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1. Introduction
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Scalar-tensor theories of gravity

Extra degree(s) of freedom φA additionally to gµν
Appear in low-energy limit of string theories

Kaluza-Klein like models

Braneworld scenarios

Historically: time-space dependent GNewton

Jordan ’59, Fierz ’56, Brans & Dicke ’61

Candidate for explaining the dark sector in cosmology, inflation

Many alternative theories can be formulated as ST theories

No-hair theorems for BHs

⇒ matter sources often more sensitive to ST effects

E.g. spontaneous scalarization Damour & Esposito-Farese ’93
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The end of stellar evolution

Nuclear fusion above iron: energy consuming

Stars with MZAMS & 8 M� explode as SN→ NS, BH
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Core-collapse scenario (0th-order)

Ni-Fe core reaches Chandrasekhar mass→ Collapse

EOS stiffens at ρ & ρnuc → Bounce

Outgoing shock, re-invigorated by νe → Outer layers blast away
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2. Formalism
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Notation

ϕA Scalar field(s)

γAB Target space metric

γA
BC Target space Christoffel symbols

gµν Physical spacetime metric

ḡµν Spacetime metric in the Einstein frame

ds2 Physical line element

ds̄2 Line element in the Einstein frame

a(ϕA)2 Conformal factor: gµν = a2(ϕA)ḡµν

∂A ≡ ∂
∂ϕA

In general: bar→ Einstein frame variable

no bar→ Jordan frame variable
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Action and equations

cf. Damour & Esposito-Farese CQG 9, 2093

S =
c4

4πḠ

∫
dx4

c

√
−ḡ
[

R̄
4
− 1

2
ḡµνγAB(∂µϕ

A)(∂νϕ
B) + W (ϕA)

]
+Sm[ψm,a2(ϕA)ḡµν ]

Energy momentum tensor: Tµν = 2√
−ḡ

δSm(ψm,gµν

δgµν

T̄µν = a6Tµν

⇒ R̄µν = 2γAB(∂µϕ
A)(∂νϕ

B) + 2W (ϕA)ḡµν + 8πḠ
c4

(
T̄µν − 1

2 T̄ µ̄ν
)

�̄ϕA = −γA
BC ḡµν(∂µϕ

B)(∂νϕ
C)− 4πḠ

c4 γ
AB 1

a (∂Ba)T̄ + γAB∂BW

∇̄ν T̄µν = 1
a (∂Aa)T̄ ∇̄µϕA
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Spherically symmetric stars

Line element

ds2 = −α2dt2+X 2dr2+a2r2dΩ2 , ds̄2 = −ᾱ2dt2+X̄ 2dr2+r2dΩ2

Auxiliary variables

m̄ ≡ r
2

(
1− a2

X 2

)
, Φ̄ ≡ ln

(
α
a

)
,

ηA = ∂rϕA

X , ψA = ∂tϕ
A

α , Ξ = γAB(ηAηB + ψAψB)

Matter

Tαβ = (ε+ ρ+ p)uαuβ + Pgαβ

uα = 1√
1−v2

[ 1
α ,

v
X , 0, 0

]
Jα = ρuα “baryonic flow” satisfies ∇µJµ = 0
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Spherically symmetric stars

Equation of state P = KρΓ , ε = P
ρ(Γ−1)

We typically use: Γ = 2.34 , K = 1187 (c = M� = 1)

EOS1 in Novak gr-qc/9707041

Flux conservative variables

D̄ = a3ρX√
1−v2

S̄r = a4[ρ(1+ε)+P]v
1−v2

τ̄ = a4[ρ(1+ε)+P]
1−v2 − a4P − D̄
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The equations: Metric and scalar field

∂r Φ = X 2

a2

[
m̄
r2 + 4πr

(
S̄r v + a4P

)
+ a2r

2 Ξ
]
,

∂r m̄ = 4πr2(τ̄ + D̄) + a2r2

2 Ξ ,

∂tφ
A = αψA ,

∂tη
A = −ηA ∂t X

X + α
X

(
∂rψ

A + ψA ∂rα
α

)
,

∂tψ
A = α

X

[
∂rη

A + 2
r η

A + ηA ∂rα
α

]
− ψA ∂t X

X − αγA
BC(ψBψC − ηBηC)

−4πα
(
τ̄ − S̄r v + D̄ − 3a4P

)
γAB ∂Ba

a2
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The equations: Matter variables

∂t D̄ + a
r2∂r

(
r2 α

aX fD̄
)

= sD̄ , fD̄ = D̄v ,

∂t S̄r + 1
r2∂r

(
r2 α

X fS̄r

)
= sS̄r , fS̄r = S̄r v + a4P ,

∂t τ̄ + 1
r2∂r

(
r2 α

X fτ̄
)

= sτ̄ , fτ̄ = S̄r − D̄ v .

Flux conservative form!

The source terms sD̄, sS̄r , sτ̄ contain no derivatives.

Suitable for high-resolution shock-capturing methods

extension of GR1D O’Connor & Ott 0912:2393 [astro-ph]
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The static limit→ TOV models, initial data

All time derivatives vanish

Relation
(
D̄, S̄r , τ̄

)
↔

(
ρ, ε, v

)
trivial as v = 0

Gives system of 5 ODEs for
(
α, X , P, ϕA, ηA)

Boundary conditions

At r = 0 : X = 1, ρ = ρc , ηA = 0

At r = rS : P = 0

At r →∞ : ϕA = 0 (wlog)
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3. Neutron stars in multi-ST
theories
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Specifying the theory

Target geometry: maximally symmetric

γAB = δAB

[
1 + (ϕ1)2+(ϕ2)2

4r2

]
spherical: r2 > 0

hyperbolic: r2 < 0

flat: r2 →∞

Conformal factor

log a = 2α0ϕ
1 − 2α1ϕ

2 + 1
2(β0 + β1)(ϕ1)2 + 1

2(β0 − β1)(ϕ2)2

Complex scalar field: ϕ = ϕ1 + iϕ2

Free parameters: α0, α1, β0, β1, r
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Case 1: α0 = α1 = β1 = 0, β0 = −5

O(2) symmetry: Invariance under rotation in ϕ1, ϕ2 plane

Spherical (hyperbolic) target geometry

⇒ scalarization strengthened (weakened)
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Case 2: α0 = α1 = 0, β0 = −5, β1 6= 0

No bi-scalarized solutions! “Circle”→ “Cross”

r = 5
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Case 2: Scalarization for β0 ± β1 . −4.35

Spontaneous scalarization for single-STT if β . −4.35

Damour & Esposito-Farese ’93

Here: log a = 2α0ϕ
1 − 2α1ϕ

2 + 1
2(β0 + β1)(ϕ1)2 + 1

2(β0 − β1)(ϕ2)2

→ Like single-STT with β → β0 ± β1
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Case 3: (α0, α1) 6= 0, β0 = −5

α ≡ |(α0, α1)| constrained; But phase not!

α 6= 0 facilitates bi-scalar solutions
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Case 3: (α0, α1) 6= 0, β0 = −5

α ≡ |(α0, α1)| constrained; But phase not!

α 6= 0 facilitates bi-scalar solutions
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Case 3: (α0, α1) 6= 0, β0 = −5

Zoom into upper left panel of above (β1 = 0.01)

Fine structure of (weakly) scalarized solutions
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4. Core collapse in single-ST
theories
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Core collapse

Massive stars: MZAMS ≈ 8 . . . 100M�

Core compressed from ∼ 1500 km to ∼ 15 km

∼ 1010 g/cm3 to ∼> 1015 g/cm3

Released gravitational energy: O(1053) erg

∼ 99 % in neutrinos, ∼ 1051 erg in outgoing shock, explosion

Explosion mechanism: still uncertainties...

Failed explosion⇒ BH formation

Collapsar possible engine for long-soft GRB
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Code test: Static NS models

M̄ = 2.4 M�, R̄ = 13.1 km model with α0 = 0, β0 = −6

Novak gr-qc/9707041

Baryon density, metric functions, scalar field

develop, but minimal two-surfaces cannot be described by
the radial gauge. On Fig. 2 are plotted several quantities
during the collapse @until N(r50) becomes too small#. Thus,
although RGPS coordinates are not well adapted for the de-
scription of a black hole, they were used to describe the
collapse toward it, as in @18#. Moreover, from Figs. 2 and 3
one sees that the star has almost entered its Schwarzschild
radius (Rstar /RSchwarzschild51.001 at the end of the collapse!;
so that no significant later evolution could be achieved inside
the star. Actually, one notices that the lapse goes to zero
within the Schwarzschild radius of the star. Since all evolu-

tion equations are written ]/]t5N3(source term) and the
coordinate velocity V5(N/A)U!0, all hydrodynamic and
scalar-field quantities are ‘‘frozen’’ inside the star. There-
fore, their evolution can be numerically stopped, in order to
avoid the singularity of A(r5R star). However, all field quan-
tities continue to evolve outside the star as long as one wants
in terms of coordinate time ~which is the time of an observer
at spatial infinity!.

FIG. 1. Density ( ñ B), metric potentials (A and N), and scalar
field (w) profiles for a neutron star of 2.4M( , for EOS1 (g
52.34 and K50.0195 polytrope! and with a coupling function
a(w)5exp(23w2). The asymptotic scalar field value is w051025.
Star’s radius Rstar513.1 km.

TABLE I. Initial condition parameters of the collapses presented in this paper. The equations of state ~EOS! are described in Sec. III A,
w0 is the asymptotic scalar field value ~given by cosmological evolution!, a0 and b0 are the coupling function parameters ~3.1!, Rstar denotes
star’s radius, ñ B(r50) is the central baryon density ~in units of nuclear density, 1 nnuc51044 m23), MG is the gmn* -frame ADM mass, MB
the baryonic one, and v the scalar charge.

Collapse EOS w0 a0 b0 Rstar ñ B(r50) MG MB v

@km# @nnuc# @M(# @M(# @M(#

A 1 1025 531025 25 11.2 10.4 1.97 2.26 0.204
B 1 1025 2.531022 25 11.8 10.4 2.07 2.41 0.484
C 2 1025 531025 25 21.5 4 3.31 3.68 0.921
D 2 1025 2.531022 25 22.2 4 3.41 3.82 1.16

FIG. 2. Profiles of various quantities at different values of t
between 0 and 4.64 ms, for collapse A. The fluid velocity U(r ,t),
measured by the hypersurface observer, is expressed in units of c
and its evolution is downward, the extremity of each curve giving
the position of the star’s surface at the corresponding instant. The
evolution for A(r ,t) ~metric potential!, J(r ,t) ~scalar ‘‘energy’’!
and H(r ,t) ~log-enthalpy! is upward, and downward for w(r ,t)
~scalar field! and N(r ,t) ~lapse!.

57 4793SPHERICAL NEUTRON STAR COLLAPSE TOWARD A . . .
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Code test: NS collapse to BH

Intial model: R̄ = 11.8 km, M̄ = 2.07 M�

α0 = 0.0025, β0 = −5

Novak gr-qc/9707041

The results of this evolution are shown in Fig. 3, for col-
lapse A. The fate of the scalar field is particularly interesting:
for r@Rstar the field relaxes toward the asymptotic constant
value set by cosmological evolution; the scalar energy of the
star is radiated away as scalar gravitational wave. The scalar
field @w(r5Rout)# is considered to be sufficiently far away
from the star ~i.e., in the wave zone! to give the monopolar
gravitational wave signal. Using the ‘‘frozen star’’ to evolve
the fields outside the star, makes the integration time long
enough to get all the information from the collapse at r
@R star ~where all gauges become equivalent!. The main dif-
ference from general relativity is the scalar monopolar radia-

tion, which carries away energy and can interact with a de-
tector. Looking far from the source ~at a distance r@Rstar),
one can write the metric ~see @1#!

g̃ mn~r ,t !5a2~w0!F fmn1
1
r ~hmn12a0F f mn!1O~r22!G ,

~3.3!

where f mn is the flat metric and hmn(t2r/c) and F(t2r/c)
are, respectively, the quadrupolar and monopolar compo-
nents of the wave. Since this work is done in spherical sym-
metry, only the monopolar mode shall be considered. The

FIG. 3. Evolutions of various quantities during the collapse A,
as a function of the coordinate-time t . Rout5300 km is the radius of
the outer edge of the grid. w(r ,t) is the scalar field and the radius is
the coordinate value for which ñ B , the baryon density is zero.
N(r50) is the lapse at star’s center and V(r5R) is the star’s
surface velocity.

FIG. 4. Wave form of the emitted signal during collapse B. The
plotted quantity is the function F(t) ~see Sec. III B!, measured at
r5300 km and expressed in meters. w(r ,t) is the scalar field and
w0 its asymptotic value. To get the gravitational wave amplitude h ,
one must use Eq. ~3.4!.

FIG. 5. Fourier power spectrum of the scalar gravitational wave
emitted during collapse B. h̃ is the Fourier transform of the signal,
measured at 10 Mpc and f , the frequency.

4794 57JÉRÔME NOVAK

Discrepancy due to sign error in α0 in Novak

As α0 → 0, we agree with Novak
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Code test: Transition from GR to scalarized star

Unstable GR-like model: R̄ = 13.2 km, M̄ = 1.378 M�

... migrates to scalarized model: R̄ = 13.0 km, M = 1.373 M�

Here: α0 = 0.01 , β0 = −6

Novak gr-qc/9806022
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Core collapse: Hybrid EOS

Model stiffening of EOS through change in polytropic index

P = Pcold + Pthermal where

Pcold = Polytrope(Γ1, Γ2) matched at ρ = ρnuc

Pthermal = (Γth − 1)ρ(ε− ε0)

Before shock formation: ε = ε0

→ Pthermal models non-adiabatic shock flow

We use Γ1 = 1.3, Γ2 = 2.5, Γth = 1.25 . . . 1.5
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Presupernova model: s12WH2007

From stellar evolution codes up to the onset of core collapse
Woosley & Heger Phys.Rep.442, 269

Solar metalicity

ZAMS mass M = 12 M� & Mpre−SN

Generated with Newtonian gravity

Set α0 6= 0 to trigger scalar field
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Core bounce

ρ, ϕ profiles at different t

Core bounce⇒ outgoing shock
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Wave signal: Varying Γth; α0 = 0.01, β0 = −5

Extra pressure ∝ Γth

Small Γth

⇒ more massive NS

⇒ Spontaneous scalarization

Similar to WD collapse

Novak & Ibañez astro-ph/9911298

Detectable to ∼ 1 Mpc

But depends on α0!!

U. Sperhake (DAMTP, University of Cambridge)Core collapse in scalar-tensor theory of gravity 27/08/2015 31 / 1



5. Conclusions
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Conclusions

Formalism for multi-scalar theories similar to single ST

For α0 = 0, effectively like ST

Bi-scalarized solutions require α0 6= 0

Complex structure in (ϕ1
c , ϕ

2
c) plane

Core collapse in spherical symmetry

Code tested successfully; identified few typos in literature

Core bounce dynamics so far similar to GR

Scalar waveforms strongly dependent on EOS

Detectability ∝ α0
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