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A BACKGROUND MATERIAL

A Background Material

A.1 Complex numbers

Complex numbers: z € C: z=x+iy=re? =rcos¢ +irsing |, where

i =+/—1 = “Imaginary unit”

x = Re(z) = rcos ¢ = “Real part”

y = Im(z) = rsin ¢ = “Imaginary part”
r=|z| = /22 + 2 = “Modulus”

¢ = arg z = “Argument”

z = x — iy = “Complex conjugate” of z

Comments: e arg z only defined up to adding 2nm, n € Z

Principal argument := the value ¢ = arg z that falls in (—m, 7]

“¢ = arctan £” does not in general work, since arctan : R — (=7, 7)
_ 158y 2n y_ _m
E.g. arg( 5 1% ) = =, but arctan £ = —Z2

We have: |z[>=1? =27, Re(z) = 2227 Im(z2) = s

Triangle inequality: | |21 + 22| < |21| + |22 | for all 2z, z € C.

Setting z; = (; + (o and either zo = —(5 or 25 = —(, we also find:

Gl =Gl < 1G+ Gl | forall (¢, GeC.

Geometric series

3

For z € C, z # 1 and n € Ny: @ =
k=0 T
e Proof by induction
e For |z| < 1, the series converges: izk _ !
’ ' p— 1—z

e This is the Taylor series of f(z) = around z = 0.
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Def.: Aset D C Cis an open set if:

Vzo €D Je>0 : the e sphere |z — 2| < € liesin D.

A neighbourhood of z € C is an open set D that contains z.

A.2 Trigonometric and hyperbolic functions

Euler’s formula: e'? = cos ¢ +1isin ¢ = e =cos¢ —ising
el¢ 4 717 . ¢l — e
=  cos (b = — A S (b = ;
2 2i
Hyperbolic functions: | e? = cosh ¢ + sinh ¢ = e~® = cosh ¢ — sinh ¢
¢ —¢ ¢ _ o=@
e’ +e . e e
= COSh¢ = — A smh¢ N
2 2
e +et
We have: cos(iz) = = coshx & cosh(iz) = cosz,
et —e”
sin(iz) = 5 isinhz & sinh(iz) =isinz
i
Addition theorems: cos(aw+ ) = cosa cosff —sina sinf3,
sin( + ) = sina cosf + cosa sinf,

cosh(z + y) = coshz coshy + sinhx sinhy,
sinh(z + y) = sinh x coshy + cosh zsinhy .

A.3 Calculus of real functions in > 1 variables

Sometimes, we regard a complex function as 2 real functions on R:

f(2) = u(z,y) +iv(z,y)

Def.: C™(2) := set of functions f : Q2 C R™ — R whose partial derivatives up to order m
exist and are continuous.
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Note: Existence of partial derivatives does not mean much! E.g. :

x fory=20
flzy) =< v for z =0
arbitrary for x #£ 0 and y # 0
= g—i(0,0) =1 = %(0,0), but f is not even continuous at (0, 0)!

Def.: f:Q CR" — R is differentiable at & € Q2 if: 3 a linear function A : R — R with

fx+ Ax) — f(x) = A(Az) + r(Ax)  with AlaivlrgO % =0.

f is continuously differentiable if furthermore the partial derivatives are continuous.

This generalizes to vector-valued f : {2 — R™ by considering each component f; sepa-
rately.

One can show that: 5
f is continuously differentiable & all partial derivatives —f are continuous
L
= [ is differentiable

0
= [ is continuous and all partial derivatives —f exist ,

633]'
Def.: A sequence of functions f; : 2 C R" — R is uniformly convergent with limit f

& Veso Inen Visn, zea [fe(x) — f(x)] <€

b b
This allows: lim fn(x)dx:/ f(z)dx

n—oo a

Example: The geometric series Z z" converges uniformly for |z| < 1.

n=0
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B Analytic functions

B.1 The Extended Complex Plane and the Riemann Sphere

We can identify C with R?:  z <+ (z,y) is bijective with z = z + iy
Addition: Z =214 29 & (@, y) = (x1 + 22, y1 + ¥2)
Multiplication: 2z = 21 29 & (x, y) = (2122 — Y1Y2, T1Y2 + T2Uh)

Easier to see with i? = —1: 2y 25 = (21 +iy1) (29 + i) = T179 — Y12 + 1(X1Y2 + Toy1)
Def.: The extended complex domain is C* := C U {0}
Comments: e 2 = 00 is a single point!

e “2 = —00" means we approach this point along the negative real axis

e This is best seen in the Riemann sphere:
P ¢+ z via the line NP
South pole P +— 2 =10
North pole N — z = o0

e In practice: f has a property at z = oo if f(1/() has this property at ( =0

B.2 Complex differentiation and analytic functions
Def.: f:C — Cis differentiable at z € C

exists and is independent of the direction of
620 0z
approach.
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Direction independence is a strong requirement!
In R, we only have 2 directions. E.g. f(z) = |z| is not differentiable at z = 0.

In C, we have oo directions.
Def.: A complex function f is analytic at z € C

< a neighbourhood D of z where f is differentiable.
Comments: e We will see that analyticity implies a lot!

e E.g. an analytic function can be differentiated co many times. This is not
true for real functions: [ |z|dz can be differentiated exactly once.

e Good news: Many rules for differentiation of real functions hold for complex
ones, t0o0.

Let us consider 2 directions for the derivative of f(z) = u(x,y) + iv(x,y),
(1) Real direction: §z = dx

flz+07) - f(2)

, L
fiz) = 51590 oz
- u(r + oz, y) +iv(r + v, y) — ulz,y) —iv(z,y)
= lim
520 ox
ou .0v
(2) Imaginary direction: §z = idy
o flz+idy) — f(2)
f) = Jim oy
. u(z,y + oy) +iv(z,y + oy) — u(z,y) —iv(z,y)
= lim -
Sy—0 idy
ov ou
oy 18y (B.2)

For a differentiable function, these must be equal!

Proposition: A differentiable function f(z) = u(z,y) + iv(x,y) satisfies the Cauchy Riemann

au_(% 8u_ ov

conditions Fre a_y’ 8_y =5

The reverse does not hold; we need that u and v are differentiable.

In practice we often use:
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du v du v

5 ay By

at z = 2y and the partial derivatives are continuous in a neighbourhood of z, then
f is differentiable at z.

Proposition: If f(z) = u(x,y) + iv(x,y) satisfies

The proof (and others) are discussed in IB Complex Analysis.

Z+z z—Z 2= Z
2 21 2

Alternative viewpoint: Using z =

we can write any complex function as g(z, 2).

Then ¢ is differentiable if g(z, zZ) = g(z); cf. example sheet 1.

Product rule: The product of two analytic functions f, g is analytic with

(f9)'(z) = f'(2)9(2) + f(2)g' () |-

Proof. We can directly compute the derivative. Let

o= :f(z_’_hf)b_f( )—f/(Z),

so both w — 0 and w — 0 as h — 0, and

gz +h)f(z+h) —9(2)[f(2)

(9f) = lim -
i B9E) + )+ wlk} {F(2) + () + wh} = g()f(2)
h—0 h
o Q) 0l 1G) + () + @ lhg () + 1) + wlh () + I
h—0 h
= ¢ () f(2)+ ['(2) 9(2).

Chain rule: The composition of two analytic functions f, ¢ is analytic with

(fog)(2) =f(9(2)g'(2) |-

The proof works analogous to that for product rule; cf. long script.
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Examples

(1) f(2) =z =a + iy is entire := analytic in all C:
O,u=1=0yv, Oyu =0=—0,v, and they are continuous.
The definition of f/(z) gives us immediately f'(z) = 1.

(2) e" = €% e = e"(cosy + isiny) is also entire:
Oyu = €e* cosy = Oy, Oyu = —e"siny = —0,v,  and they are continuous.
Computing [’ along the z direction gives:
f'(z) = Oyu +10,v = e* cosy + ie* siny = €*

(3) f(z) = 2™, n € N is also entire. This follows by induction using product rule and
example (1), which also give us f(z) = nz""'.

A linear combination af + 89, «, f € C of two analytic functions is also analytic.

= Polynomials are analytic.

1 > _
(4) f(z) = o= % = ;leyé is analytic everywhere except z = 0:
2 2
Y- —x —2xy
Ol = ———= = 0,v, Ou = ——F5 = —0,v.
(@2 +y2)? (@)
Evaluating f’ along the x direction, we get:
0 x—iy —®+y*+2zy —(r—iy? 2 1
ox x2 + 32 - (x2+y2)2 - (x2—|—y2)2 232 L2

N fg-dg1f
With product and chain rule, this also gives us the Quotient rule: (—) =

g g
. P(z) . .
Also: If P(z), Q(z) are polynomials, then o) is analytic except where Q(z) = 0.
z
(5) cosz = % , and sinz = % are analytic everywhere with
i
(sin)'(z) = cos(z),  (cos)'(z) = —sin(z).

We likewise find cosh’ = sinh, sinh’ = cosh.

1
(6) (tan)'(z) = o2(2) by quotient rule; is analytic except where cos(z) = 0.
cos?(z

1
(7) One can show that log’ z = — where log z is defined. This is more subtle; cf. below.
z

Examples of non-analytic functions
(1) f(2) =Re(z2) = OJ,u=1%#0Jyv, so Re(z) is nowhere analytic.

(@) f(5) =12 = u=TEE, v=0
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i
= Ou=—F——=, Oyu= Y

= The Cauchy-Riemann Eqs. are nowhere satisfied.
B) fz)=z2 = u=z,v=—y = 0Ju=1#0,y = Zisnowhere analytic.
(4) f(z) =[]* = 2" + 4

= OJu=2x, Ouv=0, Ju=2y, 0O,v=0

= The Cauchy Riemann Eqs. are satisfied only at z = 0.

0,0 = 0yv =0

Analyticity requires differentiability in a neighbourhood, so |z|? is nowhere analytic.

B.3 Harmonic functions

Def.: A function f(x,y) is harmonic if it satisfies the Laplace equation Af = 02f+92f =0
Def.: Two functions u, v satisfying the Cauchy-Riemann Eqs. are harmonic conjugates.

The Cauchy-Riemann equations relate u and v. If we know one, we can construct the other up
to a constant and, thus, the analytic function f.

Example.: Let u(x,y) = 2% — >
= Oy =0,u=2x
= v(z,y) = 2zy + g(2)
Also
Oyu = —2y = 0= —2y — ¢'(x)
= ¢(r)=0 = g(x)=co=const
= f(z)=u+iv=12%—y?+ 2zy +icy = (x +iy)* +ico = 2% +icy.

Note: You should compute f(z), not merely u(z,y), v(z,y).

Proposition: The real and imaginary parts of any analytic complex function are harmonic.

Proof. Let f(z) = u(z,y) + iv(z,y) be analytic

= 0,(0,u) = 0,(0yv) = 0,(0,v) = 0y(—0yu)

= Bu+dju=0

We likewise find Av = 0. ]

B.4 Multi-valued functions and branch cuts
B.4.1 Single branch cuts

Recall: log z = log (reie) = logr +i6
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Problem: 6 = arg z defined only up to adding 2nw, n € Z
E.g. logi = iZ or 15_7r or —13—7r or ...

2 2 2
Consider the curves C1, Cy, C3

-
\

-

e On (Y : 9:argz€(0,g);ﬁne!
e On (5 : 06(%,?’7”);ﬁne!
e On C5: 0 increases by 271 everytime we go around the circle.
= 0 is not single valued.
We could require 0 € [0, 27), but then 6 is not continuous!

Def.: A branch point of a function f(z) is a point z, that cannot be encircled by a curve C such
that f is single-valued and continuous along C'. 2y is a branch point singularity of f.

Examples
(1) f(z ) log(z — a) , a = const € C has a branch point at z = a
(2) f(z) =log (=3) =log(z — 1) — log(z + 1) has two branch points at +1
(3) Con81der f(z) = 22 = r*el®? along a circle of radius 7y around z = 0.
At9=0: f=

At =2m: f= rg‘ew‘z”
Equal only if ¢ =1 & a2r=2n7 & a«a€Z.

= For non-integer «, f(z) has a branch point at z = 0.
(4) f(z) = log z has a branchpoint at z = oo because log% = —log ( has one at ( = 0.

Likewise, 2 has a branchpoint at z = oo if a ¢ Z.
(5) f(z) =log =
f(z=1/¢) =log == z+1 IOgl_Tg stays near log1 =0 for all { =~ 0.

= OQ:
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We handle branch points with branch cuts: “red” lines in C which no curve C' is allowed to
CTOSS.
Example.: Consider log z = log |z| + i arg z with a branch cut along the negative real axis.

y
4
X
A
X
Then log z is continuous with derivative %logz = % along any curve that
does not cross the cut!
Eg. 0e(—mmn] or 6¢€ (m3n]
Either way, # jumps by 27 across the cut!
We could also choose other branch cuts:
y Y oo
4 4
/X -~\ /X
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Summary: e We have 3 branch “thingies”:

1. branch point: A point we cannot encircle.
2. branch cut: a red line we are not allowed to cross.

3. branch: the choice of values f(z) is allowed to take on.
e We have freedom in choosing branch cuts and branches, but not branch points.
e We can specify the branch of a function in two ways.

1. Specify the function and range of values.
E.g f(z)=log|z| +iargz, argze€ (—m, 7).

2. Specify the function, the branch cut and f(z) at one point.
E.g. f(z) = logz with a cut on R=? and log1 = 0.

B.4.2 Riemann surfaces*

Are branch cuts quite satisfactory?
Riemann suggested: Regard the branches of f(z) as copies of C stacked on each other.
E.g. for log z = log |z| + 16

Surface 1

Surface2 @

Surface3 e
Surface 4

15

10

Crossing a branch cut now carries us from one sheet to the next.
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B.4.3 Multiple branch cuts

How to handle multiple branch points?

Examples

(1) g(2) = [2(z — 1)]'/® has branch points: z=0, z=1
Let z=re? 2z—1=re"

= g(2) = e

We must avoid either 8 or 6, completing a full circle.

— 2-segement branch cut (—oo, 0] U [1,00)
z
(2) f(z) =log

Let z+1=re 2z—1=rme€"%, and avoid full circles in 6, 6,

-1
1 log(z — 1) — log(z + 1) has 2 branchpoints: z = +1
z

2-segment branch cut: (—oo, —1]U[1,00). But we can also use [—1, 1]!

y

15
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Which is better? Depends...
(—o0, —1] U [1,00) does not handle legitimate curves encircling both z = +1
[—1,1] does not handle legitimate “little” curves between z =1 and z = —1
Why are curves encircling both z = 41 ok?
Let 0, 0, € [0,27). Then, as we cross the real axis ...
(i) to the left of —1: All ok, since 6, 6; vary smoothly across .
(ii) to the right of +1: both 6 and 6, jump by 27, but
f(z) =log|z — 1| — log|z + 1| +1(6; — #) does not jump!
(3) Could we have used the branch cut [0, 1] in example 17
No! So what’s the difference between f and g7
Answer: ¢ also has a branchpoint at z = oo, f doesn’t.
0, 1] would still allow us to encircle the branch point z = oo of g(z).
Proposition: Let f(z) have branch points z1, zs,.... A complete branch cut of f is a set of cuts

with: (i) Every branchpoint has a cut ending on it. (ii) Both ends of each cut end
on a branch point. (iii) Any curve in C that does not intersect the branch cut either

encloses all or none of the branchpoints.

Comments: e Regard z = oo as a single point!

e The branch cut (—oo, —1] U [1, 00) in example 2 is really a single curve across
the North Pole of the Riemann sphere! The cut [—1,1] is a cut across the

South Pole of the Riemann sphere!

e z = 00 may also be a branch point, as in example 1.

B.5 Mobius maps

az+b

Def.: Mébius map: amap M:C—-C, z+—w=
cz+d

where a, b, ¢, d € C with ad # bc.

Comments: o If ad = bc, M maps all C to a single point

. . o d
e M is analytic everywhere except z = —¢

e Regarded as M : C* — C*, M is bijective with
—dw +b

M. C"—=C*, wrz=—also a Mobius map!
cw —a

Def.: A circline is either a circle or a line.

(1)
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Proposition: Any circline in C is given by the points z with
|z —z1] = Mz — 23] with 2z #2,€C, A eR*

Proof: long script.

Proposition: A Mobius map maps a circline to a circline.

Proof. Plug (1) into a circline |z — 21| = Az — 22/

dw —b

cCw — a

— 2z — 2 - Jew — al

'_dw—b

Cw — a

:A’_

= | —dw+b—z(cw—a)| = |dw —b+ z(cw — a)| = A|dw — b+ z(cw — a)|
= |w(cz +d) — (az1 +b)| = Mw(cze + d) — (az2 + D). (B.3)

If czy +d =0 or czo + d = 0, this trivially gives a circle. Otherwise,

az; +b aze +b
- =\|w— : B4
’w czl—l—d' ‘w 622+d' (B-4)
O
A circline is determined by 3 points. This suggests:
Proposition: Let a #3#~v#acCanda#£ 47 #acC.
= There exists a Mobius map that sends a +— &, 5 — B, v A.
Proof. My(z) = boyz-a sends a +— 0, S+ 1, v — 0.
f—az—y
f-Fz-a 0 A -
My(2) = = — sends a@— 0, — 1,5 o0
f-az-3
M3t o My is the required map.
It is also a M&bius map (who form a group!) O

B.6 The circle of Apollonius*

see long notes.

B.7 Conformal mappings
B.7.1 Simple operations in the complex plane

Let’s first get some intuition about operations in the complex plane.
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Examples
(1) Square function: z = rel? s 2% = r2e1??

Q\\ 72 Y r Y

e x oD

2 effects: e Rotation from 6 to 26

e Points are pushed away from the unit circle (towards oo or 0)
Likewise for z — z® with a > 1, but we need to choose a branch if « ¢ Z.
. L
(2) Square root: z =re? — /z = \/re'2’

2 effects: e Points rotate to half their original angle.

e Points are dragged towards the unit circle.
Likewise for any z +— 2% with 0 < a < 1. We always need to chose a branch!
(3) Exponential function: 2z =z +iy+> e* ="M =rel¥  with r = ¢
e real part x determines radius, imaginary part y the angle.
e Horizontal lines y = const —  constant angle 0, i.e. radial rays

e Vertical lines z = const —  constant r, i.e. circle segments
y r y

- X
. r=e "o
X0+ly -

-+ T+

18
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= Rectangles map to sectors of annuli!

(4) log map: z+ Inz is the inverse, provided we choose a branch.

sectors of annuli — rectangles

B.7.2 Conformal maps
Def.: f:U — W, U, W C C open, is a conformal map :< f is analytic with f'(z) # 0

throughout U. If f is also bijective, it is called a conformal equivalence.

Proposition: A conformal map preserves the angle in magnitude and direction between in-
tersecting curves.

Proof. Let z(t) be a curve in C with zg = 2 (to).

= 0 =argz|(ty) = angle of the curve with the z direction

Let f be a conformal map = (i(t) = f(21(¢)) is a new curve with tangent

/ df dzl / /
G (to) dorl,, |, f'(20)%1(to)

Angle with z direction: 9 = arg (¢{(to)) = arg (2{(to) f'(20)) = 0 + arg f'(z0) -
The rotation angle arg f’(zo) is well defined since f'(zy) # 0.

Let 2z5(t) be a second curve through zy. It also gets rotated by arg f’(2).

= the angle between z; and 25 is unchanged.

19
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Comments: e Without proof: The reverse of this proposition is also true!

= Conformal maps and angle preserving maps are the same thing.

e We often determine the image V' := f(U) by taking the image of the bound-
ary OV = f(OU). But which side of 0V is V7 Take one example point to
find out.

Examples
(1) f(2) =az+bwitha beC, a#0 is conformal everywhere:

it rotates by arga, translates by b and rescales the radius by |a|
(2) f(z) = 2? is a conformal map except at z = 0. Consider

U:{ZE(C ‘ 0<lzl<1l A 0<argz<g}

= V:f(U):{wGC ‘ O<|w| <1l A O<argw<7r}

EEURa.

Note: The right angles of QU at z = 1, i are preserved at w =1, — 1
The right angle at z = 0 is not! Because f'(0) = 0.

(3) Often, we know U, W and want to find f: U — W.
7r T
= — _ < =
Eg U {ze@ ’ Re(z)<0}, w {wEC ’ 4<argw_4}
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21

1. Half the angular range: f(z) = z'/2

We need a branch cut. This must not intersect U, so f is analytic.
3

E.g. argz € (—%, 7)

2. We need to rotate f(U) by —m/2: g(¢) = e ™2 = —i(.
1
=gof:U—=>W, gof(z)=—iz2

(4) f(z) = €* is conformal throughout C. It maps rectangles to sectors of annuli

iy, -4---
U
. \%
f \
— ) \ .
ly] T // /// yZ \\ \\\
: : :/ ‘,/ "-__y]\\‘ \.
: : l\\ ' ;,exl /" eXZ
X, x, ' /
With an appropriate branch, log z does the reverse.
vy s az+b
(5) Mobius maps x — g e conformal on C \ {—¢
cz
Recall: they map circlines to circlines.
z—1
Consider f(z) = 1 o U={z€C : |z] <1} “unit disk”
z

Let’s find 0V = f(9U): —1, i, 1 € 0U:
f(=1) =00, f@i) =i, f(1)=0 = 0V = imaginary axis
Also: f(z=0)=-1 =V = left half plane Re(w) < 0
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; i
We can compute more points, e.g. f (z = 1—\}%‘ =

)= =1

One can show that f maps regions 1-8 (1, 4, 5, 8 exterior to unit disk!) of

according to the pattern: 1+—2—3—4+— 1+ ...
D=6 T8 b ...
Agrees with unit disk Iy Jeft half plane

(6) f(z) =1 is another Mobius map; cf. example sheet.
(7) Let’s map the upper half disk |z < 1, Im(z) > 0 to the full disk |z| < 1

f(z) = 2% doesn’t work: no point gets mapped to R* (e.g. to 1) since z x €™ ¢ U

Use Md6bius maps...
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A o

o fi(z) = z

e f»(z) = 2? takes the 2nd quadrant to the lower half plane
e Rotate by 7: f3(z2) =iz

1 takes the upper half disk to the 2nd quadrant

z—1

o fi(2) = fi(z) = 271 maps the right half plane to the full circle
z
Looks like magic but works: E.g.
L I . fa isn/a I ~ :
5 203 2, 3 25 V3e —  somewhere in region 3

B.7.3 Laplace’s equation and conformal maps

Let U C R? be a “tricky” domain, V C R? a “nice” domain.
We write: z=zx+4+iye U, (=u+iveV.

Let f:U — V conformal: (= f(2) = u(z,y) +iv(x,y)

Recall: G(¢) = ®(u,v) +iV¥(u,v) is analytic = &, ¥ are harmonic: AP = AV = 0.

Clearly: ¢:=Go f isalso analytic: g¢g(z) = G(f(z)) = ¢(z,y) +iY(z,y)

= ¢, v are also harmonic

23
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9(2) = o(z,y) +iv(z,y)
=Go f(z) = G(Q) = P(u,v) +1¥(u, v)
8
/ G
A
C(=f(z)=u+iv
\%4

We can use this to solve the Laplace equations on complicated domains!

Goal: find solution of A¢ = 9%¢ + 85¢ = 0 on U with Dirichlet boundary conditions on 0U.
1. Find simple domain V' and conformal f: U -V, z=zx+iy— (=u+iv
2. Translate boundary conditions ¢ = ¢o(x,y) on QU into conditions & = Pgy(u,v) on IV
3. Solve A® = 0 on the nice domain V'
4. ¢(z,y) = ®(u(z,y),v(z,y)) solves A¢=0onU

Example
Solve A¢ = 0 on U = the 1st quadrant of R? with ¢(x,0) =0, ¢(0,y) =1
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=1 /2

U is part of an annulus with: r € (0,00), 6 € (O, %)

f(z) =logz maps U to the “strip” 0 < Im(z) < :
u(z,y) = Re(log 2) = log|z| € (—o00,00), wv(x,y)=Im(logz) = argz.
So we need to solve 920 + 92 = 0 with ®(u,0) =0, ®(u,5) =1

2
Easy: ®(u,v) = —v.
7r

2 2
= ¢(x,y) = ¢(u,v) = —argz = arctan%

Note: arg z = arctan ¥ is ok here, since arg z € (O, %)

25
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C Contour integration and Cauchy’s theorem

C.1 Contours and integrals

Complex differentiation: We had oo directions.
Complex integration: We have oo paths from a to b; unlike in R!
In contrast to differentiation, we do not demand path independence of integration!

Let’s define integration in C...

Def.: A curve v is a continuous map v : [0,1] — C.

Comments: e Without loss of generality, we use a parameter range I = [0, 1]. Use A\(x) =
a+ (b— a)z to switch to I = [a, b].
e We sometimes also denote by ~ the image v(I).
e A curve has a direction: from ~(0) to v(1).
Def.: A closed curve is a curve v with v(0) = ~(1).

Def.: A simple curve is a curve 7y that does not intersect itself except at the end points v(0),
v(1).

Def.: A contouris a piecewise differentiable curve.

Notation: o —y:=reversed v: t— (—y)(t) =v(1—1).

e We can join two curves 7y, vo if 71(1) = 72(0

Es (14 )(E) = { i) for <

),
1
2
Y2(2t — 1) for t > 1

Def.: The contour integral of a function f along the contour 7 is:

/f )z —/ P 0)7 (1)t

B
Cf. the integral of a vector field in R™: /F('r)d’r = / F(r(t) -7 (t)dt.
C A

Alternatively: Dissect [0,1] into 0 =1ty <t; < ... <t, =1

Let 0ty = tgr1 —te,  0zk = Zpr1 — 2k, where z;, = y(t;). Then

/yf(z)dz = i@og f(zn)02n, where A = ,max Oty .
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Example.: Let f(z) =% and 1, 7> be unit half circles, z = v(0) = €', ~'(0) = iel?,

z

O.igde O‘iede
N Ilz/le. — —ir, [2:/16_ —ir.

616’

Rules of integration: (without proof)

(1) Joint contour: / f(z)dz :/ f(z)dz+/ f(2)dz; sameasinR: fac _ f;+fbc
Y1tv2 71 V2
(2) Reversed contour: / f(z)dz = — / f(z)dz; asinR: fa” —

(3) If f is differentiable along a contour ~ from a to b, then

/f’(z)dz — ) - f(a).

Note: This does not contradict the above path dependence of [ 1dz (Why?)
(4) Integration by parts and substitution work as in R.

1
(5) Length of a curve: L:/|dz| :/ 17/ (¢)|dt .
ol 0

//f(z)dz

Closed contours: e We denote integrals over closed contours by §¢.

If |f(2)| < fo along ~, then:

< foL.

° 557 f(2)dz depends on the direction, but not on the strating point

e Convention: traverse 7y counter clockwise

& interior of v is on the left
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Def.: An openset D C Cis a connected domain if each pair z;, 2o € C can be connected by
a curve whose image is in D. D is simply connected if if is connected and every curve
in D encloses only points in D (“no holes"!).

is not simply connected

Note: A single point is enough to make a hole.
C.2 Cauchy’s theorem

Theorem: If f(z) is analytic in a simply connected domain D and + is a closed contour in D,

7§ f(2)dz =

Proof. (slightly simplified)

Green’s theorem for functions P, () with continuous partial derivatives on D O M, where M
is the interior of a simple closed contour 7 in R?:

]{(de—i-Qdy // (%—2—5) dzdy. (1)

Write the complex f(z) = u(z,y) +iv(z,y), s

f(z)dz = (u+iv)(dz +idy) = ¢ (udzr —ovdy) +1 P (vdz + udy)
foen - f / /
S (‘@‘—y)“dy“// (@‘—y)d“y‘o

thanks to the Cauchy-Riemann conditons. O]
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C.3 Deforming contours

Proposition: Let 7, 72 be contours from a to b in C, and f(z) be analytic on both contours and
the region bounded by the contours. Then

/71 f(2)dz = /mf(z)dz.

Proof. Let 1, 72 not intersect each other except at a, b.

= v — Y= + (=) is a simple closed contour

= f(2)dz=0.

Y1—72
If 71, 72 intersect each other, dissect the curve at each crossing point and apply the proof to
each individual closed curve. [
Comments:

e Compare with exact differentials in R?: Write
df = f(2)dz = (u+iv)(dz + idy) = (u +iv)dz + (—v + iu) dy
—— ——
=:P =:Q
= 0,P =0,(u+1iv) = 0y(—v+iu) = 0,Q by C.R. = df is exact!
= The integral of f is path independent.
e Cauchy’s theorem lets us deform contours:

Let 71, 72 be closed contours that can be continuously deformed into each other.

Let f(z) be analytic on and between ~y;, 72



C CONTOUR INTEGRATION AND CAUCHY’S THEOREM 30

Cut out a tiny piece from 71, 75 to get a single closed contour +.

Use Cauchy’s theorem on 7 and let the gap shrink to zero width,

f;f(z)dz =0 = /71 F(2)dz = /72 f(2)dz.

C.4 Cauchy’s integral formula

Integration along closed contours: Functions with singularities inside are more interesting!

Theorem: Cauchy’s integral formula: Let f(z) be analytic on an open domain D, z, € D, and
~ a simple closed contour inside D that encircles zy counter clockwise.

= f(z0) = 1 Md,z, and f(")(zo) = n_' j{ Lz)dz (1)

21 ), 2 — 20 2mi

Proof. Let v, be a counter clockwise circular contour of radius € inside

Y

= f— is analytic between v, 7.. Write z = 2, + €€!? and let € — 0, so:
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@) o @) i Mieewde = lim 1/27r fz0 + €€)d0 = 2mi f(29)
0

_ _ i
y 2= 20 Y 2= 20 0 €e e—0

d
That’s the first Eq. (}). For the second, take P times

20
1 f(2)
= f =— ¢ ———dz, etc. O
Fz0) = 5 7{ L e
Comments: e Knowing f on v gives us f(z) for every point inside. How?

f(z) = u(x,y) +iv(z,y) is analytic
= u, v are uniquely determined as solutions to the Laplace equation with

Dirichlet boundary conditions on ~

1
This does not work for zy outside y: Then 7 7{ Mdz =0
i 2

e If f is analytic at zg, by Eq. () it is differentiable oo times at 2

Liouville’s theorem: If f is analytic on all C and bounded, it is constant.

Proof. 3co e R Vze C |f(2)| <«

Let v, be a counter clockwise circular contour of radius r around 2.

@ | ! f(z _ Corooe
el @ o f D] < 5 [ Ba= 2w

We can use any 7. O
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D Laurent series and singularities

D.1 Taylor series and Laurent series
= 1

Recall Taylor series in R:  f(z) = Z — O (o) (z — xo)"
“— nl

On C we have the more general:

Proposition: Let f(z) be analytic in an annulus Ry < |z — zo| < Ra.

[e o]

Then f has the Laurent series | f(z) = Z an(z — 29)"

n=—oo

If f(z) is analytic at zp, it has the Taylor series

f(”)(zo)

n!

f(z) = Zan(z —2)"  with  a,=
n=0

Proof. Without loss of generality, zo = 0.
Let z € C with Ry <1 < |z| < ry < Ra.
Let 71, 72 be counter clockwise circular contours of radius rq, 7.

Approximate with a closed contour ~:

Use Cauchy’s integral formula (with z +— (, 2o — 2) and infinitesimal gap

R Y O K(9 IS B G (OISR SR G A(9 )
:f(z>—%7£@d<— a3

271 J., (— 2
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For ~;: ‘—‘ < 1. Use geometric series in =, so
z z

SR O (VR T G AV (<)
hi= 27Tiji§—z 27z ll—gdc B 27rlzjglf(oz<z) d

1
= Y e withoa= o 7{ FOC e

For ~,: ’§‘<1 = ... =

[ G A(Y dg:ianzn with  a, = o— 7{ FO)C e

27 J., (— 2 et

That’s the Laurent series.

If f is analytic at zp, then it is also analytic inside v, for small enough .
For n < —1 (but not for n > 0!), (""" is also analytic inside v,

= [; =0 by Cauchy’s theorem!

1
= f(z)=1, with a,= 258 C(i) f(”)(O) Cauchy’s integral formula! O
Comments: e One can show that the Laurent series is unique.

e The Taylor series is the same as for real functions.

Examples

o) TL 3 [e.e]

W I6=5-2 5= 3 G

n=0

(2) f(z) =e= about 0: ¢

w =
Il
—
+
IS
‘H
+
‘H
+
|
i\g
)
3
I
3
)
3
I
—_

1
, a € C, about 0:
—a

(3) f(2) =
1 11 AN 1,
A<l = === (0) = e

1 11 1 <= /a\™ el
Al = =i (5) - X e
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z

(4) f(2) =

Common trick: (=z—2z=2z—1

] is singular at z = 1. What is its Laurent series about zy = 17
Z —_—

et e e 1
M= Ty 7 i

e 1 ¢ ¢\’

- i<1+<+562+..) [1—§+(§> ¥
e 1 e 1 1

_ i<1+§§+...) - 5(2_1+§+...).

. (& _6

= a1 = 5, CL()—Z.

Often, we only need a_j...
(5) f(2) = z~'/2 about 0 does not work: f has branchpoints at 0 and oo

= Every annulus crosses the branch cut, so # annulus where f is analytic.

D.2 Zeros and singularities

Theorem: Any polynomial P(z) of degree n > 1 can be factorized as
P(z) =a(z —21)™ (2 — 22)™ - -+ (2 — )™,

where mi; +mo+...mp =n, a € C.

Use the Taylor expansion to generalize this to other functions:

Def.: The zeros of a function f(z) are the points zy where f(z9) = 0. A zero z is of order
n if in its Taylor expansion >, ax(z — z)¥, the first non-zero coefficient is ay or,
equivalently, if

f(z0) = f'(20) = ... = f" V(%) =0, but f™(z) #0.

A simple zero is a zero of order n = 1.

Examples
(1) fz)=2+i22+2+i=(z—-1)(z+1)%
a simple zero z =i and a zero of order 2 at z = —i.

1
(2) sinhz:é(ez—e_z):O & ¥ =1 & z=inm with n€Z

cosh(inm) = cos(nm) = £1 = all zeros are simple.
(3) sinh z has a simple zero at im, so:

sinh® z = [a,(z —im) + ... = a}(z —im)> + ... has a zero of order 3 at ir.
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We get its Taylor series using ( = z — im:
1

3
sinh® 2 = [sinh(¢ +i7)]” = (—sinh ()* = — (c + %c?’ +.. ) == =3¢

: 1 .
=—(z—in)® - Z(z —inm)° +...
2
singularities are “the inverse of zeros”

Def.: A singularity of f(z) is a point zy where f is not analytic.
isolated singularity: f is analytic in a neighbourhood of zy (but not at z).

non-isolated singularity: f is not analytic at zy nor in any neighbourhood of z

Examples
(1) f(2) =

1 1
2 z) = —— has isolated singularities at z = — for n # 0.
i
sinh - inm

- has isolated singularities at z = inm, n € Z, since sinh is zero there.
sinh z

f has a non-isolated singularity at z = 0, since for large enough n, another singularity

— is arbitrarily close by
inm

(3)

(4) f(z) = logz has a non-isolated singularity at z = 0: z = 0 must be connected to a
branch cut! This is also called a branch point singularity.

has a non-isolated singularity at z = oo, since —

has one at z = 0.
sinh z sinh %

For isolated singularities, f is analytic in an annulus around it, so f has a Laurent series.
Singularity checklist:
1. Is zg a branch-point singularity?
2. Is it a non-isolated singularity?
3. If neither, find the Laurent series and check:
(a) Ifa,, =0 Vn <0, then f(z) =ap+ ai(z —2) + ...

= the singularity is removable by redefining f(zo) = ao.
(b) If N >0 Yn<—-N—-1:a,=0and a_y #0

= f has a pole of order N at z.

For N =1, 2, 3 we say Simple, Double or Triple pole

(c) If there is no such N, f has an essential isolated singularity at zo

Examples

(1) f(z) = - has a simple pole at z = i.
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1 1
(2) f(z) = 5% hasa simple pole at z = 0: L F...
z

2 27 " 24
(3) 9(2) =

22

(z = 1)*(z = 1)

22 . G(z)
CE) S ey

> has a double pole at z =i

Let G(z) =

G(z) is analytic at z = i with Taylor series G(2) = bo+b; (2 —i)+ba(z—i)*+..., by # 0

b b
= g(z):(z_()i)2+z_1i+b2+....

We likewise show that g has a triple pole at z = 1.
(4) More generally: Let f(z) have a zero of order n at z

& ﬁ has a pole of order n at zg

5 z) = 2% has a double pole at oo, since & has one at ( = 0
¢
0

(6) e: = >

n=—oo

2" has an essential singularity at z =0

1
(=n)!
(7) One likewise shows that sin 1 has an essential singularity at z = 0

e —1
(8) f(z) =

redefine f(0) =1
(9) f(z) = 22 also has a removable singularity at z = 0: redefine f(0) = 1

z

1
=1+ o + §z2 + ... has a removable singularity at z = 0:

(10) Let P, @ be polynomials with zero of order m, n, respectively, at zop and m > n.

P P
= f(z) = Plz) has a removable singularity at zo with f(zg) = ol )Ezoi

Q(z)

This follows from 1'Hopital’s rule.

Proposition: Let f(z) have an essential singularity at z

= In any neighbourhood D of zj, f(z) takes on all possible complex values except

at most one.

E.g. e* takes on any value except 0 around z = 0

D.3 Residues

Def.: The residue Res f of a function f with isolated singularity at z = 2, is the coefficient
z2=z0

a_1 in the Laurent expansion of f about 2.
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Proposition: Let f have a pole of order n at z = 2.

= Res f(z) = lim ﬁi:—;[(z —20)" f(2)]

Z=2z0 Z—r20

Forn=1 | Res f(z) = lim[(z — 29)f(2)]

Z=Zz0 Z—20

1
Proof. n = 1: The Laurent series starts f(z) = a_; +ag+ ...
zZ— 20
= lim [(z — 20) f(2)] = a4
Z—r20
Use induction for n > 1 (example sheet)
There are many tools to compute residuals...
Examples
(W) f()=5 =740 et 5 Resf(2) =
2)= 5=z 2 51 TR Res f(2) = 3
2) F)= - = Res—" Dlim(z—1)-" —tim - —
221 =122 —1 251 221 251142
(3) Brute force does not always work:
A=w® = z=we"/*withn=0,...7
. E—w 1
Res 5— 8 = im ——= (w — wei™/) - (w — wel /) hmm
Z—w 1 1

1 —
SITA_* . IERT T
Better use 1 HOpltal. ljeg —8 ws = Zhnwl —28 ws = ZhIle 7 = @

(4) sinh(mx) has simple zeros at z =ni, n € Z

——— has simple poles at z = ni.
sinh(7z)

z—ni

(%)

(%)

1
Eq. (x) with 'Hopital: ~ Res ———— = lim ———— = lim

z=nisinh(7z)  z—misinh(7wz)  2—ni 7cosh(mz)

1
(5) Recall sinh®z = —(z —in)® — 5(2 —im)’ + ...

1 . \—3 1 . \2 - © \—3 1 s \2
= = —(z—1m 14+ =(z—1m)"+... = —(z—1m l1—=(z—1m)"+ ...
= (i) |1+ (e - im) (z=im) ™ |1 = 5(2 = im)

1
= —(z—im) 3 + 5(7; —im)™
1 1
= Res =

37
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What’s special about a_;?

Theorem: Let v be a simple closed contour in counter-clockwise direction, and f(z) be analytic
inside v except for an isolated singularity zy. Then

zZ=z20

]{f(z)dz =i2ma_y; =127Res f(2)

Proof. f(z) is analytic except for zy. Deform the contour « into a circle 4, inside :

= ¢ f(z)dz = ¢ f(z)dz = f: an(z — 20)"dz = f: an ¢ (2= 2)"dz
=g sen=f /

n=—oo n=—oo

The key point is

2w 2
% (z—20)"dz = / rre™irel?dd = ir"tt / g
Yr 0 0

127, for n=—1

- ntl o o (D'l)
L [t f T =0 for n# —1

O

Only the a_; term survives.
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E The calculus of residues

E.1 The residue theorem

Theorem: Let f(z) be analytic in a simply connected domain D except a finite number of
isolated singularities 21, ..., z,. Let v be a simple closed counter-clockwise contour
in D that encircles all zq, ..., z,.

= f(z)dz =i27 Z Res f(z)

2 k=1

Proof. Approximate v with 4 with the z;, cut out:

= 74 encloses no singularities!

= 0= ]gf(z)dz = ]gf(z)der

n

ji F(2)dz

n

= j[f(z)dz = — Z f(2)dz i2rRes f(z), since v are clockwise!
v k=1 Rk

k=1

E.2 Integrals along the real axis

We can compute many integrals along parts or all of R:

Complete with a circular segment and let radius — oo

Examples

* d
(1) I = / 1 +9c 5+ Use the closed contour 7o + vr:
0 x
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dz < dt
ith z = = o(t)=1: i = — =21
with 2z 70(15) t7 WO(t) RE}C}O " 1_|_22 /_OO 1+t2
The only singularity inside vy + g is the simple pole z = i:
1 1
Res —— =i ==
z§?1+z2 a1 2
dz 1
= — 5 = 2n— =
Yo+YR L+z 21

Finally: |1 — [z[?| < |1+ 2%
, dz , |dz| , |dz| , TR

= 1 = 1< B e B | — lim
REEO'LR1+Z2 —REEOLR}1_|Z|2| Rfio/m R —1  Rbee O(R2)

> d
= 2[l=7 = / T
0

1+a22 2
We could also close the contour with the lower half circle 4z. Then:
1 1
Res —— = 1i =——=
S I I

but vy + Vg is now clockwise giving another minus, so I = /2.

(2)

—— was conveniently symmetric. How about f(z) = ?
1+ 22 Yoy /) 1+ 23

Still works! f(z) is symmetric under rotations by 120°, so use
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X .
e in/3

Using 7o(t) = t, 71(t) = €2™/3t, we get for R — oo

dz < 1 o dt
0 0 0
dz 0 1 o /0 1, ,
. i27/3 . i27/3 o i27/3
= — ¢ dt = —e dt = —e I
/71 L4278 /oo 1+ (ei2m/3¢)3 o 1417

/ dz 1
’YRl_’_ZS 14 23

2
limp_ o < —mR sup =O(R™) =0

— 3 Z€VR

f(2) has 3 singularities, ¢™™/3, n = 1, 3, 5: only €™/ is inside the contour
1 z —el"/3 1 1 5
MTANI+al- — T — T = —-i2n/3
I’Hopital: Zi?§/3 553 Zi1£/3 533 Zl1£/3 5.2 36
dz i27/3 : 1 2T ion/3
= ;=71 +1+0=i21r Res ——= =i—-e
Nn+v+vR L+ 2 a=ein/31 + 2 3
N 2m e 1273 2m
=l =... = ——
3 1 — ei2n/3 3\/§
< d
(3) Consider I = / ﬁ, with a > 0 € R.
o (22 +a?)
1
f(z)= [EFyaH has 2 double poles at z = +ia. We need
1 d 1 —2 1
Res —————= = lim ——F— = lim = We use:

mia (224 a2)2 2oiadz (2 +1a)? eoia (2 +1a)? i4d3

41
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ia

d
/ ﬁ < WRO(R_4) —0 as R—
e (22 +a?)
Symmetry of the integrand implies
dz 1 s T
2l = =i2 = — = I =—
j{oﬂR (22 + a?)? YT T 243 4a3

E.3 Integrals of trigonometric functions

27
Consider integrals of the form f(cosf,sin0)do
0
. i0 1 -1 : -1
Using z=¢€", 0080:§(z+z ), sm@z;(z—z ).
i
We get a contour integral along the unit circle:
. d , d

i z=¢ = Tt —iy = A= i

dé z

Example

27 .
do —
cta>1¢ [ idz T
(1) L 1eR, I : 1 g
o a-+cosf v zla+ iz 427 L 22420z +1

242z +1=0 = z=—-a+Va®-1
One can show: 2. < —-a< -1 and —-1<2z, <0

= only z; is inside the unit circle

42
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+

1 1
Res Res = =

=21 22 + 2az + 1 - =z (z— 24 )(z—22) 24—z
127 2T

= I =-2 =
2Va?2 —1 Va2 -1

E.4 Branch cuts and keyhole contours

43

Functions with a branch cut need contours that do not cross the cut! This often results in

keyhole contours

Examples
x

1) Consider I = —_—
(1) Consider /0 TRV

Branch point: z = 0. Branch cut: we take RT.

0 o o iaf

Branch: 0 <0 < 2w, s0: z=re = % =r%

(67

dz, 0#ae(-1,1)

Take the contour

ei 3n/4

1S4

take the limit R — 0o, € — 0 such that the circles traverse (0, 27)
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4 contributions:

ZOé
: — = A2=27RO(R* > =0O(R*Y) >0 as R— o0
T /WRHﬁHZQ TRO(R™) = O(R*™)

v Set z = ee?

a 0 aiald
< €€ - e—0
—_———dz = / : —iee'?dd = O(e*TH) 5 0.
/% 1422+ 22 or 1 4+ v/ 2eel? + 26120 ( )

y1: Let v (t) = te%? with the limit 60 — 0

e 00 to iodf 00 to
/ —  dr=lm ,e 00t = / ———dt =1
v 1422 + 22 66-0 Jo 1+ \/2tei00 + 21200 o 1+2t+12

Yo:  Yo(t) = te!® with the limit 66 — 27

/ P q /0 ta6i2aﬂ' " 12a7r[
—Az = _—_— = —€
v 1+ V22 4 22 o 1+ V2t 412

ZOZ

In summary: 7{ ———dz = (1 - €*)I. (t)
Y1+YR+TY2+7e 1 + \/§Z + 22 ( )

One can show: 2%+ 14 V22 = (2 — e¥/4) (2 — £°7/4)
Ci3T/4 _ ibm/4 _ [

P ei3a7r/4 €i3a7r/4
= ZESE/H /2% + 22 T oi3n/d _ gisn/d J2i
S ei5a7r/4 €i5a7r/4 '
z£g§/41 FV2r 42 et _esn/A T With (1), we get

6i3a71'/4 eiSaﬂ/4
127 ( —
V2i V2i

— ]eionr(efionr o eiaﬂ') _ \/éﬂ_eionr(efiom/4 o eicz7r/4)

N

sin(am)

> _ \/§7T613a7r/4(1 o eiom/?) 2 (1— ei27ra>l

i3m/4 ibm/4

Note: The two poles e and e are in our branch 0 € [0, 27).

They must be! e®™/4 = ¢=137/4 but e~ 3™/* would have given us a different residue
and a wrong [. Stay by your branch!
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E.5 Rectangular contours

Advantage: Rectangular contours can strecth to oo in selected directions.

Examples

(1) Consider I —/

oo az
€

de, —-1l<a<l
o COshz

az
cosh(iz) =cosz =

1
has poles at z:i(n+—)7r, n € 7

cosh z 2

The contour with R — oo

iT

in/2

encircles only one pole, z =17. We have 4 contributions to the integral:

e? 00 eat
i 2(1) /70 coshz /OO cosht

m: z2(t)=t+im, cosh(z+im) = —coshz, so

% q —00 6a(t+i7r) q ] oo et q ) /
5= t = —ediT t = elom
/’n cosh z /OO cosh(t + i) /OO —cosht

vr: Parametrize z(t) = R + it

One can show: |cosh(R + it)| = Vcos2t + sinh? R > sinh .

az ™ aR iat ™ aR
/ ¢ dz| < / e |dt = e“R/ 1 d e O(e(o"l)R) e o)
g COSh 2 0

— i t = —
o |sinh R sinh R sinh R
since o < 1.

az

dz F2=° 0

a0 e
v_gr: Likewise, a > -1 = /
v COSh 2
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For v = 7o +vr + 7 + 7—r We have: f
~

One simple pole at z =i7. With I'Hopital:

az z—1Z)e**
Res — = lim —< 2)

= lim

cosh z

(z —if)ae™ 4 e**

eOéZ

dz = (1+ €)1,

eiowr/2

z—iZ

z=iZcoshz 2—iZ coshz z

1 . 2
= 2mi(—ie*™/2) = i

sinh 2 sinh i%

(e

1= :
1_|_€1a7r

(2) Consider I = ]{f(z)dz with f(z) =

22 tan

~(N+1/2)
— X @ X—X—X—X

e—iam/2 | piam/2 -

o
(72)

Cos(o‘—;) '

and the contour

i (N+1/2)
@

(N+1/2)
XXX ®X >

—i (N+1/2)

f has poles at z =n € Z. z = 0 is a triple pole, the others are simple.

The Taylor series of tan gives us R_eg f(2):

1 3
tanz:z—i-gz + ...

2
= Z’tan(mz) = w2° (1 + %22 +.. )

22tan(mz) w23 3

Z—nN

For n # 0: Res f(2) = lim ——— = lim >
4 z=n /z) =n 2z tan(mz) + —55

z—n 22 tan(mz)

Along the right edge: z(t) = N + 3 + it.

One can show: |[tan [(N + )7 +int]| > 1
N+3 idt N+3

<

Loy momamn| < Loy

=

1 = 1 (1—W—222—...)zlz3—zzl—...

= —1

cos?(7z)

n2mw

eiom‘/?

46
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Along the upper edge: z(t) =i(N +3) +t
t

One can show: |[tan[tm +i(N + 1)7]| > tanh %
N+3 N+3
2 dt 2 dt o
- / t2t1 t S/ = O =50
-n-3 #(t) tan[rz(¢)] -N—3 |z(t)2tan[(t7r +i(N + =)7] ’

2

[\

TV
>tanh %

Likewise, the integrals along the lower and left edge vanish for N — co. So:

dz T Yoo
. N—oo
Ea— Y T D N, i
]{Z%an(ﬂz) : W( 3 i Zn%r)
n=1
o0
1 w2
= _— = —
anl n? 6

E.6 Jordan’s Lemma

We have eliminated some integrals through falloff of the integrand.

E.g. 7{ OR)dz =3 0
R
An even stronger tool is Jordan’s lemma for contours g, g

Lemma: Let f(z) be analytic in C, except for a finite number of singular points, with f(z) — 0
as |z| = o0o. Let A, p € R, A >0, u<0. Then

lim / f(2)eMdz =0, lim / f(2)e**dz = 0.
TR IR

R—o0 R—o0

2
Proof. One can show that: sinz > —x for z€[0,5] (long script)
7r
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Parametrize vg : 0 — Re'?, so:

/ f(Z)ei/\zdz / f(ReiO)ei)\ReiGiReiOde‘ < R/ ’f(R@lg)‘
R 0 0

ei,\Rei‘)

dé

T w/2
— R Rei@ ef)\RsinG dd < Rsu P 2/ ef)\RsinGde
[ e, < Raw /() 2

>0 Z€TR

w/2
< 2Rsup |f(z)|/ e PMTAp = ; (1—e) sup | £(2)]
0

ZEYR ZEYR

=R
Likewise for p < 0 and the contour 7g. O
Examples
(1) Consider I :/ COS(O&I‘)dm’ a>0
0 1 -+ 33'2

Use contour v = 9 + Vg

iaz

dz

+ 22

Trick: Use Re /
.
Along ~y: this gives us 27
Along vr: we get 0 by Jordan’s lemma
We have one simple pole z =i inside v
1 iaz 1 —a
= [ = §Re (i?ﬂRes 1€+ z2> = §Re <127r62—i) = ge_a.

z=i
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*® sinx

dx

(2) Consider I —/

o T

eiz
For Jordan’s lemma we want —, but that’s not regular at z = 0.
z

Solution: Cut out z = 0 with

—€ s R - —€ iz R ix
— I= lim (/ Smxdx—l—/ Smxdx) —Im [lim (/ e—dx+/ e—dx)]
e—0 R . T €—0 _R Z e T

R—o0 R—o0

The closed contour encircles no singularity, so j{ .dz =0 and

GR_/ —dz+/ S P /—dz—/ P

Ye: parametrize z(

iz 1 O . )
= A= / +—9()16619d9 N i
ve % . e

vr: We get 0 by Jordan’s lemma
= [= 11_{% Im(I. g) = —Im(—im) = 7.

R—o0
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F Transform theory

F.1 Fourier transforms

Def.: Let f: R — C be absolutely integrable with bounded variation and a finite number of
discontinuities. The Fourier transform and its inverse are

fii) = Flr@) o = [ " e ()
fla) = F R0 @) = 5= [ Fetan 1)

Comments:
e There are many conventions: shifting minus signs, factors of 27 etc.

e We often use variable pairs (z, k) for space and (¢,w) for time.
2m 2m

k= U = wave number. w = T = angular frequency.
e Some non-square integrable functions can be handled with distributions.
In particular:  f(z) =1 = f(k)=2m6(k) = / le **dy

e At discontinuities, the Fourier transform returns the average:
@) + f@)
5 .
e We don’t quite need [

Def.: The Cauchy principal value of an integral f x)dz is
00 R
][ g(x)dz = lim g(x)dx
—oo R—oo J_p

Other notations: PV [, p.v. [, P [
f may exist even when [ does not. E.g.:

oo R
][ * dx = lim * dx =0

oo L 22 R—oo | _pl+ux

R
lim 2d:v:...:—oo.

e Egs. (1), (%) stand for:

1 e~ ikz
S + 00 = fage e,

S+ )] = g][ F)er

But we keep using (1), (f)
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Examples
(1) Consider f(z) = e /2,
= f(k) = / e 2k — / e (#HR)?[20=k2/2 q 2 =x+ik
—k?/2 /OOJFMc —2%/2
=e e dz
—oo+ik

This is the contribution along 7, for R — oo in the contour

ik

Along vg, v_gr: We get 0 as R — oo since e B 0

We have no singularity

= / —#2q; = —/ —#2q; = +/ e P24t =21 (Gauss integral)

(k) = V2me ¥/
1

(2) Consider f(k) = PRl > 0.
1 [/~ 1 4.
1RT k
= flz) = 27r/ a—i—ike d

Reminiscent of Jordan’s lemma! We use contours vz and g5
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X ia
Yo
R N T >
R 'R
\\ /J/?R
V\ - . _ e
ikx :
e k—1ia .
Case 1,z > 0: Use vz with Res — = lim e
k=iaq + 1k  k—ia a + 1k
Use Jordan’s lemma with A =z«
ikx ' ikx ikx
lim —dk = i27(—ie” %) = lim —dk+ lim —dk
R—o0 mﬂoa%—lk i—z—mo ma—i—lk: ) R—00 Woa+1k
1 —ax —axr
= f(z) = —2me ¥ = .
21

Case 2, x < 0: Use Jg. Now 4 + 7o encircles no singularity

1 o] eikx ) eikac eikm
flz)=— —dk = lim —dk + —dk | =0
2r J_ a+ik R—oo | )., a+ik 5p QT 1k

—_———
{O forz <0
So f(z) =

—0
e forz >0

F.2 Laplace transforms

Motivation: Handle growing functions, e.g. !, and initial conditions.

F.2.1 Definition of the Laplace transform
Def.: Let f(t) be defined for all ¢ > 0. Its Laplace transform is

F(s) = L{f(1)} (s) = / T fedt, sec,

provided the integral exists.



F TRANSFORM THEORY 23

Comments: e This works for functions that grow no more than exponential
e Some people use p instead of s

o If f(t) =0 for t < 0, we have: F(s) = f(—is) (Fourier transform)

Examples

> 1
W fO=1 = )= [ -
0
Note: The integral only exists for Re(s) > 0.
But we may still take the result for all s where it is defined! Here s € C\ {0}.

This is called analytic continuation and can be useful.
(2) Use integration by parts for f(t) = t.

= F(s) = / te Stdt = [t—e“} — / ——e At =0 — — [e’StL:O ==
0 t=0 0 S

(3) L{M}(s) = /0 " eOmsttgy —

1
S for Re(A) > Re(s).

S_
1

But we can use again analytic continuation: F(s) = ) for s € C\ {\}

(4) For \ = +i, we get:
. - i it it — i 1 — 1 - !
E{smt}(S)—ﬁ{m(e € )}(8)_21 (s—i 8+i> 8241

F.2.2 Properties of the Laplace transform

Let f(t), g(t) be functions with Laplace transforms F'(s), G(s). Then:
(A) Linearity. For o, 5 € C: L{af+ Bg} =aLl{f}+ BL{g}.
Proof. Directly from definition O]
(B) Translation. For to € R:  L{f(t —to) H(t —to)}(s) = e " F(s),
0 for <0

where H(x) = { 1 for 50 “Heaviside function”

Proof. With t =t — t,,

/ Pt H (t—ty)e~dt = =50 / T PO He AT = e / T FBe i = e F(s)
0 —to 0 D

(C) Scaling. For A > 0:  L{f(At)}(s) = %F(f)
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. cdt 1
Proof. With t = Mt : / ft)e ®dt = / f(t) e At T (%)

(D) Shifting. For so € C: L{e™ f(1)}(s) = F(s — s0)
Proof. /0 h e f(t)e ' dt = F(s — so)
(E) Transform of derivatives. C{f'()}(s) = sF(s) — £(0)
L{f"(#)}(s) = sL{f'(1)}(s) — f'(0) = s°F(s) — sf(0) — f'(0) etc.
Proof. /0 T Pletat = [f(t) e, — /0 T _sf(tetdt = sF(s) — £(0)

(F) Derivative of transform. F'(s) = L{—tf(t)}(s),  F™(s) = L{(=t)"f(t)}(s)
We often use this right-to-left.

Proof. F'(s) = /00 —tf(t)e "t dt = L{—tf(t)}(s)
0
(G) Asymptotic limits. If tlg(r)lo f(t) exists:  lim sF(s) = f(0)

S5—00

lim sF(s) = f(o0)

s—0

Proof. sF(s / f'(t)e *tdt

For s = 0, this gives us f(t) with t — co.

For s — oo, we use that f, f’ grow at most exponential, so the integral vanishes.

Examples
d 1 2s

(1) £ftsin}(s) © —LLlsint} o) =~ = o

I @® n L, dr 1 n!
(2) We already know L{1}(s) = S = L{t"}(s) = (=1) s =

Euler's Gamma function: T'(n) ::/ e it
0
= I'(n)=L{t"'}(s=1)=(n—1)!
1 1 a

(3) For a > 0: L{sin(at)}(s) © 2£{Sint}(§) S

aZ—§+1252+a2
sin(at) 1
= L{——— =
{ a }(S) 52 4 a?

o4
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ia 1 s+ia (A) ..
(4) L{"}(s) = P S L{cos(at) +isin(at)}(s)
s+ia . ) s+ia . a
= L{cos(at)}(s) = R iL{sin(at)}(s) = PR R e
s

= L{cos(at)}(s) =

s2+a?’
F.2.3 The inverse Laplace transform

Proposition: We can compute the inverse Laplace transform f(¢) of F(s) from the Bromuwich

1 a+ioco
inversion formula f(t) = 2—/ F(s)e™ds,
i2r J,

where v € R is chosen greater than the real part of all singular points of F(s).

—ico

Proof. By assumption, f(¢) has a Laplace transform

= JaeR: g(t)= f(t)e ™ decays exponentially as t — oo

= ¢(t) has a Fourier transform: ¢(w) = / ft)e e At = F(a +iw)

ﬁg(t):%/ZF(a—Hw)ei“tdw ‘ s =a+iw, dw:%
= f(t)e ™ = L o F(s)el'ds
21 )y —iso
> 0= [ Fetas. .
127 ) \Zioo

Why « > Re(sg) for all singularities so of F? This ensures f(t) = 0 for ¢ < 0; cf. below.

In practice, we often have the case:

Proposition: Let F'(s) be the Laplace transform of f(¢) and have only a finite number of isolated
singularities s, € C, k=1, ..., n. If lim F(s) =0, then f(¢) = 0 for t < 0 and

|s| =00

for t > 0,
£(1) = 3 Res (F(s)e*)
k=1 "

Proof. (i) t < 0:
Consider the contour v = v9 + Yr
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o+iR

a—-iR

If F(s) = 0(5_1), we get < mRe™ sup | F(s)| }ﬂ)o

SEVR

0,

/ F(s)e’ds
R

since o < Re(s) along g, so that for ¢ < 0 we have at > Re(s)t = |e™| > |e*].

If F(s) — 0 more slowly than o(s™'), one can show the same with Jordan’s lemma.

In any case: lim F(s)eds =0 = / F(s)e*'ds = / F(s)e*ds =0,
R=oo J3p 70 Y+YR

since g + Yr encloses no singularities.

(ii) t > 0:
Use the contour v = 9 + Vg
a+iR
X
X
X
o—iR

For R — oo, v encircles all singularities!

As before, wa ... 0 as R — oo. The Bromwich formula and residual theorem give us

1 1 -
f(t) = — lim F(s)e®ds = — lim F(s)e®ds = Res (F(s)e™) . O
12T R—oo "o 12T R—oo Yo+YR ; s:sk( )
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Examples

1
(1) F(s) = ] has a simple pole at s = 1 and F(s) — 0 as |s| — co. Let o > 1.
S —

= f(t) =Res ( 68t1> =c.

s=1 S —

(2) F(s)=s",n € N has a pole of order n at s =0, and F(s) — 0 as |s| — 0.

est ) 1 dn—l o tn_l
= f(t)_%fg (s_”) —£1_r)r(1) [(n—l)!ds"16 } (n—1)!
F.2.4 Solving differential equations with the Laplace transform

Examples

(1) Solve tf(t) —tf(t)+ f(t)=2, f(0)=2, f(0)=—1.

£ F 0} ) L LLf0} ) L SsF(s) — F(0)] = —sF(s) — F(5)
citf 0y C L (i) L - S [2F) - s0) - F0)

= —s%F'(s) — 2sF(s) + f(0)

£{2}(s) =
Transform the ODE
S 2F(s) = 25F(s) + f(0) + sF'(s) + F(s) + F(s) = g

2 2—-2 2
= —s(s = DF'(s) = 2s ~ DF(s) = = 2= 8‘9:_(3_1)g
1 2
= sF'(s) +2F(s) = (P =2
) 2 A
= sF=2s+A = F(s)=-+—, where A= const
s s
= f(t) =2+ At. With f(0) = —1 we get: A= —1
2
(2) Solve the PDE %f(t,x):% (t,z) on 0<z <2 t>0 with

f(t,0)=0, f(2,t)=0,  f(0,z) = 3sin(27x)
Laplace transform in ¢ with rule (E); x unaffected!
= sF(s,z) — f(0,2) = O2F(s, )
= 0’F(s,x) —sF(s,2) = —3sin(2rz).  This is an ODE!
Homogeneous part: F(s,z) = c1eV*® + cpe™ V57, c1, ¢y = const
For the particular solution, we guess

F,(s,x) = Acos(2rx) + Bsin(27z)

o7
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= — (27)%Acos(2rw) — (27)?Bsin(27z) — s[A cos(27x) + Bsin(2nz)] = -3 sin(27z)
= —[27)?+s]A=0 A —[(27)* + s]B = -3
3
472 + s

= A=0 A B =

= F(s,2) = c1e¥°" + ce™ V3% + sin(27z)

472 + s

Laplace transform the boundary conditions:
ft,00=0 = F(s,0)=c1+c2=0,
ft,2)=0 = F(52)=ce®V*+ce 2V =0,

Socp =co=0and: F(s,z)= sin(27mx)

s+ 472

= f(t) =3¢ sin(2rz).

F.2.5 The convolution theorem for Laplace transforms

Def.: The convolution f x g of two functions f, g : R — R is
(f *9)(t) = (g )t / flt—u)g
If f(t) =g(t) =0 for t <0, this becomes
()= (o 00 = [ =gt

For Fourier transforms: F[f * g| = F[f] Flg]

Theorem: The Laplace transform of a convolution is

L{f * g}(s) = L{f}(s) L{g}(s) = F(s) G(5)

Proof. L{f x g}(s) / Uft—u }e_‘gtdt:/ V f(t —u)g(u)e *dt| du

With x =t —u, dt =

L{f*g}(s) / { / fla —sxe—Sde} du = /0 h { /0 h f(x)e_sxdx} g(w)e="du = F(s)G(s)

[]
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Examples
— L P(9)G(s) with F(s) = -, G(s) =
S+ 1) =ri(s S) w1 S—S, 8_324—1'

(1) Find the inverse of H(s) =

= f(t)=1, g(t)=sint = h(t)=1=xsint= /tsinudu =1—cost
(2) Consider the ODE  4f(t) + f(t) = h(t), f(0) = 3? f(0)=-7,
with an unspecified forcing term h(t). Laplace transform the ODE using rule (E):
1] F(s) = s/(0) = [(0)] + F(s) = H(s)
= (45 + 1)F(s) — 125 + 28 = H(s)

125 — 28 H(s) 3s 7 H(s) 1
= F(s) = 5 1 2 .1\ — 2.1 2,1 2, 1
4(s +Z) 4(s +Z) sf+3  sT+ g 4 s$°+ 7
The first two terms are inverted with our results for sin(at), and cos(at), the third with

convolution:

t t o1 t t t 1 [
f(t):3COS§—14SiD§+Zh(t)*<2Sin§) :30085—14sin§+§/0 sin%h(t—u)du.

Remarkably complete given that we have no information about h(t)!
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