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Motivation

✤ FCNC decays, rare in the SM, are being measured.  Maybe BSM 
physics will contribute?

✤ Pheno strategies to fit observables to constrain Wilson 
coefficients in b ➙ s effective Hamiltonian 

✤ Light cone sum rule results, valid at large recoil, are being 
extrapolated to low recoil.  But we can compute at low recoil.

✤ No unquenched lattice results for B ➙ V form factors until now

B → K∗γ B → K∗!+!− Bs → φ"+"−



Last month, from LHCb

B0 → K ∗0µ+µ− and B0
s → φµ+µ− differential branching fractions

LHCb(1.0 fb−1) : B0 → K∗0µ+µ− : 900± 34 signal events
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Measurement of the B0
s → φµ+µ− branching fraction reported at Moriond EW

LHCb(1.0 fb−1) : B0
s → φµ+µ− : 77± 10 signal events

B(B0
s → φµ+µ−) = (0.778± 0.097(stat)± 0.061(syst)± 0.278(B))× 10−6 [preliminary]

The most precise measurements to-date and are consistent with SM expectations [4]
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b ➙ s is rare in the SM
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✤ Long distance effects

✤ Narrow width approximation for K*, φ

✦ Perhaps future LQCD study of decay constants across threshold 
will test assumptions

✦ Statistics willing, consistency check by comparing Vub from        
B ➙ ρ l ν  vs. B ➙ π l ν

Theoretical issues

Q2 = (s̄ c)V −A (c̄ b)V −A

b s

γ, Z

c c

Khodjamirian, et al, PLB 402 (1997)
Khodjamirian, et al, JHEP 1009 (2010)

Buchalla & Isidori, NPB 525 (1998)
Grinstein & Pirjol, PRD 62 (2000), PRD 70 (2004)
Beylich, Buchalla, Feldmann, EPJ C71 (2011)

Low q2

Large recoil

High q2

Low recoil

Under control away from charmonium resonances



Lattice data

a(fm) amsea Volume Nconf × Nsrc amval

coarse ∼0.12 0.007/0.05 203 × 64 2109× 8 0.007/0.04
0.02/0.05 203 × 64 2052× 8 0.02/0.04

fine ∼0.09 0.0062/0.031 283 × 96 1910× 8 0.0062/0.031

MILC lattices (2+1 asqtad staggered)

(px , py , pz) = (0, 0, 0).
(q̃,0,0), (0,q̃,0), (0,0,q̃), where q̃=1 or 2.
(1,1,0), (1,-1,0), (1,0,1), (1,0,-1), (0,1,1), (0,1,-1).
(1,1,1), (1,1,-1), (1,-1,1), (1,-1,-1).

High statistics

Light meson momenta (units of 2π/L)

So far, only v=0 NRQCD used (B at rest).  

Leading order (HQET) current presently used.  
1/mb current matrix elements computed, analysis in progress

Many Source/Sink separations (16 coarse, 22 fine)

mπ (MeV)
~300
~460
~320

p2/(2π/L)2
0

1 or 4
2
3



Systematic uncertainties

✤ Finite volume: (2.5 fm)3 seems large enough for B

✤ Discretization (L): Improved NRQCD and AsqTad

✤ Discretization (a|p’|): Moving NRQCD, but vs. statistics

✤ HQET currents: expand in ΛQCD/mb, |p’|/mb ⇒ work at low recoil

✤ Light quark mass extrapolation: χPT for pions/kaons

Combination of EFT and empirical extrapolation



Systematic uncertainties

Discretization (L): Improved NRQCD and AsqTad

matic region may be due to the proximity of the MB! pole.
This, however, for reasons we do not understand, was not
evident in the partially quenched data of Ref. [17].

For the SChPT extrapolations, as mentioned above, we
have let gB! float and be one of the fit parameters. We find
that the ‘‘effective’’ g2B! ranges between 0.0 and 0.2 and
decreases with E!, although within large errors. In Fig. 12
we show a comparison of fits with and without the O"a2#
corrections in the ChPT theory formulas, i.e. a comparison
between continuum and staggered full QCD ChPT. Again
the differences are very small. In summary, for most of our
data points, different ways of carrying out the chiral ex-
trapolation, including using no input from ChPT at all, lead
to a spread in extrapolated results of only 2.5% or less. This
indicates that contributions we have neglected in the ChPT
formulas, such as 1=M corrections, higher order (in pion
momentum) terms, finite volume effects etc., are not im-
portant. We take as central values for the form factors fk

and f? in the chiral limit, the results coming from the
SChPT extrapolation using both full QCD and partially
quenched data. The combined statistical and chiral ex-
trapolation errors are discussed in the next section.

In Fig. 13 we compare results from one of the MILC fine
lattice ensembles with the coarse lattice data discussed so
far. For this comparison both the coarse and fine data points
include only the hJ"0#" i contributions through O"#s#, i.e. the
first terms in Eqs. (12) or (13), respectively. Since we have
shown that the higher order currents have minimal effect,
we believe meaningful scaling tests can be carried out with
just hJ"0#" i. For f?, which is the main contributor to the
phenomenologically relevant form factor f$"q2#, one sees
that the fine lattice point falls nicely on the fixed E! curve
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FIG. 11 (color online). Same as Fig. 8 for f?.
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FIG. 12 (color online). Chiral extrapolations with (staggered
ChPT) and without (continuum ChPT) O"a2# corrections.
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FIG. 13 (color online). Comparison of coarse lattice data with
some results from one of the fine MILC ensembles. Shown are
results for f? and fk at E! % 0:79 GeV.
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FIG. 10 (color online). Chiral extrapolation of fk. The circles
to the left show the extrapolated values at the physical limit.
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Systematic uncertainties

HQET currents: expansion in ΛQCD/mb, p/mb 

where E! is the pion energy in the B rest frame. From these
formulas one sees that f! will be dominated by f?, i.e. by
the matrix element of Vk, and f0 by fk or the matrix
element of V0.

Our goal is to evaluate the hadronic matrix elements
h!jV0jBi and h!jVkjBi via lattice simulations. There are
several steps in the calculation. First, one must relate the
continuum electroweak currents, V0 and Vk, to lattice
operators written in terms of the heavy and light quark
fields in our lattice actions. In the second step the matrix
elements of these lattice current operators must be eval-
uated numerically and the relevant amplitude, i.e. the
matrix element between the ground state B meson and
the ground state pion with appropriate momenta, must be
extracted. This will give us, via Eqs. (7), the form factors
fk and f? as functions of the light quark mass and the pion
momentum. Finally, in step 3 these numerical results must
be extrapolated to the physical pion. In the next three
sections we describe each of these three steps in turn.

III. MATCHING OF HEAVY-LIGHT CURRENTS

Matching of heavy-light currents between continuum
QCD and a lattice effective theory with two-component
nonrelativistic heavy quark fields ! and four-component
light quarks q"x# is discussed in Ref. [41]. Since staggered
light quarks can be written in terms of four-component
‘‘naive’’ AsqTad quark fields the formalism developed
there carries over unchanged to the present calculation.
Introducing also a four-component notation for the heavy
field, Q"x# $ "!; 0#, one finds that through
O""s"QCD=M;"s="aM#;"sa"QCD# the following current
operators in the effective theory are required.

Temporal:

J"0#0 "x# % #q"x#$0Q"x#;

J"1#0 "x# % &1

2M0
#q"x#$0! ' rQ"x#;

J"2#0 "x# % &1

2M0
#q"x#! ' r

 
#0$0Q"x#:

(10)

Spatial:

J"0#k "x# % #q"x#$kQ"x#;

J"1#k "x# % &1

2M0
#q"x#$k! ' rQ"x#;

J"2#k "x# % &1

2M0
#q"x#! ' r

 
#0$kQ"x#;

J"3#k "x# % &1

2M0
#q"x#rkQ"x#;

J"4#k "x# % 1

2M0
#q"x#r

 
kQ"x#;

(11)

where $$ can be either #$ or #5#$, and M0 is the bare
heavy quark mass in the NRQCD action. One sees that

there are two dimension 4 current corrections to the tem-
poral components and four such corrections to the spatial
components. To the order that we are working, one has

hV0i % "1! "s~%
"0#
0 #hJ"0#0 i ! "1! "s%

"1#
0 #hJ"1#;sub0 i

! "s%
"2#
0 hJ"2#0 i (12)

and

hVki % "1! "s~%
"0#
k #hJ"0#k i ! "1! "s%

"1#
k #hJ"1#;subk i

! "s%
"2#
k hJ"2#k i ! "s%

"3#
k hJ"3#k i ! "s%

"4#
k hJ"4#k i: (13)

We introduce the combination J"1#;sub$ % J"1#$ & "s&10;$J
"0#
$ .

This subtracts out power law contributions to the matrix
elements of the higher dimension operator J"1#$ through
O""s="aM## [42]. J"1#$ enters the matching already at tree
level and after the subtraction one is left with the physical
O""QCD=M# contribution that is a relativistic correction to
the leading order term. Power law subtractions of the other
dimension 4 current corrections come in as O""2

s="aM##
effects and are only partially included here. The one-loop
coefficients %"j#

$ and &10;$ for $ % 0 are given in Ref. [39].

TABLE II. Matching coefficients for the spatial currents Vk.
Where errors are not indicated explicitly, they are of order one or
less in the last digit. aM0 is the bare heavy quark mass in lattice
units and n a parameter in the NRQCD action. The three selected
values for aM0 correspond to the b quark on the MILC extra-
coarse, coarse and fine lattices, respectively [28].

aM0 n ~%"0#
k %"1#

k %"2#
k %"3#

k %"4#
k &10;k

4.00 2 0.256 0.484(3) 0.340(6) 0.244(3) &0:137"3# 0.041
2.80 2 0.270 0.349(3) 0.169(6) 0.218(4) &0:029"4# 0.055
1.95 2 0.332 0.232(3) 0.121(8) 0.161(4) 0.063(3) 0.073
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FIG. 1 (color online). The ratio hJ"1#0 i=hJ"0#0 i for one ensemble
(u0amf % u0amq % 0:01) versus the pion energy E!. The lower
points are before power law subtraction and the upper points are
after power law subtraction (i.e. hJ"1#;sub0 i=hJ"0#0 i).
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The results for ! ! k have not been published before and
are summarized in Table II. In Ref. [17] only the contri-
butions from the first terms in Eqs. (12) and (13) were
taken into account, i.e. J"0#0 and J"0#k matched through
O""s#.

As mentioned in the Introduction, the effects of all the
dimension 4 current corrections turn out to be very small.
In Fig. 1 we show results for hJ"1#0 i=hJ"0#0 i for one of our
ensembles with and without the power law subtraction.
One sees that, although the unsubtracted hJ"1#0 i=hJ"0#0 i is at
the $6% level, the physical hJ"1#;sub0 i=hJ"0#0 i is % 1%. In
Figs. 2–4 we give further examples of hJ"j#k i=hJ"0#k i for j >
1. These get multiplied by factors of "#"j#

k "s# in Eq. (13).
Using "s & "V"2=a# ! 0:32 [43] and Table III, one finds
#"s factors between 0.01 and 0.11, which leads to contri-

butions from higher order currents that are at most 1%. For
instance, the largest current correction is J"4#k (Fig. 4), but
#"4#
k "s ! '0:029"s ! '0:0009, and the contribution

from this current is negligible. In comparing Figs. 1–4
one sees that the size of the matrix elements grows with
the pion energy E$ for J"2#k and J"4#k and seems much less
sensitive to E$ for the other two currents. This reflects the
fact that J"2#k and J"4#k have derivatives acting on the light
quark field that is part of the final state pion and therefore
knows about its momentum.

IV. SIMULATION RESULTS FOR FORM FACTORS
fk AND f?

The starting point for calculations of the hadronic matrix
elements h$jJ"j#! jBi is the 3-point correlator

C"3#" ~p$; ~pB; t; TB# !
X

~z

X

~y

h!$"0#J"j#! "~z; t#!y
B" ~y;'TB#i

( ei ~pB) ~yei" ~p$' ~pB#) ~z; (14)

where !B and !$ are interpolating operators for the B
meson and the pion, respectively. All results here have the
B meson three momentum, ~pB, set equal to zero. For
simplicity, the pion operator !$ was always placed at
the origin. The B meson was then created at time slice
'TB and the electroweak current, J"k#! , that converts the b
quark into a u quark was inserted at times 0 * t * 'TB.
We have also simulated the time-reversed process, which
then has the electroweak current inserted between +TB *
t * 0 and !B acting on time slice +TB. By looking at both
forward and time-reversed processes and verifying that
they lead to consistent results (within statistical errors),
we were able to increase statistics and at the same time
provide some check on our codes. For most of our simu-
lations we used TB=a ! 16 on the coarse MILC lattices
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FIG. 3 (color online). Same as Fig. 2 for hJ"3#k i=hJ"0#k i.
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FIG. 2 (color online). The ratio hJ"2#k i=hJ"0#k i for two ensembles
versus the pion energy E$. Squares are for u0amf ! 0:01 and
circles for u0amf ! 0:02.
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FIG. 4 (color online). Same as Fig. 2 for hJ"4#k i=hJ"0#k i.
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Systematic uncertainties

Light quark mass extrapolation: χPT for pions/kaons

Mild mass dependence of B ➙ π form factors:

EMEL GULEZ, et al. (HPQCD)

matic region may be due to the proximity of the MB! pole.
This, however, for reasons we do not understand, was not
evident in the partially quenched data of Ref. [17].

For the SChPT extrapolations, as mentioned above, we
have let gB! float and be one of the fit parameters. We find
that the ‘‘effective’’ g2B! ranges between 0.0 and 0.2 and
decreases with E!, although within large errors. In Fig. 12
we show a comparison of fits with and without the O"a2#
corrections in the ChPT theory formulas, i.e. a comparison
between continuum and staggered full QCD ChPT. Again
the differences are very small. In summary, for most of our
data points, different ways of carrying out the chiral ex-
trapolation, including using no input from ChPT at all, lead
to a spread in extrapolated results of only 2.5% or less. This
indicates that contributions we have neglected in the ChPT
formulas, such as 1=M corrections, higher order (in pion
momentum) terms, finite volume effects etc., are not im-
portant. We take as central values for the form factors fk

and f? in the chiral limit, the results coming from the
SChPT extrapolation using both full QCD and partially
quenched data. The combined statistical and chiral ex-
trapolation errors are discussed in the next section.

In Fig. 13 we compare results from one of the MILC fine
lattice ensembles with the coarse lattice data discussed so
far. For this comparison both the coarse and fine data points
include only the hJ"0#" i contributions through O"#s#, i.e. the
first terms in Eqs. (12) or (13), respectively. Since we have
shown that the higher order currents have minimal effect,
we believe meaningful scaling tests can be carried out with
just hJ"0#" i. For f?, which is the main contributor to the
phenomenologically relevant form factor f$"q2#, one sees
that the fine lattice point falls nicely on the fixed E! curve
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operator, can be extracted from the combination of the Euclidean 3-point function

CFJB(p′, p, x0, y0, z0) =
∑

y

∑

z

〈
ΦF (x) J(y) Φ†

B(z)
〉

e−ip′·(x−y)e−ip·(y−z) (8.22)

with the Euclidean two-point functions

CBB(p, x0, y0) =
∑

x

〈
ΦB(x) Φ†

B(y)
〉

e−ip·(x−y), (8.23)

CFF (p′, x0, y0) =
∑

x

〈
ΦF (x) Φ†

F (y)
〉

e−ip′·(x−y). (8.24)

Here, ΦB ∼ q̄′γ̂5b and ΦF ∼ q̄′γ̂5q (F = P ), ΦF ∼ q̄′γ̂jq (F = V ).

In the following we write τ = |x0− y0| and T = |x0− z0|. As in Sec. 2.2, one can show

by inserting complete sets of states that at large τ , T , and T − τ , the correlation functions

become

CFJB(p′, p, τ, T ) → A(FJB)e−EF τ e−EB(T−τ), (8.25)

CFF (p, τ) → A(FF ) e−EF τ , (8.26)

CBB(p, τ) → A(BB) e−EBτ , (8.27)

where

A(FJB) =






√
ZV

2EV

√
ZB

2EB

∑

s

εj(p′, s) 〈V
(
p′, ε(p′, s)

)
| J |B(p)〉, F = V,

√
ZP

2EP

√
ZB

2EB
〈P

(
p′

)
| J |B(p)〉, F = P

(8.28)

A(BB) =
ZB

2EB
, (8.29)

A(FF ) =






∑

s

ZV

2EV
ε∗j (p

′, s)εj(p′, s), F = V (no sum over j),

ZP

2EP
, F = P.

(8.30)

Thus, the matrix elements 〈P (p′)|J |B(p)〉 and
∑

s εj(p′, s) 〈V (p′, ε(p′, s)) |J |B(p)〉 can be

extracted from (8.28), once the factors ZB, ZF have been extracted from the two-point

functions (the energies EB, EF can be obtained from either the two-point or three-point

functions). Note that in Eqs. (8.28) and (8.29), EB denotes the full, physical energy of the

B meson; this is not equal to the energy obtained from the exponential decay in (8.25) or

(8.27) when an effective theory like mNRQCD is used for the b quark.

In the next sections I discuss briefly how the form factors can be extracted from the

matrix elements. I will only consider the case where all momenta point in x1-direction.
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Figure 8.23: Contractions for the three-point functions with point sources.

8.8.3 Heavy-light meson three-point functions

In terms of the standard Dirac propagators, the point-source three-point function at τ =

|x0 − y0|, T = |x0 − z0| is given by

CFJB(τ, T, p, p′) =
∑

y,z

e−ip′·xe−i(p−p′)·yeip·z Tr
[
ΓF Gq(x, y) ΓJ Gb(y, z) γ̂5 Gq′(z, x)

]
,

(8.72)

where ΓF = γ̂5 for F = P and ΓF = γ̂j for F = V . See Fig. 8.23 for a diagram showing

the contractions. In (8.72) we used the simple form of the heavy-light current J = q̄ ΓJb.

When replacing the b quark propagator by the lattice mNRQCD propagator, the current

has to be replaced by the lattice current derived in Sec. 8.5. It is convenient to compute

and fit the three-point functions for the various terms in the lattice current individually.

Inserting the lattice current, the three-point function becomes

CFJB(τ, T, k, p′) =
1
γ

∑

y,z

e−ip′·xe−i(k−p′)·yeik·z Tr

[
G†

χq
(y, x) F (x) Ω†(y) γ̂5

× J

(
Gψv(y, z) 0

0 0

)
S(Λ) γ̂5 Ω(z) Gχq′ (z, x)

]
(8.73)

(for x0 > y0 > z0). In (8.73), we have F (x) = 1 for a pseudoscalar meson in the final

state and F (x) = (−1)xj γ̂j for a vector meson in the final state. The symbol J in (8.73)

denotes the gamma matrix / derivative operator content of the heavy-light current:

J ∈
{

ΓS+(Λ), ΓS−(Λ), Γ (−iγ̂0v + iγ̂ ± iv/γ) · ∆(±)S+(Λ)
}

. (8.74)

The three-point function (8.73) can be computed by using the spectator-quark (q′) prop-

agator as a source for the heavy-quark propagator, so that only the sum over y remains
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x

〈
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〉

e−ip′·(x−y). (8.24)

Here, ΦB ∼ q̄′γ̂5b and ΦF ∼ q̄′γ̂5q (F = P ), ΦF ∼ q̄′γ̂jq (F = V ).
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where
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



√
ZV

2EV

√
ZB

2EB

∑

s

εj(p′, s) 〈V
(
p′, ε(p′, s)

)
| J |B(p)〉, F = V,

√
ZP

2EP

√
ZB

2EB
〈P

(
p′

)
| J |B(p)〉, F = P

(8.28)

A(BB) =
ZB

2EB
, (8.29)

A(FF ) =






∑

s

ZV

2EV
ε∗j (p

′, s)εj(p′, s), F = V (no sum over j),

ZP

2EP
, F = P.

(8.30)

Thus, the matrix elements 〈P (p′)|J |B(p)〉 and
∑

s εj(p′, s) 〈V (p′, ε(p′, s)) |J |B(p)〉 can be

extracted from (8.28), once the factors ZB, ZF have been extracted from the two-point

functions (the energies EB, EF can be obtained from either the two-point or three-point

functions). Note that in Eqs. (8.28) and (8.29), EB denotes the full, physical energy of the

B meson; this is not equal to the energy obtained from the exponential decay in (8.25) or

(8.27) when an effective theory like mNRQCD is used for the b quark.

In the next sections I discuss briefly how the form factors can be extracted from the

matrix elements. I will only consider the case where all momenta point in x1-direction.
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p′, ε(p′, s)

)
| J |B(p)〉, F = V,

√
ZP

2EP

√
ZB

2EB
〈P

(
p′

)
| J |B(p)〉, F = P

(8.28)

A(BB) =
ZB

2EB
, (8.29)

A(FF ) =






∑

s

ZV

2EV
ε∗j (p

′, s)εj(p′, s), F = V (no sum over j),

ZP

2EP
, F = P.

(8.30)

Thus, the matrix elements 〈P (p′)|J |B(p)〉 and
∑

s εj(p′, s) 〈V (p′, ε(p′, s)) |J |B(p)〉 can be

extracted from (8.28), once the factors ZB, ZF have been extracted from the two-point

functions (the energies EB, EF can be obtained from either the two-point or three-point

functions). Note that in Eqs. (8.28) and (8.29), EB denotes the full, physical energy of the

B meson; this is not equal to the energy obtained from the exponential decay in (8.25) or

(8.27) when an effective theory like mNRQCD is used for the b quark.

In the next sections I discuss briefly how the form factors can be extracted from the

matrix elements. I will only consider the case where all momenta point in x1-direction.
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operator, can be extracted from the combination of the Euclidean 3-point function

CFJB(p′, p, x0, y0, z0) =
∑

y

∑

z

〈
ΦF (x) J(y) Φ†

B(z)
〉

e−ip′·(x−y)e−ip·(y−z) (8.22)

with the Euclidean two-point functions

CBB(p, x0, y0) =
∑

x

〈
ΦB(x) Φ†

B(y)
〉

e−ip·(x−y), (8.23)

CFF (p′, x0, y0) =
∑

x

〈
ΦF (x) Φ†

F (y)
〉

e−ip′·(x−y). (8.24)

Here, ΦB ∼ q̄′γ̂5b and ΦF ∼ q̄′γ̂5q (F = P ), ΦF ∼ q̄′γ̂jq (F = V ).

In the following we write τ = |x0− y0| and T = |x0− z0|. As in Sec. 2.2, one can show

by inserting complete sets of states that at large τ , T , and T − τ , the correlation functions

become

CFJB(p′, p, τ, T ) → A(FJB)e−EF τ e−EB(T−τ), (8.25)

CFF (p, τ) → A(FF ) e−EF τ , (8.26)

CBB(p, τ) → A(BB) e−EBτ , (8.27)

where

A(FJB) =






√
ZV

2EV

√
ZB

2EB

∑

s
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)
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2EB
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| J |B(p)〉, F = P

(8.28)

A(BB) =
ZB

2EB
, (8.29)

A(FF ) =






∑

s

ZV

2EV
ε∗j (p

′, s)εj(p′, s), F = V (no sum over j),

ZP

2EP
, F = P.

(8.30)

Thus, the matrix elements 〈P (p′)|J |B(p)〉 and
∑

s εj(p′, s) 〈V (p′, ε(p′, s)) |J |B(p)〉 can be

extracted from (8.28), once the factors ZB, ZF have been extracted from the two-point

functions (the energies EB, EF can be obtained from either the two-point or three-point

functions). Note that in Eqs. (8.28) and (8.29), EB denotes the full, physical energy of the

B meson; this is not equal to the energy obtained from the exponential decay in (8.25) or

(8.27) when an effective theory like mNRQCD is used for the b quark.

In the next sections I discuss briefly how the form factors can be extracted from the

matrix elements. I will only consider the case where all momenta point in x1-direction.
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operator, can be extracted from the combination of the Euclidean 3-point function

CFJB(p′, p, x0, y0, z0) =
∑

y

∑

z

〈
ΦF (x) J(y) Φ†

B(z)
〉

e−ip′·(x−y)e−ip·(y−z) (8.22)

with the Euclidean two-point functions

CBB(p, x0, y0) =
∑

x

〈
ΦB(x) Φ†

B(y)
〉

e−ip·(x−y), (8.23)

CFF (p′, x0, y0) =
∑

x

〈
ΦF (x) Φ†

F (y)
〉

e−ip′·(x−y). (8.24)

Here, ΦB ∼ q̄′γ̂5b and ΦF ∼ q̄′γ̂5q (F = P ), ΦF ∼ q̄′γ̂jq (F = V ).

In the following we write τ = |x0− y0| and T = |x0− z0|. As in Sec. 2.2, one can show

by inserting complete sets of states that at large τ , T , and T − τ , the correlation functions

become

CFJB(p′, p, τ, T ) → A(FJB)e−EF τ e−EB(T−τ), (8.25)

CFF (p, τ) → A(FF ) e−EF τ , (8.26)

CBB(p, τ) → A(BB) e−EBτ , (8.27)

where

A(FJB) =






√
ZV

2EV

√
ZB

2EB

∑

s

εj(p′, s) 〈V
(
p′, ε(p′, s)

)
| J |B(p)〉, F = V,

√
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2EP

√
ZB

2EB
〈P

(
p′

)
| J |B(p)〉, F = P

(8.28)

A(BB) =
ZB

2EB
, (8.29)

A(FF ) =






∑

s

ZV

2EV
ε∗j (p

′, s)εj(p′, s), F = V (no sum over j),

ZP

2EP
, F = P.

(8.30)

Thus, the matrix elements 〈P (p′)|J |B(p)〉 and
∑

s εj(p′, s) 〈V (p′, ε(p′, s)) |J |B(p)〉 can be

extracted from (8.28), once the factors ZB, ZF have been extracted from the two-point

functions (the energies EB, EF can be obtained from either the two-point or three-point

functions). Note that in Eqs. (8.28) and (8.29), EB denotes the full, physical energy of the

B meson; this is not equal to the energy obtained from the exponential decay in (8.25) or

(8.27) when an effective theory like mNRQCD is used for the b quark.

In the next sections I discuss briefly how the form factors can be extracted from the

matrix elements. I will only consider the case where all momenta point in x1-direction.
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Figure 8.23: Contractions for the three-point functions with point sources.

8.8.3 Heavy-light meson three-point functions

In terms of the standard Dirac propagators, the point-source three-point function at τ =

|x0 − y0|, T = |x0 − z0| is given by

CFJB(τ, T, p, p′) =
∑

y,z

e−ip′·xe−i(p−p′)·yeip·z Tr
[
ΓF Gq(x, y) ΓJ Gb(y, z) γ̂5 Gq′(z, x)

]
,

(8.72)

where ΓF = γ̂5 for F = P and ΓF = γ̂j for F = V . See Fig. 8.23 for a diagram showing

the contractions. In (8.72) we used the simple form of the heavy-light current J = q̄ ΓJb.

When replacing the b quark propagator by the lattice mNRQCD propagator, the current

has to be replaced by the lattice current derived in Sec. 8.5. It is convenient to compute

and fit the three-point functions for the various terms in the lattice current individually.

Inserting the lattice current, the three-point function becomes

CFJB(τ, T, k, p′) =
1
γ

∑

y,z

e−ip′·xe−i(k−p′)·yeik·z Tr

[
G†

χq
(y, x) F (x) Ω†(y) γ̂5

× J

(
Gψv(y, z) 0

0 0

)
S(Λ) γ̂5 Ω(z) Gχq′ (z, x)

]
(8.73)

(for x0 > y0 > z0). In (8.73), we have F (x) = 1 for a pseudoscalar meson in the final

state and F (x) = (−1)xj γ̂j for a vector meson in the final state. The symbol J in (8.73)

denotes the gamma matrix / derivative operator content of the heavy-light current:

J ∈
{

ΓS+(Λ), ΓS−(Λ), Γ (−iγ̂0v + iγ̂ ± iv/γ) · ∆(±)S+(Λ)
}

. (8.74)

The three-point function (8.73) can be computed by using the spectator-quark (q′) prop-

agator as a source for the heavy-quark propagator, so that only the sum over y remains
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5-correlator fits

✤ One 3-point correlator whose amplitude gives matrix element

✤ Two 2-point correlators to divide out 2-pt amplitudes

✤ One 3-point correlator with precise B energy (B to P at |p’|=0)

✤ One 2-point correlator to further constrain P meson mass
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operator, can be extracted from the combination of the Euclidean 3-point function

CFJB(p′, p, x0, y0, z0) =
∑

y

∑

z

〈
ΦF (x) J(y) Φ†

B(z)
〉

e−ip′·(x−y)e−ip·(y−z) (8.22)

with the Euclidean two-point functions

CBB(p, x0, y0) =
∑

x

〈
ΦB(x) Φ†

B(y)
〉

e−ip·(x−y), (8.23)

CFF (p′, x0, y0) =
∑

x

〈
ΦF (x) Φ†

F (y)
〉

e−ip′·(x−y). (8.24)

Here, ΦB ∼ q̄′γ̂5b and ΦF ∼ q̄′γ̂5q (F = P ), ΦF ∼ q̄′γ̂jq (F = V ).

In the following we write τ = |x0− y0| and T = |x0− z0|. As in Sec. 2.2, one can show

by inserting complete sets of states that at large τ , T , and T − τ , the correlation functions

become

CFJB(p′, p, τ, T ) → A(FJB)e−EF τ e−EB(T−τ), (8.25)

CFF (p, τ) → A(FF ) e−EF τ , (8.26)

CBB(p, τ) → A(BB) e−EBτ , (8.27)

where

A(FJB) =






√
ZV

2EV

√
ZB

2EB

∑

s

εj(p′, s) 〈V
(
p′, ε(p′, s)

)
| J |B(p)〉, F = V,

√
ZP

2EP

√
ZB

2EB
〈P

(
p′

)
| J |B(p)〉, F = P

(8.28)

A(BB) =
ZB

2EB
, (8.29)

A(FF ) =






∑

s

ZV

2EV
ε∗j (p

′, s)εj(p′, s), F = V (no sum over j),

ZP

2EP
, F = P.

(8.30)

Thus, the matrix elements 〈P (p′)|J |B(p)〉 and
∑

s εj(p′, s) 〈V (p′, ε(p′, s)) |J |B(p)〉 can be

extracted from (8.28), once the factors ZB, ZF have been extracted from the two-point

functions (the energies EB, EF can be obtained from either the two-point or three-point

functions). Note that in Eqs. (8.28) and (8.29), EB denotes the full, physical energy of the

B meson; this is not equal to the energy obtained from the exponential decay in (8.25) or

(8.27) when an effective theory like mNRQCD is used for the b quark.

In the next sections I discuss briefly how the form factors can be extracted from the

matrix elements. I will only consider the case where all momenta point in x1-direction.
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operator, can be extracted from the combination of the Euclidean 3-point function

CFJB(p′, p, x0, y0, z0) =
∑

y

∑

z

〈
ΦF (x) J(y) Φ†

B(z)
〉

e−ip′·(x−y)e−ip·(y−z) (8.22)

with the Euclidean two-point functions

CBB(p, x0, y0) =
∑

x

〈
ΦB(x) Φ†

B(y)
〉

e−ip·(x−y), (8.23)

CFF (p′, x0, y0) =
∑

x

〈
ΦF (x) Φ†

F (y)
〉

e−ip′·(x−y). (8.24)

Here, ΦB ∼ q̄′γ̂5b and ΦF ∼ q̄′γ̂5q (F = P ), ΦF ∼ q̄′γ̂jq (F = V ).

In the following we write τ = |x0− y0| and T = |x0− z0|. As in Sec. 2.2, one can show

by inserting complete sets of states that at large τ , T , and T − τ , the correlation functions

become

CFJB(p′, p, τ, T ) → A(FJB)e−EF τ e−EB(T−τ), (8.25)

CFF (p, τ) → A(FF ) e−EF τ , (8.26)

CBB(p, τ) → A(BB) e−EBτ , (8.27)

where

A(FJB) =






√
ZV

2EV

√
ZB

2EB

∑

s

εj(p′, s) 〈V
(
p′, ε(p′, s)

)
| J |B(p)〉, F = V,

√
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2EP

√
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2EB
〈P

(
p′

)
| J |B(p)〉, F = P

(8.28)

A(BB) =
ZB

2EB
, (8.29)

A(FF ) =






∑

s

ZV

2EV
ε∗j (p

′, s)εj(p′, s), F = V (no sum over j),

ZP

2EP
, F = P.

(8.30)

Thus, the matrix elements 〈P (p′)|J |B(p)〉 and
∑

s εj(p′, s) 〈V (p′, ε(p′, s)) |J |B(p)〉 can be

extracted from (8.28), once the factors ZB, ZF have been extracted from the two-point

functions (the energies EB, EF can be obtained from either the two-point or three-point

functions). Note that in Eqs. (8.28) and (8.29), EB denotes the full, physical energy of the

B meson; this is not equal to the energy obtained from the exponential decay in (8.25) or

(8.27) when an effective theory like mNRQCD is used for the b quark.

In the next sections I discuss briefly how the form factors can be extracted from the

matrix elements. I will only consider the case where all momenta point in x1-direction.
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operator, can be extracted from the combination of the Euclidean 3-point function

CFJB(p′, p, x0, y0, z0) =
∑

y

∑

z

〈
ΦF (x) J(y) Φ†

B(z)
〉

e−ip′·(x−y)e−ip·(y−z) (8.22)

with the Euclidean two-point functions

CBB(p, x0, y0) =
∑

x

〈
ΦB(x) Φ†

B(y)
〉

e−ip·(x−y), (8.23)

CFF (p′, x0, y0) =
∑

x

〈
ΦF (x) Φ†

F (y)
〉

e−ip′·(x−y). (8.24)

Here, ΦB ∼ q̄′γ̂5b and ΦF ∼ q̄′γ̂5q (F = P ), ΦF ∼ q̄′γ̂jq (F = V ).

In the following we write τ = |x0− y0| and T = |x0− z0|. As in Sec. 2.2, one can show

by inserting complete sets of states that at large τ , T , and T − τ , the correlation functions

become

CFJB(p′, p, τ, T ) → A(FJB)e−EF τ e−EB(T−τ), (8.25)

CFF (p, τ) → A(FF ) e−EF τ , (8.26)

CBB(p, τ) → A(BB) e−EBτ , (8.27)

where

A(FJB) =






√
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, (8.29)

A(FF ) =


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∑

s

ZV

2EV
ε∗j (p

′, s)εj(p′, s), F = V (no sum over j),

ZP

2EP
, F = P.

(8.30)

Thus, the matrix elements 〈P (p′)|J |B(p)〉 and
∑

s εj(p′, s) 〈V (p′, ε(p′, s)) |J |B(p)〉 can be

extracted from (8.28), once the factors ZB, ZF have been extracted from the two-point

functions (the energies EB, EF can be obtained from either the two-point or three-point

functions). Note that in Eqs. (8.28) and (8.29), EB denotes the full, physical energy of the

B meson; this is not equal to the energy obtained from the exponential decay in (8.25) or

(8.27) when an effective theory like mNRQCD is used for the b quark.

In the next sections I discuss briefly how the form factors can be extracted from the

matrix elements. I will only consider the case where all momenta point in x1-direction.
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operator, can be extracted from the combination of the Euclidean 3-point function

CFJB(p′, p, x0, y0, z0) =
∑

y

∑

z

〈
ΦF (x) J(y) Φ†

B(z)
〉

e−ip′·(x−y)e−ip·(y−z) (8.22)

with the Euclidean two-point functions

CBB(p, x0, y0) =
∑

x

〈
ΦB(x) Φ†

B(y)
〉

e−ip·(x−y), (8.23)

CFF (p′, x0, y0) =
∑

x

〈
ΦF (x) Φ†

F (y)
〉

e−ip′·(x−y). (8.24)

Here, ΦB ∼ q̄′γ̂5b and ΦF ∼ q̄′γ̂5q (F = P ), ΦF ∼ q̄′γ̂jq (F = V ).

In the following we write τ = |x0− y0| and T = |x0− z0|. As in Sec. 2.2, one can show

by inserting complete sets of states that at large τ , T , and T − τ , the correlation functions

become

CFJB(p′, p, τ, T ) → A(FJB)e−EF τ e−EB(T−τ), (8.25)

CFF (p, τ) → A(FF ) e−EF τ , (8.26)

CBB(p, τ) → A(BB) e−EBτ , (8.27)

where

A(FJB) =


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, F = P.

(8.30)

Thus, the matrix elements 〈P (p′)|J |B(p)〉 and
∑

s εj(p′, s) 〈V (p′, ε(p′, s)) |J |B(p)〉 can be

extracted from (8.28), once the factors ZB, ZF have been extracted from the two-point

functions (the energies EB, EF can be obtained from either the two-point or three-point

functions). Note that in Eqs. (8.28) and (8.29), EB denotes the full, physical energy of the

B meson; this is not equal to the energy obtained from the exponential decay in (8.25) or

(8.27) when an effective theory like mNRQCD is used for the b quark.

In the next sections I discuss briefly how the form factors can be extracted from the

matrix elements. I will only consider the case where all momenta point in x1-direction.
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operator, can be extracted from the combination of the Euclidean 3-point function

CFJB(p′, p, x0, y0, z0) =
∑

y

∑

z

〈
ΦF (x) J(y) Φ†

B(z)
〉

e−ip′·(x−y)e−ip·(y−z) (8.22)

with the Euclidean two-point functions

CBB(p, x0, y0) =
∑

x

〈
ΦB(x) Φ†

B(y)
〉

e−ip·(x−y), (8.23)

CFF (p′, x0, y0) =
∑

x

〈
ΦF (x) Φ†

F (y)
〉

e−ip′·(x−y). (8.24)

Here, ΦB ∼ q̄′γ̂5b and ΦF ∼ q̄′γ̂5q (F = P ), ΦF ∼ q̄′γ̂jq (F = V ).

In the following we write τ = |x0− y0| and T = |x0− z0|. As in Sec. 2.2, one can show

by inserting complete sets of states that at large τ , T , and T − τ , the correlation functions

become

CFJB(p′, p, τ, T ) → A(FJB)e−EF τ e−EB(T−τ), (8.25)

CFF (p, τ) → A(FF ) e−EF τ , (8.26)

CBB(p, τ) → A(BB) e−EBτ , (8.27)

where
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(8.30)

Thus, the matrix elements 〈P (p′)|J |B(p)〉 and
∑

s εj(p′, s) 〈V (p′, ε(p′, s)) |J |B(p)〉 can be

extracted from (8.28), once the factors ZB, ZF have been extracted from the two-point

functions (the energies EB, EF can be obtained from either the two-point or three-point

functions). Note that in Eqs. (8.28) and (8.29), EB denotes the full, physical energy of the

B meson; this is not equal to the energy obtained from the exponential decay in (8.25) or

(8.27) when an effective theory like mNRQCD is used for the b quark.

In the next sections I discuss briefly how the form factors can be extracted from the

matrix elements. I will only consider the case where all momenta point in x1-direction.

Matrix element from amplitudes



2 analyses 

✤ Bayesian: 

✦ Many-exponential fit function

✦ Fit whole range of t (operator position)

✦ Fit a couple values of T (source-sink separation)

✤ Frequentist:

✦ Fewer-exponential fit functions

✦ Randomly choose (plausible) t-ranges to fit 

✦ Fit all values of T

✦ Rank “best” few fits, then use those t-ranges in bootstrap



Vector, axial-vector f.f.

〈V (p′, ε)|q̄γ̂µb|B(p)〉 =
2iV (q2)

mB + mV
εµνρσε∗

νp′
ρpσ

〈V (p′, ε)|q̄γ̂µγ̂5b|B(p)〉 = 2mV A0(q2)
ε∗ · q

q2
qµ

+(mB + mV )A1(q2)
(

ε∗µ −
ε∗ · q

q2
qµ

)

−A2(q2)
ε∗ · q

mB + mV

(
(p + p′)µ −

m2
B − m2

V

q2
qµ

)



Tensor f.f.

qν〈V (p′, ε)|q̄σ̂µν γ̂5b|B(p)〉 = iT2(q2)[ε∗
µ(m2

B − m2
V ) − (ε∗ · q)(p + p′)µ]

+iT3(q2)(ε∗ · q)
[
qµ −

q2

m2
B − m2

V

(p + p′)µ

]

qν〈V (p′, ε)|q̄σ̂µνb|B(p)〉 = 2iT1(q2)εµρτσε∗ρpτ p′σ



“Fine” MILC lattice
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Extrapolation becomes interpolation

Bobeth, Hiller, van Dyk, extrapolating from Ball & Zwicky’s sum rule f.f.

14 16 18 20 22 24

q2(GeV)2

0.0

0.5

1.0

1.5

2.0

fo
rm

fa
ct

or

B → K∗ form factors V,A1, A0 (l2896m0062m031)

A0, !(ε ⊥ pF )

V, ε ⊥ pF

V , !(ε ⊥ pF )

A1, ε ⊥ pF

A1, !(ε ⊥ pF )

Preliminary

 0

 0.5

 1

 1.5

 2

 2.5

 0  2  4  6  8  10  12  14  16  18

q2 [GeV2]

 V 
 A1 
 A2 

FIG. 9: The B → K∗ form factors V,A1 and A2 from [32].

distance couplings ρi using the observables

f0
f‖

=

√
U1

U3
=

U1

U4
=

U4

U3
=

U5

U6
,

f0
f⊥

=

√
U1

U2
,

f⊥
f‖

=

√
U2

U3
=

√
U1U2

U4
. (B10)

Appendix C: The Form Factors

The hadronic matrix elements of a B meson with 4-momentum p decaying into a vector meson can

be parametrized as [32]:

〈V (k, ε)| q̄γµb |B(p)〉 = 2V (q2)

mB +mV
εµρστ ε

∗ρpσkτ , (C1)

〈V (k, ε)| q̄γµγ5b |B(p)〉 = iε∗ρ
[
2mV A0(q

2)
qµqρ
q2

+ (mB +mV )A1(q
2)

(
gµρ −

qµqρ
q2

)

− A2(q
2)

qρ
mB +mV

(
(p+ k)µ − m2

B −m2
V

q2
(p− k)µ

)]
, (C2)

〈V (k, ε)| q̄iσµνqνb |B(p)〉 = −2T1(q
2)εµρστ ε

∗ρpσkτ , (C3)

〈V (k, ε)| q̄iσµνγ5qνb |B(p)〉 = iT2(q
2)
(
ε∗µ(m

2
B −m2

V )− (ε∗ · q)(p+ k)µ
)

+ iT3(q
2) (ε∗ · q)

(
qµ − q2

m2
B −m2

V

(p+ k)µ

)
, (C4)

where mV , k and ε denote the mass, 4-momentum and the polarization vector of the vector meson,

respectively. The seven form factors V,A0,1,2 and T1,2,3 are functions of the momentum transfer

q2, and q = p− k. Note that by parity-invariance 〈V (k, ε)| q̄b |B(p)〉 = 0.

LCSR provide the form factors at large recoil, q2 ! 14GeV2 [32]. There, the outcome of the LCSR

calculation is fitted to a physical q2 dependence, of pole or dipole structure. It is conceivable that

the form factor parametrization obtained in this way are valid at low recoil as well.

For completeness, we give here the parametrization of the form factors V,A1,2 from [32], which we

28



B to φ; T1, T2; fine lattice
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B to φ; T1, T2; coarse lattice
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Form factor shape

Effective pole parameterization Becirevic & Kaidalov, PLB 478 (2000)
Ball & Zwicky, JHEP 10 (2001), PRD 71 (2005)

F (q2) =
r0

1 − q2/m2
res

+
r1

1 − q2/m2
fit

+
r2

(1 − q2/m2
fit)2

✤ BZ set r0 = 0 if mres greater than 2-body threshold

✤ BZ find r2 ≈ 0 for A1 and T2



Form factor shape

Series (z) expansion

z =
√

t+ − t − √
t+ − t0√

t+ − t +
√

t+ − t0

t± = (mB ± mF )2

t0 = 12 GeV2

t = q2

Choose, e.g.

z
branch cut

t = t+

1

t = t− t = 0

t > t+

Bourrely, Caprini, Lellouch PRD 79 (2009)
following Okubo; Bourrely, Machet, de Rafael; 
Boyd, Grinstein, Lebed; Boyd & Savage;     
Arneson et al.; ...

F (t) =
1

1 − t/m2
res

∑∑∑

n

anzn

Simplified series expansion



Continuum-chiral-kinematic fits

FNAL/MILC, HPQCD

F (t) =
1

1 − t/m2
res

[1 + b1(aEF )2 + . . .]
∑∑∑

n

andnzn

dn = 1 + cn1
m2

P

(4πf)2
+ . . .

discretization errors

quark mass dependence



Very preliminary fits not yet public



Summary

✤ Nice experimental data on rare B to V semileptonic decays

✤ Life is difficult but let’s see what we can do

✤ At least improve what has been done in the narrow width 
approximation (the φ is somewhat narrow)

✤ Unquenched LQCD results at large q2 complement what has been 
done with light cone sum rules


