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Summary

0. Motivation

The study of Differential Equations (DE’s) is arguably the area of Mathematics which
has more applications to the real world. There are plenty of examples of their use in
Physics, but also in Chemistry, Biology, Economics, etc. Usually differential equations are
relations among quantities that change over time and/or space and therefore are relevant
to the study of the evolving universe, the weather, stock market, etc. Their study has also
lead to important discoveries in pure Mathematics.

N.B. This is very much a methods course. Emphasis is on understanding the main
concepts and applying them to the solution of differential equations rather than on the
formal aspects of the theory.

1. Basic Calculus

1.1 Differentiation and Integration

Derivatives

Define the derivative of f(x) with respect to = by:

df .. flx+h)- f(z)
P e h

Pictorially df /dx is the slope of the tangent to the graph of f(z) at the point x.
N.B. left and right-hand limits must be equal if f is differentiable (e.g. f(x) = |z| is not
differentiable at = = 0).

Notation

o _ N CAN

- = p— , - - =
dx _d:vf_f(x>’ de \dxr ) dz2

o and O symbols: Consider a function H(z) (usually H is the difference between two other
functions H = F(z) — F3(x) and measures the order of magnitude of the difference when
x approaches a particular point x — z):

H(z) =0(g9(x)) as x — xq if lim,_, ., % =0

H(z) = O (g(r)) as x — xo if limg 4, % is finite.
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Derivatives Rules
Chain rule: If f(x) = F[g(x)] then ﬁ — dF dg

dx dg dx
Product rule: If f(z) = u(z)v(x) then f/ = df =u'v+uv'.

Quotient rule: If f(z) = % then f/ = wo=u’

2

Leibnitz’s rule: If f(x) = u(z) v(z) then

d . -7 T
P S, w0

dx™
r=0

where "C, = (?) = —2

r (n—r)trl:
L’Hopital’s rule : Let f(x) and g(x) be differentiable functions at x = xzy and
lim, ., f(z) =lim;—,, g(x) = 0 then

YA T 1 C)

oo g(z)  a—s0 g'(7)

provided ¢'(zg) # 0. If both f/(z¢) = ¢’(x¢) = 0 then the rule can be applied again.

Taylor series

From the definitions of the derivative and the symbol o(x) we can write: f(x 4+ h) =
f(z)+ hf'(z) + o(h). We can extend this expression to:

Floth) = f@)+ b7 (@) + o @) b @) 4 B,

where FE,, = o(h") as h — 0. In fact E, = O(h"*1) as h — 0 provided f"+1) exists.
This is Taylor’s theorem. It can be expressed in an alternative form by substituting
T — xg,h — x — x( in the previous expression:

f(r)

(x — :)30)

F(x) = F(wo)+(@—a0) f(w0) ++ - -+ L £ (a5 Z

{EQ)T—{—En

This is Taylor series of f(x) about x = xg. It gives a local approximation to the function
f(x) in the neighbourhood of x = z(. If all derivatives exist, the series becomes: f(z) =

o (g . . s
Y om0 ! n(, o) (z—xo)™. Many known functions (sinx, e®, etc.) can be expanded in this way.
N.B. warning: not all functions have a well defined Taylor expansion e.g. f(z) = e~/ z?

does not have a Taylor expansion about = = 0 since the function and all its derivatives
vanish at x =0 .

Integration

An (definite) integral is a sum of the form:

b N—-1
|| fre = Jim 3 ) A

n=0



where Ax = b_T“ and x,, = a + nAx. Pictorially it represents the area under the curve

f(x) between the points z = a and x = b.
Fundamental Theorem of Calculus

Let F(z) = [7 f(t)dt. Then 4£ = f(x).

dx

To prove it use the definition of derivative dF/dx and [ x+h f(t)dt = f(z)h + O(h?)

when A is small. Also, from the chain rule: = fg(x) ft)dt = f(g(x)) ¢'(z).

Notation: [ f(z)dz = [ f(t)dt. This is an indefinite integral. N.B. the non-
appearance of a lower limit in the integral reflects the fact that an indefinite integral
is defined up to an arbitrary constant.

Integration Techniques:
Integration is an art and needs practice. Examples of techniques are:

Integration by substitution : If integrand is a function of a function [ f(u(z))u'dz it
is helpful to recognise the form of the chain rule to change variables from x to u.

Integration by parts: Using the product rule (uv)’ = uw'v + wv’, it is often convenient
to use [wv'dr =wv — [vu'dz if [vu/dr is easier to do than [ wv'dx. See examples.

Derivative and integral as operators

Both derivation and integration can be seen as the action of a linear operator that
takes one function f(z) into a different function g(z), that is % : f(x) — g(x) =
f'(x) and [* : f(x) — g(z) = [ f(t)dt. Both operators are linear, that means that
L{afi(z) 4+ Bf2(x)] = aLlfi(z)] + BL[f2(x)]. Where L is either derivation <= or integra-

tion fx and «, § are constants.
1.2 Functions of Several Variables: Partial Differentiation

Consider a function of two variables f(z,y). We are interested to find how this function
changes when we move in the z or the y directions. The partial derivative of f(x,y) w.r.t.
x, keeping y constant is defined as:

(ﬁ) ~ lim flx+dox,y) — f(z,y)
éx—0

oz ox

y
f(x1, 29, -, z,). Computing partial derivatives of a given function is straightforward (just
differentiate w.r.t. the corresponding variable treating the others as constants). Higher
o’f 0°f 9*°f 0°fF
0x2° 9y2’ dxdy’ Oydx "

Also <g—£> = lims, ! (x’y+5§/)_f (@Y) " This generalises to a function of many variables
x

order derivatives come in several combinations: It can be shown in

9%f _ 8%f

general that: D205 = Dydz

Notation We usually indicate which variables are being held constant but if no indi-
cation then assume everything is constant apart from the one variable w.r.t. which we

are differentiating. e.g. for f(x,y,z): <%> = <%> #* <%> . Alternative notation
Y,z y

f 81‘ ’ fxy Bxﬁy



Chain rule

We define the total differential df of a function f(z,y) as follows: Consider the vari-
ation of f from two neighbouring points: df = f(x + dx,y + dy) — f(x,y). In the limit
when both dx, dy — 0 this gives:
of L 0f

+

df = ox Oy

If both z and y define a path parametrised by t: x = z(t),y = y(t), then f(x(t),y(t)) is a

function of ¢ and
& _ofdz 0 dy
dt Oz dt Oydt’
This is the chain rule for a function of several variables. Often the parametrisation may

be Just x =t y = y(t), that is simply y = y(z). In this case the chain rule reduces to :

ar f 8f
dr ~— + oy d?;

Change of Variables
If it is needed to change variables, e.g. from Cartesian to polar coordinates x =

x(r,0),y =y(r,0) and f(x,y) = f (z(r,0),y(r,0)), then:
(5),-(3),(5),~(5). (),
(5).- (&), () + (). (%),

Implicit Differentiation

Consider F(x,y,z) = constant. This defines a surface in 3-D (e.g. a sphere z2 +
y? + 22 =1, a cone 22 + 3% = 22, etc.). It implicitly defines z = z(z,y) or y = y(x, 2) or
x = x(y, z). Even if it is not possible to explicitly solve for z as a functlon of z,y from F =
constant, we can use the chain rule to find (%)y as follows: (%)y = —|— %1; (gz) =0.

from which we can solve for (%)y.

Differentiation of an Integral w.r.t. a parameter
Consider the famﬂy of functions f(z,c) (parametrised by different values of ¢). Con-

sider the integral I(b,c) fo x,c)dr. From the fundamental theorem of calculus we
have (%)C = f(b,c). Also, from direct differentiation (—C) fo <8—’;) dx. Therefore, if
b=b(z),c=c(x), then

dI  dIdb OIde dv de [°[of
i

dx v Tacar T T 3

In particular, for I(z fo T,y dy, = f(z,z —|—f0 < x) dy.
y
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2. First Order Ordinary Differential Equations (ODE’s)

Definitions
A Differential Equation (DE) is an equation that contains derivatives of one or more
dependent variables w.r.t. one or more independent variables.
An Ordinary differential equation (ODE) contains only ordinary derivatives.
A Partial differential equation (PDE) contains partial derivatives.
The order of a DE is the highest order derivative in the equation.
A DE is linear if the dependent variable (and its derivatives) appears only linearly.
A DE is a DE with constant coefficients if the independent variable does not appear
explicitly.
A linear DE is homogeneous if y = 0 is a solution with y the dependent variable.

2.1 First Order Linear Ordinary Differential Equations

2.1.1 Homogeneous equations with constant coefficients
The most general first order, linear, homogeneous ODE with constant coefficients can
be written as:
Yy +ay =0

with o = constant. Recall: p
) = a (@)

this equation can be read as saying that e’ is an eigen-function of the differential operator
L = % with eigen-value A. Similar to standard finite dimensional eigen-vectors that are
transformed in a simple way by a linear operator. L keeps the functional form of the
exponential function unchanged and only changes the magnitude.

Remarks
* The exponential function y = e is a solution of the ODE above if A + o = 0
(characteristic equation).

* Since the ODE is linear and homogeneous, any multiple of a solution is a solution.
Then y = Ae™*" is a solution with A an arbitrary constant.

¥y = Ae” ™" is the most general solution, as it can be found by direct integration of
f % — _ [ adz. So there is only one independent solution e~** and all other solutions
can be obtained by multplication with A.

* The previous statement generalises to an nth order linear ODE that has n independent
solutions.

*

The constant A can be determined by applying boundary conditions, usually giving
the value of y at * = 0. If x =t = time this boundary condition is called an initial
condition.



Series solution
A useful method to solve DE’s is by series. If we assume the solution has a series

expansion
o [e.]
n / n
y:Eanx, y:Enanx,
n=0 n=1

we can plug this ansatz in the ODE 3’ + ay = 0 and determine the coefficients a,, by
equating the coefficients of each power of z to zero. The ODE above is solved if the
o _ (="

coefficients satisfy a,,+1 = — 79T On which when applied iteratively leads to a, = ~—

and therefore to y = ap Y o %x” = apge” **. Reproducing the most general solution we
had already found. This method will be useful in more complicated ODE’s.

ao

Discrete Equation
We can approximate the ODE vy’ + ay = 0 to a difference or discrete equation by just
approximating y' ~ #2= for a small h. The equation then becomes

Yn+1 = (1 - Oéh) Yn

which for negative « is like the equation for compound interest. To solve this equation, we
can apply this recurrence relation repeatedly (as it was done for a,, in the series solution):

Yn = (1 —ah)y,—1 = (1 — ozh)Qyn_g = =yo(l—ah)"”

oaxT

Taking the limit n — oo, (b — x/n) gives y(x) = yolim, .o (1 — )" = yoe~
ducing the continuous result.

“T repro-

2.1.2 Inhomogeneous equations with constant coefficients
The inhomogeneous or forced equation with constant coefficients is ' + ay = f(x).

Let us consider two illustrative cases.

(i) Constant Forcing. That is f(x) = 8 = constant. A technique to solve it is to spot a
particular steady (equilibrium) solution y = y,, = constant. Since y,, = 0 the solution
is easily found to be y, = #/a. To find the most general solution write y = y, + s
and substitute into the equation. Using the fact that y, satisfies the inhomogeneous
equation implies that y;, has to satisfy the homogeneous equation y; + ay, = 0, for
which we already have the general solution y;, = Ae™**. Therefore the most general
solution of the inhomogeneous equation is the sum of the particular solution y, and
yn: y = B/a+ Ae=**. Notice that y depends on one arbitrary constant A.

(ii) Eigenvalue forcing. Example: In a radioactive rock, isotope A decays into isotope B
at a rate proportional to the number a of remaining nuclei A and B decays to C' at a
rate proportional to the number b of remaining nuclei of B. The DE’s are then:

da db
a = —kaa % = k’aa — k’bb
the solution of the first equation is @ = age %! which we can plug in the second

equation to leave % + kb = kgape *«t. Note that the forcing is an eigenfunction of
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the differential operator of the LHS. So try a particular integral b, = ce~*a!. Plugging

into the equation we find ¢ = ,fb“%,g for ky, # k,. To find the general solution write
b = by, + by, where b, satisfies the homogeneous equation. This leads to the solution
b = Ij)af“]ge_kat + De T Assuming the initial condition b = 0 at t = 0 fixes

D = —1. Then we can easily find the ratio b(¢)/a(t) which allows a rock to be dated
from determining the relative proportion of certain istopes.

2.1.3 The General Linear First Order ODE
The general linear first order ODE (inhomogeneous, non-constant coefficients) can be
written as:

y +p(x)y = f(x)

To solve it multiply both sides by a function (to be determined) p(x) and determine pu(z)
such that the LHS is given by the product rule (uy) = py’ + p'y. this implies that u

satisfies 1/ = pup which implies we can choose y = RS Plugging this into the equation
leads to the general solution:

o) = | [ s

with the integrating factor (IF) p(x) = ef PdT N B. It is better to remember the method
than the solution.

2.2 Non-linear, First Order ODE’s

In general the nonlinear first order ODE is of the form:

Q(z,y)y + P(x,y) =0

This equation does not always have an analytic solution, so we will concentrate on classes
of equations that can be solved analytically.

2.2.1 Exact Equations
The equation Q(z,y)y’ + P(x,y) = 0 is an exact equation iff Q(x,y)dy + P(z,y)dz is
an exact differential df = %dw + g—ly[dy of a function f(z,y). comparing bith expressions

this means 5 5
o _,  Of _
ox oy
In which case the equation reduces to df = 0 and the solution is f = constant. From

2 ) o2 92 ) o : )
8—£ =P, 8—?’; = () we can see that 8y8fw = %—]; and axafy = 8—?. This implies g—lyj = a—g. N.B.

reverse implication: If %—ij = % throughout a simply connected domain D then Pdx+ Qdy
is an exact differential of a single valued function in D. If the equation is exact then the

solution can be found by integrating %—]; = g—g.

Q.

2.2.2 Separable Equations
The equation Q(x,y)y’ + P(z,y) = 0 is separable if it can be manipulated into the
form q(y)dy = p(z)dz in which case the solution can be found by integration.
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2.2.3 Graphical Methods
We may find information about the solutions of an ODE without actually solving it.
Graphical methods are very useful in this sense. Consider the equation

dy _ .

7 =9=r)

Flow vectors Can evaluate f(y,t) at particular values of y and ¢ and draw a small
arrow (flow vector) at that point with the slope determined by the value of f(y,t) = ¥
at that point. Then the curves joining the different arrows are solutions of the ODE.
Isoclines. These are curves for which f(y,t) = constant. Help to draw the flow vectors
and then construct the solutions. N.B. isoclines are usually not solutions of the ODE.
Fized points. These are points where y = 0 for all ¢ that means they are solutions of
f(y,t) =0 for all .

Stability A fixed point is stable if solutions converge toward it and wunstable if the
solutions diverge away from it.

Perturbation Analysis To determine stability suppose that y = a is a fixed point
of y = f(y,t), that is f(a,t) = 0. To determine if y = a is stable or not, write y = a + €(t)
ans substitute into the equation. Then € = f(a +€,t) = f(a,t) + eg—i(a, t) + O(€?). Then

€ ~ [g—ﬂ € which is a linear equation for €. It can be integrated. If ¢ — 0 when t — oo

then the fixed point y = a is stable, if € increases with ¢ then y = a is unstable.
Autonomous Systems If y = f(y) only (independent of ¢), then near a fixed point

y = a where f(a) = 0, we write y = a + €(t) which leads to é = [g—f;(a)] e = ke with

k = f'(a) constant. The solution is then € = ege**. So the fixed point is stable if f'(a) < 0
and unstable if f/'(a) > 0. If f’(a) = 0 the leading O(e?) terms must be considered.

Logistic Equation. A population dynamics model is described by the following
(logistic) equation:

= (a—PBy—vy*=ry (1— %) = f(y)
Where «, § are the birth and death rates and v measures the death rate due to fighting.
Here r = a« — # and Y = r/~. Notice that there is one fixed point y = Y which is stable.
When population is small §y ~ ry and population grows exponentially. Eventually a stable
equilibrium point is reached at y =Y.

Discrete Logistic Equation. Approximating v’ ~ (y,+1 — yn)/h and redefining
yn and the constants r, Y, the differential logistic equation becomes the discrete logistic
equation or logistic map :

Tnt1 = ATy (1 — )

This is a particular case of a general class of discrete equations x,+1 = f(x,). The fixed
points correspond to x,+1 = , that is they are the solutions of f(X) = X. Stability is
determined by writing z,, = X + €,. Then X + €,41 = f(X) + e, f"(X) + O(¢2). Then
ént1 ~ f'(X)e,. Fixed point X is stable if 1| < 1 which implies |f'(X)| < 1. For the
logistic map there are two fixed points X = 0 and X =1 —1/X. Since f/(X) = A(1 — 2X)
we can see that X = 0 is stable for A < 1 and X = 1 —1/\ is stable for 1 < A < 3.
For 4 > X\ > 3 there is an extremely rich pattern in which the solutions oscillates between
different points (solutions of x, 42 = x,, etc.) then leading to chaos.
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3. Higher Order Linear ODE’s

The general nth order linear ODE can be written as:
Ly= Y ar(@ly™ = f().
k=0

N.B. We will mostly concentrate on the case n = 2 for simplicity and the amount of ap-
plications since most equations of mathematical physics are of second order. The operator
L=3%", ak(x)% is linear. That is L(ays + By2) = aLy; + BLys. This immediately
implies that for f = 0, if y1,ys are two solutions of the above ODE then y = Ay, + By»
is also a solution. For f # 0 it implies that if y, is a solution then y = y, + y, is also
a solution, where y;, is any solution of the homogeneous equation (f = 0). This suggests
a method to find the general solution: first find the general solution of the homogeneous
equation (the complementary function y;) and then find one particular solution y, of the
inhomogeneous equation. The general solution will be the sum of both y = y;, + y,.

3.1 Constant Coefficients
we will start with the simplest case of a second order DE with constant coefficients

ay' +by' +ey=f

Recall that e*® is an eigenfunction of the operator -+ and hence it is an eigenfunction

dx
of j—;, etc. Then the complementary function can be written as y, = . Plugging
this into the DE gives rise to the characteristic equation for A: al®> + b\ + ¢ = 0. There
are two solutions of the characteristic equation A1, Ay giving two complementary functions
Y1 = eM?T, Yo = e*2® If Ay, Ao are distinct then Y1, Y2 are linearly independent and complete
(they form a basis in the space of solutions of the homogeneous equation). The general
complementary function is then y, = Ae*® + Be*?*. With A, B two arbitrary constants.
To determine A, B need to provide two boundary conditions (or initial conditions if the
independent variable is time), say yn(xo) and v}, (zo).
Examples
Nature of solutions depend on the roots of the characteristic equation.
1. Two different real roots. e.g. y"” — 5y’ + 6y = 0. Roots A\ = 2,3. Solution y, =
Ae?* + Be3®.
2. Two imaginary roots. e.g. i + wiy = 0. Roots A\ = dmiwg. Solution y = A cos(wot) +
Bsin(wgt). This is the simple harmonic oscillator with natural frequency wy.
3. Degenerate roots. e.g. y”" — 4y’ = 4y = 0. Roots A = 2,2. Then can only write one
degenerate linearly independent solution 3, = Ae?*. Need to find the second solution.
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Second complementary function
(i) De-tuning. Perturb the previous equation slightly, e.g. " — 4y’ + (4 — €?)y = 0 for

€ << 1. Roots A = 24 €. Taking appropriately the limit € — 0 gives y5, = e2*[a+ [z].
(ii) A product solution. Take y2(x) = v(x)y;1(z). For the equation above we know ; = 2%

plugging y» in this equation gives a simple equation for v(x): v” = 0, implying

v = Az + B and then y;, = Ce?* + Dxe?®.

This is a demonstration of a more general rule that if y;(x) is a degenerate com-
plementary function then ys(x) = xy;(x) is an independent complementary function, for
linear ODE’s with constant coefficients.

Particular Solutions

To find particular solutions y, of the inhomogeneous equation with forcing f # 0, a
simple method (undetermined coefficients) is to guess the form of y, to be of the same
functional form as f (e.g. f = €™ then take y, = Ae™” plug into the DE and determine
the value of A.). Remember equation is linear so we can superpose solutions and consider
each forcing separately (e.g. for f = 2z + @ take y, = ax + b + ce'®.).

Resonance

Consider jj + way = sin(wpt). We know that y, = Asin(wot) + B cos(wot) then the
standard guess y, = C'sin(wot)+D cos(wopt) satisfies the homogeneous equation and cannot
work. A detuning can also be done here by writing f = sinwt with w = wg — € and again
e << 1. A solution of the type y, = Csinwt can work now since w # wg. For € << 1 this
gives y, = —m [ cos(wo — §)t sin($)] For e << 1 this gives rise to beating which is an
oscillation of frequency close to wy with an amplitude modulated by an envelope given by
the sinet/2 of large frequency O(1/e). In the limit € — 0, we get y, = —(t/2wy) cos(wot).
This illustrates the phenomenon of resonance since the amplitude increases linearly with
t. In general if the forcing is a constant linear combination of complementary functions
then the particular solution is proportional to ¢ times the standard guess.

3.2 Difference Equations

Consider a higher order difference equation e.g.

aYnt2 + bYnt1 + cyn = fn

We can solve it in a similar way to differential equations by exploiting linearity and
eigenfunctions. The difference operator D[y,] = y,+1 has eigen-function y,, = k™ since
D[k"] = k™! = k- k™. To solve the difference equation above first find complementary
functions satisfying the homogeneous equation (f, = 0). Try vy, = k™ which leads to the
characteristic equation ak? + bk + ¢ = 0 with roots ki, ks. The complementary function
is ygh) = Ak} + BEkY for ki # ko. If ki = ko the second solution is of the form nkf.
For particular solutions again look for yr(Lp ) similar to fn (for fr, = k"™, k # ki, ko try

y,(f’) = Ck", if k = k1 try y,(f’) = Cnk7}, etc.). See example for Fibonacci sequence.
3.3 General nth order Linear DE

Restrict mostly to second order, e.g.:
y' +p@)y +aq(z)y = f(z)
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3.3.1 Phase Space and the Wronskian

A differential equation of nth order determines the nth derivative y(™)(z) and hence
all higher derivatives in terms of Y (z), y/(x) - - -y(»~ 1 (z). Can think in terms of a solution
vector: Y(z) = (y,y',- -,y 1) defining a point in a n-dimensional phase space. Two
solutions of the second order ODE 1,y are independent if their corresponding vectors
Y; and Y5 are linearly independent. That means that the Wronskian:

Y1 Y2
W(z) = det (yi yé) #0

Warning: the opposite is not always true, 7.e. W = 0 does not imply linear dependence.

Abel’s Theorem For the homogeneous equation y”+p(x)y’+q(x)y = 0, if p and ¢ are
continuous then either W = 0 or W # 0 for any value of x. Actually W = Wy exp(— [ pdx).

To prove this consider W’ and use the fact that y, y2 satisfy the ODE which leads to
W’ = —pW and solve for W.

Find a second solution. If we know one solution of the second order ODE and
knowing the Wronskian from W = Wy exp(— [ pdx) we can find the second solution ys.

For this just notice that W = y%% and integrate to give yo = y1 [(W/y?)dx. See
examples, especially the Cauchy-Euler equation (homogeneous in z): ax?y” +bxy'+cy =0

with solutions y = z*.

3.3.2 Variation of Parameters
This is a second method to find particular solutions of ODE’s (the first we mentioned
before was the undetermined coefficients guess for y,). Let yi(x),y2(x) be linearly in-
dependent complementary functions of the ODE y” + p(x)y’ + q(x)y = f(x). Since the
corresponding solution vectors Y1, Yo form a basis of the solution space, we can write a
particular solution as:
Yo =u(z)Y1(x) + v(z)Y2(x)

Plugging this into the ODE leads to yju'+y5v" = f(x). Also from knowing that the second
entry of Yy, is the derivative of the first entry we get y3u’ + y2v” = 0. Therefore

(3 DO
yioya ) \V f
From which we can solve for u' and v’ as v’ = —¥2 f and v' = # f. This method is more

systematic than the undetermined coefficients and applies to the case of non-constant
coefficients. However it is often difficult to integrate ', v’ to find u,v. See examples.

3.3.3 Important Physical Systems

Let us consider three classes of physical systems that can be described by second order
ODE’s.

A. Transients and damping

In many physical systems there is a restoring force and a damping (e.g. car suspension
system). Newton’s second law applied to a system like this is M# = F — kx — & where
M is the mass of the object, F' is the applied force —kx is the restoring force as in a
spring (Hooke’s law) and —[7 is a damping term (the shock absorber in the car). Another
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system that leads to the same equation is an RLC electric circuit in which the dependent
variable is @ instead of z. By a suitable change of variables ¢ = 7,/M/k this equation

becomes i + 2k + x = f(7) where x = 1/(2v/kM). Then there is a single parameter x
determining the properties of the system. Consider first the free natural response f = 0.
The characteristic equation gives A1 2 = —k£+vk? — 1. So we have three regimes according
to k being smaller, greater or equal to 1.

(i) For k < 1 the solution of the homogeneous equation is z = e *"(Asin V1 — k27 +
Bcos /1 — k%7). This is a damped oscillator with decay time (time that takes the am-
plitude to decrease by 1/e of the original value) O(1/k) and period T = 27 /v/1 — k2.
Notice that the damping (k # 0) increases the period. As k — 1 the oscillation period
T — oo.

(ii) For k = 1 (critically damped) the solution is xp, = (A+ B7)e™ " with the amplitude z
increasing at early times before reaching a maximum value at a critical value 7 = 7.
and start decaying exponentially with decay time O(1).

(iii) For x > 1 (over-damped) the solution is & = Ae~("+V#*=D7 4 Be=(k=Vr*=1)7  Pog
sible to get a large initial increase in the amplitude followed by a slow decay (decay
time O(1/(k — VK2 — 1)).

For the forced system (f # 0) the complementary function determines the short
time transient response while the particular solution determines the long-time, asymptotic
response. e.g. for f(7) = sinT the total solution x — — cos7/2k as 7 — 0.

B. Impulses and Point Forces

Consider a ball bouncing on the ground. For a very short amount of time t € (T'—e, T+
€) for a time T and € << 1, there is a force F'(t) exerted by the ground on the ball. Since
this force acts for a time of O(e) much less than the typical time of the system (between
say dropping and getting back the ball), it is convenient mathematically to imagine the
force acting instantaneously at t = T, i.e. consider € — 0.

Newtons second law applied to this system is m& = F(t) — mg where m is the mass of
the ball and g the gravitational acceleration. Integrating this equation between 7" — € and

. T+e T+e
T + € gives [m‘fi—ﬂT_E . F(t)dt

is the area under the force curve and is the only property of F(t) that influences the

macroscopic behaviour of the system. This leads us to consider mathematically a family of
functions D(t; €) such that lim._o D(t;€) = 0 for all ¢ # 0 and lime_¢ [, D(t;€)dt = 1. a

typical example is D(t; €) L_¢~t*/¢ Note that as e — 0, D(0;€) — oo so lim._g D(t;€)

:m

is not properly defined. Nevertheless we define the Dirac delta function by:

=1+ 2mge — I, as ¢ — 0, where the impulse [ =

d(x) = lim D(z;e€)

€E—>

with the understanding that we can only use its integral properties. e.g.

(e @] oo

/_OO f(x)d(z)dx = !E)I(l) f(x)D(x;€)dx = f(0) lim D(x;e)dz = f(0)

—
— 0o € 0 — 00

provided f(z) is continuous at z = 0. This gives a convenient way of representing and
making calculations involving impulsive or point forces. In the bouncing ball example
Newton’s equation can be written as mi& = —mg + [5(t — T"). See examples.
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C. Switching on and/or off
Define the Heaviside step functionby H(x) = [ §(u)du which gives H = 0 for z < 0

and H =1 for x > 0. Then ‘fi—il = §(z). We can independently verify this by:

/ H' fdz = [Hf]™ / Hf'dw = f(o0) — /Ooof’dw=f(00>—[f(oo)—f(0>]=f(0)

Hlustrating that H'(x) behaves like d(x). But remember these functions and relationships
can only be used within integrals. The function H (x) is useful for switching problems such
as the electric circuit example.

3.4 Series Solutions

Consider the differential equation

p(x)y" 4+ q(x)y’ +r(z)y =0

The point x = x( is an ordinary point of this DE if ¢/p and r/p have a Taylor expansion
about = x( (in particular if these ratios are not singular at x = xg). Otherwise = = xg
is a singular point. If x = xq is a singular point but g(z — z¢)/p and r(x — x¢)?/p have
Taylor expansions about = = zo then xq is a regular singular point (rsp).

If zg is an ordinary point then the DE above has two linearly independent solutions

of the form: -
y = Z an(x — 20)"
n=0

which converges in some neighbourhood of zy. If xg is a regular singular point then the
DE has at least one solution of the form (Froebenius series):

y = Z an(x —20)"T7, ag #0

n=0

for some o to be determined. This is known as Fuch’s theorem. To find an explicit solution
means to find all coefficients a,, and . This is done by plugging the series in the DE.
Examples
We consider three examples that illustrate the main distinctive cases.

1. Legendre’s equation is (1 —xz2)y” —2zy'+1(I+1)y = 0. it is easy to see that x = 0 is an
ordinary point an that x = 41 are regular singular points. We can look for solutions
about the x = 0 point for which we expect two independent solutions. Plugging the
series in the DE we find: > 77 jn(n — 1)a,z" 2 = > 2 (n — 1)(n + 2)a,z™ = 0. By
changing n — n — 2 in the second sum we get the same powers of x in both sums and
then can set each coefficient of ™ to zero. This gives the recurrence relation: n(n —
)a, = (n — 3)na,—2. For n =0 this gives 0-ap = 0 (since a_1 = a_y = 0) implying
ap is arbitrary. Similarly for n = 1 we have 0 - a; = 0 implying a; is also arbitrary.
For n > 1 we have a,, = (" ‘I’)an 2 and so the solution is y = ag(1 — — )+ aqx.

N.B. a¢ and aq provide the two independent constants needed.
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2. Expansion about a regular singular point. consider the DE: 4zy’+2(1—22)y’ —zy = 0.
The point # = 0 is a rsp. Then the solution should be of the form y = 3 a,z""°.
Plugging this into the equation gives (n 4+ o)(n + o0 — 2)a, — (2n+ 20 — 3)ap—2 =0
for n = 0 we have the indicial equation: (20 —1) = 0 with two roots ¢ = 0,1/2. For
each value of o we find that now a; = 0 and aq, = %a%_g for o =0 and a9, =
%@H for o = 1/2. The solution is y = ag(1+22/12+- ) +af(1+22/10+- - )
where now the two arbitrary ag’s provide the two independent constants needed.

3. Expansion about a rsp with roots of indicial equation differing by an integer. Consider
x%y"” —xy = 0. In this case z = 0 is a rsp but the indicial equation gives o = 0, 1. For
o =1 we find ag arbitrary and a,, = ap—1/(n(n+1)). For 0 =0 we find 0-ag =0
but 0-a; = ag. So either get a contradiction or have ag = 0, ay arbitrary, with
an = ap_1/(n(n — 1)) reproducing the same solution as the o = 1 case. To find a
second solution, use the Wronskian or use the ansatz y» = y1lnx + ) b,x" . See
question 4 of example sheet 4 for a justification of this ansatz.

3.5 Systems of Linear Equations

Consider two dependent variables y;(t), y2(t) with the coupled DE’s: ¢; = ay; + by +
fi(t), and 9o = cy1 + dy2 + f2(t). This system of equations can be written in a matrix

form
Y = MY +F, where Yz(yl), M:(a b), F:<f1)
Y2 c d P

differentiating the first of these equations and using both equations to eliminate yo, 1o we
can see that this system is equivalent to one second order DE of the type y1+ Ay +By; = F.
Conversely, a second order ODE of this type 4+ Ay + By = F' can be reduced to a system
of two first order ODE’s by setting: y1 = y,y2 = ¢ then 91 = ys and 3 = F'— Ay, — By is
a system of two coupled first order ODE’s. In general any nth order ODE can be written
as a system of n first order ODE’s.

Solving a System of n First Order ODE’s

Consider the matrix equation Y — MY = F. The complementary function can be
written as Y = veM where v is a constant vector. Plugging this into the equation gives
Mv = Av. This means that v is an eigen-vector of M with eigen-value A. X is then
determined by the characteristic equation det(IM — AI) = 0. For a system of two equations
this immediately gives the solution of the homogeneous equation as (for A\; # A\g ):

Yy, = AVle)\lt —+ BV2€>\2t

(N.B. For Ay = Ay = X and one single independent eigen-vector v the second complemen-
tary function can be found of the form vte* + ue** where (the generalised eigen-vector) u
satisfies (M — AI)u = v). For a particular integral of the inhomogeneous equation try as
usual Y, of the same form as F(t), unless F(t) is similar to the complementary function.
In that case we have to proceed in a way similar to the resonance examples before but
taking into account the direction of F. For instance if F = e**(avy + bvy) the ansatz
should be Y, = e*1!(Ctvy + Dva). See examples.
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Mathematical Tripos Part IA 2007
F. Quevedo

DIFFERENTIAL EQUATIONS
Summary Chapter 4

4. Partial Differential Equations (PDE’s)

This chapter retakes the study of multivariable functions, first exploring the existence
of stationary points and then giving the elements of partial differential equations.

4.1 Directional Derivatives, the Gradient and Stationary Points

Let us consider a function of two variables f(z,y) and study its change under the
displacement ds = (dz, dy). We know from section 1.2 that:

of af of of
df = ——dx+ —dy = (dz,dy) - (==,=) =ds -V
i/ oz " dy y = (d, dy) <8x’8y) s-Vf
Where V f = (—g£ , —gi ) is the gradient of f, (Vf = grad f) written in cartesian coordinates.

If we write ds = ds§ where |$| = 1 then % = §- Vf. This is the directional derivative of
f in the direction of s.

N.B. The operator V = (-Z,-2) takes a (scalar) function f into a vector Vf. Tt

oz dy
. d o
can also act on vectors v = (vg,vy) as V- v = divv = 88”; + aLyy which is a scalar

function, constructed in way similar to the standard scalar product of vectors, known as
the divergence of v. It may also act as V x v = curlv which (in three dimensions) is a
vector with components (V xv), = %”yz - %Lzy, constructed in a way similar to the standard
cross product.

In general, the gradient can be defined by the expression % =5-Vf =|Vf|cosb
where 6 is the angle between V f and 8. From this simple expression we can extract three
important properties of the gradient:

(i) V[ has magnitude equal to the maximum rate of change of f(x,y) with distance in

the (z,y) plane (cosf = 1).

(ii) Vf determines the direction in which f increases most rapidly (0 = 0).
(iii) If ds is a displacement along a contour of f then % = 0. This implies §- Vf = 0 and
then V f is the direction orthogonal to the contour.

Stationary points

There is always one direction in which % = 0 namely parallel to the contours of f.

But local maxima or minima have % = 0 for all directions. This implies § - Vf = 0

for all § and then Vf = 0. In Cartesian coordinates this is % = 0, g—?’; = 0. Points
for which Vf = 0 are called stationary points. They can be maxima, minima or saddle
points (minima in some directions and maxima in others). To determine the nature of a
stationary point we need to have an explicit expression for the Taylor series expansion for

a multivariable function.
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Taylor series for multivariable functions
Let us consider the displacement x = xg + ds. In two dimensions: (x,y) = (zo,yo) +
(6x,0y). The Taylor series expansion of f(z,y) about the point (z¢,yo) can be written as:
f(z,y) = ap + a1 6x 4 by Sy + as 6x2 + by 6y* + codady + - -

Similar to what we did in section 1.2, we can determine the parameters ag, a1, by, by
evaluating f and its partial derivatives at the point (xp,yo). This implies:

f(X) = f(XO) + s - Vf(xo) + %5571 . H(xo) S+ .-

Where, in two dimensions:
fya Sy

is the Hessian matriz, with clear generalisation for higher dimensions. N.B. det H = |H] is
called the Hessian. Also TrH = V2 f is the Laplacian of f. In 2-dimensions and Cartesian
coordinates V2f = f,, + fyy, With a clear generalisation to higher dimensions.
Classification of Stationary Points
If x = xg is a stationary point V f(x¢) = 0 and so: f(x) ~ f(xo) + %557’ -H - ds. At
a minimum ds’ - H - §s > 0 for all §s, we say that H is positive definite. At a maximum
6sT -H - s < 0 for all ds, we say that H is negative definite. At a saddle point H is

indefinite. Since H is symmetric, it can be diagonalised, so (in a suitable basis of principal
axis (1, x2)):
osT - H - 6s = (21, 22) A 0 1) = A 22 4 A2
1,42 0 )\2 To 141 242

With a clear generalisation to higher dimensions. This implies that H is positive definite
(minimum) if all the eigenvalues are positive and negative definite (maximum) if all the
eigenvalues are negative. Otherwise it is undetermined (saddle).

Criterion for Definiteness

The signature of H is the pattern of signs of the sub determinants

lefa:am H2:det<fxx fmy))u.

fyw fyy
H is positive definite (minimum) <= signature of H;’s is +,+,- -, +.
H is negative definite (maximum) <= signature of H;’s is —, 4+, —---, (=)™

H is indefinite (saddle) otherwise. See example.

Contours of f(z,y)

From f(x) ~ f(xo0) + %5ST -H - §s we can see that for contours of f (f = constant)
then 6s” - H-ds ~ constant. This implies that in the diagonal basis (71, x2), A\1 3 + \ox3 ~
constant. For maxima or minima Aj, Ao have the same sign and this equation defines
ellipsis. For a saddle A\, Ao have opposite sign and then \jx? + X\ox3 ~ constant define
hyperbolae. Therefore close to minima and maxima the contours are eilliptical and close

to saddle points they are hyperbolae, including the crossing contours corresponding to the
straight lines o = £4/|A\1/A2] 21.
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4.2 Elements of Partial Differential Equations

Let us start discussing the basic ideas to solve partial differential equations by con-

sidering simple examples.

B(z
1.

Simple Examples

The general first order linear PDE for a function of two variables y(z, t) is: A(x,t) % +

)W 4 O(x,t)y = D(, t)

If A =0or B = 0 then this is similar to an ODE and can be solved with the
techniques we have learnt for ODE’s, e.g. y, = ax can be integrated immediately to
give y = &?/2+ B(t). The main difference with an ODE is that instead of finding the
solution up to an arbitrary constant this solution depends on an arbitrary function

B(t).

A less trivial example is the first order wave equation: % =c 8y Recall from section
1.2 that along a path z(t): % = 8t - gz 4% This implies that dy = 0 (y = constant)
along paths ‘fi—’tj = —c for which x + ¢t = x( (constant). Slnce x + ¢t = xg implies

y = constant then the solution is y = f(z + c¢t). The contour lines x + ¢t = xq are
the characteristic lines of the PDE. Again the general solution is given in terms of an
arbitrary function f now as a function of x+ct. This function can be fixed by imposing
initial condition, e.g. y(x,0) = 22 — 3, this implies that f(z) = 22 — 3 and then the
solution for all tis f = (z+ct)?—3. Another way to find the solution is to perform the
change of variables u = z+ct, v = x—ct which implies y, = yu+ Y, Yyt = ¢(yu —yo) and
then the differential equation becomes y,, = 0 that has a solution y = f(u) = f(x+ct).
In this way identifying the characteristic lines helps to determine the proper change
of variables.

. We can also consider an inhomogeneous equation hke Y +5 8y = et Since it is

linear it shares the same property as linear ODE’s for Wthh the general solution is
the general solution of the homogeneous equation y; plus a particular solution y,.
From the previous example we can solve for y,: y, = f(x — 5¢t). A particular solution

can be found as y, = y,(¢) which when substituted in the equation gives y, = —e™*,

then y = f(z — 5t) — e~ t. Imposing the initial condition y(z,0) = e~ implies
f(x)—1=e""" and so the solution is y(z,t) = e~@=50" — =t 4 1.

2 2
Second order wave equation: % = 02%. This can be written as (& + c¢2)(& —

ca%)y = 0. Since these two operators commute and each would give a first order wave
equation, we can immediately write the two solutions for this equation y; = f(z +
ct),y2 = g(x —ct). From linearity we find the general solution y = f(z+ct)+g(x —ct).
A more explicit way to arrive at the solutions is by the same change of variables we
used for the first order wave equation © = x + c¢t,v = = — ct from which we have
Yoz = Yuu + 2Yuv + Yoo; Yt = ¢ (yuu = 2Yuv + yvv)- Plugglng this into the equation
gives Y, = 0 which has the general solution y = f(u) + g(v) = f(z + ct) + g(x — ct).
With the initial condition y = 1/(1+2%),y: =0 at t = 0 and y — 0 as x — F0o0
we find 2f =29 = 1/(1+ 22) and 2y = 1/(1 + (z + ct)?) + 1/(1 + (x — ct)?). Which
correspond to two wave packets, one moving to the left and the other to the right in
the x direction.
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5. Diffusion Equation: %—1; = k‘giig. Here T is temperature and k£ a constant known
as diffusivity. Suppose that T'(xz,0) = 0,7(0,t) = H(t) with H the Heaviside step
function. Then we can find a solution of the form T'(z,t) = O(n) with n = z/(2Vkt).
substituting this in the equation gives 0" + 21n0’ = O with solution © = Ae~"" and

then © = A'erfn + B where erf(n) = (2/y7) [} e ~2"dz is the error function. Since
erf(n) — 1 as n — oo we find T = 1 — erf(x/v4kt).

4.3 Some General Aspects about PDE’s

Importance of Boundary Conditions

The existence and uniqueness of solutions depend very much on the boundary condi-
tions. For instance a first order linear PDE for y(z,t) will have a well defined solution in
a region if proper boundary (initial) conditions are given along a curve in the z — ¢ plane
as long as the curve is not a characteristic (contour) line. A proper study of boundary
conditions is beyond the scope of these lectures and will be covered in future courses.

The Laplacian and Important PDE’s in Physics

Our physical world has at least three spatial dimensions x,y, z and time ¢. Physical
quantities vary at different points of space and time and are therefore functions f(z,y, z,t)
satisfying PDE’s. Most of the important equations in physics are second order PDE’s
involving the Laplacian V?¢. The importance of the Laplacian may be inferred by taking
the Taylor expansion of the previous section and compute the average of the function f(x)
in a small cube of side 2a centred at xo. The average of f is (f) = (1/(24)%) [*_ fdzdyd=.
Since [ xzdz = 0, it is easy to see that this gives (f) = f(xo) + (a 2/6)V2f. Therefore
V2f ~ (6/a®)({f)—f(x0)) implying that the Laplacian measures the difference between the
average value of the function and its value at a point. Laplace equation V2 f = 0 satisfied by
electric and gravitational potentials (potential theory), fluid flow and stationary heat flow.
It says that the potential equals its average value at a point so it cannot increase or decrease
in all directions. Poisson’s equation V2f = p. Satisfied by electric and gravitational
potentials in presence of charge or matter density p. It tells that the difference between
the potential and its average in a neighbourhood is proportional to the charge or mass
density. The Wave equation *V2f = f applies when the acceleration f is proportional
to the difference between the position and its average value (Hooke’s law). The Diffusion
equation V2f =k f states that the rate of change of the temperature is proportional to the
difference between the temperature and its average value (Newton’s law of cooling), etc.

Connection to ODE’s We may wonder how relevant after all was to study ODFE’s if
the most relevant equations are PDE’s. However there is a technique known as separation
of variables in which the solution for a PDE is assumed to have the form f(z,y,z,t) =
X ()Y (y)Z(2)T(t) when plugged back into the PDE this reduces to an ODE for each of
the functions X,Y, Z, T. For instance for ¢?f,, — fis = 0 the ansatz f(z,t) = X (2)T'(t)
leads to ¢>X” /X = T/T since LHS is a function of only z and the RHS is only a function
of ¢ then both have to be constant, leading to two ODE’s which can be solved immediately
(simple harmonic motion in each case). This technique is surprisingly powerful. Applying
it to the PDE’s above in Cartesian, spherical or cylindrical coordinates leads to some of
the famous ODE’s we have seen (like the Legendre’s, Bessel’s and Laguerre’s equations,
etc.). This is a subject that will be further studied in much detail in the Methods course.
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