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A Introduction and conventions

A.1 Introduction and Motivation

Main goals: • Understand how gravitational waves (GWs) arise in GR;

This took the community almost 50 years!!!

• How can we model their sources in full GR

→ Numerical Relativity (NR)

→ Formulation of the Einstein equations suitable for NR

→ Structure of the Einstein equations→ Diagnostics for GW observables

A.2 Definitions and conventions

GR in 20 seconds

• (M, g) = Lorentzian manifold with metric gαβ

• Singature: −+ + + = + 2

• Greek indices α, β, . . . = 0, 1, 2, 3 “spacetime indices”

• Latin indices i, j, . . . = 1, 2, 3 “spatial indices”

• Derived quantities:

Levi-Civita connection: Γµβγ
..=

1

2
gµρ (∂βgγρ + ∂γgρβ − ∂ργβγ) ,

Riemann tensor: Rγ
ραβ

..= ∂αΓγρβ − ∂βΓγρα + ΓµρβΓγµα − ΓµραΓγµβ ,

Ricci tensor and scalar: Rαβ
..= Rµ

αµβ , R ..= Rµ
µ ,

Einstein tensor: Gαβ
..= Rαβ −

1

2
gαβR .

• Properties of the curvature tensors:

Bianchi identities: Rµ
ν[ρσ;λ] = ∇[λ|R

µ
ν|ρσ] = 0 .

Contracted Bianchi identities: ∇µGµα = 0 .

• Einstein equations:

With matter: Gαβ =
8πG

c4
Tαβ = 8πTαβ with G = 1 = c ,

Vacuum: Rαβ = 0 .
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B Linearized theory and GWs

B.1 The linearized Einstein equations

Consider small deviations from Minkowski in Cart. coords.

“Background”: Manifold M = R4, ηµν = diag(−1, 1, 1, 1)

“Perturbation”: hµν = O(ε)� 1 ⇒ gµν = ηµν + hµν

regard hµν as a tensor field on Minkowski background

2 metrics: ηµν and the “physical metric” gµν .

inverse metric: gµν = ηµν + kµν

gµνgνρ = δµρ +O(ε2) ⇒ kµν = −hµν = −ηµρηνσhρσ

To O(ε): Γµνρ =
1

2
ηµσ(∂ρhσν + ∂νhρσ − ∂σhνρ) ,

Rµνρσ = 1
2

(
∂ρ∂νhµσ + ∂σ∂µhνρ − ∂ρ∂µhνσ − ∂σ∂νhµρ

)
Rµν = ∂ρ∂(µhν)ρ −

1

2
∂ρ∂ρhµν −

1

2
∂µ∂νh

∣∣∣ h ..= hµµ , ∂µ ..= gµρ∂ρ

Gµν = ∂ρ∂(µhν)ρ −
1

2
∂ρ∂ρhµν −

1

2
∂µ∂νh−

1

2
ηµν(∂

ρ∂σhρσ − ∂ρ∂ρh)
!

= 8πTµν

⇒ Tµν � 1

Def.: Trace-reversed perturbation: h̄µν ..= hµν −
1

2
hηµν ⇔ hµν = h̄µν −

1

2
h̄ηµν ,

h̄ = h̄µµ = −h

⇒ . . .⇒ Gµν = −1

2
∂ρ∂ρh̄µν + ∂ρ∂(µh̄ν)ρ −

1

2
ηµν∂

ρ∂σh̄ρσ = 8πTµν

Gauge symmetry

New coordinates x̃α = xα − ξα ⇔ xα = x̃α + ξα

⇒ . . .⇒ hµν → h̃µν = hµν + ∂µξν + ∂νξµ , ξµ = O(ε)

⇒ . . .⇒ ∂ν h̄µν → ∂ν ¯̃hµν = ∂ν h̄µν + ∂ν∂νξµ

Now choose ξµ such that ∂ν∂νξµ = −∂ν h̄µν ⇒ G̃µν = −1

2
∂ρ∂ρ

¯̃hµν
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⇒ lin. Einstein eqs. (drop the tilde): 2h̄µν = ∂ρ∂ρh̄µν = −16πTµν “Lorenz gauge”

B.2 Gravitational waves in the linear approximation

Linearized eqs. in vacuum: 2h̄µν = (−∂2
t + ~∇2)h̄µν = 0

Plane wave solution: h̄µν = Hµνe
ikρxρ ; Hµν = const

(1) 2h̄µν = 0 ⇒ kµk
µ = 0 → speed of light

(2) Lorenz gauge: ∂ν h̄µν = 0 ⇒ kµHµν = 0 “transverse”

E.g. wave in z-dir.: kµ = ω (1, 0, 0, 1) ⇒ Hµ0 +Hµ3 = 0

Remaining gauge freedom: take ξµ = Xµe
ikρxρ ⇒ ∂ν∂νξµ = 0

⇒ . . .⇒ Hµν → Hµν + i(kµXν + kνXµ − ηµνkρXρ)

⇒ . . .⇒ ∃Xµ : H0µ = 0 , Hµ
µ = 0 “traceless”

In this gauge: (1) h = 0 ⇒ hµν = h̄µν

(2) plane wave in z-dir.: H0µ = H3µ = Hµ
µ = 0

⇒ Hµν =


0 0 0 0
0 H+ H× 0
0 H× −H+ 0
0 0 0 0

 , h+,×
..= H+,×e

ikρxρ

Effect on particles

Consider particle at rest in background Lorenz frame: uα0 = (1, 0, 0, 0)

geodesic eq.:
d

dτ
uα+Γαµνu

µuν = u̇α+Γα00 = 0 (†)

Γα00 =
1

2
ηαµ(∂0hµ0 + ∂0h0µ − ∂µh00) = 0 since H0µ = 0

⇒ uα = (1, 0, 0, 0) at all times solves (†)

⇒ particle stays at xµ = const in this gauge
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Proper separation: ds2 = −dt2 + (1 + h+)dx2 + (1− h+)dy2 + 2h×dx dy + dz2 (‡)

Case 1: H× = 0 , H+ 6= 0 ⇒ h+ oscillates

2 particles at (−δ, 0, 0), (δ, 0, 0) ⇒ ds2 = (1 + h+) 4δ2

2 particles at (0, −δ, 0), (0, δ, 0) ⇒ ds2 = (1− h+) 4δ2

Case 2: H+ = 0 , H× 6= 0

2 particles at (−δ, −δ, 0) /
√

2 , (δ, δ, 0) /
√

2 ⇒ ds2 = (1 + h×) 4δ2

2 particles at (δ, −δ, 0) /
√

2 , (−δ, δ, 0) /
√

2 ⇒ ds2 = (1− h×) 4δ2

B.3 Geodesic deviation

Geodesic deviation: T along geodesic

S towards neighbouring geodesic

∇T∇TS = R(T ,S)T

⇔ T µ∇µ(T ν∇νS
α) = Rα

µρσT
µT ρSσ

t=

s=

const

const

T

S

We need to choose a frame: use the local inertial frame where

gµν = ηµν = diag(−1, 1, 1, 1) and ∂ρgµν = 0 ⇒ Γαβγ = 0

Rαβγδ = O(ε) ⇒ geodesic deviation small

⇒ T = ∂t at background order for particles initially at rest.

⇒ ∂2
t S

α = Rα
00σS

σ
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Comment: • The components Rαβγδ are gauge invariant at O(ε)

⇒ We can compute them in TT gauge!

⇒ Rj
00k = Rj00k = 1

2
∂2

0hjk and R0
000 = R0

00k = Rj
000 = 0 ,

If S0 = Ṡ0 = 0 initially, then S0 = 0 always.

Also hzk = 0 ⇒ Rz
00k = 0 ⇒ Sz = Ṡz = 0 always if Sz = 0 initially.

⇒ ∂2
t S

x = 1
2

(∂2
t h+S

x + ∂2
t h×S

y)

∧ ∂2
t S

y = 1
2

(∂2
t h×S

x − ∂2
t h+S

y)

These are solved by

Sx = dx+ 1
2
h+dx+ 1

2
h×dy ,

Sy = dy + 1
2
h×dx− 1

2
h+dy .

Recall that we are working in the local inertial frame, so with S0 = Sz = 0

gµνS
µSν = ηµνS

µSν = (Sx)2 + (Sy)2
∣∣∣ (1 + ε)2 ≈ 1 + 2ε

= dx2

(
1 + h+ + h×

dy

dx

)
+ dy2

(
1 + h×

dx

dy
− h+

)
+O(h2

+,×)

= dx2(1 + h+) + dy2(1− h+) + 2h×dydx+O(h2
+,×) ,

which at linear order is (‡) above with dz = 0 = dt.

Benefit: The gauge invariant Riemann tensor is easy to compare with the characteristic formalism below.
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C Classification of Partial Differential Equations

Key difference between PDEs: propagation of information

C.1 Second-order PDEs of a single function

Order = order of highest derivatives

2nd-order PDES: Schrödinger equation, wave equation, Einstein equations, . . .

We can trade order for number of variables, e.g.: ∂2
xf = 0 ⇔ ∂xf = g ∧ ∂xg = 0 .

C.1.1 Classification of second-order PDES

Def.: Let xi ∈ RN , f : Ω ⊂ RN → R. General 2nd-order PDE:

F (xi, f, ∂if, ∂i∂jf) = 0 ,

where F is a sufficiently regular function in its (N + 1)2 arguments.

A linear 2nd-order PDE is an equation of the form (sum over repeated indices)

Amn(xi)∂m∂nf + bm(xi)∂mf + c(xi)f + d(xi) = 0 . (?)

Without loss of generality: A symmetric: Amn = Anm.

Main or principal part of the PDE: the set of terms that contain the highest derivatives.
For Eq. (?) this is Amn∂m∂nf .

Characteristic surfaces

Let t(xi) be a function with non-zero gradient, ∇t ..= (∂1t, . . . , ∂N t) 6= 0 everywhere.

Let S be the level surface t(xi) = 0.

R
N

S
t(x ) = 0i
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Suppose, f and ∂if are specified on S.

Question: Are all derivatives of f determined on S?

Let’s use new coordinates ξa = ξa(xi) for a = 1, . . . , N − 1 ,

ξN = t(xi) .

These exist in a neighbourhood of S since ∇t 6= 0. With ∂a ..=
∂

∂ξa
we get

∂if =
∂f

∂xi
=
∂ξa
∂xi

∂af , ∂i∂jf =
∂ξa
∂xi

∂a

(
∂ξb
∂xj

∂bf

)
=

∂2ξb
∂xi ∂xj

∂bf +
∂ξa

∂xi
∂ξb

∂xj
∂a∂bf

⇒ Eq. (?) becomes: Amn
∂ξa

∂xm
∂ξb
∂xn

∂a∂bf + lower order terms = 0 . (†)

From the initial data we directly have

f(ξa) = f(ξ1, . . . , ξN−1, 0) = f
(
ξa(xi)

)
,

∂af(ξa) = ∂af(ξ1, . . . , ξN−1, 0) =
∂xm
∂ξa

∂f

∂xm

∣∣∣∣
S

.

For b = 1, . . . , N − 1 we also get the second derivatives via

∂b∂af(ξ1, . . . , ξN−1, 0) = lim
h→0

∂af(ξ1, . . . , ξb + h, . . . , ξN−1, 0)− ∂af(ξ1, . . . , ξN−1, 0)

h
.

For b = N , we substitute all known derivatives in (†), so that

Amn
∂ξN
∂xm

∂ξN
∂xn

∂2f

∂(ξN)2
= terms known on S . (sum over m, n, but not N)

We can thus calculate the missing derivative if and only if Amn
∂ξN
∂xm

∂ξN
∂xn

6= 0 .

If this condition is satisfied, we can differentiate the PDE to compute all third derivatives and so on.

Def.: Characteristic equation associated with the PDE (?):

Amn(xi)∂mt ∂nt = 0 , (‡)

If t(xi) with ∇t 6= 0 solves (‡), the surface t(xi) = 0 is a characteristic surface.

Example: If Amn(xi) is positive or negative definite on Ω, then for any t(xi) with ∇t 6= 0,
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Amn∂mt ∂nt > 0 or Amn∂mt ∂nt < 0 ,

⇒ Amn
∂ξN
∂xm

∂ξN
∂xn

6= 0 ⇒ the PDE has no characteristic surface.

Def.: The PDE
Amn(xi)∂mf ∂nf + bm(xi)∂mf + c(xi)f + d(xi) = 0 ,

is said to be of type (α, β, γ) at xi ∈ Ω if α Eigenvalues of Amn(xi) are positive, β
Eigenvalues are negative and γ Eigenvalues are 0 with α + β + γ = N .

The PDE is:

• elliptic if it is of type (N, 0, 0) or (0 , N , 0), i.e. if all Eigenvalues are non-zero
and have the same sign.

• parabolic if it is of type (N − 1, 0, 1) or (0, N − 1, 1), i.e. if one Eigenvalue is
zero and all others are non-zero and have the same sign.

• hyperbolic if it is of type (N − 1, 1, 0) or (1, N − 1, 0), i.e. all Eigenvalues are
non-zero and exactly one of them has the opposite sign of all the others.

Comments:

• For parabolic and hyperbolic PDEs, we can always find non-vanishing linear combinations Vm of
Eigenvectors such that AmnVmVn = 0, so the PDE admits a characteristic surface.

• For elliptic PDEs, Amn is positive or negative definite ⇒ no characteristic surface.

• ∃ other types of PDEs; these are not relevant for us.

• The type of a PDE depends on xi and may change.

Examples

(1) Tricomi equation: y∂2
xf + ∂2

yf = 0 ⇒ Amn =

(
y 0

0 1

)
.

Amn has Eigenvalues y and 1

⇒ The Tricomi eq. is elliptic for y > 0 and hyperbolic for y < 0.

(2) Laplace eq. in 3 dims.: 4f ..= ∂2
xf + ∂2

yf + ∂2
zf = 0 .

⇒ Amn = δmn and all 3 Eigenvalues are 1. Newsflash: the Laplace equation is elliptic.

(3) 3+1 wave equation: 2f ..= −∂2
t f + ∂2

xf + ∂2
yf + ∂2

zf = 0 .

Is hyperbolic everywhere with Eigenvalues −1, 1, 1, 1.
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(4) 3+1 dmensional heat equation: −∂tf + ∂2
xf + ∂2

yf + ∂2
zf = 0 .

Is parabolic, since one Eigenvalue is 0 and the others are 1.

C.1.2 Principal axes

Cf. long lecture notes.

C.1.3 Second-order PDEs in 2 dimensions

C.1.3.1 Classification of PDEs in 2 dimensions

Consider the PDE

a(x, y)∂2
xf + 2b(x, y)∂x∂yf + c(x, y)∂2

yf + lower-order terms = 0 with a 6= 0

on a domain Ω ⊂ R2.

Characteristic eq. : a(∂xt)
2 + 2b∂xt ∂yt+ c(∂yt)

2 = 0 (∗)

Let t(x, y) be a solution of the char. eq.

Level sets
{

(x, y)
∣∣ t(x, y) = const

}
are curves.

x

y

(x  ,y  )
0 0

t(x,y)= const

(x  ,y  )
0 0

t(x,y)= const

Without loss of generality, we assume that ∂yt 6= 0 at (x0, y0); otherwise swap x and y.

⇒ We can write the curve t(x, y) = const as y(x) in a neighbourhood of (x0, y0).

Parametrize t(λ) = t
(
x(λ), y(λ)

)
⇒ dt

dλ
=
∂t

∂x

dx

dλ
+
∂t

∂y

dy

dλ
= 0
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⇒ dy

dx
=

dy

dλ

(
dx

dλ

)−1

= −∂xt
∂yt

⇒ char. eq. (∗) becomes a

(
dy

dx

)2

− 2b
dy

dx
+ c = 0

⇒ (y′)2 − 2b

a
y′ +

c

a
= 0

⇒ y′ =
b

a
±
√
b2

a2
− c

a
=

1

a

(
b±
√
b2 − ac

)
⇒ (1) Characteristic surfaces exist for b2 ≥ ac

(2) No characteristic surgaces for b2 < ac

Eigenvalue criterion

Let us compare this result with the classification of Sec. C.1.1

Amn =

(
a b
b c

)

Eigenvalues:

∣∣∣∣∣a− λ b

b c− λ

∣∣∣∣∣ = ac− (a+ c)λ+ λ2 − b2 = 0

⇒ λ2 − (a+ c)λ− (b2 − ac) = 0

⇒ λ± =
a+ c

2
±
√

(a+ c)2

4
+ (b2 − ac) =

a+ c

2

[
1±

√
1 + 4

b2 − ac
(a+ c)2

]
!
∈ R

since 1 + 4
b2 − ac
(a+ c)2

=
1

(a+ c)2

[
(a+ c)2 + 4b2 − 4ac

]
=

(a− c)2 + 4b2

(a+ c)2
≥ 0

⇒ 1. elliptic if b2 < ac; λ± have the same sign.

2. hyperbolic if b2 > ac; λ± have opposite signs.

3. parabolic if b2 = ac; in that case, λ− = 0.
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C.1.3.2 The normal form of hyperbolic PDEs in 2 dimensions

Consider a PDE a∂2
xf + 2b∂x∂yf + c∂2

yf + l.o.t. = 0 hyperbolic in a neighbourhood of (x0, y0).

Let u(x, y), v(x, y) be two independent solutions of the characteristic equation

a(∂xt)
2 + 2b∂xt ∂yt+ c(∂yt)

2 = 0 .

With ∇u 6= 0 6= ∇v, we can always rotate the coordinates such that ∂yu 6= 0 6= ∂yv.

⇒ We can write: Curves of constant u: y = y1(x)

Curves of constant v: y = y2(x)

with: y′1(x) = −∂xu
∂yu

, y′2(x) = −∂xv
∂yv

(?)

⇒ ∂xu+ y′1∂yu = 0 ∧ ∂xv + y′2∂yv = 0 .

x

y
u(x,y)= α

u(x,y)= α
1

2

v(x,y)=

v(x,y)= β

β
2

1

Lemma: (i) Curves from different families cannot touch, i.e. intersect each other with equal
tangent direction.

(ii) The functions u and v obey the inequality

∂xu ∂yv − ∂yu ∂xv 6= 0 .

Proof. (i) From Page 13 the slope of characteristic curves is y′ =
1

a

(
b±
√
b2 − ac

)
. y1, y2 belonging to

different families have different signs, so at the point of intersection:
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y′2 − y′1 = ±2

√
b2 − ac
a

6= 0 since b2 > ac for hyperbolic PDEs.

(ii) Plug (?) into y′2 − y′1 6= 0

−∂xv
∂yv

+
∂xu

∂yu
6= 0 ⇒ ∂xu ∂yv − ∂xv ∂yu 6= 0 .

Def.: The solutions u(x, y), v(x, y) are called characteristic coordinates.

Proposition: In characteristic coordinates, the PDE a∂2
xf + 2b∂x∂yf + c∂2

yf + l.o.t. = 0 has the
form

∂u∂vf = lower order terms .

Proof. (Only sketched)

Writing fx ..= ∂xf, uy ..= ∂yu, fu ..= ∂uf etc. chain rule gives us

fx = uxfu + vxfv , fy = uyfu + vyfv ,

fxx = u2
xfuu + 2uxvxfuv + v2

xfvv + uxxfu + vxxfv

fxy = uxyfu + vxyfv + uyuxfuu + (uyvx + uxvy)fuv + vxvyfvv

fyy = u2
yfuu + 2uyvyfuv + v2

yfvv + uyyfu + vyyfv .

The principal part of the PDE then becomes αfuu + 2βfuv + γfvv, where

α = γ = 0 by the characteristic equation for u, v.

One also finds (Mathematica!): αγ − β2 = (ac− b2)(uxvy − uyvx)2 !
< 0 ,

since for a hyperbolic PDE b2 > ac. So β2 > 0 and β 6= 0.

Example:

1D Wave equation with x = r, y = t: ∂2
t f − ∂2

rf = 0 .

Characteristic eq. : (∂tu)2 − (∂ru)2 = (∂tu+ ∂ru)(∂tu− ∂ru) = 0

⇒ ∂tu = −∂ru ∨ ∂tu = ∂ru

⇒ r′1(t) = 1 , r′2(t) = −1

⇒ u(t, r) = t− r , v(t, r) = t+ r

⇒ Wave eq.: ∂v∂uf = 0 .
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Let f be a solution of the wave equation.

Clearly ∂uf is a function of u only, say ∂uf = φ(u).

⇒ f(u, v) =

∫
φ(u)du︸ ︷︷ ︸

=..F (u)

+G(v) = F (u) +G(v) .

Conversely, every function of this type satisfies the wave eq., so:

f solves ∂2
t f − ∂2

rf = 0 ⇔ f(u, v) = F (t− r) +G(t+ r) for some C1 functions F , G.

We can also understand the deficiency of initial data on a characteristic surface.

Say, we specify initial data f(u, 0) = f0(u) on the “surface” v = 0.

r

t

t(   = const)

r

(   = const)

v
(   = const)

u

u
v

   = const > 0

v   = const = 0

v

P = (u,v)

(   = const)

• This gives us ∂uf on the slice v = 0.

• The PDE predicts ∂uf for neighbouring v 6= 0, e.g. on the green slice.

• But we cannot reconstruct f at v 6= 0 since we do not know the integration constant G(v).

This problem does not arise for initial data on non-characteristic surfaces like t = 0.

C.2 Systems of PDEs

C.f. example sheets.
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D The structure of the Einstein equations

Three viewpoints for Gαβ = 8πTαβ

1. Given Tαβ, we look for gαβ. This is done for the vacuum equations.

2. Specify gαβ, compute Gαβ which gives Tαβ. Rarely useful!

3. Regard the Einstein equations as 10 constraints on 20 functions (10 gαβ and 10 Tαβ).

Bianchi identies ∇µG
µα = 0 ⇒ ∇µT

µα = 0 “Energy momentum conservation”

Here we focus on the gravitational sector and set Tαβ = 0 ⇒ Rαβ = 0 .

D.1 The Einstein equations in vacuum

We immediately see:

• The contracted Bianchi identities relate the Gαβ (= Rαβ in vacuum).

⇒ We have too few equations to determine all 10 gαβ.

• This is expected, since coordinate transformations change the gαβ,

g̃α̃β̃ =
∂xµ

∂x̃α̃
∂xν

∂x̃β̃
gµν ,

without altering the spacetime.

E.g. we can choose coordinates such that g00 = −1, g0i = 0 and the 6 independent Einstein equations
then determine the 6 components gij.

Note: The metric functions only need to be differentiable twice (e.g. shocks or surfaces).

D.2 The Cauchy problem

Cauchy problem ..= process of constructing a solution to a PDE given data on some boundary or initial
hypersurface. In short: Start with a snapshot and evolve in “time”.

In GR: Equations are tensorial; how do we get an evolution system?

Def.: Let M be a Lorentzian manifold M with metric gαβ of signature +2.

A Cauchy surface is a spacelike hypersurface Σ in M such that each timelike or null
curve without endpoints intersects Σ exactly once.

The spacetime (M, g) is globally hyperbolic if it admits a Cauchy surface.
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Proposition: Let Σ be a Cauchy surface of a globally hyperbolic spacetime (M, g). Then there
exists a smooth function

t :M→ R with dt 6= 0 ,

such that Σ is a level surface

Σt0
..= {p ∈M : t(p) = t0} ,

and two level surfaces Σt1 and Σt2 are either disjoint or equal,

Σt1 ∩ Σt2 = ∅ ⇔ t1 6= t2 .

Def.: If (M, g) is a globally hyperbolic spacetime and M = ∪
t∈R

Σt, then the union of the Σt

is called a foliation of the spacetime.

Σ

Σ

Σt

t

t

1

2

3

t

From now on: Let (M, g) be a globally hyperbolic spacetime and ||dt||2 < 0, i.e. the Σt are spacelike.

⇒ ∃ coordinates xα with x0 = t “time” and xi label points inside the Σt.

Question: Given gαβ and ∂µgαβ on Σ0, can we find all derivatives of the metric? Cf. Sec. C.1.1.

We answer this question for the vacuum equations Rαβ = 0.

(1) R00 = Rµ
0µ0 = R0

000︸ ︷︷ ︸
=0

+Rm
0m0 = ∂mΓm00 − ∂0Γm0m + “Γ× Γ”

Γαβγ only involve first derivatives, so are known on Σ0.

∂mΓm00 involves only first time derivatives of the metric; it’s also known on Σt. Now,

∂0Γm0m = ∂0

[
1

2
gmρ (∂0gmρ + ∂mgρ0 − ∂ρg0m)

]
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⇒ R00 = −1

2
gmρ∂2

0gmρ +
1

2
gm0∂2

0g0m +M00 = −1

2
gmn∂2

0gmn +M00 ,

where M00 contains at most first time derivatives of gαβ.

(2) We likewise find R0i = 1
2
g0m∂2

0gim +M0i ,

(3) and Rij = −1
2
g00∂2

0gij +Mij . (†)

We note

(i) We have no terms ∂2
0g0α, so the Einstein equations do not determine g0α. Gauge!

(ii) We have 10 equations for 6 unknowns ∂2
0gij. Constraints!

Note that gauge and constraints are directly related!

Preliminary insight:

• If g00 6= 0, Eq. (†) determines the missing 2nd derivatives ∂2
0gij.

→ time evolution of gij.

• If g00 = 0 everywhere, the surface is characteristic; cf. Sec. E.

• Using Eqs. (†), we get

R = gµνRµν = . . . = −g00gmn∂2
0gmn + g0mg0n∂2

0gmn + g00M00 + 2g0mM0m + gmnMmn ,

⇒ G0
0 = . . . =

1

2
g00M00 −

1

2
gmnMmn

∧ Gi
0 = . . . = g00M0i + g0mMim

⇒ Gα
0 contain no second time derivatives!

→ constraints.

• Summary: 6 evolution equations Rmn = 0 and 4 constraints Gα
0 = 0.

Proposition: Let Σ be a Cauchy surface of a globally hyperbolic spacetime (M, g). If the
constraints Gα

0 = 0 are satisfied on Σ and the evolution equations Rmn = 0
are satisfied on M, then the constraints are satisfied at all times by virtue of the
Bianchi identities.

Proof. See long script.
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E The Bondi-Sachs formalism

• Initial data on characteristic surfaces does not determine solution in a neighbourhood.

• We can still do characteristic evolutions!

• Boundary conditions provide the missing information; e.g. CCM.

E.1 Characteristic coordinates

Characteristic surfaces of the Einstein eqs.:

surfaces Σu where g00 = g(dx0,dx0) = ||dx0||2 = 0 ⇒ x0 =.. u is a null coordinate.

Def.: ` ..= dx0 = du

⇒ `α = (dx0)α = δ0
α

⇒ (i) ` is tangent to Σu: `
α(dx0)α = ||dx0||2 = 0

(ii) ` is normal to Σu: dx0 is orthogonal to x0 = const by definition.

Proposition: The integral curves of `α are affinely parametrized null geodesics.

Proof. ∂α`β = ∂α∂βu = ∂β`α

⇒ `µ∇µ`α = `µ∇µ∂αu = `µ∂µ∂αu− `µΓραµ∂ρu = `µ∇α`µ =
1

2
∇α(`µ`µ) = 0 ,

since partial derivatives commute and Γαβγ is torsion free.

The integral curves of ` are the curves of propagation of information, the characteristic curves of GR.

Def.: A spacetime (M, g) is asymptotically flat

:⇔ ∃ Cartesian coordinates such that gαβ = ηαβ + hαβ

with lim
r→∞

hαβ = O(r−1) , lim
r→∞

∂µhαβ = O(r−2) , lim
r→∞

∂ν∂µhαβO(r−3) ,

where ηαβ = diag(−1, 1, 1, 1) and r =
√
x2 + y2 + z2.

Construction of coordinates

At r →∞, we recover the light cone structure of special relativity.

(1) Consider 2-sphere u = const, r →∞. Label each point with standard θ, φ

(2) Integrate the null geodesic from this point inward, using r as a monotonic parameter.

(3) Each point has a unique x0 = u, x1 = r, x2 = θ, x3 = φ
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(θ,φ)

r

parameter
along null
curve

in general
null rays
focus in
the interior

Comments

• The choice of ` is not unique

→ Bondi-Metzner-Sachs group ≈ Lorentz group for asymptotically flat spacetimes.

• Once ` is chosen, the congruence of null geodesics fills the characteristic surface without crossing in
a neighbourhood of infinity.

• The coordinate system breaks down when the geodesics cross at sufficiently small r:

→ No unique θ, φ.

But we only need a neighbourhood of infinity.

E.2 The Bondi metric

(1) Tangent vector along the null geodesics:
dxα

dr
= δα1.

Null geodesics are integral curves of `

⇒ `α = gαµ∂µu = gαµδ0
µ = g0α = σδα1 for σ 6= 0 ∈ R

⇒ g00 = g02 = g03 = 0 ⇒ gαβ =


0 σ 0 0
σ g11 g12 g13

0 g21 g22 g23

0 g31 g32 g33

 .

(2) Matrix inversion via co-factor matrix Cµν : gµν =
Cνµ

det gαβ
,

where Cµν = (−1)µ+ν× determinant of gαβ with row µ and column ν struck out.

Example: C12 = −

∣∣∣∣∣∣
0 σ 0
0 g21 g23

0 g31 g33

∣∣∣∣∣∣ = 0 ⇒ g21 = g12 = 0 .
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Likewise: g11 = g13 = 0 .

(3) Fix r as areal radius, i.e. 2-spheres u = const, r = const have proper area A = 4πr2.

⇒
∣∣∣∣g22 g23

g32 g33

∣∣∣∣ = r4 sin2 θ

(4) Now we simplify: axisymmetry & azimuthal reflection symmetry (no rotation!)

⇒ ds2 invariant under dφ→ −dφ ⇒ g03 = g13 = g23 = 0 .

∧ ∃ coordinate φ such that ∂φgαβ = 0 .

We thus get gαβ =


g00 g01 g02 0
g01 0 0 0
g02 0 g22 0
0 0 0 r4 sin2 θ/g22

 .

Bondi uses four variables β, γ, V, U : gαβ =


−V

r
e2β + r2U2e2γ −e2β −r2Ue2γ 0
−e2β 0 0 0
−r2Ue2γ 0 r2e2γ 0

0 0 0 r2e−2γ sin2 θ

 (†)

⇒ gαβ =


0 −e−2β 0 0

−e−2β V
r
e−2β −Ue−2β 0

0 −Ue−2β r−2e−2γ 0
0 0 0 r−2e2γ sin−2 θ


E.3 The characteristic field equations

(1) We consider vacuum ⇒ Field equations Rαβ = 0.

Plugging (†) in yields: R03 = R13 = R23 = 0 .

(2) Next, assume we have somehow solved the main equations R11 = R12 = R22 = R33 = 0.

Write the Bianchi identies as:

Lemma: ∇µGαµ = gµρ
(
∂ρRαµ − ΓσµρRασ −

1

2
∂αRµρ

)
(?)

Proof. Exercise

Using g00 = g02 = g03 = 0 , R03 = 0 ,

g13 = 0 , R11 = R12 = R13 = 0 ,

g20 = g23 = 0 , R21 = R22 = R23 = 0 ,

g30 = g31 = g32 = 0 , R30 = R31 = R32 = R33 = 0 ,
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Eq. (?) gives us 0 for α = 3 and

for α = 1: −gµρΓ0
µρR10 = 0 ,

for α = 2: g01∂1R20 − gµρΓ0
µρR20 − g01∂2R01 = 0 ,

for α = 0: g0ρ∂ρR00 + g1ρ∂ρR01 + g2ρ∂ρR02 − gµρΓ0
µρR00 − gµρΓ1

µρR01 − gµρΓ2
µρR02

−1

2
g01∂0R01 −

1

2
g10∂0R10 = 0 .

Some crunching gives us: gµρΓ0
µρ =

2

re2β
> 0

We conclude: for α = 1: R10 = R01 = 0

for α = 2: g01∂1R20 − gµρΓ0
µρR20 = − e−2β∂rR20 − 2r−1e−2βR20 = 0

⇒ − e−2β

(
∂rR02 +

2

r
R02

)
= 0

⇒ − e−2βr−2∂r(r
2R02) = 0

⇒ R02 = f(u, θ)r−2 .

So if f(u, θ) = 0 at some r, then R02 = 0 everywhere. Then
...

for α = 0: g01∂1R00 − gµρΓ0
µρR00 = 0

⇒ R00 = g(u, θ)r−2

Again, if g(u, θ) = 0 at some r, then R00 = 0 everywhere.

We call R00 = 0 and R02 = 0 the supplementary equations.

(3) This leaves us with the main equations...



E THE BONDI-SACHS FORMALISM 24

R11 = −2(∂rγ)2 +
4

r
∂rβ =

4

r

[
∂rβ −

1

2
r(∂rγ)2

]
= 0 , (E.1)

2r2R12 = ∂r
[
r4e2(γ−β)∂rU

]
− 2r2

[
∂r∂θβ − ∂r∂θγ + 2∂rγ ∂θγ − 2 cot θ ∂rγ − 2

∂θβ

r

]
= 0 ,

(E.2)

e2(β−γ)R22 + r2e2βR3
3

= −2∂rV −
r4

2
e2(γ−β)(∂rU)2 + r2∂r∂θU + r2 cot θ ∂rU + 4r(∂θU + cot θ U)

+ 2e2(β−γ)
[
1 + cot θ (3∂θγ − ∂θβ) + ∂2

θγ − ∂2
θβ − (∂θβ)2 − 2(∂θγ)2 + 2∂θβ ∂θγ

]
= 0 , (E.3)

− r2e2βR3
3 = e2(β−γ)

[
−1− cot θ (3∂θγ − 2∂θβ)− ∂2

θγ + 2∂θγ(∂θγ − ∂θβ)
]

+ 2r∂r∂u(rγ)

+ (1− r∂rγ)∂rV − (r∂2
rγ + ∂rγ)V − r(1− r∂rγ)∂θU − r2(cot θ − ∂θγ)∂rU

+ rU(2r∂θ∂rγ + 2∂θγ + r cot θ ∂rγ − 3 cot θ) = 0 . (E.4)

Note that there is only one time derivative in this mess!

(4) Ignoring constants of integration, we have the evolution scheme:

a) γ is given on a hypersurface Σu.

b) then Eq. (E.1) determines β on Σu

c) then Eq. (E.2) determines U on Σu

d) then Eq. (E.3) determines V on Σu

e) from Eq. (E.4) we can compute ∂uγ on Σu

f) with ∂uγ we can update γ to Σu+du.

Characteristic evolutions, if they work, are nice!

(5) Constants of integration:

• Eq. (E.1) needs one function of integration H(u, θ) to determine β.

• Eq. (E.2) needs one for the integration of ∂r[r
4e2(γ−β)∂rU ]; we call it −6N(u, θ). We need a

second, L(u, θ), for integrating U .

• Eq. (E.3) needs one for integrating V ; we call it −2M(u, θ).

• Eq. (E.4) determines ∂uγ except for a function of integration we call ∂uc(u, θ).
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Interpretation

• Say, we know the system on a light cone u = u0.

• If the system does anything new, this must be encoded in the functions of integration!

• We’ll soon see there’s only 1 independent function of integration: the Bondi news function c.

• Without axisymmetry, c is complex.

From now on assume:

(i) Asymptotic flatness ⇒ γ ∝ r−1 as r →∞

(ii) No incoming radiation as r →∞ ⇒ γ =
f(u, θ)

r
+O(r−2) “Sommerfeld condition”

Plug in for γ in Eq. (E.4): ∂u(rγ) = ∂uf(u, θ) +O(r−1)

This is the function of integration we called ∂uc(u, θ), so γ =
c(u, θ)

r
+O(r−2)

Plug this into Eq. (E.1)

⇒ ∂rβ −
1

2
r(∂rγ)2 = 0

⇒ ∂rβ =
1

2
r

[
−c(u, θ)

r2
+O(r−3)

]2

=
c(u, θ)2

2r3
+O(r−4)

⇒ β = H(u, θ)− c(u, θ)2

4r2
+O(r−3)

Likewise, Eq. (E.3) and then (E.4) give U = L+ 2e2H∂θH r−1 +O(r−2) ,

V = [L cot θ + ∂θL]r2 +O(r) .

Proposition: The function of integration L vanishes, L(u, θ) = 0.

Proof. By construction, ∂u is a timelike vector. But

g(∂u,∂u) = g00 = −V
r
e2β + U2r2e2γ = L2r2 +O(r1) > 0 at large r unless L = 0.

Proposition: We can choose the coordinates (u, r, θ, φ) such that the form of the Bondi metric
is preserved and H(u, θ) = 0.

Proof. Long script.
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Note that we have used here the remaining freedom in choosing the vector ` at infinity.

With L = H = 0, we can do the series expansion to higher order.

One quickly finds that the O(r−2) term in γ leads to ln r terms in U . We exclude that, so:

γ(u, r, θ) = cr−1 +

[
e− 1

6
c3

]
r−3 +O(r−4) ,

β(u, r, θ) = −1

4
c2r−2 +

[
c4

8
− 3

4
ce

]
r−4 +O(r−6) ,

U(u, r, θ) = [−∂θc− 2c cot θ] r−2 +

[
2N +

4

3
c∂θc+

8

3
c2 cot θ

]
r−3 +O(r−4)

V (u, r, θ) = r − 2M +

[
37

6
c∂θc cot θ −N cot θ + 4c2 cot2 θ +

5

6
c∂2

θc− ∂θN −
c2

6
+

11

6
(∂θc)

2

]
r−1

+O(r−2) .

Supplementary equations

Recall R00 = R02 = 0. Their series expansion only had ∝ r−2 terms!

They are very lengthy (Mathematica or Maple!!!). At order r−2 they give:

∂uM = −∂uc+
1

2
∂2
θ∂uc+

3

2
cot θ∂θ∂uc− (∂uc)

2 ,

3∂uN = −∂θM −
1

2
c∂θ∂uc+

3

2
∂θ∂uc

⇒ c is the only independent function of integration!

Note: The 3rd derivative comes from comes from the 2nd derivative of U which already has a ∂θc.

E.4 Interpretation of the functions of integration

Schwarzschild in outgoing Eddington Finkelstein coordinates:

ds2 = −
(

1− 2MS

r

)
du2 − 2dudr + r2(dθ2 + sin2 θdφ2)

That’s Bondi with γ = β = U = 0 and V = r − 2MS.
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Def.: M is called the mass aspect and we define the Bondi mass as

m(u) ..=
1

4π

∫ π

0

∫ 2π

0

M sin θ dθ dφ =
1

2

∫ π

0

M(u, θ) sin θ dθ .

Lemma: For axisymmetric spacetimes with no conical singularity, lim
θ→0

c = lim
→π

c = 0 .

Proof. Example sheets.

Proposition: The time evolution of the Bondi mass is given by

∂um = −1

2

∫ π

0

(∂uc)
2 sin θdθ

!

≤ 0 .

Proof. Example sheets.

Note: the Bondi mass remains constant or decreases; c 6= 0 → GW emission.

Interlude: 2D wave equation

ds2 = gα̃β̃dxα̃xβ̃ = −dT 2 + dR2

Clearly g(∂T ,∂T ) = −1 , g(∂R,∂R) = 1.

characteristic coordinates: u = T −R

r = R
⇔

T = u+ r

R = r
.

⇒
∂u = ∂T

∂r = ∂T + ∂R
⇔

∂T = ∂u

∂R = ∂r − ∂u

R

T, u

r

∂u

∂T

∂R

∂r
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Bondi news c and strain h+, h×

(1) Take r →∞, so the GW becomes planar.

(2) Coordinates (u, r, θ, φ) ↔ (T, x, y, z):

Rotate Cartesian axes such that z is radial, x ∼ θ and y ∼ φ

⇒ ez = eR = −∂u + ∂r ,

ex = eθ =
1

r
∂θ ,

ey = eφ =
1

r sin θ
∂φ ,

eT = eu = ∂u ,

ex = eθ

ey = eφ

ez = eR

z, R

(3) Riemann tensor of the Bondi metric in Cartesian coordinates:

12 non-zero components: RxTxT = R(ex, eT , ex, eT ) = 1
r2
Rθuθu etc.

⇒ RxTxT = −RyTyT = −RxzxT = RyzyT = Rxzxz = −Ryzyz = −∂2
ucr
−1 +O(r−2) ,

RzTxT = −RzTxz = −RyxyT = Ryxyz = − (∂θ∂uc+ 2 cot θ ∂uc) r
−2 +O(r−3) ,

Rz0z0 = −Rxyxy = −(2M + 2c∂uc)r
−3 +O(r−4) .

(4) Riemann tensor of the linearized formalism: Rj00k = 1
2
∂2

0hjk; cf. Sec. B.3.

One also finds: Rjz0k = −∂z∂0hjk, Rjzzk = ∂2
zhjk.

For a planar wave in z dir.: ∂zhαβ = −∂0hαβ and ∂xhαβ = ∂yhαβ = 0.

⇒ Rx0x0 = −Ry0y0 = −Rxzx0 = Ryzy0 = Rxzxz = −Ryzyz = −1

2
∂2

0h+ ,

Rz0x0 = −RzTxz = −Ryxy0 = Ryxyz = 0 ,

Rz0z0 = −Rxyxy = 0 .

(5) They agree if h+ =
2c

r

No h× in axial and reflection symmetry.
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E.5 The characteristic formalism for general spacetimes

Sachs 1962.

Line element

ds2 =
Ṽ e2β

r
du2 − 2e2βdudr + r2hAB

(
dxAdxB − dxAUBdu− dxBUAdu+ UAUBdu2

)
,

where A, B = 2, 3 and hABdxAdxB =
e2γ + e2δ

2
dθ2 + 2 sin θ sinh(γ − δ)dθdφ+ sin2 θ

e−2γ + e−2δ

2
dφ2 .

We recover Bondi’s axisymmetry for Ṽ = −V, U θ = U, Uφ = 0, γ = δ.

Null tetrad

k, `, m with g(k, `) = 1, g(m,m) = 1; all other products vanish

⇒ g = k⊗ `+ `⊗ k + m⊗m + m⊗m

At r →∞: kα '
[
−1, 1

2
, 0, 0

]
⇒ k ' −∂u +

1

2
∂r = −1

2
(eT − eR)

`α ' [0, 1, 0, 0] ⇒ ` ' ∂r = eT + eR

mα '
[
0, 0, i+i

2r
, 1−i

2r sin θ

]
⇒ m ' eθ + eφ

2
+ i

eθ − eφ
2

Einstein equations

(i) 6 main equations

(a) 4 hypersurface equations Rαβ`
α`β = Rαβ`

αmβ = Rαβmαmβ = 0

(b) 2 standard equations Rαβmαmβ = 0

(ii) 1 trivial equation Rαβ`
αkβ = 0

(iii) 3 supplementary equations Rαβkαmβ = Rαβkαkβ

If the main equations hold: • The trivial equation holds.

• The supplementary eqs. hold if they hold at some r

The 2 standard eqs. contain time derivatives: ∂uγ and ∂uδ.
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Evolution of the equations

(1) We have a complex Bondi news function c:
1

2
[(δ + iγ)(1− i)] = cr−1 +O(r−2)

(2) Initial data at u = u0 for γ, δ: 2 functions of (r, θ, φ)

Initial data for Integration constants N (complex) and M : 3 functions of (θ, φ)

Boundary data at r = r0 for ∂uc: 2 functions of (u, θ, φ)

(3) Integrate hypersurface equations along r to get β, UA, Ṽ .

We need constants of integration N , M .

(4) Evolve γ and δ in time with the standard equations.

We need ∂uc as functions of integration.

(5) Evolve N , M at r0 in time using the supplementary equations.

The source is given by the news c.

Series expansions

β = −cc̄
4
r−2 +O(r−3) ,

U θ + iUφ = −
(
∂θc+ 2 cot θ c− i

sin θ
∂φc

)
r−2 +O(r−3) ,

Ṽ = −r + 2M +O(r−1) .

GW strain

The leading-order (∝ r−1) components of the Riemann tensor are

Rµνρσkµmνkρmσ = − i

r
∂2
uc̄+O(r−2)

Using eR = ez, eθ = ex, eφ = ey as before,

⇒ lim
r→∞

Rµνρσkµmνkρmσ = RTxTy + i
RTxTx −RTyTy

2
!

= −i
∂2
uc̄

r

In the linearized regime we have:

RTxTx = −1

2
∂2
Thxx = −1

2
∂2
Th+ , RTxTy = −1

2
∂2
Thxy = −1

2
∂2
Th× , RTyTy = −1

2
∂2
Thyy = +

1

2
∂2
Th+
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They agree if h+ =
2

r
Re(c) , h× =

2

r
Im(c) .

Bondi mass

m(u) ..=
1

4π

∫ π

0

∫ 2π

0

M(u, θ, φ) sin θ dφ dθ

⇒ ∂um = − 1

4π

∫ π

0

∫ 2π

0

|∂uc|2 sin θ dφ dθ = − lim
r→∞

r2

16π

∫ π

0

∫ 2π

0

[(∂Th+)2 + (∂Th×)2] sin θ dφ dθ .

Say, a system evolves from one stationary state to another: EGW = mini −mfin



F THE ADM 3+1 FORMULATION 32

F The ADM 3+1 formulation

F.1 Spacetime foliations, induced metric and extrinsic curvature

Def.: Let M be a manifold with metric g and Σ a hypersurface t(xα) = const.

Lapse function:
1

α ..=
√
∓||dt||2

=


√
−||dt||2−1

if dt is timelike√
||dt||2−1

if dt is spacelike

.

unit normal on Σ: n ..= ∓αdt ⇒ ||n|| = ∓1

Projector: ⊥αβ ..= δαβ ± nαnβ

Acceleration: aβ ..= nµ∇µnβ.

Def.: A vector X is tangent to Σ :⇔ 〈dt,X〉 = 〈n,X〉 = 0.

Projection of a tensor T : ⊥Tαβ...γδ... ..= ⊥αµ⊥βν . . .⊥ργ⊥σδ . . . T µν...ρσ...

Corollary: 1. ⊥αµnµ = nα ± nα(nµn
µ) = 0

2. nµaµ = nµnρ∇ρnµ = 1
2
nρ∇ρ(n

µnµ) = 0

3. ⊥αµ⊥µβ = ⊥αµ(δµβ ± nµnβ) = ⊥αβ

4. For any vector V , ⊥V is tangent to Σ: ⊥αµV µnα = 0

If V is already tangent to Σ, then ⊥αµV µ = (δαµ ± nαnµ)V µ = V α.

5. For any vectors V , W tangent to Σ, gαβV
αW β = ⊥αβV αW β.

Def.: induced metric on Σ: γαβ ..= ⊥αβ = gαβ ± nαnβ

Let V , Y be vector fields everywhere tangent to Σ.

Parallel transport n from P to Q along V .
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Σ

n
n’

V

P

Q

normal direction at Q

In general, n will not remain normal to Σ, since

V µ∇µ(Y αnα) = Y α V µ∇µnα︸ ︷︷ ︸
=0

+nαV
µ∇µY

α

Def.: Let n be extended in a neghbourhood of Σ such that nµn
µ = ∓1. Let V , W be vector fields

Extrinsic curavture: K : (V ,W ) 7→ n
(
∇⊥V (⊥W )

)
⇔ KµνV

µW ν ..= nν⊥V µ∇µ(⊥W ν) .

Proposition: Independent of the expansion,

Kαβ = −⊥µα⊥νβ∇µnν = −⊥µα∇µnβ = −∇αnβ ∓ nαaβ

Proof. KµνV
µW ν = nν⊥V µ∇µ(⊥W ν) = −⊥V µ⊥W ν∇µnν = −⊥µαV α⊥νβW β∇µnν .

This holds for all V , W , so Kαβ = −⊥µα⊥νβ∇µnν

Also: ⊥νβ∇µnν = δνβ∇µnν ± nβ nν∇µnν︸ ︷︷ ︸
=0

For the independence on the extension, see long script.

Proposition: Kαβ is symmetric and tangent to Σ: Kαβ = Kβα , Kαβn
α = 0 = Kαβn

β.

Its trace is K ..= gµνKµν = γµνKµν .

Proof. ∇µnν = ∓∇µ(αdtν) = ∓α∇µ∇νt+ (∇µα)nν
α

⇒ Kαβ = −⊥µα⊥νβ∇µnν = ±α⊥µα⊥νβ∇µ∇νt+ 0 ,
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∇ is torsion free, so ∇µ∇νt = ∇ν∇µt

From now on: dt is timelike, so only upper sign!

F.2 Intrisic curavture

Intrisic curvature of Σ independent of embedding: E.g. geodesic deviation

→ 3D Riemann tensor Rα
βγδ

Def.: Let Tα...β... a rank
(
r
s

)
tensor tangent to Σ in all components.

3D or spatial covariant derivative: DµT
α...

β...
..= ⊥ρµ⊥ασ⊥τ β . . .∇ρT

σ...
τ ...

For a vector X tangent to Σ: ⊥X = X ⇒ DXT = ⊥(∇XT )

Proposition: The derivative Dµ is a covariant derivative for tensors tangent to Σ, it is torsion
free and Dµγαβ = 0.

Proof. Sketched; cf. example sheets.

Let X, Y , V be vectors tangent to Σ and f , g scalar functions. One shows that

(1) XµDµf = Xµ∂µf ,

(2) DfX+gY V = fDXV + gDY V ,

(3) DX(V +W ) = DXV +DXW

(4) DX(fV ) = fDXV + V DXf .

So D is a covariant derivative. Metric compatibility and torsion free nature are inherited from the 4D
covariant derivative ∇µ.

Def.: For vectors X, Y , V tangent to Σ, the 3D Riemann tensor is defined by

R(X,Y )V = DXDY V −DYDXV −D[X,Y ]V(
R(X,Y )V

)α
= Rα

βγδV
βXγY δ .

Ricci tensor, scalar: Rαβ
..= Rµ

αµβ , R ..= γµνRµν

Proposition: Ricci identity for a vector tangent to Σ: (DγDδ −DδDγ)V
α = Rα

µγδV
µ
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F.3 The Gauss, Codazzi and Ricci equations

Goal: Projections of the Riemann tensor onto n, ⊥.

Proposition: Gauss equation: ⊥Rα
βγδ = Rα

βγδ +Kα
γKδβ −Kα

δKγβ

Contracted Gauss: ⊥µα⊥νβRµν+⊥µα⊥ρβnνnσRµνρσ = Rαβ+KKαβ−KαµK
µ
β

Scalar Gauss: R + 2nµnνRµν = R+K2 −KµνKµν

Proof. (Sketched)

Compute ∇µ⊥σν = nν∇µn
σ + nσ∇µnν

For a vector field V tangent to Σ, show

DαDβV
γ = −Kαβ⊥γλnσ∇σV

λ −Kα
γKβλV

λ +⊥µα⊥σβ⊥γλ∇µ∇σV
λ

Use the 3D Ricci identity DαDβV
γ −DβDαV

γ = Rγ
ραβV

ρ

Use the 4D Ricci identity to replace ∇α∇βV
γ −∇β∇αV

γ = Rγ
ραβV

ρ

This holds for all spatial V , so gives us ⊥Rα
βγδ.

Contract over α, γ, then with γβδ.

Proposition: Codazzi Eq.: ⊥ρα⊥σβ⊥γµnνRµ
νρσ = DβKα

γ −DαKβ
γ

Contracted Codazzi: ⊥µαnνRµν = DαK −DµKα
µ

Proof. (Sketched)

4D Ricci identity applied to nµ : ⊥(∇α∇β −∇β∇α)nγ = ⊥Rγ
µαβn

µ

Recall Kαβ = −∇αnβ − nαaβ to compute

⊥ρα⊥σβ⊥γτ∇ρ∇σn
τ = −DαKβ

γ + aγKαβ

Antisymmetrize on α, β. Contract on γ, α.

For the final projection we need Lie derivatives along n:
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Lemma: Ln⊥αβ = nαaβ + nβaα + 2Kαβ ,

Ln⊥αβ = nαaβ ,

Ln⊥αβ = −2Kαβ

For any spatial tensor Tαβ = ⊥Tαβ: LnTαβ = ⊥(LnTαβ)

aµ = Dµ lnα

Proof. Example sheets and:

aβ = nµ∇µnβ = − nµ∇µ(α∇βt) = − αnµ∇µ∇βt︸ ︷︷ ︸
∇β∇µt

−nµ (∇βt)︸ ︷︷ ︸
=− 1

α
nβ

∇µα

= αnµ∇β
nµ
α

+
nµnβ
α
∇µα = nµ∇βnµ︸ ︷︷ ︸

=0

−αnµnµ
∇βα

α2
+
nµnβ
α
∇µα

=
1

α

(
δµβ∇µα + nµnβ∇µα

)
= ⊥µβ

∇µα

α
=

Dβα

α
= Dβ lnα .

Proposition: Ricci Eq.: ⊥µαnν⊥ργnσRµνρσ = LnKαγ +
1

α
DαDγα +KργKα

ρ

Proof. (Sketched)

4D Ricci identity applied to n: ∇ρ∇σn
µ −∇σ∇ρn

µ = Rµ
νρσn

ν

Project to get: ⊥αµnν⊥ργnσRµ
νρσ = −KασK

σ
γ +Dγaα + aαaγ +⊥µα⊥ργnσ∇σKρµ

Show: ⊥µα⊥νβnσ∇σKµν = LnKαβ +KρβKα
ρ +KαρKβ

ρ

Show Dβaα + aαaβ = 1
α
DαDβα

Proposition: ⊥µα⊥νβRµν = −LnKαβ −
1

α
DαDβα− 2KαρK

ρ
β +Rαβ +KKαβ ,

R = −2LnK −
2

α
DµDµα +R+K2 +KµνK

µν

Proof. (Sketched)

Combine contracted Gauss and Ricci Eqs. to get the first result.

Contract with ⊥αβ. Use the first Lemma to show: ⊥αβLnKαβ = LnK − 2KαβK
αβ.

Combine with the scalar Gauss Eq.
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F.4 The 3+1 version of the Einstein equations

Einstein Eqs. : Rαβ −
1

2
Rgαβ + Λgαβ = 8πTαβ (†) ⇔ Rαβ = 8π

(
Tαβ −

1

2
Tgαβ

)
+ Λgαβ (‡)

Def.: energy density, momentum density and stress tensor :

ρ ..= nµnνTµν , jα ..= −⊥µαnνTµν , Sαβ ..= ⊥µα⊥νβTµν

⇒ Tαβ = ρnαnβ + jαnβ + nαjβ + Sαβ and T = S − ρ

Proposition: The projections of the Einstein equations give:

H ..= R+K2 −KµνK
µν − 2Λ− 16πρ = 0 ,

Mα
..= DαK −DµKα

µ + 8πjα = 0 ,

Lnγαβ = −2Kαβ ,

LnKαβ = − 1

α
DαDβα−2KαµK

µ
β+Rαβ+KKαβ−Λγαβ−8π

[
Sαβ −

1

2
γαβ(S − ρ)

]
.

Proof. (Sketched)

(1) Project (†) onto nαnβ and use scalar Gauss.

(2) Project (†) onto ⊥αµnβ and use Codazzi.

(3) The 3rd Eq. is our 3rd Lemma above.

(4) Project (‡) onto ⊥αµ⊥βν and use the last proposition of Sec. F.3.

F.5 Adapted coordinates

Def.: Let (M, g) be globally hyperbolic spacetime with foliation Σt given by t :M→ R with
dt 6= 0.

Adapted coordinates: xα = (t, xi). xi label points inside Σt.

Coordinate basis: (∂t, ∂i) and (dt, dxi).

Def.: Shift vector : β = ∂t − αn

β is spatial: 〈dt,β〉 = 〈dt,∂t〉 − α〈dt,n〉 = 1 + 〈n,n〉 = 0

β measures deviations of ∂t from the normal direction and fixes xi on new slices
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∂tαn

β

n

Σt

Σt+dt

Metric components

β0 = 〈dt,β〉 = 0, so βm = gmnβ
n and:

g00 = g(∂t,∂t) = g(αn+ β, αn+ β) = − α2 + βmβm ,

g0i = g(∂t,∂i) = g(αn+ β,∂i) = − 〈dt,∂i〉+ 〈βmdxm,∂i〉 = βi ,

gij = g(∂i,∂j) = γ(∂i,∂j) = γij ,

gαβ =

(
−α2 + βmβm βj

βi γij

)
⇔ gαβ =

(
−α−2 α−2βj

α−2βi γij − α−2βiβj

)
⇒ ds2 = (−α2 + βiβ

i)dt2 + 2βidt dxi + γijdx
i dxj .

nα = (−α, 0) , nα =

(
1

α
, −β

i

α

)
.

Proposition: An observer moving with 4-velocity uα = nα from Σt to Σt+dt measures proper
time dτ = αdt.

Proof. Tangent vector to the observer’s worldline parametrized with t:
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mα =
dxα

dt
=

(
1,

dxi

dt

)
∝ nα =

(
1

α
, − βi

α

)
.

⇒ mα = (1, − βi)

⇒ dτ =

√
−gµν

dxµ

dt

dxν

dt
dt =

√
−g00m0m0 − 2g0im0mi − gijmimj dt = αdt .

So α fixes the slicing. Lapse and shift are the gauge variables.

Changing to spatial indices

• For any spatial vector V : V 0 = 〈dt,V 〉 = 0.

• Likewise for any spatial tensor T 0α...
β... = 0.

• V0 6= 0 in general, but still only 3 independent components!

• Contractions of spatial tensors TµαV
µ = TmαV

m.

⇒ in adapted coordinates we can replace in spatial equations Greek with Latin indices!

3D Christoffel symbols: Γ ijk =
1

2
γim (∂jγkm + ∂kγmj − ∂mγjk) ,

3D Riemann tensor: Rj
kmn = ∂mΓ

j
kn − ∂nΓ

j
km + Γ lknΓ

j
lm − Γ lkmΓ

j
ln .

Proposition: In adapted coordinates: Lnγµν =
1

α
∂tγµν −

1

α
Lβγµν ,

LnKµν =
1

α
∂tKµν −

1

α
LβKµν

Proof. (Sketched)

Show for a scalar f and spatial tensors: LfnTαβ = fLnTαβ.

Use this for n = 1
α

(∂t − β), bearing in mind L∂t = ∂t.

Using Lβγij = βm∂mγij + 2γm(i∂j)β
m, we get York’s version of the ADM equations:

H ..= R+K2 −KmnK
mn − 2Λ− 16πρ = 0

Mi
..= DiK −DmKi

m + 8πji = 0

∂tγij = βm∂mγij + 2γm(i∂j)β
m − 2αKij

∂tKij = βm∂mKij+2Km(i∂j)β
m−DiDjα+α [Rij +KKij − 2KimK

m
j]−αΛγij−8πα

[
Sij − γij

S − ρ
2

]
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Note: 10 variables, 10 equations, 4 constraints, 4 gauge variables, 2 degrees of freedom

3+1 matter equations:

∂tρ = βm∂mρ− 2jmDmα + α (ρK + SmnKmn −Dmj
m) ,

∂tji = βm∂mji + jm∂iβ
m − ρDiα− SmiDmα + α (jiK −DmS

m
i) .

Note: No equation for ∂tSij; need EOS!
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G Well-posedness, strong hyperbolicity and BSSNOK

G.1 The concept of well-posedness

Def.: An initial value (aka Cauchy) problem is well-posed if a solution exists, is unique and
depends continuously on the initial data in the sense of a norm ||f(t, .)|| of a function
f(t, xi). Otherwise, it is ill-posed.

We take for ||f(t, .)|| the L2 norm of f(t, xi) at fixed time.

Example

2D Laplace equation: 4φ(t, x) = ∂2
t φ+ ∂2

xφ = 0

with φ(0, x) = fn(x) ..= 0 , ∂tφ(0, x) = gn(x) ..= e−
√
n sin(nx)

Solution: φn(t, x) =
e−
√
n

n
sinh(nt) sin(nx)

But: lim
n→∞

fn(x) =.. f∞ = 0 , lim
n→∞

gn(x) =.. g∞ = 0 ,

lim
n→∞

φn(t, x)→∞ for any t > 0

This problem does not arise for the wave equation −∂2
t φ+ ∂2

xφ = 0.

G.2 Well-posedness of first-order systems

Consider PDEs A∂tu+ Pi∂iu+ Cu = 0 for u : Ω ⊂ Rd+1 → RN , (†)

where A, Pi, C are real N ×N matrices and A is invertible.

Constant coefficient systems: A, Pi, C constant.

Def.: Fourier transformation: f̃(ki) = F [f ](ki) =
1
√

2π
d

∫
f(xi)e

−ikmxmddx ,

f(xi) = F−1[f̃ ](xi) =
1
√

2π
d

∫
f̃(ki)e

ikmxmddx

⇒ F [∂if ](ki) =
1
√

2π
d

∫
∂if e

−ikmxmddx = ikif̃(ki) .

Transformed PDE: A∂tũ+ Pmikmũ+ Cũ = 0

⇒ ∂tũ+ A−1 (iPmkm + C) ũ = ∂tũ− iM(km)ũ with M = A−1(−Pmkk + iC)
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Solution: ũ(t, ki) = eiMtũ(0, ki) ⇒ u(t, xi) =
1
√

2π
d

∫
eiMtũ(0, ki)e

ikmxmddk (∗)

The integral converges for t = 0, but how about t > 0?

Proposition: If there exists a regular function f with
∣∣∣∣eiMt

∣∣∣∣ ≤ f(t) (‡)

the integral in (∗) converges and the PDE (†) is well-posed.

Proof. By Parseval’s theorem

||u||(t) = ||ũ||(t) =
∣∣∣∣eiMt

∣∣∣∣× ||ũ||(0) ≤ f(t)||ũ||(0) = f(t)||u||(0)

Two solutions u1, u2 for initial data u1(0, xi) and u2(0, xi) satisy

||u1 − u2||(t) ≤ f(t)||u1 − u2||(0)

→ unique solutions and continuous dependence on initial data.

Def.: The PDE A∂tu+ Pi∂iu+ Cu = 0 is weakly hyperbolic

:⇔ ∀ k̂i with |k̂i| = 1, all Eigenvalues of Q(k̂i) ..= −A−1Pmk̂m are real.

Proposition: Weak hyperbolicity is necessary for
∣∣∣∣eiMt

∣∣∣∣ ≤ f(t).

Proof. With t̂ ..= |k| t , k̂i ..=
ki
|k|

, Eq. (‡) becomes∣∣∣∣∣∣eiMt̂/|k|
∣∣∣∣∣∣ =

∣∣∣∣∣∣ei[A−1(−Pmkm+iC)]t̂/|k|
∣∣∣∣∣∣ =

∣∣∣∣∣∣ei[A−1(−Pmk̂m+iC/|k|)]t̂
∣∣∣∣∣∣ ≤ f

(
t̂
|k|

)
Take |ki| → ∞ ⇒

∣∣∣∣∣∣eiQ(k̂i)t̂
∣∣∣∣∣∣ ≤ f(0) with Q(k̂i) = −A−1Pmk̂m

Note: Short-wavelength modes need large t̂ and dominate this!

Let λ = λ1 + iλ2 be an Eigenvalue of Q. We need λ2 ≥ 0.

But Q is real ⇒ λ1 − iλ2 is also an Eigenvalue. So we need λ2 = 0.

The ADM equations are weakly hyperbolic. But that’s not sufficient.

Lemma: If J2 =

(
λ 1
0 λ

)
, λ ∈ C, then eiJ2 t̂ = eiλt̂

(
1 i t̂
0 1

)
.

Proof. Example sheets.
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We cannot bound
∣∣∣∣∣∣exp

[
iQ(k̂i)t̂

]∣∣∣∣∣∣ with such a Jordan block.

Larger Jordan blocks give similar t̂p, p ≥ 1 growth.

Def.: The PDE A∂tu+ Pm∂mu+ Cu = 0 is strongly hyperbolic if for all k̂i with |k̂| = 1,

Q = −A−1Pmk̂m has only real Eigenvalues and is diagonalizable. If the symmetrizer S

in Q = SΛS−1 does not depend on k̂i, the PDE is symmetric hyperbolic.

Linear PDEs: Use the constant-coefficient criterion for all (t, xi).

Non-linear PDEs: Linearize around all backgrounds. This is challenging!

Note: Stability tests often need empirical tests.

G.3 The BSSNOK formulation

Baumgarte-Shapiro-Shibata-Nakamura-Oohara-Kojima. There are other well-posed formulations.

Proposition:
∂g

∂gαβ
= g gαβ ,

∂g

∂gαβ
= −g gαβ

in n dimension and for any signature.

⇒ ∂αg = g gµν∂αgµν = −g gµν∂αgµν = 2gΓµµα

Proof. Use the cofactor matrix and ∇αgµν = 0.

Def.: BSSNOK variables: χ = γ−1/3 , K = γmnKmn,

γ̃ij = χγij ⇔ γ̃ij =
1

χ
γij,

Ãij = χ
(
Kij − 1

3
γijK

)
⇔ Kij =

1

χ

(
Ãij +

1

3
γ̃ijK

)
,

Γ̃ i = γ̃mnΓ̃ imn ,

Extra constraints: γ̃ = 1 , γ̃mnÃmn = 0 , Gi ..= Γ i−γ̃mnΓ imn = 0 .

To translate the ADM equations into BSSNOK, we need some auxiliary relations.

Lemma: Γ ijk = Γ̃ ijk −
1

2χ

(
δik∂jχ+ δij∂kχ− γ̃jkγ̃im∂mχ

)
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Proof. Product rule for γij =
1

χ
γ̃ij, and γ̃kmγ̃ml = δkl.

Lemma: For any metric: ∂iγ
jk = −γjmγkn∂iγmn , ∂iγjk = −γjmγkn∂iγmn

⇒ ∂kγ
jk = −γjmγkn∂kγmn .

For the conformal metric γ̃ = 1 implies: Γ̃ i = γ̃mnγ̃il∂mγ̃nl = −∂mγ̃mi ,

Γ̃mim =
1

2
γ̃mn∂iγ̃mn = 0 .

Proof. 0 = ∂iδ
j
k = ∂i(γ

jmγmk) = γjm∂iγmk + γmk∂iγ
jm

∣∣∣ × γkl or × γjl

⇒ ∂iγ
jl = −γjmγkl∂iγmk ∧ ∂iγlk = −γmkγjl∂iγjm

With γ̃ = 1: ∂iγ̃ = γ̃ γ̃mn∂iγ̃mn = −γ̃ γ̃mn∂iγ̃mn = 0

⇒ Γ̃ i =
1

2
γ̃mnγ̃il (∂mγ̃nl + ∂nγ̃lm − ∂lγ̃mn) = γ̃mnγ̃il∂mγ̃nl

∧ Γ̃mim =
1

2
γ̃mn(∂iγ̃mn + ∂mγ̃ni − ∂nγ̃im) =

1

2
γ̃mn∂iγ̃mn = 0
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Proposition: H = R− ÃmnÃmn +
2

3
K2 − 2Λ− 16πρ = 0 ,

Mi =
2

3
∂iK − γ̃mnD̃mÃin +

3

2
Ãi

m∂mχ

χ
+ 8πji = 0 ,

∂tχ = βm∂mχ−
2

3
χ∂mβ

m +
2

3
αχK ,

∂tγ̃ij = βm∂mγ̃ij + 2γ̃m(i∂j)β
m − 2

3
γ̃ij∂mβ

m − 2αÃij ,

∂tK = βm∂mK − χγ̃mnDmDnα + α

[
ÃmnÃmn +

1

3
K2 − Λ + 4π(S + ρ)

]
,

∂tÃij = βm∂mÃij + 2Ãm(i∂j)β
m − 2

3
Ãij∂mβ

m + αKÃij − 2αÃimÃ
m
j

+χ (αRij −DiDjα− 8πSij)
TF ,

∂tΓ̃
i = βm∂mΓ̃

i − Γ̃m∂mβ
i +

2

3
Γ̃ i∂mβ

m + γ̃mn∂m∂nβ
i +

1

3
γ̃im∂m∂nβ

n + 2αΓ̃ imnÃ
mn

−2Ãim∂mα−
4

3
αγ̃im∂mK − 3αÃim

∂mχ

χ
− 16παγ̃imjm − σGi ,

Comments

• “TF” means “tracefree part”.

• Constraints only used as diagnostic → free evolutions.

• σ > 0 for damping Gi.
Alternatively: Replace undifferentiated Γ̃i in terms of γ̃ij.

• One needs to enforce Ãmm = 0, but not γ̃ = 1.

Proof. ∂tK as an example. Use ∂γij = −γimγjn∂γmn , ∂γij = −γimγjn∂γmn ,

⇒ ∂tK = ∂t(γ
ijKij) = γij∂tKij +Kij∂tγ

ij = γij∂tKij −Kijγ
imγjn∂tγmn = γij∂tKij −Kij∂tγij .

Use the ADM equations for ∂tγij, ∂tKij

⇒ ∂tK = γijβm∂mKij + 2γijKm(i∂j)β
m − γijDiDjα + α(R+K2−2KmnKmn

::::::::::::
)

− 3αΛ− 8πα

[
S − 3

2
(S − ρ)

]
−Kij

[
βm∂mγij + 2γm(i∂j)β

m−2αKij
::::::::

]
= βmγij∂mKij − βmKij

(
−γikγjl∂mγkl

)
+ α(R+K2)− 3αΛ + 4πα(S − 3ρ)
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− γijDiDjα + γijKmi∂jβ
m

::::::::::::
+ γijKmj∂iβ

m

::::::::::::
−Kijγmi∂jβ

m

::::::::::::
−Kijγmj∂iβ

m

::::::::::::

= βmγij∂mKij + βmKij∂mγ
ij + α(R+K2)− 3αΛ + 4πα(S − 3ρ)− γmnDmDnα

= βm∂mK + α(R+K2)− 3αΛ + 4πα(S − 3ρ)− χγ̃mnDmDnα .

Finally subtract αH = α

[
R+

2

3
K2 − ÃmnÃmn − 2Λ− 16πρ

]
Note: we subtract zero, but change the principal part of the PDE!

We need the auxiliary expressions:

Proposition: Rij = R̃ij + R̃χ
ij ,

R̃ij = −1

2
γ̃mn∂m∂nγ̃ij + γ̃m(i∂j)Γ̃

m + Γ̃mΓ̃(ij)m + γ̃mnΓ̃ kimΓ̃kjn + 2γ̃mnΓ̃ km(iΓ̃j)kn ,

Rχ
ij =

1

2χ

(
D̃iD̃jχ+ γ̃ij γ̃

mnD̃mD̃nχ
)
− 1

4χ2
(∂iχ∂jχ+ 3γ̃ij γ̃

mn∂mχ∂nχ) ,

DiDjα = D̃iD̃jα +
1

χ
∂(iα∂j)χ−

1

2χ
γ̃ij γ̃

mn∂mχ∂nα .

Proof. Long script.

Comments

• BSSNOK can be shown to be strongly hyperbolic for suitable gauge.

• There are other strongly hyperbolic formulations, e.g. CCZ4, GHG.

• We still need initial data and gauge conditions...
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H Gauge and initial data

H.1 Initial data

Two goals: 1) Solve constraints

2) Get physically realistic snapshot

Degrees of freedom: 6 γij, 6 Kij. One constraint H for γij, three Mi for Kij

4 coordinate choices, leaving 2 γij and 2 Kij.

H.1.1 Conformal transformations

Def.: Conformal transformation : γ̄ij = e2ϕγij ⇔ γij = e−2ϕγ̄ij

Proposition: Γ ijk = Γ̄ ijk −
(
δij∂kϕ+ δik∂jϕ− γ̄jkγ̄im

)
,

e2ϕRijkl = R̄ijkl + γ̄ikXjl − γ̄ilXjk + γ̄jlXik − γ̄jkXil

with Xjl = Xlj = D̄jD̄lϕ+ ∂jϕ∂lϕ−
1

2
γ̄jl(γ̄

mn∂mϕ∂nϕ) ,

Rij = R̄ij + (n− 2)
(
D̄iD̄jϕ+ ∂iϕ∂jϕ

)
+ γ̄ij γ̄

mn
[
D̄mD̄nϕ− (n− 2)∂mϕ∂nϕ

]
,

R = e2ϕ
{
R̄+ (n− 1)γ̄mn

[
2D̄mD̄nϕ− (n− 2)∂mϕ∂nϕ

]}
Inversion: (i) ϕ→ −ϕ and (ii) swap bar and non-bar.

Proof. Long script.

H.1.2 The York-Lichnerowicz split

Goal: Rearrange degrees of freedom into specifiable and derived parts.

Def.: Conformal traceless split:

γij = ψ4γ̄ij = e−2ϕγ̄ij ⇔ γij = ψ−4γ̄ij = e2ϕγ̄ij ,

Kij = Aij +
1

3
γijK ,

Aij = ψ−2Āij ⇔ Aij = ψ−10Āij .

Note: ψ
!

= e−ϕ/2 is free and det γ̄ij arbitrary!
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Lemma: Γ ijk = Γ̄ ijk +
2

ψ

(
δij∂kψ + δik∂jψ − γ̄jkγ̄im∂mψ

)
,

R = ψ−4R̄ − 8

ψ5
γ̄mnD̄mD̄nψ .

Proof. Long script.

Proposition: The constraints are

H̄ ..= 8γ̄mnD̄mD̄nψ − ψR̄ −
2

3
ψ5K2 + ψ−7ĀmnĀ

mn + 2ψ5Λ + 16πψ5ρ = 0 ,

M̄i ..= D̄mĀ
mi − 2

3
ψ6γ̄mi∂mK − 8πψ10ji = 0 .

Proof. (Sketched)

Use the ADM constraints. Show K2 −KmnK
mn =

2

3
K2 − AmnAmn.

For M̄i, show Dm(γmiK −Kmi) =
2

3
γmiDmK −DmA

mi.

Use the Lemma for Γ ijk to compute DmA
im = ψ−10D̄mĀ

mi.

Our choice Aij = ψ−2Āij leeds to nice cancelations here!

Proposition: Let Āij be symmetric and traceless.

⇒ ∃ symmetric Qij with D̄mQ
mi = 0, Qm

m = 0 and a vector field X i:

Āij = Qij + (LX)ij ..= Qij + D̄iXj + D̄jX i − 2

3
γ̄ijD̄mX

m .

Note: (LX)m
m = 0 by construction. Qij is “transverse” and “traceless”

Proposition: M̄i ..= D̄mD̄mX
i +

1

3
D̄iD̄mX

m + R̄i
mX

m − 2

3
ψ6γ̄mi∂mK − 8πψ10ji = 0 .

Proof. Example sheets.

Henceforth: vacuum, asymptotic flatness, i.e. Λ = ρ = ji = 0

Summary: • Specify: 5 γ̄ij, 1 K, 2 Qij

• Solve H̄ for ψ and M̄ i for X i



H GAUGE AND INITIAL DATA 49

Examples

(1) For K = 0 the constraints decouple: Solve M̄ i for X i and then H̄ for ψ.

(2) Time symmetry and conformal flatness, Kij = 0, γ̄ij = δij

⇒ 1
8
H̄ = δmn∂m∂nψ = 4ψ = 0 ∧ M̄ i = 0 manifestly

⇒ ψ =
A

r
+B on R3 \ {0}. r = 0 is called a puncture.

For A = M
2

, B = 1 this is isotropic Schwarzschild: ds2 = −
(

2r −M
2r +M

)2

dt2 +

(
1 +

M

2r

)4

(dx2 +

dy2 + dz2)

H̄ = 0 is linear in ψ ⇒ We can superpose:

ψ = 1 +
n∑
i=1

M(i)

2|r − r(i)|
Brill-Lindquist data for n BHs at rest

H.1.3 Bowen-York and puncture data

Goal: spinning and boosted BHs.

Impose γ̄ij = δij, K = 0, Qij = 0, but allow for X i 6= 0

⇒ M̄i = ∂m∂mX
i +

1

3
∂i∂mX

m = 0

Linear in X i ⇒ We can superpose solutions!

Proposition: X i = εijk
xj
r3
Jk , εijk = Levi-Civita tensor, Jk = const (†)

solves M̄i = 0 and endows the spacetime with angular momentum Jk.

Proof. (Sketched)

Using ∂ir = xi/r, one shows ∂mX
m = 0 and ∂m∂mX

i = 0.

The total angular momentum of an asymptotically flat spacetime is Eq. (8.83) in gr-qc/0703035

J∞m =
1

8π
lim
r→∞

∮
Sr

(Kij −Kγij)(φm)i
xj

r
r2 sin θdθdφ , where (φm)i = εmj

ixj.

Using εijke
imn = δj

mδk
n − δjnδkm , and Āij = ∂iXj + ∂jXi, we find

Āij(φm)ixj =
3

r

(
Jm −

xmxk
r2

Jk
)
.
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limr→∞ ψ = 1, so Kij = Aij +
1

3
γijK = ψ−2Āij → Āij

Rotate the coordinates such that Jk = (0, 0, J). Integrands ∼ z ∼ cos θ lead to zero, so

⇒ J∞z = J , J∞x = J∞y = 0

Proposition: X i = − 1

4r

(
7P i +

xixk
r2

P k

)
, P i = const (‡)

solves M̄i = 0 and endows the spacetime with linear momentum P i.

Proof. (Sketched)

With ∂ir = xi/r, one computes

∂m∂mX
i =

1

2

(
3
xixkP

k

r5
− P i

r3

)
and ∂i∂mX

m =
3

2

(
P i

r3
− 3

xixmP
m

r5

)
.

The linear momentum is Eq. (8.78) in gr-qc/0703035

PADM
i =

1

8π
lim
r→∞

∮
Sr

(Kik −Kγik)
xk

r
r2 sin θ dθ dφ

As before, Kik −Kγik → Āik, and one finds: Āikx
k =

3

2r3
P k(r2δik + xixk)

Rotate coordinates such that P k = (0, 0, P ).

⇒ PADM
z = P , PADM

x = PADM
y = 0.

Comments

• These are Bowen-York data.

• One similarly shows that (†) has PADM
i = 0 and (‡) has J∞i =0.

• We can superpose in two ways:

(i) joint X i that carry linear and angular momentum.

(ii) Sources at multiple points, xiA, xiB etc.

Hamiltonian constraint

ToDo: H̄ = 8∂m∂mψ + ψ−7ĀmnĀ
mn = 0
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Puncture data

(1) Recall Brill-Lindquist data for Āij = 0: ψBL = 1 +
n∑
i=1

M(i)

2|r − r(i)|

(2) Ansatz: ψ = ψBL + u on R \ {r(i)}

⇒ 8∂m∂m + (ψBL + u)−7ĀmnĀ
mn = 0

Needs numerical solving.

(3) Brandt & Brügmann (PRL 1996) have shown that ∃ unique solutions u regular on all R3.

(4) Regularity implies that near r(i) the Brill-Lindquist ψBL dominates.

⇒ The solutions are still BHs, but with spin and velocity.

(5) Kerr has no conformally flat slice ⇒ junk radiation

H.2 Gauge conditions

g0α or (α, βi) freely specifiable. Four options:

1. α, βi = functions of (t, xi).

2. Functions of other variables, e.g. γ or Γ̃ i.

3. Elliptic PDEs. E.g. maximal slicing K = 0

⇒ . . .⇒4α = αKmnK
mn in vacuum.

4. Hyperbolic or parabolic PDEs for α, βi.

H.2.1 What can go wrong?

Kruskal-Szekeres BH

Schwarzschild: ds2 = −
(

1− 2M

r

)
dt2 +

(
1− 2M

r

)−1

dr2 + r2dΩ2

Transform: t̄ = t+ 2M ln |r − 2M | , t̃ = t− 2M ln |r − 2M | ,

v = t̄+ r , u = t̃− r ,

v̂ = e
v

4M , û = −e− u
4M ,

t̂ =
1

2
(v̂ + û) , r̂ = 1

2
(v̂ − û) .

⇒ ds2 =
16M2

r
e−

r
2M (−dt̂2 + dr̂2) + r2dω2
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Slices t = const:
t̂

r̂
= tanh

t

4M
for r > 2M and

r̂

t̂
= tanh

t

4M
for r < 2M ,

Slices r = const: t̂2 − r̂2 = −e
r

2M (r − 2M) =.. C(r) .

−5 −4 −3 −2 −1 0 1 2 3 4 5
r̂ /M

−5

−4

−3

−2

−1

0

1

2

3

4

5

t̂/
M

r = 0

r = 0

r
=
2M

r
=
2M

τ = 0

τ = 0.5M

τ = M

τ = 1.5M

τ = 2M

τ =
2.5M

τ
=
3M

τ
=
πM

Kruskal-Szekeres diagram with geodesic slices

Proposition: An evolution starting at t̂ = 0 with geodesic slicing, α = 1, βi = 0 reaches r = 0,
after πM time units.

Proof. Recall dτ = αdtnum. Now α = 1

⇒ coordinate time tnum = τ = proper time of observers moving with 4-velocity uµ = nµ.

aµ = nρ∇ρnµ = Dµα = 0 ⇒ normal observers follow geodesics.

βi = 0 ⇒ Observers start with dr/dτ = 0.

r̂ ≥ 0 ⇒ r ≥ 2M , r̂ < 0 by symmetry.

So tnum = τ of freely infalling observers from r = r0 ≥ 2M .
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Timelike geodesics in Schwarzschild (e.g. Part II GR):

(1)

(
1− 2M

r

)
ṫ = E , − E2 + ṙ2 = −1 +

2M

r

(2) Observers start with ṙ at r(0) = r0

⇒ E =

√
1− 2M

r0

∈ [0, 1) for r0 ∈ [2M,∞)

⇒ dr

dτ
= −

√
2M

r
− 2M

r0

⇒ r0
dx

dτ
= −

√
2M

r0

√
1

x
− 1 with x =

r

r0

.

⇒ −

√
2M

r3
0

∫
dτ =

∫ √
x

1− x
dx = . . . = −

√
x(1− x) + arcsin

√
x

⇒ τ = τ0︸︷︷︸
=0

+r0

√
r0

2M

(
π

2
− arcsin

√
r

r0

)
+ r0

√
r

2M

√
1− r

r0

(3) r = 0 reached at τ =
π

2
r0

√
r0

2M
.

Observers starting at r = 2M remain at r̂ = 0 by symmetry.

For other observers, we invert τ(r)→ r(τ) and calculate v(τ) numerically.

⇒ t̂(τ) and r̂(τ) trajectories for all observers.

Two problems: • The code crashes at the singularity before much physics is calculated.

• Observers diverge in r̂ → slice stretching.

H.2.2 Singularity avoiding slicing

Goal: Reduce α near singularity.

Tool: Often the volume element
√
γ vanishes at physical or coordinate singularities!

Def.: Bona-Massó slicing:
dα

dt
..= (∂t − Lβ)α = (∂t − βm∂m)α = −α2f(α)K ,

where f(α) > 0 but otherwise free.

Proposition: Bona-Massó slicing implies

[
gµν +

(
1− 1

f

)
nµnν

]
∇µ∇νt = 0 (?)

Proof. (Sketched)
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In adapted coordinates: ∇µ∇νt = ∂µ∂νt− Γρνµ∂ρt = ∂µδ
0
ρ − Γρνµδ

0
ρ = −Γ0

µν .

Show that the spacetime Christoffel symbols in adapted coordinates are

Γ0
00 =

1

α
(∂0α + βm∂mα)− 1

α
βmβlKml , Γ0

0i =
∂iα

α
− 1

α
βmKim , Γ0

ij = − 1

α
Kij .

Use γαβ = gαβ + nαnβ to compute

−
[
gµν +

(
1− 1

f

)
nµnν

]
∇µ∇νt = − 1

fα3

[
(∂0 − βm∂m)α + α2fK

]
= 0

Def.: Focussing singularity ..= a point where
√
γ vanishes at a bounded rate as a function of

proper time τ of normal observers.

Proposition:
d

dt
γ1/2 = (∂t − Lβ)γ1/2 = −αγ1/2K .

Proof. (Sketched)

BSSNOK equation: (∂t − βm∂m)χ = −2

3
χ∂mβ

m +
2

3
αχK .

Use χ = γ−1/3 and use the Lie derivative for
√
γ which is a tensor density of weight w = 1.

Examples

(1) f(α) = 1 ⇒ d

dt
α = −α2K =

α
√
γ

d

dt

√
γ

⇒ d

dt
lnα =

d

dt
ln
√
γ ⇒ α = h(xi)

√
γ .

In Eq. (?), f = 1 is: �t = ∇µ∇µt = 0 harmonic slicing

Likewise for f(α) = N : α = h(xi)
√
γN .

(2) f =
N

α
⇒ d

dt
α = −αNK =

N
√
γ

d

dt

√
γ ⇒ α = h(xi) +N ln

√
γ .

For N = 2, h(xi) = 1:
d

dt
α = −2αK ⇒ α = 1 + ln γ “1+log” slicing

(3) In general:
d

dt
α =

αf
√
γ

d

dt

√
γ ⇒ 1

αf

d

dt
α =

1
√
γ

d

dt

√
γ
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⇒ ln
√
γ + h̃(xi) =

∫
1

αf

d

dt
αdt =

∫
dα

αf
⇒ √

γ = h(xi) exp

{∫
dα

αf

}
(†)

Comment: α finite ⇒
∫

dα
αf

finite. So if γ → 0, the lapse must collapse, α→ 0.

Assume now a focussing singularity is encountered at finite τ = τs.

With dτ = αdt this is coordinate time ∆t =

∫ τs

0

dτ

α
. Three possibilities:

(1)
√
γ → 0 and α finite. Cannot happen for Bona-Massó slicing.

(2) γ → 0, α→ simultaneously. The singularity can then be reached at finite or infinite t.

If it happens as t→∞, we have Marginal singularity avoidance.

(3) α→ 0 before
√
γ → 0. This is strong singularity avoidance.

Now let:
√
γ ∼ (τs − τ)m, m > 1 as γ → 0,

f(α) = Aαn, A > 0 as α→ 0.

Proposition: 1. For n < 0: strong singularity avoidance.

2. For n = 0, mA ≥ 1: marginal singularity avoidance.

3. For n > 0 or (n = 0 and mA < 1): no singularity avoidance.

Proof. (Sketched)∫
dα

αf(α)
=

1

A

∫
dα

αn+1
=

{
ln
(
α1/A

)
for n = 0

− 1
nA
α−n for n 6= 0

For n < 0 in (†): √
γ = h(xi) exp

{
−1

nA
α−n

}
, so γ is finite as α→ 0

⇒ strong singularity avoidance.

For n ≥ 0, we evaluate ∆t =

∫ τs

0

dτ

α
=

∫ 0

α0

dτ/dα

α
dα

(i) If dτ/dα vanishes faster than αp for some p > 0, the integral and ∆t are finite.

→ no singularity avoidance.

(ii) If dτ/dα is finite or larger, the integral and ∆t diverge.

→ marginal singularity avoidance.
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Differentiating (†) gives
d ln
√
γ

dτ
=

1

αf

dα

dτ
.

Insert f(α) to compute τ(α) and, thus, dτ/dα, which confirms the proposition.

H.2.3 Shift conditions

Goal: Ensure neighbouring observers see “similar” evolution of γ̃ij. Recall γ̃ = 1!

Def.: Distortion tensor : Σij
..=

1

2
γ1/3∂tγ̃ij =

1

2χ
∂tγ̃ij .

Minimizing the integral ΣmnΣmn over the hypersurface

→ ellitic PDE for βi, minimal distortion shift

Lemma: Σij =
χ

2

[
−βm∂mγ̃ij + γ̃jl∂lβ

i + γ̃il∂lβ
j − 2

3
γ̃ij∂mβ

m − 2αÃij
]
,

and γmnΣmn = 0.

Proof. Example sheets.

Proposition: 2∂j(χ
−1Σij) =

2

χ

(
DjΣ

ij − Γ̃ ijkΣ
jk +

3

2

∂jχ

χ
Σij

)
= ∂tΓ̃

i .

Proof. Example sheets.

This motivates the Gamma freezing shift condition: Γ̃ i = 0.

Comments: • Minimal distortion and Gamma freezing only differ by terms ∝
1st metric derivatives× Σmn.

• Setting ∂tΓ̃
i = 0 in the BSSNOK eq. for Γ̃ i gives an elliptic PDE for βi.

• However, we only need to solve it once! Just don’t evolve Γ̃i.

Better yet, Gamma driver shift: ∂tβ
i = F∂tΓ̃

i or ∂2
t β

i = F∂tΓ̃
i − η̃∂tβi ,

where F > 0 and η̃βi is added to avoid oscillations in βi.

In practice: • ∂tβ
i =

3

4
Bi , ∂tB

i = ∂tΓ̃
i − ηBi with Mη̃ = O(1) work well.

• It also works well to add advection derivatives: ∂t → ∂t − βm∂m.
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Together with 1+log slicing this is called moving puncture gauge (κ = 1 or 0):

∂tα = κβm∂mα− 2αK ,

∂tβ
i = κβm∂mβ

i +
3

4
Bi

∂tB
i = κβm∂mB

i + (∂t − κβm∂m)Γ̃ i − ηBi .
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I Gravitational-wave diagnostics

I.1 GW strain and the Newman-Penrose scalar

Recall from Bondi-Sachs: Rµνρσkµmνkρmσ = − i

r
∂2
uc̄ = −1

2
(i∂2

uh+ + ∂2
uh×) , (†)

where k ' −1

2
(eT − eR) , ` ' eT + eR , m ' eθ + eφ

2
+ i

eθ − eφ
2

Rescale: k̃ ..= −
√

2k ' eT − eR√
2

, ˜̀ ..=
√
` ' eT + eR√

2
, m̃ ..=

1 + i√
2
m ' eθ + ieφ√

2

⇒ Rµνρσkµmνkρmσ =
i

2
Rµνρσk̃µ m̃

ν
k̃ρ m̃

σ

Def.: Newman Penrose scalar Ψ4 = Cµνρσk̃µ m̃
ν

k̃ρ m̃
σ
,

where Cαβγδ is the Weyl tensor. In vacuum Cαβγδ = Rαβγδ.

Proposition: In vacuum Ψ4 = −ḧ+ + iḧ× = ∂2
TH with H ..= −h+ + ih× .

Proof.
2

i
Rµνρσkµmνkρmσ (†)

= −∂2
uh+ + i∂2

uh× and ∂T = ∂u.

I.2 GW energy and momentum

In 2nd-order perturbation theory, quadratic 1st-order perturbations source the 2nd-order perturbations.

→ Isaacson stress-energy tensor: tµν =
1

32π

〈
∂µh̄ρσ ∂ν h̄

ρσ − 1

2
∂µh̄ ∂ν h̄− 2∂σh̄

ρσ ∂(µh̄ν)ρ

〉
,

where 〈 . 〉 averages over large volumes.

One can show: tµν is gauge invariant, so use TT gauge

⇒ tµν =
1

32π
〈∂µhTT

ij ∂νh
TT
ij 〉 (sum over i, j)

Energy flux across surface xk = const: t0k =
1

32π
〈∂0hij ∂

khij〉 =
1

32π
〈−∂0hij ∂khij〉 .

⇒ flux across surface element dA with normal nk:
dE

dt dA
= t0knk

On sphere R = const: nk =
xk

R
,
xk

R
∂k = ∂R

⇒ dE

dt dA
=

1

32π

〈
−∂0hij ∂khij

xk
R

〉
=

1

32π
〈−∂Thij ∂Rhij〉 ,
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Outgoing radiation: hij = hij(T −R) ⇒ ∂Rhij = −∂Thij = −∂0hij

⇒ dE

dt dA
=

1

32π
〈∂0hij ∂0hij〉

At each point on the sphere, rotate coordinates such that z becomes the radial direction

hij =

h+ h× 0
h× −h+ 0
0 0 0

 ⇒ ∂0hij ∂0hij = 2(∂0h+)2 + 2(∂0h×)2

⇒ dE

dt dA
=

1

16π
〈(∂0h+)2 + (∂0h×)2〉 . Same as in Bondi-Sachs!

With Ψ4 = ∂2
TH , H = −h+ + ih× ⇒ |∂TH|2 = (∂Th+)2 + (∂Th×)2 !

=

∣∣∣∣∫ T

−∞
Ψ4dt̃

∣∣∣∣2 ,
⇒ dE

dt
= lim

R→∞

R2

16π

∮
|∂TH|2dΩ = lim

R→∞

R2

16π

∮ ∣∣∣∣∫ T

−∞
Ψ4dt̃

∣∣∣∣2 dΩ .

Radiated linear momentum:

As R→∞:
∂

∂xl
hij →

∂R

∂xl
∂Rhij

⇒ dP l

dt dA
= tlknk =

1

32π

〈
∂lhij ∂khij

xk

r

〉
=

1

32π

〈xl
R
∂Rhij ∂Rhij

〉
=

1

32π
nl〈∂Thij ∂Thij〉

with nl =
xl
R

= (sin θ cosφ, sin θ sinφ, cos θ)

⇒ dPl
dt

= lim
R→∞

R2

16π

∮
nl|∂tH|2dΩ = lim

R→∞

R2

16π

∮
nl

∣∣∣∣∫ T

−∞
Ψ4dt̃

∣∣∣∣2 dΩ .

Without proof, the angular momentum in GWs is

dJi
dt

= − lim
R→∞

R2

16π
Re

{∮
ĴiH ∂T H̄ dΩ

}
= − lim

R→∞

R2

16π
Re

{∮
Ĵi

(∫ T

−∞

∫ t̂

−∞
Ψ4dt̃ dt̂

)
×
(∫ T

−∞
Ψ̄4dt̃

)}
,

with Ĵx = − sinφ∂θ − cosφ

(
cot θ∂φ −

2i

sin θ

)
,

Ĵy = cosφ∂θ − sinφ

(
cot θ∂φ −

2i

sin θ

)
and Ĵz = ∂φ .
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I.3 The mutipolar decomposition

Project Ψ4 (or H) onto spherical harmonics of spin weight s = −2:

ψlm ..= 〈Y −2
lm ,Ψ4〉 ..=

∫ 2π

0

∫ π

0

Ψ4Ȳ
−2
lm sin θ dθ dφ .

⇒ Ψ4(t, θ, φ) =
∞∑
l=2

l∑
m=−l

ψlm(t)Y −2
lm (θ, φ)

Y −2
lm form a complete orthonormal basis, so 〈Y −2

lm , Ȳ −2
l′m′〉 = δll′δmm′

E.g. Y −2
22 (θ, φ) =

√
5

64π
(1 + cos θ)2e2iφ , . . .

Energy in individual multipoles:
dE

dt
=
∑
l,m

Ėlm with Ėlm = lim
R→∞

R2

16π

∣∣∣∣∫ T

−∞
ψlmdt̃

∣∣∣∣2 .
Angular and linear momentum arise from overlap of different multipoles.

I.4 An example of a GW signal

11 orbit inspiral of a non-spinning 1 : 4 mass-ratio BH binary.
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