtained for f = %,

gOz =—alNK = N d
dt \/_dt
= a=h(z")+Nln /7. (H.87)
For h(z') =1 and N = 2, we obtain the special case
d
Frake oo — MO = —2aK = a=1+In~. (H.88)

This class of gauge conditions is often referred to as “1+log” slicing, sometimes implying
only the special case (H.88) and sometimes the more general Eq. (H.87). In particular,
Eq. (H.88) is the slicing employed in most (if not all) moving puncture simulations,
including the breakthroughs [3, 9].

(4) In the general case, we can still relate the volume element and the lapse through an
integral equation,

d _ofd
- Adt
L, 1d, _14d

afdt” ~ ydt

= | lnyA + h(2) :/af / (H.89)

= ﬁzh(mi)exp{ &;?a)} : (H.90)

The last two relations greatly help our analysis of the singularity avoidance. In partic-
ular, we already see that for finite o > 0, the integral [ -4 f( ) is finite and v cannot drop
to zero. Read in reverse, this implies that Bona-Mass6 slicing will inevitably result in
a “collapse of the lapse”, i.e. @« — 0, if the volume element shrinks to zero. We we will
see below, this is a necessary, but not a sufficient condition for singularity avoidance.
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Let us now assume that a focusing singularity is encountered at proper time 7, as measured
by a normal observer'? Recalling that dT = adt, this corresponds to coordinate time

At = /TS dr (H.91)
0

o
We now have three possibilities.

(1) The volume element ,/y vanishes and a remains finite. As have just seen, this does not
happen for Bona-Massé slicing.

(2) The lapse a vanishes as /7 vanishes. In this case, the singularity may be reached at finite
or infinite coordinate time, depending on the rate at which @ — 0. If the singularity is
reached at infinite coordinate time, we call this case marginally singularity avoiding.

(3) «a vanishes before /¥ drops to zero. We call this case strongly singularity avoiding.

Let us now consider the concrete case

VY~ (ts—7)™ as /7 approaches 0,
fla) = Aa™ as « approaches 0, (H.92)

where A > 0 for f(a) > 0 and m > 1 to ensure /7 vanishes at a bounded rate.

Proposition: 1. For n < 0, Bona-Mass6 slicing results in strong singularity avoidance.

2. For n =0 and mA > 1, we have marginal singularity avoidance.

3. Forn > 0 or (n =0 and mA < 1), the lapse collapses to zero at the
singularity which, however, is reached at finite coordinate time, so that
we have no singularity avoidance.

Proof. With Eq. (H.92), we obtain

( UA) forn=20

/af A/a”“ - 1 m

Ana

for n #£0
Inserting the n # 0 case into Eq. (H.90) gives us
| 1
— h(@)exp{ —a "} .
V7 = h(z') exp {n e }

For n < 0, this results in a finite v as @ — 0, so the lapse collapses before the singularity is
reached. This proofs the first item in our proposition.

YNote that we always consider the proper time as measured by a normal observer. This is not necessarily
the proper time measured along the integral curves of the timelike basis vector d;. The two integral curves
coincide only for vanishing shift vector; cf. Fig. 13.
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For n > 0, /7 and « vanish simultaneously and we need to determine the coordinate time
at which the singularity is reached. Recalling dr = adt, we get

wdr [0 dr/d
At:/ —T:/ AL (H.93)
0

« ag [0

We have two possibilities:

(i) If 3—; vanishes as a? for some p > 0 or faster as a — 0, then the integral and, hence, At
is finite, so that we have no singularity avoidance.

(ii) If j—; is finite or larger as a — 0, then the integral diverges, At is infinite and we have
marginal singularity avoidance.

To calculate d7/da, we differentiate Eq. (H.89) with respect to proper time,

dln /v 1 da
= ——. H.94
dr af dr (H.94)
Inserting Eq. (H.92) leads to
d 1 da
T mIn(ry — 7)] = of dr
= mln(r, — 7) /1d
min(r, —7) = | —da«
af
= e 1/1d ’f()—A”
T = Tg XPp m) af « @) = Ax
_1
1 1 TS—<O%)MA forn=20
m Ty — €XP [n;nlA (ain—%ﬂ for n > 0

o We first consider n > 0 which gives us

dr —1 1 1 1 1

— = —ex — - | = )

da P lmaA \an af ]| mAantt
As o — 0, this drops faster than o due to the exponential suppression, so At remains
finite by Eq. (H.93) and we have no singularity avoidance.

e For n =0, we obtain

d . a1, 0 if mA <1
a_ (O‘> R S L P (H.95)
do mA \qg
—oo ifmA>1
The case mA < 1 gives us a power law falloff a?, so that again At remains finite in

Eq. (H.93) and we do not have singularity avoidance. The cases mA > 1, on the other
hand, lead to a diverging At and are thus marginally singularity avoiding.
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]

For m = 1, i.e. a singularity /7 ~ (7, —7), the case n = 0, A = 1, i.e. the harmonic slicing
condition f(a) = 1 from Example 1 on Page 148, marks the threshold between singularity
avoidance and non-avoiding slicings.

H.2.3 Shift conditions

In our discussion of the normal observer’s trajectories in the Kruskal diagram on Page 144,
we have noticed the problem of slice stretching whereby the paths of neighbouring observers
can deviate to increasingly large coordinate distance as time progresses. This effect is less
catastrophic than the encounter of a singularity due to inappropriate slicing conditions, but
can still have significant adverse effects on the performance of a code; as neighbouring grid
points get far apart, discretization schemes may become inaccurate or even suffer from numerical
instabilities. The methods for prescribing shift conditions to avoid this effect are on yet less solid
mathematical ground than the derivation of singularity avoiding slicings, but they nonetheless
work well in practice.

The exploration of “good” shift conditions dates back to the so-called minimal-distortion
shift condition of Smarr & York [62]; see also Alcubierre et al [63] for a more recent discussion
that we largely follow here. In simple terms, the idea is to introduce a measure for the divergent
motion of neighbouring observers and prescribe the shift in a way that minimizes this quantity
or, as is usually sufficient, to control and limit its growth.

Def. : The distortion tensor is
1

- I
Yij = 571/38{7@7 = aat’}/ij ; (H.96)

where 7, 7;; and x are as defined in Eq. (G.36) for our BSSNOK variables.

The minimal distortion shift condition attempts to minimize the integral of X,,,X™" over
the spatial hypersurface which leads to the elliptic differential equation (4.11) of Ref. [(2],

| . 2 | 1
DS, =0 & DI|Dg;+ D — 37ijDk5’f} — D [204 (Kij _ 3%-]-[()] . (H97)

We can intuitively interpret the distortion tensor as a measure for the change in the conformal
metric weighted by the spatial volume element. By limiting or even minimizing the gradient of
this quantity, we avoid neighbouring grid points drifting far apart. Unfortunately, the elliptic
differential equation (H.97) is challenging and computationally costly to solve numerically, but
with relatively minor adjustments, it leads to a highly convenient and successful evolution
equation for the shift vector. To achieve this, we will establish a relation between the distortion
tensor and the time derivative of the contracted conformal Christoffel symbols 9,T"%. We proceed
in several steps.



H GAUGE AND INITIAL DATA 153

Lemma : The distortion tensor can be written as
. . . . . . 2 . ..
2 = 2 |=B"0nT + A0 + 510 — 70" — 2047 |, (H98)

and it has zero trace,
At =10. (H.99)

Proof. Using Eq. (G.52) to replace 0;%;; in the definition of the distortion tensor (H.96) gives
us

) o gl
59 = %S = XA ’W’ﬂé‘m

~ik~7 T g x m ~ m 2 ~ m e
= 57 kit [5 OVt + YmkO1B™ + YOk S™ — g%l@mﬁ — QaAkl}
o 9 o
= X570, + V108 + 7405 — 2590, 5m — 204Y] (H.100)

The vanishing trace is easiest to show using the unit determinant of the conformal metric
whence 0,7 = 0 and therefore

y S S B
YR = X’Yjaat%j = §’Vjat%j =0. (H.101)
=0

]

Proposition: The distortion tensor is related to the contracted conformal Christoffel symbols
by

3 0;x

. 2 . ~. :
—1yi, i, i k
20;(x'XV) = ;<Djzf—rjk21 T3

2”’) = 9.  (H.102)

Proof. Using Eq. (G.38), we first compute

Dy = §;89 4T, 5™ + ), 5"

= O+ Em + T, T - o (8500mX + 8'm0yx = G 7" Oux) T
—~
=0

1

J i 9y — A AN im
ox (5 iOmX + 070X — Yy 8nx)2
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. ~. . 1 . . .
= 9V T, T - - (5amx2”“ — "9 amjz””)
X =0

= O TS = o O (H.103)

Inserting this for D;%% in the middle term of Eq. (H.102), we get

2T o 30:v .. 2 R . 50, o 30:v ..
= |D;x — T vk 4 29 Xyii| = 2 o; X + T, XM — 2 ImX gymi _ e, S0k 4 29X 5
X | ’ 2 x X ’ 2 X ’ 2 x
20 . amX ] P
= Z|9;%V — Aymil =209, (y 18V | H.104
1= - ; (') (H.104)
which proves the first equality in (H.102). For the second equality, we take the derivative of
Eq. (H.98) and make some use of the identity " = —3,,7™ from Eq. (G.41),
20,(xIT) = —05(8"0nTY) + OO + F0,05 + 070 + 30,09
2

~ij m_ 2. m A Aij
20,70 "~ 2510;0m 0" — 20,04 — 200, A"

9. o o
+510n8™ — 2A470;0 — 200, AV

~. ~ . . ) 1 . ) 2. . o
= B0, —T'oB +5"0;0,8" + g’ylmamajﬁj + grlamﬁm — 2AY0;a0 — 200, A" .
For the final expression, we need the momentum constraint (G.50) in the form
4 4 _— O .
2" My = 25" 0nK — 2D AT 3Am X 4 q6raim =
X

- ISP S O, ,
-~ 3 X

We use this result to replace the term —2(1@[1” , so that

. - ~ ) ) ) 1 . . 2. -
20,(x12Y) = BTOI —TAB + V008" + 37008 + ST 0w — 247050

P 4 . O, o 155 ~
+a <2r;mAm” — 370K g AimImX 16wmjm> (2
X
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where the last equality arises from the evolution equation for I dropping the auxiliary con-
straint term ¢G* which is zero in the continuum limit. O

Equation (H.102) motivates a modification of the minimal distortion shift condition by
imposing §,I" = 0. This choice is known as the Gamma freezing condition and results in the
elliptic equation obtained by setting the right-hand-side of Eq. (G.55) to zero which gives us
a second-order elliptic PDE for 4°. It differs from the minimal distortion equation D;¥% = 0
only by terms containing first metric derivatives multiplied with the distortion tensor itself. In
particular, the two equations do not differ in any terms involving second derivatives of /3°.

The Gamma freezing shift still involves solving a complicated PDE, but only on the initial
hypersurface; afterwards, it can be maintained by simply not evolving the variable . There is,
however, an even more convenient way to achieve Gamma freezing shift without elliptic solving.
The idea behind this approach is known as the Gamma driver condition. Driver type gauge
conditions were introduced by Balakrishna et al [(61] and inspired the Gamma driver established
for BH evolutions by Alcubierre et al [63]. The idea is to source the evolution of the shift vector
by 9, such that the shift ceases to change once Gamma freezing is achieved. In the parabolic
version, this leads to

o8 = Fo,I, (H.105)

where [F'is a function of space and time. Empirically it has been observed that F' needs to
be positive to drive 9, towards the freezing condition. We can also construct a second-order
shift condition,

2B = FO,T" — 70,37 (H.106)

where F' and 77 are functions of space and time that, again, need to be positive. Furthermore,
in practical evolutions, the dissipation term 70,/3° is required to avoid oscillations of the shift.
In particular the hyperbolic version has been employed with great success in the literature,
typically in the form of a first order system with constant /' = 3/4 and Mn = O(1), where M
is the ADM mass of the spacetime,

3 ‘ . .
@ﬁz = EBZ, ath = 6tr’ - nBZ .

As a further adjustment, some evolutions replace the time derivative operator with the advection
derivative 0; — f™0,,. Together with the 1+log slicing condition (H.88), we can write this gauge
choice as

oo = kB"O,a — 20K,

4 3
08" = KB"OmB"+ B,

OB = k"B + (8, — k"0, — B’ (H.107)

Here k is a parameter set to 0 or 1 to ex- or include the advection derivatives. These con-
ditions are often referred to as moving puncture gauge since they are used with great success
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in the evolution of BH binaries starting with puncture data, including the moving puncture
breakthroughs [, 9].

That leaves us with just one question, how to initialize o and 8°? It turns out that the
moving-puncture gauge is so robust that it works with a great variety of initial o and 3. The
most common choices are to start with vanishing shift and B® as well as a« = 1 or o = VX
other choices have, however, been used with comparable success. As a final comment, we note
that the shift equations in (H.107) can be integrated analytically, resulting in

. . 3~ .
O = KB" O+ ST =5 (H.108)

This condition is not necessarily equivalent to the second-order version in (H.107) due to inte-
gration constants, but also works very well in practice.
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I Gravitational-wave diagnostics

In our final chapter, we discuss the extraction of gravitational waves and the corresponding
radiated energy and momenta from numerical simulations. Here, we can be comparatively
brief, since we have already done the hard work in Sec. E.

1.1 Gravitational-wave strain and the Newman-Penrose scalar

In Egs. (E.102), (E.106) we have seen that in the limit » — oo, the GW strain can be expressed
in terms of projections of the Riemann tensor according to

y o I i r T 1.
lepgk”m km? = —;83 = —;33 <2h+ - 12h><> = —5(132h+ + aghx) . (I].)
Here, k and m are part of a tetrad given by Eq. (E.98),
1 —
k:—i(eT—eR), L~er+ep, mzegge¢+ie92e¢. (1.2)

In the more recent literature, it is common to work with a rescaled version of these tetrad
vectors asymptotically related to the unit vectors er, er, ey and ey by

~ er—ep ~ er—+ep . eg+tiey
k ~ , , m~ ———. L3
2 2 V2 (13)

This tetrad obeys the normalization

gk ) =-1, gmm)=1, (L.4)

with all other inner products vanishing, and thus differs from Eq. (E.95) only by the minus sign
in g(k,£). Inverting Eq. (1.3) for the angular base vectors gives us

. m+m . m-—m m—m
= s = — = = —]—
’ V2 i V/2i 2
141 1—1 1+1i . = 1-i . =
= m = e + e, = (m+m)+ (—i)(m —m)

2v2 2v2

’rﬁ+ﬁ+i’rﬁ+iﬁ—i’rﬁ+iﬁ—’nﬁ+ﬁ) — i(2ﬁ+2iﬁ)

1
275( 2v/2

1+i=

= (15)
Bearing also in mind that k = —k/v/2, we can now rewrite Eq. (I.1) as
Kkt 14+i—y kP 141 —0 i e
R, ,ok'm"k’m? = R, ,o——= m — m = —R,,k'm k’m 1.6
pwp CN NG NG o ftuvp (L6)
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In numerical relativity, it is more common to extract the GW signal in terms of the Newman-
Penrose scalar Wy [65].

Def. : The Newman-Penrose scalar ¥, is defined as*’

Uy = Cpokm” kP m’ 1.7)
where C),,,, is the Weyl tensor related to the Riemann tensor in n spacetime dimen-
sions by

Caps = R —L( Res — 9o Reja) + 2 R (L8)
afys — Llapys n—2 Yaly415)3 — 9B[yL 5o (n — 1)(n — 2) Ja[y 9418 - :
Proposition: In vacuum, ¥, is related to the GW strain by
Uy =—hy +ih, =02H with H:= —hy +ih,. (1.9)

Proof. In vacuum, the Riemann and Weyl tensors are equal, so that by Egs. (I.1) and (1.6)

27 1
U, = = —i(iaim +02hy)| = — 0%hy +10%h, . (1.10)
i
Furthermore, the derivatives with respect to retarded time v = T'— R and “normal” time are

equal, 0, = Or. O

I.2 Gravitational-wave energy and momentum

The energy and linear momentum carried by the GWs can be computed from the averaged
stress energy tensor for the effective energy contained in high-frequency GWs first computed by
Isaacson [66, 67] (see also [13] for more details). This tensor is constructed from second-order
perturbation theory around the Minkowski spacetime and consists of the terms quadratic in
the first order perturbations that appear on the right-hand side of the Einstein equations at
second perturbative order. In terms of the trace reversed first-order perturbation, the Isaacson
stress-energy tensor is given by

_ _ 1 - _ _
¢ Oubss O = S0,k 0,1 — 20,17 a(“hy)p> . (L11)

_1<
3o

Here ( . ) denotes the average over volumes that are large compared to the (cube of the)
gravitational wave length. Crucially, (¢,,) can be shown to be gauge invariant, so that we can
calculate it in the convenient transverse-traceless or “T'T” gauge, where

t _i<
3o

20Some authors have an overall minus sign in the right-hand side of this definition of ¥,.

Ouh" O,h5T) (L.12)
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where we sum over ¢ and j. We henceforth drop the superscript “TT” and implicitly assume
that h;; is given in the transverse traceless gauge.
The energy flux across a surface ¥ = const is given by

1
% = o (80% O"hij) = o (=0l Oehis) (1.13)
The flux across a surface element dA with unit outgoing normal n; is therefore given by
dFE 1 1
AE ok, < he: Ohs > hi: Oph 1.14
drdd ~ T g \ O Okhi o ) = oo (= 0rhi; Onhag) (114)

where we have used the outgoing unit normal for a surface element on a sphere of constant
radius, ny = z;/R, and chain rule (z;/R)0; = Og. In the limit R — oo, the perturbation h;;

is an outgoing plane wave and therefore a function of?' T — R, so that Orhij = —Orh;; and
dE
——— = ——{(0phi; Oohi;) .
AtdA ~ 3a7 0l Dolis)

At each point on a sphere of constant radius R, we can rotate the Cartesian coordinates such
that the z axis coincides with the radial direction, so that

he he 0
hf@'j = h>< —h+ 0 = 80h2-j aohl'j = 2(80h+)2 + 2<aoh><)2
0 0 0
dE 1 ) ,
QA — 167T<(aoh+) + (Gohx)?) - (1.15)

Note that this is equivalent to Eq. (E.107) for the rate of change for the Bondi mass; of course,
it is reassuring to obtain this agreement with the fully non-linear characteristic calculation.
With H = —h, +ih, we obtain

OrH|? = OrH OrH = (—Orphy +107hy ) (—0phy —i0rhy) = (Orhy)? + (Orhyx)?

19y | [T ik

& / W,di| (L.16)
so that Eq. (I.15) gives us the total energy flux

dE ) ?

== Rﬁﬂoﬁfm%m a0 = 1%520*?{ / U,di| dQ. (L.17)

21There is a subtle issue here. Despite being a function of T — R, the perturbations will in general vary
with the angular direction — otherwise, all GWs would be spherically symmetric which they cannot be due
to Birkhoff’s theorem. Derivatives transverse to the direction of propagation, however, are suppressed by
the conversion from angular to Cartesian derivatives, as for example in 0, = 7,0, + 0 ,0p + ¢ .05. Here,
0 . = 00/0x = 2x/(pR?), ¢ = —y/p? with p = /22 + y2, so these derivatives decay < 1/R and even for finite
angular derivatives, derivatives of the wave in Cartesian coordinates vanish at R — oo except in the direction
of the wave propagation. It is for this reason that we can ignore angular derivatives and write h;; = h;; (T — R).
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For the linear momentum we use the relation

0 OoR 00 0¢p Rooo OR
@hlj - a laRhZ] + a lagh” + a lad)hlj — %aRhw ,
which allows us to write

dP! xk 1 /x 1
m = tlknk 32 <81hw ak ij , > = % <R8haj 6Rhij> = @Tlﬂ@]#%j aTh,-j) . (118)

Here, the components of the unit normal can be written as
Iy

=g = (sinfcos ¢, sinfsing, cosh) . (I.19)

Using Eq. (I.16), the total momentum flux becomes

P 2 RQ
4 = lim R%nl|0tH|2dQ = lim —j{nl
R—oo 16

dQ 1.20
At~ R 167 (1.20)

/ U, di

Proposition: The energy and linear momentum carried by gravitational radiation is

This proofs the following result.

— — 2 P —

dt 35’20 167r}{|aTH| = 167r7{‘/ ety dQ (I21)
r . R R?
T = Am g f aHPa0 = Jim 2o / i a0,

with n; = (sinf cos ¢, sinfsing, cosb). (1.22)

Computing the angular momentum carried by the gravitational radiation is more involved
since the averaging used for the derivation of the Isaacson stress energy tensor does not take
into account contributions oc 7~ which are essential for the angular momentum. We only quote
here the final result; see Ref. [(8] for more details.

Proposition: The angular momentum carried by gravitational radiation is given by

dJ,
o —]%_{roloﬁRe {fJHaTHdQ}

) R? R T R U
:—I%ggom—ﬂRe{nyi</_oo/_mqf4dtdt>x(/_oomdt)},

N 2i
with J, = —sin ¢dy — cos ¢ (cot 00, — — ! ) ,

sin 6

2i A
J, = cos pdy — sin ¢ (cot 00, — 11119> and J,=0;. (1.23)
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I.3 The multipolar decomposition of W,

Gravitational wave signals are most commonly plotted as functions of one variable, typically
time, sometimes frequency. These plots result from a multipolar decomposition of the signal
which we summarize here for the Newman-Penrose scalar W4, but which works in complete
analogy for the strain function H.

Given a GW signal Wy(T, Rex, 0, ¢) extracted on a sphere of constant extraction radius Ry,
we obtain the individual multipoles of indices | =2, 3, ..., m = —[, —[+1, ..., [ by projecting
U, onto spherical harmonics Y; 2 of spin-weight —

T | /2”/ W,V sinfdf do .

=2 m=—1

Ideally, the extraction and decomposition should be performed at R., — oo, but in practice, it
is commonly done at several large finite radii. The results at different radii can be extrapolated
to infinity, either in an attempt to improve the result or to calibrate the uncertainties incurred
when using finite Rey.

The spin-weighted spherical harmonics Y} for arbitrary weight s are defined in terms of
the Wigner d functions (see e.g. Ref. [09]),

20+1
47

! & (DA +m)—m)(+ ) — s)! [cosd M (i g\ 2
where dmsw)_n;a (I+m—r)(l—s—r)El(k+s—m)l < 9 ) <2> ;

Yifn = (_1) dm( 8)(9)61771(75’

with  C; =max(0, m —s), Cy=min(l+m,[—s). (1.25)
For | = 2, for example, this results in

5

Y 0.6) = | o (14 cos)e™,
9 5
Yo °(0,9) = T sin (1 + cos 6)e'?
15
Yol(0,0) = 9. sin’ 6,
9 i)
Y, 5(0,0) = Tor sinf(1 — cos)e 7,
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5 .
Yy 5(0,0) = 4 v (1 — cosf)?e 2%, (1.26)

The spherical harmonics form a complete orthonormal basis, so that

(Vi Yir) = (Vi Yo = OG- (1.27)
This allows us to determine the GW energy contained in individual modes by inserting the
multipolar decomposition (I.24) into Eq. (I.21) for the radiated energy,

T ~
/ ¢lmdt

A similar analysis for the linear momentum is significantly more complicated and involves
overlap integrals of different multipoles, so that a linear momentum contribution can only be
assigned to a set of > 2 modes rather than individual ones. Details of this calculation can be
found in Sec. 3 of Ref. [70].

dE . . R? ?
Ilym

I.4 An example of a GW signal

Many of the topics of these notes have been actively employed in the calculation of a GW
signal from the numerical simulation of a black-hole binary with mass ratio ¢ = 1 : 4 inspiraling
for about 11 orbits before merging into a single BH. This simulation has used the BSSNOK
formulation of Sec. G.3 together with the moving puncture gauge conditions (H.107); for more
details see Ref. [71]. In Fig. 16 we show the real parts of the leading multipoles of the GW
strain extracted at two different extraction radii together with the extrapolation to Re, — oc.
The imaginary parts look identical up to a 90° phase shift. Here the multipoles are defined in
complete analogy to Eq. (I.24) by

2 _
Hy = (Y22, H) = /0 /0 HY, % sin0d0dé. (1.29)

Note that the second and third strongest multipoles H3s and Hys are amplified by factors of
40 and 400, respectively, in the figure, demonstrating that the signal is dominated by the (2,2)
and (2, —2) quadrupoles; Hy_5, which equals Hyy for this binary, is not shown in the figure to
avoid overcrowding.

Calculations of this type played a key role in the first detection of a gravitational-wave signal
by LIGO in 2015 [I1]. This discovery was awarded the 2017 Nobel Prize and has inaugurated
the new research field of GW astronomy. The methodology summarized in these lecture notes
remains an essential technology to make theoretical predictions about astrophysical sources of
GWs that provide us with the GW analog of a finger print data base that we can compare with
actual observations to try and identify the signals’ origins in the Universe.
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Figure 16: The real parts of some GW multipoles (Rex/M) H,,, are plotted for an 11 orbit
inspiral of a non-spinning BH binary with mass ratio 1 : 4 is plotted as a function of retarded
time. The different panels show the signals extracted at R., = 64 M and 96 M as well as
extrapolated to infinite extraction radius. Note that the subdominant H3, and H,s are amplified
by factors of 40 and 400, respectively; the signal is dominated by the quadrupole modes Hyo
and Hy_5 (not shown here).
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