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Charm and bottom physics 
Lattice QCD calculations important because: 
• simple hadronic weak decay matrix elements are key to 
Unitarity Triangle constraints
• spectrum has many gold-plated states for accurate tests/
predictions + mQ determination 
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Vqq�Precision is critical! 
Need more tests of errors +
more results using different 
methods.
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Issues with handling ‘heavy’ quarks on the lattice: 

Lq = ψ(D/ + m)ψ → ψ(γ · ∆ + ma)ψ
∆       is a finite difference on the lattice - leads to 

discretisation errors. What sets the scale for these? 
For light hadrons the scale is ΛQCD
For heavy hadrons the scale can be  mQ

E = Ea=0(1 + A(mQa)2 + B(mQa)3 + . . .)
hadron energy assuming O(mQa) improved

mca ≈ 0.4, mba ≈ 2 a ≈ 0.1fmfor
          can use improved light quark action for c on fine 
lattices. Less clear for b - non rel. actions have           errors

best approach to c and b not necessarily same

(Λa)n
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Charm quarks in lattice QCD - heavy or light?

Advantages of relativistic light quark method: 
•

• PCAC relation (if enough chiral symmetry) gives
and other currents can also be renormalised 
nonperturbatively.  
                 
• same action as for u, d, s, so cancellation in ratios

Esim = m
Z = 1

Best action to date: 
Highly improved staggered quarks (HISQ)      HPQCD

αs(am)2, (am)4 + small taste-changingErrors:
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HISQ based on ‘asqtad’ improved staggered quarks - 
smeared link reduces high-momentum gluon exchange 
taste errors + ‘Naik’ 3-link term improves derivative.

u20
1
16

1
64 384
1 1
u0 0
4 u62 16

1
u0
4

asqtad fat link:

HISQ repeats fattening with (SU(3)/U(3)) reunitarisation 
(so NO tadpole-improvement). Coefficient of Naik term 
becomes             to remove              errors in speed of light. 1 + � (am)4

� = −27

40
(am)2 + . . . HPQCD hep-lat/0610092
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Spectrum Tests
            masses easy + 
accurate using relativistic 
methods. Test        , tuning          
        from        .

them within their error bars on, for example, the
ultrafine or fine lattices.

(vi) missing out the very coarse lattice results makes no
difference; missing out the very coarse and the
coarse shifts !phys by 0:4! (1 MeV), and increases
the error to 3 MeV as "2 drops to 0.1.

(vii) missing out the ultrafine result shifts !phys by 0:2!
(0.5 MeV) and increases the error to 3 MeV.

Figure 6 shows the results plotted against the square of
the lattice spacing along with the fitted curve above, taken
at the physical sea-quark mass values (i.e. #xl ¼ #xs ¼ 0).
The value plotted on the y-axis is mDs

itself, generated by
adding m$c

=2 ¼ 1:4925 GeV to !. The result at a ¼ 0 is
then the value of the Ds mass in a world without electro-
magnetism. To compare to experiment we need to estimate
and add in the effect of the electromagnetic repulsion
between the positively charged quark and antiquark inside
theDs. To do this we compare experimental masses for the
Dþ,D0,Ds, B

þ, B0 and Bs to a phenomenological formula
allowing for electromagnetic effects proportional to the
product of quark and antiquark electric charges inside the
meson as well as the square of the electromagnetic charge
on the light quark. This latter term is a self-energy effect,
not needed for the heavy quarks because it will cancel in all
the differences taken (and therefore is absorbed into the
heavy quark mass). In comparing charged and neutral
mesons containing u and d quarks we must allow for the
mass difference between u and d quarks. Then we can
write [39]:

MðQ;qÞ¼MsimðQ;qÞþAeqeQþBe2qþCðmq%mlÞ (16)

where Msim is the mass of the meson in the absence of
electromagnetism and with mu ¼ md. If we take experi-
mental results for the meson masses above along with
ms=ml ¼ 27:2 and mu=md ¼ 0:42 we obtain A &
4 MeV, B & 3 MeV and Cms & 100 MeV. The latter
quantity differs by 10% between D and B mesons, indicat-
ing 1=mQ effects at this level that we ignore here. The
resulting electromagnetic shift for the Ds is then 1.3
(7) MeV, where we take an error of 50% on the shift, safely
encompassing 1=mQ effects and other limitations of this
model. Adding 1.3 MeV to our fit result gives the shaded
band in Fig. 6, where we now include our full error of
3.2 MeV. The full error budget is discussed below.
Figure 7 shows the sea-quark mass dependence of our

results plotted against #xl. The fitted curves are those from
Eq. (15). For each group of ensembles we use the lattice
spacing value from the ensemble with lightest sea-quark
mass to plot the fit curve. No significant dependence on #xl
or #xs is evident.
Table V shows the complete error budget for mDs

from
our calculation. The error of 2.2 MeV from our fit to !
above includes the effect of statistical errors (including
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FIG. 6 (color online). Results for the mass of the Ds meson
tuned to the correct valence c and s mass on each ensemble from
Table IV as a function of the square of the lattice spacing. The
line shows the result of the fit described by Eq. (15), taken at the
physical values for the sea-quark masses. The shaded band gives
our final result adjusted for electromagnetic effects and with the
full error as described in the text. The black burst gives the
experimental result.
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FIG. 7 (color online). Results for the mass of the Ds meson
tuned to the correct valence c and s mass on each ensemble from
Table IV as a function of the difference between the sea light
quark mass and the physical value scaled by the physical strange
quark mass (i.e. the parameter #xl). The results are clearly
separated by their lattice spacing value with very coarse at the
top and ultrafine at the bottom. The lines show the result of the fit
described by Eq. (15), taken at the value of the sea strange quark
mass (#xs) and using the lattice spacing value corresponding to
the ensemble with smallest #xl in that group. The results on the
coarse lattices at #xl ¼ 0:25 include numbers at two different
values of #xs as well as at two different volumes. This gives an
idea of the spread in results from these effects. The lowest line is
the fit curve in #xl at a ¼ 0 and #xs ¼ 0. The shaded band gives
our final result adjusted for electromagnetic effects and with the
full error as described in the text. The black burst gives the
experimental result.
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HPQCD 1008.4018

±3MeV inc. em 
effects etc.
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5 lattice spacing values:
MILC 2+1 asqtad configs:

full error budget: 
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 0.45  0.5  0.55
 (GeV)

FNAL/MILC: 0912.2701

HPQCD:1010.4018

PACS-CS:1104.4600

Experiment

Ds - c/2 spin-av.

Nf = 2 + 1

RHQ, 
a=0.09fm
mu,d physical

tests of                 mass differencesDs, ηc

Fermilab, 
a=0.15,0.12,0.09fm
mu,d extrapoln

HISQ, 
5 a values to 0.04fm
mu,d extrapoln

no a error

0.06%

2%

Error in binding energy diff. is one 
way of assessing later errors ..
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FIG. 1: Grey points show the raw data for every ratio of
mc/ms on each ensemble (Table II); these ratios are fit to
eq. 4. The dashed line and associated grey error band (and red
point at a = 0) show our extrapolation of the resulting tuned
mc/ms to the continuum limit. Blue points with error bars
are from a simple interpolation, separately for each ensemble,
to the correct mc/ms, and are shown for illustration.

semble by ensemble basis this is taken from a parameter
in the heavy quark potential called r1. Values for r1/a
determined by the MILC collaboration [14] are given in
Table I. They have errors of 0.3-0.5%. The physical value
for r1 must then be obtained by comparing to experimen-
tally known quantities and we use the value 0.3133(23)
fm obtained from a set of four such quantities, tested for
consistency in the continuum limit [18, 19].

Using the information about meson masses that we
have on each ensemble we can interpolate to the cor-
rect ratio for am0c and am0s using appropriate contin-
uum values for the masses of the ηc and ηs. We cor-
rect the experimental value of mηc of 2.9803 GeV to
mηc,phys = 2.9852(34) GeV. This allows for electromag-
netic effects (2.4 MeV) [18] and ηc annihilation to gluons
(2.5MeV) [11], both of which are missing from our calcu-
lation, so increasing the ηc mass. We take a 50% error on
each of these corrections and also increase the experimen-
tal error to 3 MeV to allow for the spread of results from
different ηc production mechanisms [1]. Since the total
shift is only around 0.2% of the ηc mass it has a negligible
effect as can be seen from our error budget below.

The ηs is not a physical particle in the real world be-
cause of mixing with other flavor neutral combinations to
make the η and η�. However, in lattice QCD, the particle
calculated (as here) from only ‘connected’ quark propag-
tors does not mix and is a well-defined meson. Its mass
must be determined by relating its properties to those
of mesons such as the π and K that do appear in ex-
periment. From an analysis of the lattice spacing and
ml-dependence of the π, K, and ηs masses we conclude
that the value of the ηs mass in the continuum and phys-
ical ml limits is 0.6858(40) GeV [18].

The connection between the MS mass at a scale µ and

the lattice bare quark mass is given by [10, 20]:

m(µ) =
am0

a
Zm(µa, m0a), (2)

Zm = 1 + αs(−
2
π

log(µa) + C + b(am0)2 + . . .) + . . . .

From these two equations it is clear that

mc(µ)
ms(µ)

=
am0c

am0s

����
phys

, (3)

where phys denotes extrapolation to the continuum limit
and physical sea quark mass limit.

On each ensemble the ratios we have for am0c/am0s

then differ from the physical value because of three ef-
fects: mistuning from the correct physical meson mass;
finite a effects that need to be extrapolated away and ef-
fects because the sea light quark masses are not correct.
We incorporate these into our fitting function:

m0c

m0s

����
lat

=
m0c

m0s

����
phys

×
�

1 + dsea
δmsea

tot

ms

�
(4)

×



1 +
�

i,j,k,l

cijkl δ
i
c δj

s

�amηc

2

�2k
(amηs)

2l



 .

δc =
mηc,MC −mηc,phys

mηc,phys
; δs =

m2
ηs,MC −m2

ηs,phys

m2
ηs,phys

(5)

are the measures of mistuning, where MC denotes lattice
values converted to physical units. The last bracket fits
the finite lattice spacing effects as a power series in even
powers of a. These can either have a scale set by mc

(for which we use amηc/2) or by ΛQCD (for which we use
amηs). i, j, k, l all start from zero and are varied in the
ranges: i, j ≤ 3, k ≤ 6, l ≤ 2 with i + j + k + l ≤ 6.
Doubling any of the upper limits has negligible effect on
the final result. The prior on cijkl is set to 0(1). δmsea

tot

is the total difference between the sea-quark masses used
in the simulation and the correct value for 2ml +ms [18].
This has a tiny effect and we simply use a linear term
(adding higher orders has negligible effect). The prior for
dsea is 0.0(1). Figure 1 shows the results of the fit, giving
mc/ms in the continuum limit as 11.85(16) (χ2/dof =
0.42). The error budget is given in Table III.

ms/ml is known to 1% from lattice QCD as a byprod-
uct of standard chiral extrapolations of m2

π and m2
K to

the physical point [21]. MILC quote 27.2(3) using asq-
tad quarks [14]. Our HISQ analysis in [12] gave a re-
sult in agreement at 27.8(3), using a Bayesian fit to a
function including terms from chiral perturbation theory
up to third order in ml and allowing for discretisation
errors up to and including a4 and for mixed terms (i.e
ml-dependent discretisation errors). A full error budget
is given in Table III; the data are given in [18].

Quark mass ratios from lattice QCD

Determine mc/ms using HISQ for both - allows connection 
from heavy to light for first time
mc

ms
= 11.85(16)

 HPQCD, 
0910.3102use for accurate 

 if         known ....
ms

mc

�
mq1,latt

mq2,latt

�

a=0

mq1(µ)

mq2(µ)
=
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Decay constants

µ
ν

Ds

Vcs

< 0|cγ0γ5s|Ds >= fDsMDs

    (2pt amp.)

(ms + mc) < 0|cγ5s|Ds >= fDsM
2
Ds

or, in formalism with PCAC reln:

can extract from 
expt. if Vcs assumed

G2
F |Vcs|2τDs

8π
f2

Ds
mDsm

2
l

�
1− m2

l

m2
Ds

�2

B(Ds → lνl) =

exciting history!

249(16) 241(3) 248.0(2.5)244(8)

prediction

HISQHISQ TMFermilab

257(5)

 200

 220

 240

 260

 280

 300

 320

 2005  2006  2007  2008  2009  2010  2011  2012  2013

f D
s  (

M
eV

)

year

expt !"
expt "

full lattice QCD
2-flavor lattice QCD

Expt av.
LQCDav.

248(6)
TM

260(11)
Fermilab
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Decay constants - updates 2011

248.0(2.5)

260.1(9.5)

257(5)(?)

248(6)

av. of HPQCD
Fermilab/MILC
=248.6(2.4) MeV

no a error

248.0(2.5)248.0(2.5)

257.3(5.3)
CLEO, BaBar - BES will improve ....

1.6σ

RHQ, a=0.09fm
mu,d physical

Fermilab, a=0.12,0.09fm
mu,d extrapoln

HISQ, 5 a to 0.04fm
mu,d extrapoln

TM, 4 a to 0.05fm
mu,d extrapoln

 230  240  250  260  270  280

HPQCD HISQ 
1008.4018
FNAL/MILC
1112.3051

ETMC 1107.1441

PACS-CS RHQ
1104.4600

HFAG, Jan.11

average

!"

"
fDs

u, d, s sea

u, d sea

MeV

CD, LAT11, 1203.3862
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The extrapolated result at the physical point, fDs;phys is
0.2480(19) GeV with a !2=dof of 0.2 for 11 degrees of
freedom. The fit is robust to changes in the fitting function:

(i) changing the prior on all the ci (including c1) to 0.0
(5) changes fDs;phys by 0:8" and increases the error
by 30%.

(ii) adding or subtracting two powers of a2 into the sum
on j in Eq. (19) does not change fDs;phys or its error.

(iii) adding an extra power of discretization errors into
both the linear and quadratic sea-quark mass de-
pendent terms makes no difference.

(iv) missing out the sea-quark mass dependence alto-
gether changes fDs;phys by 0:2" but increases the !2

value to 0.3.
(v) Changing all the #x values by 10% in either direc-

tion makes no appreciable difference, nor does
changing them within their error bars on, for ex-
ample, the ultrafine or fine lattices.

(vi) missing out the very coarse lattice results does not
change fDs;phys; missing out the very coarse and the
coarse shifts fDs;phys by 0:3" (1 MeV).

(vii) missing out the ultrafine result shifts fDs;phys by
0:4" (1 MeV).

Figure 10 shows the results plotted against the square of
the lattice spacing. The line is the fit curve for the physical
sea-quark mass values (i.e. #xl ¼ #xs ¼ 0). The shaded
band is then the final physical result including the full error
of 1.0% (2.5 MeV), to be discussed below and broken
down into its component parts in Table V.

We construct the error budget as before, separating the
error of 1.9 MeV resulting from the extrapolation to the

physical point into its components of statistical error, r1=a
error and errors from extrapolation in the lattice spacing
and in the sea-quark masses. Here the contributions from
statistical errors and the different extrapolation errors are
comparable.
The error in the physical value of r1 is 0.7%. This

becomes a 0.6% error in fDs
when the effects of r1 on

shifting the value of m$s
are taken into account. The effect

of the 0.6% uncertainty in the physical value of m$s
can

similarly be estimated from the dependence of fDs
on the

$s mass at 0.1%. The uncertainty in fDs
from the uncer-

tainty in the value of the $c mass is negligible. The error
from working on a finite spatial volume instead of infinite
volume is estimated at 0.1% from comparing finite and
infinite volume chiral perturbation theory. It is clear from
our results (see Table III) that we see no significant volume
dependence within our 0.5% statistical errors, which is in
agreement with chiral perturbation theory, but that pro-
vides a stronger constraint.
The size of electromagnetic effects inside the Ds can be

bounded by the size of these effects on the $c. By allowing
for an electromagnetic contribution to the heavy quark
potential we estimate that f$c

could be increased by up

to 0.4% by these effects. Since theDs has one quark of half
the electromagnetic charge and is also much larger, so less
sensitive to short-distance electromagnetic effects, we con-
servatively take an error of 0.1% from internal electromag-
netic effects [43].
The error resulting from missing c quarks in the sea can

also be bounded by the size of such effects on f$c
. In

Sec. III A we discussed a comparison between the hyper-
fine potential in charmonium and that induced by adding c
quarks in the sea. The hyperfine potential causes the dif-
ference between fJ=c and f$c

, which we will see in the

next section is very small, 3%. The c-in-the-sea potential
is 280 times smaller and so will produce a completely
negligible effect on f$c

and therefore also on fDs
.

Figure 11 shows the results for fDs
as a function of the

sea light quark mass, normalized to the strange mass as in
Eq. (A3). The lines show the fitted curves at the appropriate
values of lattice spacing and sea strange quark mass, along
with the final physical curve and final result with error
band. No significant dependence on sea-quark masses is
seen.
Our final result for fDs

is 0.2480(25) GeV, to be com-

pared to the October 2010 average from the Heavy Flavor
Averaging Group of 0.2573(53) GeV [25].

C. f!c

Here we study the remaining independent quantity that
can be extracted from the pseudoscalar correlators calcu-
lated here, the decay constant of the $c meson. Although
this cannot be directly related to any process measurable in
experiment, it can be compared between lattice QCD
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FIG. 10 (color online). Results for the Ds decay constant tuned
to the correct c and s mass on each ensemble as a function of the
square of the lattice spacing. The line shows the result of the fit at
the physical value for the sea-quark masses, as described in the
text. The shaded band gives our final result with the full error bar
as described in the text.
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15valence mass mistuning errors), r1=a errors and errors
arising from the extrapolation in sea-quark masses and
lattice spacing. We can separate these errors as described
in [32] by working out how the final error changes when
any of the inputs to the fit changes and dividing !2 into a
sum of terms coming from each input:

!2 ¼ !2
a þ !2

b þ . . . : (17)

Inputs to the fit include groups of priors associated with
pieces of the fit function as well as statistical errors on the
data points. Here we streamline the process by calculating
explicitly the differential of "2 with respect to the inputs
and so determining !2

a, !
2
b etc. directly. The resulting

breakdown of errors given in Table V shows them to be
dominated by statistical errors.

Additional errors to be included in the error budget are
errors that affect the final result in physical units but do not
affect the fit above. The first of these is the overall error in
the physical value of r1 of 0.7%. This affects the tuning of
all the valence masses but, as described earlier, the effect
on ! is reduced by a factor of 3 because of cancellation
between scale shifts and tuning shifts. More precisely we
find a 1.0 MeV error on mDs

from the r1 uncertainty. The
effect on ! of the uncertainty in the physical values of the
#c mass and the#s mass used in tuning can be judged from
Figs. 5 and 4. The error on the #c mass has negligible
effect, again because most of the #c mass dependence
cancels out in !. The uncertainty in the #s mass is not
negligible, however, but gives an uncertainty in !, which
we then transfer to mDs

, of 1.1 MeV. The error on the
physical value of the #c reappears when we reconstruct
mDs

from ! and m#c
. It therefore gives a 1.5 MeVerror to

mDs
coming from electromagnetic and annihilation effects

in the #c meson mass. The error from electromagnetic
effects on theDs mass itself is 0.7 MeVas described earlier.

The error from the finite volume of the lattices we
estimate to be negligible from finite volume chiral pertur-
bation theory. Our lattice results comparing two different
volumes (sets 4 and 5) show no significant effect at the
level of 0.4
Our lattice calculation includes u, d and s quarks in the

sea but no c quarks, although gluon field configurations are
now being generated that do include them [40]. In the real
world c quarks do appear in the sea and we can estimate the
effect of these perturbatively because the c quark mass is
relatively heavy, i.e. larger than typical momenta appearing
inside the mesons we are discussing. The effect of a
massive quark loop in the gluon propagator which gives
rise to the heavy quark potential is simply to add a correc-
tion to the potential which is proportional to a delta func-
tion at the origin [41]:

VðrÞ ¼ %Cf$s

r
! %Cf$s

!
1

r
þ $s

10m2
c
%3ðrÞ

"
: (18)

Although this additional term is a spin-independent inter-
action its effects in charmonium can be judged by com-
parison to that of the hyperfine potential. The hyperfine
potential induces a mass splitting of & 120 MeV from a
term which has the same % function form as above but a
coefficient 280 ( ¼ 80&=ð3$sÞ) times as large. Thus we
expect the shift of the #c (and J=c Þ masses caused by the
presence of c quarks in the sea to be approximately
0.4 MeV. The Ds meson has much smaller momenta typi-
cally inside it and so we expect a much smaller effect from
c quarks in the sea on the Ds meson mass. If we set that
effect to zero, so that conservatively there is no cancella-
tion of this effect in the quantity !, then we obtain an
uncertainty in our final Ds mass of 0.2 MeV, or 0.01%.
Our final result for mDs

is then 1.9691(32) GeV to be
compared to an experimental result of 1.9685(3) GeV [37].

B. fDs

The decay constant of the Ds meson is the main result
from this paper. Having discussed in detail the tests that
can be successfully done of the Ds mass, we now discuss
the analysis of the decay constant.
Table III gives the raw results for the decay constant on

the 11 different ensembles we have studied. As formDs
it is

important to be able to understand the dependence of fDs

on the valence c and smasses and to tune the result on each
ensemble to the physical values for these masses. As
described above, this corresponds to tuning them to physi-
cal values of the #c and #s meson masses. Figures 8 and 9
show the dependence of fDs

on these meson masses on
very coarse, coarse and fine lattices. Again we are using
results somewhat above the physical values for the #s and
#c masses to extract the dependence which will then allow
us to tune accurately our results that are much closer to the
physical values. As expected, the dependence on m2

#s
'

ms is linear and the slope does not change with lattice

TABLE V. Full error budget for mDs
, fDs

and f#c
given as a

percentage of the final fitted value. Note that in the case of f#c

the top six errors are those to be considered for a lattice QCD
calculation that matches this one. As discussed in the text, the
bottom three errors are included for completeness.

Error mDs
fDs

f#c

statistical/valence tuning 0.094% 0.57% 0.45%
r1=a 0.025% 0.15% 0.16%
r1 0.051% 0.57% 0.27%
a2 extrapoln 0.044% 0.40% 0.24%
mq;sea extrapoln 0.048% 0.34% 0.09%
finite volume 0% 0.10% 0%

m#s
0.056% 0.13% -

em effects in Ds 0.036% 0.10% -

em and annihln in m#c
0.076% 0.00% 0.05%

em effects in #c - - 0.40%
missing c in sea 0.01% 0% 0.01%
Total 0.16% 1.0% 0.6% (top 6)
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HPQCD/HISQ 1004.4018 

Fermilab/
MILC
(coarse+fine
lattices)
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 1.1  1.15  1.2  1.25  1.3

HPQCD HISQ 
0706.1726/1008.4018

FNAL/MILC LAT11

ETMC 1107.1441

PACS-CS 1104.4600

HFAG, Oct.10

fDs
/fD comparison

u, d, s sea

u, d sea

fK/fπ = 1.193(5)cf

u/d at chiral 
point

1.164(18)

1.188(25)

1.14(3)

1.17(5)

1.26(5)

improved results need more 
chiral (not finer) lattices 
e.g  MILC 2+1+1 configs?

3 a values, 
updated error

Neil (poster)

Namekawa (Wed)
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Decay constant of the ηc

 0.35

 0.4

 0.45

 0.5

 0.55

 0  0.005  0.01  0.015  0.02  0.025

f
c  /

 G
eV

a2 in fm2

Not directly 
accessible to 
experiment but good 
test of lattice QCD 
calculations. 

HPQCD/HISQ 1004.4018 :

fηc = 394.7(2.4)MeV

Surprisingly close, but less than fJ/ψ = 407(5)MeV

Monday, 2 April 2012



Bottom quarks in lattice QCD - heavy or light?

Many options: 

• Use relativistic method and extrapolate to b HISQ, TM

• Use nonrelativistic method at b:
Fermilab - same clover action as for c
RHQ - coefficients ma-dependent
NRQCD - disc. nonrel. expansion of Lq  (now 
improved through            and results on MILC 2+1+1 
HISQ lattices)

• Use HQET methods e.g. with step-scaling (Alpha)

αsv
4
b

R. Dowdall, HPQCD, later today

increased noise in heavy-light over 
charm - an issue for all

success for c makes 
this worth exploring

HISQ on MILC 2+1:
a=0.15 down to 0.05fm
Data below mc to ~mb

CD, C. McNeile, 
E. Follana, K. 
Hornbostel, P. 
Lepage

Monday, 2 April 2012



Determination of heavy quark masses
HPQCD + Chetyrkin et al, 0805.2999; HPQCD, 1004.4285

Current-current correlator method: match time-moments 
of heavy-heavy meson correlators to 

J Jenergy-derivative moments at 
of heavy quark  vac. pol. calculated 
in continuum QCD pert. th. (thru       )

q2 = 0

α3
s

In continuum use J=V, but for lattice staggered quarks take J=PS
(goldstone) since local and normalised from PCAC relation. 

G(t) = a6
�

�x

(am0h)
2�0|j5(�x, t)j5(0, 0)|0�

         correlatorηh

Gn =

t=T/2�

t=−T/2+1

(t/a)nG(t)

Monday, 2 April 2012



Rn,latt = G4/G(0)
4 n = 4

=
amηh

2am0h
(Gn/G

(0)
n )1/(n−4) n = 6, 8, 10 . . .

extrapolate to a=0 (and physical sea quark masses) and then 
compare to continuum:  

Rn,cont = g4/g0
4 n = 4

=
mηh

2mh(µ)
(gn/g

(0)
n )1/(n−4) n = 6, 8, 10 . . .

gn/g0
n = 1 +

�

i

ci(µ/m(µ))αMS(µ)i
z(µ)

extraction allows 
determination of m
at c and b and in between fit allows determination of  αs

Monday, 2 April 2012
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upon Bayesian ideas [17]. In this procedure we minimize
an augmented χ2 function of the form

χ2 =
�

in,jm

∆Rni (σ−2
R )in,jm ∆Rmj +

�

ξ

δχ2
ξ (32)

where:

∆Rni ≡ Rlatt
ni −Rn(µi, mηhi, ai, Nam); (33)

the Rlatt
n come from Table II with corrections from

Eqs. (26), (28) and (30); fit function Rn(. . .) is defined
by Eq. (15); and σ2

R is the error covariance matrix for
the Rlatt

n . The sums i, j are over the 22 sets of lattice
spacings and quark masses; the sums n, m range over of
the moments 4, 6, 8, 10.

Function Rn(µi, mηhi, ai, Nam) depends upon a large
number of parameters, all of which are varied in the fit
to minimize χ2. Priors δχ2

ξ are included for each of these:

• parameters zj , with prior Eq. (13), from the 1/mηh

expansion of z(µ/mh, mηh);

• parameters c(n)
ij , with prior Eq. (17), from the

finite-lattice spacing corrections;

• unknown perturbative coefficients rnj , with prior
Eq. (21) (evolved to µ/mh =3);

• coupling parameter log(α0), with prior Eq. (22);

• β4 in the QCD β-function, with prior Eq. (25);

• lattice spacings ai for each gluon configuration set,
with priors specified by simulation results for r1/a
(Table I) and the current value for r1 (Eq. (10));

• values for amηhi, with priors specified by our sim-
ulation results (Table II).

The renormalization scales µi are obtained from the ratio
µ/mh = 3, simulation results for mηh , and Eq. (7). We
take Nam =30 for our final results.

B. Results

We fit our simulation data for the reduced mo-
ments Rlatt

n (Table II) using fit function Rn(. . .)
(Eq. (15)) with Nam = 30, as discussed in the previous
section. The best-fit values for parameters zj give us the
mass-ratio function z(µ/mh = 3, mηh) (Eq. (7)), which
we plot in Figure 1. We also show our simulation re-
sults there for Rlatt

n /rn, together with the best-fit lines
for each lattice spacing. Results are shown for the three
moments that depend upon z, 5 different lattice spac-
ings, and quark masses ranging from below the c mass
almost to the b mass. The simulation data were all fit
simultaneously, using the same functions z(3, mηh) and
αMS(µ) (with µ = 3mηh/(2z)) for all moments. The fits

mηc 4 6 8 mηb

mηh (GeV)

1.3
1.4
1.5
1.6
1.7

m
η

h
/(

2m
h
(µ

))

R10/r10

µ = 3mh(µ)

1.3
1.4
1.5
1.6
1.7

m
η

h
/(

2m
h
(µ

))

R8/r8

µ = 3mh(µ)

1.3
1.4
1.5
1.6
1.7

m
η

h
/(

2m
h
(µ

))

R6/r6

µ = 3mh(µ)

FIG. 1: Function z(µ/mh = 3, mηh)≡mηh/(2mh) as a func-
tion of mηh . The solid line, plus gray error envelope, shows
the a = 0 extrapolation obtained from our fit. This is com-
pared with simulation results for Rn/rn for n = 6, 8, 10 from
our 5 different lattice spacings, together with the best fits
(dashed lines) corresponding to those lattice spacings. Dashed
lines for smaller lattice spacings extend further to the right.
The points marked by an “x” are for the largest mass we
tried (last line in Table II); these are not included in the fit
because amηh is too large. Finite-a errors become very small
for the larger-n moments, causing points from different lattice
spacings to overlap.

are excellent, with χ2/88 = 0.19 for the 88 data pieces of
simulation data we fit.

Evaluated at mηc = 2.985(3) GeV [24], the mass-
ratio function is z(3, mηc) = 1.507(7). Combining this
with Eq. (9) and perturbation theory, we can obtain the
following results for the MS c-quark mass at different
scales:

mc(3mc, nf = 3) = 0.991(5) GeV, (34)
mc(3 GeV, nf = 4) = 0.986(6) GeV,

mc(mc, nf = 4) = 1.273(6) GeV.

Similarly at mηb = 9.395(5) GeV [25], the mass-ratio
function is z(3, mηb)=1.296(8), and we obtain the follow-
ing results for the MS b-quark mass at different scales:

mb(3mb, nf = 3) = 3.623(22) GeV. (35)
mb(10 GeV, nf = 5) = 3.618(25) GeV,

mb(mb, nf = 5) = 4.165(23) GeV.

10

the ηc and ηb and the equation:

mb(µ, nf )
mc(µ, nf )

=
mexp

ηb
w(mexp

ηb
, 0)

mexp
ηc w(mexp

ηc , 0)
. (41)

It might seem simpler to fit m0h directly, rather than
the ratio w; but using w significantly reduces the mηh

dependence (and therefore our extrapolation errors), and
also makes our results quite insensitive to uncertainties
in our values for the lattice spacing.

We parameterize function w with an expansion mod-
eled after the one we used to fit the moments:

w(mηh ,a) = Zm(a)

�
1 +

Nw�

n=1

wn

�
2Λ
mηh

�n
�

/ (42)



1 +
Nam�

i=1

Nw�

j=0

cij

�amηh

2

�2i
�

2Λ
mηh

�j


 ,

where, as for the moments,

i + j ≤ max(Nam, Nw). (43)

Coefficients cij and wn are determined by fitting function
w(mηh , a) to the values of 2am0h/(amηh) from Table II.
The fit also determines the parameters Zm(a), one for
each lattice spacing, which account for the running of
the bare quark masses between different lattice spacings.

The finite-a dependence is smaller here than for the
moments, because the ηh is nonrelativistic [8], and the
variation with mηh stronger (twice that of z(µ/mh =
3, mηh)). So here we use priors

cij = 0± 0.05 (44)
wn = 0± 4

Zm(a) = 1± 0.5

with Nw =8. We again take Nam =30, although identical
results are obtained with Nam = 15.

Our fit results are illustrated by Figure 4 which plots
the ratio m0h/mηh divided by m0c/mηc for a range of
ηh masses. Our data for different lattice spacings is com-
pared with our fit, and with the a = 0 limit of our fit
(solid line). The fit is excellent, with χ2/22 = 0.42 for
the 22 pieces of data we fit (we again exclude cases with
amηh > 1.95). Using the ηc and ηb masses from Sec-
tion IVB, and Eq. (41) with the best-fit values for the
parameters, we obtain finally

m0b

m0c
→ 4.49(4) as a→0 (45)

=
mb(µ, nf )
mc(µ, nf )

,

which agrees well with our result from the moments
(Eq. (36)).

mηc 4 6 8 mηb

mηh (GeV)

0.8
0.9
1.0
1.1
1.2
1.3
1.4

m
0
h
m

η
c
/(

m
0
c
m

η
h
)

FIG. 4: Ratio m0h/mηh divided by m0c/mηc (which we ap-
proximate by w(mηc , a)/2 from our fit) as a function of mηh .
The solid line shows the a=0 extrapolation obtained from our
fit. This is compared with simulation results for our 4 small-
est lattice spacings, together with the best fits (dashed lines)
corresponding to those lattice spacings. The point marked by
an “x” is for the largest mass we tried (last line in Table II);
this was not included in the fit because amηh is too large.

VI. αMS FROM WILSON LOOPS

In a recent paper [26], we presented a very accurate
determination of the QCD coupling from simulation re-
sults for Wilson loops. Here we want to compare those
results to the value we obtain from heavy-quark corre-
lators. First, however, we must update our earlier anal-
ysis to take account of the new value for r1 [10] given
in Eq. (10) and improved values for r1/a [13] given in Ta-
ble I. (The Wilson-loop paper uses some additional con-
figuration sets: from Table II in that paper, sets 1, 6, 9,
and 11 whose new r1/as are 1.813(8), 2.644(3), 5.281(8)
and 5.283(8), respectively.) We have rerun our earlier
analysis, updating r1, r1/a, and the c and b masses. The
results are shown in Figure 5. Combining results as in the
earlier paper we obtain a final value from the Wilson-loop
quantities of

αMS(MZ , nf = 5) = 0.1184(6), (46)

with χ2/22 = 0.3 for the 22 quantities in the figure.
This agrees very well with the result in the earlier pa-
per, αMS(MZ) = 0.1183(8), but has a slightly smaller
error, as expected given the smaller error in r1. This
new value also agrees well with our very different de-
termination from heavy-quark correlators (Eq. (38)). A
breakdown of the error into its different sources can be
found in Table IV of [26] (reduce the r1 and r1/a errors
in that table by half to account for the improved values
used here).

strong test of c.c. method. 

completely nonpert. ratio: 
mb

mc
= 4.51(4)

Fit results at 5 values of a, allowing for disc. errors and 
higher orders in pert. th. Parameterise z as a function of 
         . Fix c and b from            and           . mηh

mηc mηb
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0.116 0.118 0.120
αMS(MZ , nf =5)

0.1186(4)
0.1184(4)
0.1184(5)
0.1183(5)
0.1183(6)
0.1184(7)
0.1182(7)
0.1180(8)

0.1188(7)
0.1186(8)
0.1184(7)
0.1186(7)
0.1170(9)
0.1173(9)

0.1184(5)
0.1183(8)
0.1184(7)
0.1183(6)
0.1188(6)
0.1185(6)
0.1178(7)

0.1188(3)

log W11

log W12

log WBR

log WCC

log W13

log W14

log W22

log W23

log W13/W22

log W11W22/W 2
12

log WCCWBR/W 3
11

log WCC/WBR

log W14/W23

log W11W23/W12W13

log W12/u6
0

log WBR/u6
0

log WCC/u6
0

log W13/u8
0

log W14/u10
0

log W22/u8
0

log W23/u10
0

αlat/W11

FIG. 5: Updated values for the 5-flavor αMS at the Z-meson
mass from each of 22 different short-distance quantities built
from Wilson loops. The gray band indicates a composite av-
erage, 0.1184(6). χ2 per data point is 0.3.

VII. CONCLUSIONS

In this paper, we improve significantly on our previous
determinations of the QCD coupling and c-quark mass
from heavy-quark correlators. This is principally due to
the inclusion of a new, smaller lattice spacing in our anal-
ysis. We also generated results for a variety of quark
masses near mc, allowing us to interpolate more accu-
rately to the physical value of mc. New third-order per-
turbation theory makes R10 as useful now as R4, R6, and
R8 were in the earlier paper. Finally, in this paper, we
fit multiple moments simultaneously, determining con-
sistent values simultaneously for both the QCD coupling
and the quark masses for all moments. Previously we ex-
amined each moment or ratio of moments independently,
extracting mcs or αMSs independently of each other. Our

3 4 5 6 7 8 9
mηh

0.9
1.0
1.1
1.2
1.3
1.4
1.5

m
η

h
/(

2m
h
(µ

)) µ =

3mh

mh

mh/2

FIG. 6: z(µ/mh, mηh) versus mηh for three different values
of µ/mh. The curve for µ = 3mh comes from the best fit
to the moments. The other curves are obtained by evolving
perturbatively from µ=3mh.

mηc 4 6 8 mηb

mηh (GeV)

1.2

1.3

1.4

1.5

1.6

1.7

R
n
(a

,m
η

h
)

R6

R8R10

FIG. 7: Simulation results for reduced moments Rn with n=
6, 8, 10 as functions of mηh for 5 different lattice spacings.
The dashed lines show the corresponding behavior of our fit
function, with the best-fit parameters. The curves for smaller
lattice spacings extend further to the right. The solid lines
show the a=0 limit of our best fit.

new results,

mc(3 GeV, nf = 4) = 0.986(6) GeV (47)
αMS(MZ , nf = 5) = 0.1183(7),

agree well with our older results of 0.986(10) GeV and
0.1174(12), respectively [1].

The much heavier b quark is usually analyzed using ef-
fective field theories like NRQCD or the static-quark ap-
proximation. By using very small lattice spacings and the
very highly improved HISQ discretization for the heavy
quarks, we are able to extend our analysis almost to the
b-quark mass, using the same relativistic discretization
that we use for c and lighter quarks. A 1.5% extrapo-
lation of z(3, mh), from the largest mηh used in our fits
to mηb , gives us a new, accurate determination of the
b-quark mass,

mb(10 GeV, nf = 5) = 3.618(25) GeV. (48)

bc

 1
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Q
u

a
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) 
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2010 HPQCD

u

d

s

c

b

 HPQCD, 1004.4285

ms(2GeV) = 92.2(1.3)MeV

md(2GeV) = 4.77(15)MeV

mu(2GeV) = 2.01(10)MeV

Leverage small light quark errors from heavy quark 
masses using ratios.  m

nf=4
c (3GeV) = 0.986(6)GeV

m
nf=5
b (10GeV) = 3.618(25)GeV

Can define masses in between 
c and b also in terms of 
meson mass. Note how flat 
curve is for µ = mh
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Heavy-strange masses Difference between 
heavy-strange and 
heavyonium mapped 
out as a function of mHs 
(as proxy for quark 
mass). Sea mass 
dependence very weak. 

withNm ¼ Na ¼ 4 [15]. We choose c0000 ¼ 1. This expan-
sion is in powers of quark masses and the QCD scale
parameter !QCD " 0:5 GeV divided by the ultraviolet cut-
off for the lattice theory: !UV " !=a. The fit parameters
are the coefficients cijkl for each of which we use a prior of
0# 1:5, which is conservative [16]. The lattice spacing
effects are dominated by the amh terms. We include both
ams and a!QCD for completeness, but they have a very
small effect because a is small for most of our data. Leaving
out either or both makes no difference to our results.

Our data for five different lattice spacings and a wide
range of masses mHs

are presented with our fit results in
Fig. 1. The reach in mHs

grows as the lattice spacing
decreases (since we restrict amh < 1), and deviations
from the continuum curve get smaller. The fit is excellent,
with a "2 per degree of freedom of 0.36 while fitting all 17
measurements. The small "2 results from our conservative
priors (we get excellent fits and smaller errors with priors
that are half the width).

Having determined the parameters in Eq. (1), the
second step in our analysis is to set MHs

¼ MBs
, a ¼ 0,

andm#s
¼ m#s;phys in that formula to obtain our final value

for fBs
,

fBs
¼ 0:225ð4Þ GeV; (3)

which agrees well with the previous best NRQCD result of
0.231(15) GeV [17] but is almost 4 times more accurate.
Our result also agrees with the recent result of 0.232
(10) GeV from the ETM collaboration, although that
analysis includes only two of the three light quarks in the
quark sea [18]7 (see [8]).

Our total error is split into its component parts following
the procedure described in [19] to give the error budget in
Table III. It shows that the dominant errors come from
statistical uncertainties in the simulations, the mHs

! mBs

extrapolation, the a2 ! 0 extrapolation, and uncertainties
in the scale-setting parameter r1. Our analysis of fDs

in [6]
indicates that finite volume errors, errors due to mistuned
sea-quark masses, errors from the lack of electromagnetic
corrections, and errors due to lack of c quarks in the sea are
all significantly less than 1%, and so negligible compared
with our other uncertainties. Our final result is also insen-
sitive to the detailed form of the fit function; for example,
doubling the number of terms has negligible effect (0:03$)
on the errors and value.
We have also included in Fig. 1 (right) a plot of

ffiffiffiffiffiffiffiffiffi
mHs

p
fHs

for different values of mHs
. This shows that there are large

nonleading terms in fHs
, beyond the leading 1=

ffiffiffiffiffiffiffiffiffi
mHs

p
behavior predicted by HQET. Our simulation nevertheless
provides evidence for the leading term. Treating exponent
b in Eq. (1) as a fit parameter, rather than setting it equal to
&0:5, we find a best-fit value of b ¼ &0:51ð13Þ, in ex-
cellent agreement with the HQET prediction. This is the
first empirical evidence for this behavior.

FIG. 1 (color online). The leptonic decay constant fHs
for pseudoscalar h"s mesons Hs, plotted on the left versus the Hs mass

as the h-quark’s mass is varied. The solid line and gray band show our best-fit estimates for the decay constants extrapolated
to zero lattice spacing. Best-fit results (dashed lines) and simulation data are also shown for five different lattice spacings, with
results for smaller lattice spacings extending to higher masses (since we restrict amh < 1). The simulation data points have
been corrected for small mistunings of the s quark’s mass. On the right the same simulation data and fits are plotted for

ffiffiffiffiffiffiffiffiffi
mHs

p
fHs

versus 1=mHs
.

TABLE III. Dominant sources of uncertainty in our determi-
nations of the Bs decay constant and the Bs & #b mass differ-
ence. Contributions are shown from the extrapolations inmHs

, a2

and ms, as well as statistical errors in the simulation data and
errors associated with the scale-setting parameter r1. Other
errors are negligible.

fBs
mBs

&m#b
=2

Monte Carlo statistics 1.30% 1.49%
mHs

! mBs
extrapolation 0.81 0.05

r1 uncertainty 0.74 0.33
a2 ! 0 extrapolation 0.63 0.76
m#s

! m#s;phys extrapolation 0.13 0.18
r1=a uncertainties 0.12 0.17
Total 1.82% 1.73%

HIGH-PRECISION fBs
AND HEAVY QUARK . . . PHYSICAL REVIEW D 00

RAPID COMMUNICATIONS

3

∆ = AmHs

�
Di(a)

�
1GeV

mHs

�i

Di(a) inc. even powers of 
amh, ams, aΛQCD

mBs −mηh/2

= 0.658(11)GeV
error a bit worse than  NRQCD

 HPQCD, 1110.4510

allow for ms mistuning
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Heavy-strange decay constants –    extrapolating to b

c
b

Ditto decay constant - 
note no renormln needed. 

fHs = A(mHs)
b

�
αV (mHs)

αV (mDs)

�−2/β0

×

�
Ci(a)

�
1GeV

mHs

�i

float b - gives b=-0.51(13)

fBs < fDsNote                       - in fact          a max.fDs

fBs = 225(4)MeV

much better error than 
nonrel. methods
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fBs , fB comparison

191(9) 227(10)

225(4)

242(10)197(9)

232(10)

172(12)

fB lattice average : 190(4) MeV

247(40) fB expt

195(12)

 150  175  200  225  250  275  300
fBx

 / MeV

PDG av BR(B-> ) 
+ PDG av Vub 

HPQCD NRQCD 
1202.4914

HPQCD HISQ 
1110.4510
FNAL/MILC 1112.3051

ETMC 1107.1441

ALPHA 1112.6175

fB fBs
fB,expt

u, d sea
u, d, s sea

189(4)

most 
accurate fBs 
available - 
most 
accurate fB 
from 
combining 
with  
NRQCD 
ratio

CD, LAT11, 1203.3862
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Extrapolating heavyonium to b 

fJ/ψ,expt = 0.407(5)GeV

fΥ,expt = 0.689(5)GeV

fηc = 0.395(2)GeV

HPQCD 1008.4018

Find again fPS 3-4 % below corresponding 
fV, checking in NRQCD ...
Good check of Z factors?

fηb =

0.661(6)GeV

HPQCD, in prep.

disc. errors much larger now ..

fηh = A

�
Mηh

2GeV

�b

×

�

i

Di(a)

�
2GeV

Mηh

�i
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Extrapolating heavy-charm to Bc

-

fHc = 0.432(4)GeV

dependence on m is 
similar to fHs since is a
heavy-light system as b
mass becomes large. 

mBc −
mηb +mηc

2

= 72(4)MeV

= 84(9)MeVexpt 
after adjusting for em/annihln

HPQCD, in prep.
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Summary plot for decay constants
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More work on vectors underway ....
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Semileptonic form factors Vqq�

3pt amp. 

DK

J

T

t

< K|V µ|D >= f+(q2)
�
pµ

D + pµ
K −

M2
D −M2

K

q2
qµ

�

+f0(q2)
M2

D −M2
K

q2
qµ

qµ = pµ
D − pµ

K

< K|S|D >=
M2

D −M2
K

m0c −m0s
f0(q2)

f0(0) = f+(0)

abs. norm. for same c/s 
action HPQCD: 1008.4562
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Lattice QCD : want shape              , value 
Techniques improving: 

Experiment sees f+ and maps in q2 bins 
CLEO:
0906.2983

Series expansions
zt

“A” is a physical quantity, whose order of magnitude can be estimated by power 

counting in the heavy-quark mass:  A~(!/mb)3

F (q2) = a0 + a1z + a2z2 + . . .

∑
k

a2

k
≡ 1

2πi

∮
dz

z
|F (z)|2 =

∫
∞

t+
dt k(t)|F (t)|2 ≡ A

SL region

Transforming q2 to z 

z =
�

t+ − q2 −
√

t+ − t0�
t+ − q2 +

√
t+ − t0

allows simple series 
parameterisation of 
shape - obtain Vcsf+(0)

dΓD→Klνl

dq2
=

G2
F p3

K

24π3
|Vcs|2|f+(q2)|2

poles and cut

High statistics, random sources; multi-exponential fits to 
multiple T values; phase at boundary to tune q2 (to 0);use of z 
expansion to fit and extrapolate shape to chiral/contnm limit

D → K, D → π

f+(0) ≡ f0(0)f+(q2)

see e.g Bourrely et al, 0807.2722
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Updates on f+(0) 2011

using unitarity:
Vcs = 0.97345(16)

Vcd = 0.2252(7)

2 a values;
scalar 

HPQCD results will improve further....

1%3%

1 a value; vector 
+ FNAL renorm.

3 a values;
vector + double 
ratios to cancel Z

4% 2.5%

 0.55  0.6  0.65  0.7  0.75  0.8
f+(0)

HPQCD HISQ 
1008.4562;1109.1501

FNAL/MILC
hep-ph/0408306

ETMC 
1104.0869 

CLEO
0906.2983

f+(0)D->Kf+(0)D->

u, d, s sea

u, d sea
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0 0.5 1 1.5 2
q2 (GeV2)

0.7

0.8

0.9

1

1.1

1.2

f 0(q
2 ) o

r f
+(q

2 )

coarse D to K f0
fine D to K f0
coarse Ds to !s f0
fine Ds to !s f0
coarse D to K f+
fine D to K f+
coarse Ds to !s f+
fine Ds to !s f+

f0

f+

Updates on f+(q2) 2011 J. Koponen, LAT11

Very little dependence on spectator quark - implications for 
B/Bs form factors.       (see Fermilab/MILC 1202.6346)

disc. 
effects 
very 
small

Abs. 
norm. 
vector 
and 
scalar ops 

HPQCD PRELIMINARY
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Updates on f+(q2) 2011

 0.6

 0.8

 1

 1.2

 1.4

 1.6

 1.8

 0  0.5  1  1.5  2

f (
q2 ) 

q2 (GeV)2 

f+

f0

CLEO 2009, unitarity Vcs
D -> K coarse

D -> K fine
a=0 fit

HPQCD PRELIMINARY

J. Koponen,
HPQCD in prep.  

1-2% errors
allow 
accurate 
comparison of 
shape to expt

v. high stats 
- 16000 
corrs x 4T

D → K

vector and axial form factors for 
               : G. Donald, HPQCD in prep. 

Need to look at more form factors ...
Ds → φlν
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Bin1 Bin2 Bin3 Bin4 Bin5 Bin6 Bin7 Bin8 Bin9

0.95

1

1.05

1.1

1.15

1.2
Exp/Lat

q2 [GeV2/c4] 0-0.2 0.2-0.4 0.4-0.6 0.6-0.8 0.8-1.0 1.0-1.2 1.2-1.4 1.4-1.6 1.6-q2
max

Comparison of expt and lattice bin by bin
using unitarity Vcs

HPQCD PRELIMINARY

lattice 
bestexpt 

best

J. Koponen, 
HPQCD, in 
prep. 

Will allow 
1.5% error 
in Vcs

move on to semileptonic analyses for heavier hisq quarks ..
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Going forward ...

 0

 0.05

 0.1

 0.15

 0.2

 0  2  4  6  8  10  12

f
h/M

h 

M
h
 (GeV)

a=0.045fm 
a=0.03 fm lattices

a=0

HPQCD making 
a=0.03 fm 
723x192
lattices

Now 

bc

mca ≈ 0.1
mba ≈ 0.5

Preliminary results for heavyonium consistent with 
previous ‘heavy HISQ’ analysis. 
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Conclusions
• Charm physics in good shape. 1-2% precision possible 
with improved relativistic actions such as HISQ.
Need more results with such formalisms .. e.g. TM
• Bottom physics still a problem. 
NRQCD currently has sizeable renormln error
Fermilab/RHQ has heavy quark disc. error
HQET methods in practice hard?
Should get 1% accurate s/l ratios on lattices at chiral pt  ..
Extrapolation to b from c with HISQ/TM. Promising for 
masses + decay constants. Now move to semileptonic ffs. 
Needs extremely fine lattices to do well and e.g. 4q 
operators harder ... 
ALL – need more tests of errors using known quantities.
Look forward to results on Nf=2+1+1 lattices ... Dowdall 3pm
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