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Example Sheet 1 Part II: Integrable systems
David Stuart Michaelmas 2023

1.1. Let g' be the flow map associated with the smooth vector field V, assumed to exist
for all time, so that x(t) = g'zq is the unique solution to the ODE & = V() with
(0) = xp. Show that:

=1, g =4g'¢°, g =(4")"
1.2. Let ¢{ and ¢35 be commuting 1-parameter groups of transformations generated by
the smooth vector fields V; and V, respectively. Show that ¢® = 97 o 13 also defines a
1-parameter group of transformations and show that it is generated by V = Vj + Vs.
Conversely, show that if a 1-parameter group of transformations ¢® is generated by
V = Vi + V5 where [V1, V2] = 0, then 9* = 4§ o 95 where the 1] and 15 are generated
by V1 and V5 as before.

1.3. Write both of the following 1-parameter groups of transformations as a composition
of commutative 1-parameter transformations:

Yi(x1, 29, 23) = (21 + 5,22 + 25,23 + 35),  Y5(x1, 20, 23) = (e’21, e* 19, 638903)

Hence write down the vector fields which generate these transformations,and check your
answers are correct by showing the relevant ODEs are satisfied.

1.4. Establish the Leibniz rule (derivation property) and the Jacobi identity of Poisson
brackets:

{fagh} = {f:g}h_'_{fvh}gv {f?{gah}}_'_{ga{h7f}}+{hv{fag}} =0

Deduce that if f,g : M — R are two first integrals of the Hamiltonian system (M, H),
then sois h = {f, g}

1.5. Consider as in the discussion of canonical transformations the linear maps U : R?" —
R?" such that UTJU = J, where J is as in the Hamilton equations. Show that these
form a group, and also that J is itself symplectic and that U is symplectic iff UT is
symplectic. (For the first part you may find it convenient to consider the symplectic
form w(X,Y) = XTJY.)

1.6. Let ¢ = (q,p) and y = (Q, P). Using the chain rule, show that a smooth coordinate
transformation @ +— y = y(z) whose derivative!l Dy(z) is symplectic preserves the form
of Hamilton’s equations & = JVH(x) for some transformed Hamiltonian, which you
should give. Give an example of a linear transformation for which Dy is not symplectic
but which preserves the form of Hamilton’s equations, and give the transformed Hamil-
tonian. (Hint: scale.) By expressing Dy(x) in terms of g, p, Q, P, show that « — y(x)
has symplectic derivative if and only if:

{Qi,Qj},, ={F P}, =0,  {Qi,Pj},,=—{FQi},, =0y

Please send any corrections to dmas2@cam.ac.uk
Questions marked (x) are optional and should not be attempted at the expense of unstarred questions
'Here Dy denotes the Jacobian matrix with entries (Dy):; = Oyi/0z;.
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1.7. (i) Consider the Hamiltonian system on phase space R* defined by Hi(q1, g2, p1,p2) =
%(p% +w%q% + pg —Hu%q%) , with wy, ws positive real numbers. Find two first integrals which
are in involution and action-angle variables. Writing the system in terms of these vari-
ables, show that the system is integrable. Find a relation between w; and wg which
ensures that all solutions are periodic in ¢, show this relation holds if w; = w9 and find
an additional first integral in this case.

(ii) Consider the Hamiltonian for motion of a particle of unit mass in a radially
symmetric harmonic potential on the plane

P2 p2 1
H2(¢)T7p¢ap7‘) = 27,:; + Er + 56027'2

in polar coordinates. Working in polar coordinates, and using the integral

/b“imdxzw(“;b_m), 0<b<a<oo,

find action-angle variables for Hy and show that all solutions are periodic in ¢.
Comment on the relation with part (i) of the question.

1.8. Consider the four dimensional phase space with coordinates (q,p) = (¢, 7, pe,pr)
and take as Hamiltonian:

Pi p2 a
H((bvrap(ﬁ?p'l‘) - ﬁ + ?T - ;

where « is a positive constant. Use the fact that d;H = 0 to show the existence of
two first integrals in involution and deduce that the system is integrable in the sense of
the Arnol’d-Liouville theorem. Show that on the level set M. = {H = ¢1,py = c2} the
coordinate p, can be written in the form:

where you should find 71, 75 explicitly. The coordinates (¢.py) = (¢, 1) already look like
an “action-angle” pair. Construct the remaining action-angle coordinates by considering

1

I = _— d
r=gs FTp q,

where I',. is the cycle on M, on which ¢ = const. Conclude that

a2

(| Iy + 1)

1.9. Let L(t) and A(t) be n x n matrices depending differentiably on ¢ € R, and such
that

H(¢a Tap(b?pr) = ﬁI(IdnL") =

— =L, A]. (1)

Show, without considering the eigenvalues/vectors of L, that tr(LP), p € N, does not
depend on t.

Show that if in (1) the matrix A is skew-symmetric (AT = —A) and L is symmetric
then both sides of the equation are symmetric.
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1.10. Write down the Hamiltonian equations for the Toda Hamiltonian for N particles
moving in one dimension, H = %Zjvzl p]z + Z;V;ll exp(qj — ¢j+1) and show that with

the definitions a; = %exp[(qj —¢j+1)/2] and b; = —%pj they are equivalent to

: i 2 2

aj = aj(bjr1 —bj),  bj=2(a; —aj_y). (2)
(Use the convention that gy = —00, e = 0,qn41 = +oo,e”WN+1 =0.)

1.11. Recall the Toda problem with N = 2 can be written as the Lax pair L = (B, L]

with
(b (0 a
(o i) p=(00):

Express the eigenvalues of L in terms of the total momentum p; 4+ po and the energy H,
check they are in involution. Obtain the general solution to the system.

1.12. Extend the Lax pair formulation of the Toda problem to general N, by considering
the tri-diagonal? N x N matrices whose diagonal elements are Lj; = b; and Bj; = 0 for
Jj =1,...N, and whose near diagonal elements are L; ;11 = Ljy1; = a;j and Bj 11 =
—Bjt1; = a; for j = 1,...N — 1. Show that the equations (2) are equivalent to
L = [B, L]. For the case N = 3 deduce that Fi = A\ + Ao+ A3, Fo = A\ da+ Aads + A A3
and F3 = AjAgA3 are all 1st integrals (where \; are the eigenvalues of L, which you may
assume to be real and distinct). Calculate Fy, Fy, F3 in terms of ay, ag, bibe, b3 and hence
show that I, Fy, F3 are in involution. * Prove the eigenvalues of L are real and distinct.

1.13 (*). Let g' be the flow associated with the Hamiltonian vector field Xy = JVH.
If £(0) = y, use Taylor’s theorem to show that:

Jy=y+tXu(y+o(t). (%)

Let D(t) = ¢'D(0) be a region in M evolving via the Hamiltonian flow and let Vol(t)
denote the volume of the region. By making the change of variables z(t) = g'y, where

y € D(0), show that:
>d2my

Vol(t) = / " = / det (83:,-
D(t) D(0) dy;

Using (%) and det(I + €A + o(€)) = 1 + etrA + o(e) for any matrix A, deduce that the
derivative of Vol(¢) vanishes at ¢ = 0. What is the value of the derivative at an arbitrary
t = t9?7 Deduce that the Hamiltonian flow preserves volume. This is known as Liouville’s
theorem and is an important result in statistical mechanics and ergodic theory.

2A tri-diagonal matrix is one whose only nonzero elements are either on the diagonal or nearest
neighbour to the diagonal.



