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We can multiply 
vectors by scalars...
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...and we can add 
vectors together
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Vectors in     -dimensions∞

f : [0, 1] → R

f



Vectors in     -dimensions∞

f : [0, 1] → R

f

2f



Vectors in     -dimensions∞

f : [0, 1] → R

f f

g

f + g

2f



x

f(x)

- values         are an infinite 
  ‘list of components’
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(like:                            ) |a|2 = a2x + a2y + a2z

- ‘length’ of a function

|f |2 =

∫ 1

0
(f(x))2 dx

- values         are an infinite 
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In which ‘direction’ does it ‘point’?

0 1

1

- we need to choose
  some basis functions

?
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direction = tone quality





1964: Discovery! 1992: COBE!

2013: Planck!2003: WMAP!

Temperature Maps of the Cosmic Microwave Background (CMB)!



What it seesThe Planck Satellite 
European Space Agency



Expand CMB in a set of basis functions on the skyUntil you get!

precisely, it is 9 scalars labelled by i and j. The fact that this is a spacetime scalar

means that we can replace ∂µ with ∇µ. We have

∂hij

∂t
= Ẋµ∇µ(gρσX

ρ
i X

σ
j )

= Ẋµgρσ
(
Xσ

j ∇µX
ρ
i +Xρ

i ∇µX
σ
j

)

= 2Ẋµgρσ(∇µX
ρ
(i)X

σ
j) (3.19)

At this point we need the lemma (3.18) that we proved a page ago. We also need the

definition of Ẋµ in terms of the lapse and shift (3.10). With these in hand, we can

write

Ẋµ∇µX
ρ
i = Xµ

i ∇µ(Nnρ +N iXρ
i )

= Xν
i (n

ρ∇νN +N∇νn
ρ +∇ν(N

iXρ
i ))

Substituting this into (3.19) gives

∂hij

∂t
= 2Ẋµgρσ

(
∇µX

ρ
(i

)
Xσ

j)

= 2gρσX
σ
(jX

ν
i)

(
nρ∇νN +N∇νn

ρ +∇ν(N
kXρ

k )
)

The first term vanishes using nµX
µ
i = 0. We’re left with

∂hij

∂t
= 2NXσ

(jX
ν
i)∇νnσ + 2gρσX

ν
(iX

σ
j)∇ν(N

kXρ
k )

But the first term above contains the definition of kij. Meanwhile, the second term is

what we mean by DiN j using the definition given in (3.14). Finally, we get the result

that we were looking for

∂hij

∂t
= 2Nkij + 2D(iNj)

We’ll see the implications of this identity in what follows. !

3.2 Butchering the Einstein-Hilbert Action
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… !

l=3!

This is called the multipole expansion. It’s very similar to a Fourier transform.!

l=5! l=7! l=10!

l=500!l=100!l=50!

! = 3 ! = 5 ! = 7 ! = 10

! = 50 ! = 100 ! = 500





The appropriate basis 
function depends on 
the situation

- sine waves for
  rectangular domains

- Bessel fns
  on a disc



Alan Turing



Alan Turing



Alan Turing

Animal coat patterns are close
to basis functions on the hide
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[Xu, Vest & Murray]





Harmonic
Analysis
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Λ(n) =

{
log(p) if n = pk

0 else


