THE SCIENTIST DOES NOT STUDY NATURE BECAUSE IT IS USEFUL;
HE STUDIES IT BECAUSE HE DELIGHTS IN IT, AND HE DELIGHTS
INITBECAUSE IT IS BEAUTIFUL. IF NATURE WERE NOT BEAUTIFUL,
IT WOULD NOT BE WORTH KNOWING, AND IF NATURE WERE NOT
WORTH KNOWING, LIFE WOULD NOT BE WORTH LIVING.

HENRI POINCARE, SCIENCE AND METHOD, 1908
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Preface

Physics and Biology have been intertwined since the dawn of mod-
ern science, from Antony van Leeuwenhoek's use in 1700 of ad-

vanced optics to reveal the hidden world of microscopic life, 1 to lvan Leeuwenhoek, A. IV. Part of a
Bonaventura Corti's 1774 discovery of the persistent uid motion letter from Mr. Antony van Leeuwen-
L. . 5 , hoek, concerning the worms in sheeps
inside large eukaryotic cells,~ Robert Brown's 1828study of random livers, gnats, and animalcula in the ex-
motion at the microscale® and Theodor Engelmann's determination crements of frogs. Philos. Trans. R. Soc.
, . o 22:509-18, 1700
in 1882 of the wavelength dependence of photosynthetic activity. 4 . - .

. o . . 2B. Corti. Osservazioni Microscopische
Although at the time it might have been dif cult to de ne the precise sulla Tremella e sulla Circolazione del Flu-
disciplines of each of these scientists—perhaps they were all “natural ido in Una Pianta Acquajuola Appresso

. R . . . . Giuseppe Rocchi, Lucca, Italy, 1774

philosophers'—in hindsight we can see clearly the way in which their ,

. L. . . . . . 3Brown, R. XXVII. A brief account of
discoveries impacted both biology and physics. Despite this long his- microscopical observations made in the
tory of discoveries at the boundary between the two elds, and the months of June, July, and August, 1827
. ble fund tal tributi to both discipli th on the particles contained in the pollen
innumera e. undamental con I’.I u pns (o} o- |SC|p.|ne.:s.over . g of plants: and on the general existence
long arc of time, the eld of biological physicas a discipline within of active molecules in organic and in-

the research enterprise of physics has only risen to great prominence i’g;”ic bodies.  Philos. Mag, 4:161-73,

since the postwar era, particularly since the mid 198Gs. We are now “Engelmann, TW. Ueber Sauerstof-
at the point that most academic physics departments have an iden- fausscheidung van Pfalnzenzellen im
ti able group in biological physics alongside those in high energy, Zﬂégr_gzpig;m' Pger, Arch., 27
condensed matter, atomic and astrophysics.
As a subject, biological physics is in a much earlier stage of devel-
opment than the traditional ones found in physics or applied mathe-
matics curricula. This makes it an exciting eld in which to work, but
also poses challenges for students and faculty, as there is no univer-
sally accepted canon to follow. Instead, each lecturer has had to cob-
ble together concepts and presentations from a number of disparate
sources to arrive at a syllabus. These lecture notes have been de-
veloped very much in that spirit. They derive from several master's
level (Part Ill) courses taught by each of us, sometimes in collabora-
tion with Prof. Ulrich Keyser of the Cavendish Laboratory. We have
attempted to strike a balance between coveragedepth and pedagogy
in order to address —in the 24 lectures of a Cambridge term—topics
in biological physics that cover length scales from the molecular to
the terrestrial. We presume no prior exposure to the subject, but
assume familiarity with the basic ideas of statistical physics, elec-
tromagnetism, nonlinear dynamics, and uid mechanics. As this is
primarily a course for Part Il students in the mathematical Tripos,
the presentation often includes digressions into the applied mathe-
matical aspects of the problems at hand.
We have organised the topics covered by these notes roughly in or-
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der of increasing length scales, from the basic molecular forces that
govern the cohesion and interaction of molecules and supramolecu-
lar assembles, the elastic properties of laments and membranes, the
role of thermal uctuations in their conformation and interactions,
on to cellular motion, chemical kinetics and pattern formation. Our
approach is to give a sampling of the phenomena and their analy-
sis at each of the length scales of interest. Even with the goal of
brevity in mind, it is likely that covering all of these notes in 24 lec-
tures is a challenge. For further readings, we refer the student to
a number of excellent textbooks that have appeared in recent years
covering various aspects of biological physics® and physical biology, ©
as well as more specialized works on elasticity. ” Much motivation for
the physicist's approach to biology comes from D'Arcy Wentworth
Thompson's classic book® and we recommend highly the classic text
on applied mathematics by Lin and Segel.® Where possible, we have
included references to the original, often old literature, in the belief
that reading such scienti ¢ works is highly worthwhile. 10

Associated with these notes is a set of Examples Sheets. In many
places throughout the text we have deliberately left out certain cal-
culational details to encourage the reader to Il them in. At the
same time, we have taken pains to explain in a fair amount of detail
the ins and outs of various key calculations. While we emphasize
analytical calculations throughout the text, there are many contexts
in which numerical work is an important adjunct to those calcula-
tions, whether for something as simple as understanding the detailed
shape of a function, nding the roots of a transcendental equation,
or to solve a nonlinear PDE to understand its global behaviour. To
that end we have provided a series of simple Matlab programs for
these various tasks, named according to the gure(s) produced by
them. In addition, we have organized the references so that clicking
on the author namedinks to a collection of pdfs of all of the references
(apart from books), while clicking on the article title takes one to the
original journal article.

These lecture notes are meant to be a living document, easily
changed in response to comments and corrections suggested by stu-
dents and colleagues who use them, and also able to expand over
time to cover more topics in biological physics. We can already see
the possibility of chapters on population biology, systems biology,
taxes (chemotaxis, phototaxis), a more in-depth treatment of elastic-
ity, and computation.

We are grateful to George T Fortune for a careful proofreading
of this entire set of notes, and to Rob Phillips and Tom Powers for
encouragement and very helpful perspectives on the notes. Any re-
maining errors or omissions are of course our own, and we look for-
ward to hearing from users of these notes of any further corrections
or suggested modi cations.

R E Goldstein and E Lauga, October 2023

5P. Nelson. Biological Physics: Energy,
Information, Life  Chiliagon Science,
Philadelphia, PA, student edition, 2020

®R. Phillips, J. Kondey, J. Theriot, H.G.
Garcia, and N. Orme. Physical Biology of
the Cell Garland Science, Boca Raton,
FL, 2nd edition, 1998

”B. Audoly and Y. Pomeau. Elasticity
and Geometry: From hair curls to the non-
linear response of shell©xford Univer-
sity Press, Oxford, UK, 2010

8D.W. Thompson. On Growth and Form
Dover Publications, Mineola, N.Y., the
complete revised edition, 1992

9C.C. Lin and L.A. Segel. Mathematics
Applied to Deterministic Problems in the
Natural SciencesMacmillan Publishing
Co., Inc., New York, 1974

1 Goldstein, R.E. Coffee stains, cell re-
ceptors, and time crystals: Lessons from
the old literature. Phys. Today71:32-38,
2018



1
Overview (Lecturel)

1.1 Length scales and methodologies

The eld of biological physics covers phenomena spanning an enor-

mous range of length scales. Historically, there was great emphasis
placed on the cellular scale of microns,! but as the eld broadens
to include problems ranging from neuroscience to development and

even ecology, that range now extends to kilometers (Fig. 1.1).

In this course we will study methods to quantify the physics of
living systems on many of these scales. While many of the underly-
ing properties of the components of cells, tissues, and organisms can
be described by molecular physics and its continuum generalisations,
life is inherently out of equilibrium and characterized by "noise" from
many sources. At the smallest scales—from nanometers up to hun-
dreds of microns—equilibrium thermal uctuations may be domi-
nant, but even there, and certainly at larger scales, descriptions must
incorporate such features as biochemical uctuations within single
organisms and organism-to-organism phenotypic variability. Thus,
the mathematical methods utilized here include not only equilibrium
statistical physics, but also deterministic and stochastic ordinary and
partial differential equations of various types. In addition, many of
the important questions in biological physics involve understanding
the time-dependent geometry of living matter and its constituents.
In order to make these notes self-contained we have included where
appropriate some background material on differential geometry and
geometric evolution, and provided references to more complete treat-
ments in the literature.

1Berg, H.C. and Purcell, E.M. Physics of
chemoreception. Biophys. J.20:193-219,
1977

Figure 1.1: The range of length scales
considered in these notes and a sam-
pling of the living systems of interest.
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One of the key lessons of applied mathematics is the importance of
proper rescaling of the governing equations to reveal the relevant (di-
mensionless) control parameters that determine the behaviour. Not
only is this good practice in solving problems, it also promotes a
point of view that focuses on the size of the parameter space and the
scaling laws that underlie a given phenomenon. It serves to make
clear the conclusions of models in interdisciplinary collaborations. 2

A corollary to the above is that, in biological physics, numbers
matter. That is to say, gaining an intuitive feel for the typical sizes of
things, energy scales, and time scales is very important in building
a quantitative picture for a given problem. But what system of units
should we use? Many physicists and applied mathematicians have
been educated to use the MKS system, but its use can lead to very
awkward numbers; take for example the bending modulus k¢ of a
cell membrane, whose typical value might be 4 10 20 N m, thus
having the units of energy. We shall see that the typical forces on the
cellular scale are picoNewtons (pN), and with typical sizes of molec-
ular constituents being nanometres (nm), the scale pN nm is more
appropriate, for then ke 40 pN nm. And, most importantly, with
the Boltzmann constant kg = 1.38 10 23N m/K and the absolute
temperature T = 300K, thermal energy kgTis 4 10 2IN mor

keT' 4pN nm. (1.2)

Thus, concisely, the bending modulus is kc  10kgT.
Table 1.1 collects the rst set of physical quantities that will appear
in these notes. Other tables will follow as we develop the subject.

2Goldstein, R.E. Are theoretical ‘re-
sults' results? eLife 7:e40018 2018

guantity symbol/de nition  value alternate units
viscosity of water m 0.0lg/cm s (1cP) 0.001kg/m s
density of water r 1g/cm 3 10% kg/m 3
kinematic viscosity of water n 0.01cm?/s 10° nm?/s
dielectric constant of water e 80
acceleration of gravity g 10m/s 2 10" nm/s 2
size of a bacterium major axis (1 3) 10 “4cm 1 3mm
size of unicellular algae radius 5 10 “cm 5mm
size of multicellular algae radius (100 4000 10 “cm 100 400mMm
charge of the proton e 1.6 10 19C
membrane thickness d (3 5 10°m 3-5nm
membrane elastic modulus ke 4 10 ®Nm 10 kgT

1.2 Scaling arguments

We now turn to several examples that illustrate the power of scal-
ing arguments (sometimes called dimensional analysis, as usually
attributed to Rayleigh 3) to reveal the essential physics in a problem,
and to point out several particular features of the cellular scale that
will become our primary focus.

Although quantum phenomena will make only a cursory appear-
ance in these notes (when we discuss molecular interactions in Chap-
ter 2), the hydrogen atom provides our rst example of scaling ar-
guments. Letting m be the reduced mass of the two-body system

Table 1.1: Some physical quantities
used in these notes.

3 Maxwell, J.C. Remarks on the mathe-
matical classi cation of physical quan-
tities. Proc. London Math. Socsl-3:224,
1869
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(proton + electron), the kinetic energy is p?/2 m, where p is the mo-
mentum, while the potential energy (in the Gaussian system of units)

is €/ r, where r is the separation between electron and proton. If
we invoke the de Broglie relation p= h/| between the momentum p
and the associated particle wavelength | , and the quantization con-

dition | = 2pr/ n for some integer n, then p = nh/ r, there is a single
length scale r that governs the physics, and the total energy is
n?R2 &
E —  —. 12
(") 2mr2  r (12)

The function E(r) diverges to +¥ asr ! 0 and approaches 0 from
below asr ! ¥, having thus a single minimum. We nd r by min-
imising E(r), yielding the minimiser

_ n?R? met

rh= —5 and En(r,) = parT=d

2 (1.3)

Here, r,is nrg, where rg is the Bohr radius, and E, = Ry/ nZ, where

Ry is the Rydberg constant. These are the exact values for the hy-

drogen atom. Note that this approach required none of the intricate

analysis of Laguerre polynomials or any other aspects of the full

solution to the Schrodinger equation, 4 and even obtains the correct 4L.D. Landau and E.M. Lifshitz. Quan-

factor of 2 in the Rydberg constant tum Mechanics. Non-relativistic theory
’ Pergamon Press, Oxford, UK, 2nd edi-

A second approach to Eq. 1.2, more in keeping with the ethos tion, 1965
of Applied Mathematics, ° is to balance the two terms on the r.h.s., 5C.C. Lin and L.A. Segel. Mathematics
so n2h%/ mr2 €/ r (ignoring the factor of 2), which implies the Applied to Deterministic Problems in the
. ) . . Natural SciencesMacmillan Publishing
existence of a lengthr,  n?h?/ mé. If we de ne a dimensionless Co., Inc., New York, 1974

radius R and dimensionless energy E as

r E
R= — and E= ———, 1.4
n me*/2 n2h? 4

then we obtain the marvellously simple result

1 2
= @ ﬁ’ (1.5)
which is minimised at R = 1, giving E = 1, as above. The ab-

sence of any explicit physical parameters from (1.5) indicates that a
"natural” system of units has been identi ed.

Let us now turn to an important biophysical question concerning
the role of inertia in the motion of microscopic organisms such as
bacteria® Suppose we have a spherical body of radius a and density Spurcell, E.M. Life at low Reynolds
r equal to that of the surrounding uid, whose viscosityis m Let x(t) number. Am. J. Phys.451-11, 1977
be its position during one-dimensional motion. Then the equation of

motion is

4 5 d? dx

= —Z = - 1

3par a2 6pmadt, (1.6)
where we have invoked the Stokes drag force 6pmav on a particle
moving with speed v = dx/ dt. We wish to answer the questions:
if the particle initially is moving with speed vg, how long will it

take to come to rest under the action of drag, and how far will it
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travel during that time? Without solving this explicitly we can sim-
ply assume there is a characteristic time t and displacement ~ (the
"coasting length") and balance terms, setting

4 5 -
—pa’r— 6pma— 1.7
P 6pma 7
to obtain )
2 N
- £ = 1.
t 9 and Vot , (1.8)

where n = nf r is the kinematic viscosity, with units of length 2/time.
From the structure of Eq. 1.6, we expect exponential decay of the
motion, with decay time t.

To get a feel for these quantities, let us consider a bacterium with
a 2mm; from Table 1.1 we then have t
If the initial speed is, say, vo = 10nmm/s, the distance traveled is

10 >mm = 10 2nm, far less than the size of the bacterium, and

indeed just a small fraction of the Bohr radius (0.05 nm)! We conclude
that inertia is completely irrelevant to the motion of micron-sized
objects in water. In this simple picture, inertia would only begin to
matter when the coasting length is comparable to the particle radius.
Setting these equal leads to the critical radius

9n
o’ (1.9
From this we see that even when the speed is  500mm/s, which is
among the highest speeds known for large multicellular algae such
as Volvox carterishown in Fig. 1.2,7 the critical radius would still be

1cm, an order of magnitude larger than those organisms. Thus,
there is a vast range of organisms that swim in the low Reynolds
number world. This subject will be covered in detail in Chapter 6.

We are now in a position to understand the relationship between
thermal energy and diffusion, as rst done by Einstein 8 and Suther-
land.® The basic idea is to consider a suspension of microscopic
particles at concentration c(x), with diffusion constant D, acted on
by a force F(x) = df / dx, where f is the potential energy. The ux
Jof particles is the sum of a Fick's law contribution and an advective
term with some speed u,

dc

J= D—+ uc 1.10

ax T ue (110
In the viscous regime, the speed u is determined by the force balance
zu = df / dx, where z = 6pma for spherical particles. To determine

D by the principles of equilibrium statistical physics we must indeed
be in equilibrium, with  J= 0. Integrating (1.10), we obtain

c exp( f/Dz). (1.11)

If this is to be consistent with the Boltzmann factor of statistical
physics, then Dz = kgT or

keT , 0.2nm?

6pma a s (1.12)

10 ®s: one microsecond

Figure 1.2: The green alga Volvox. It
consists of 10 bi agellated somatic
cells embedded in a transparent ex-
tracellular matrix (ECM), with a small

number of daughter colonies that grow
up inside the spheroid.

" Goldstein, R.E. Green algae as model
organisms for biological uid dynam-
ics. Annu. Rev. Fluid Mech. 47:343-375,
2015

8 Einstein, A. Investigations on the the-
ory of the Brownian movement. Ann. d.
Phys, 17:549-560, 1905

9 Sutherland, W. LXXV. A dynamical
theory of diffusion for non-electrolytes
and the molecular mass of albumin.
Phil. Mag., 9:781-785, 1905



The second relation holds for water at room temperature, where ais

the radius in microns. This immediately reveals that a small molecule

ontheorderof2A(a 2 10 “)hasD  10°nm?/s, whereas a 2 nm

microsphere of the kind used to trace ows has D  0.1nm?/s.
From the diffusion equation

o _

qt
we see by dimensional analysis that lengths ~ and time t are related
by Dt “Zor

Dr Zc, (1.13

2
t o (1.19
From the values of D derived above, we see that the time it takes
a small molecule to diffuse across a bacterium (C 1nm) is 10 3s,
while that to cross a colony of Volvox (" 300nm) is about 10°s
16 minutes. On the other hand, consider the aquatic plant Chara coral-
lina (Fig. 1.3). lts cells are some of the largest known to science;
they can reach” 10cm = 10° nm, giving a diffusive timescale of

10’s. Remembering that there are about 1 megaseconds in a
year (3.15 107), this time is about 4 months!

Clearly, diffusion is not effective for large eukaryotic cells, and
some active transport mechanism is needed. This point was em-
phasized eloquently by J.B.S. Haldane many years ago in a famous
essay!® One such mechanism involves cargo transport by "motor
proteins” moving along laments in the cell, or indeed by the uid
entrained by their motion, a phenomenon termed cytoplasmic stream-
ing that was rst discovered in plants such as Charaas long ago as
177411 At larger scales there are ever more complex vascular sys-
tems driven by muscular pumps.

As a nal exercise in the use of dimensional analysis we ask about
the typical scale of voltages to be expected inside living systems.
We have in mind a situation like that in neurons, in which there
are differences in ionic concentrations across membranes. Since the
chemical potential for a dilute solution of ions at concentration cis
kgT In ¢, the difference in chemical potential between the inside and
outside of a membrane must be kgT In(cin/ Cout). Setting this equal to
the electrostatic energy eV for an elementary charge to move through
the voltage difference across the membrane, we nd

keT Cin
Y, o In o (1.15
From Table 1.1 we obtain kgT/ e 25mV, which is indeed the basic
scale of voltages across neuronal membranest? as we shall discuss
in Chapter 7.
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Figure 1.3: The aquatic plant Chara
corallina

Haldane, J.B.S. On Being the Right
Size, 1927

11B. Corti. Osservazioni Microscopische
sulla Tremella e sulla Circolazione del Flu-
ido in Una Pianta Acquajuola Appresso
Giuseppe Rocchi, Lucca, Italy, 1774

12Hodgkin, A.L. and Huxley, A.F. A
quantitative description of membrane
current and its application to conduc-
tance and excitation in nerve. J. Physiol.
117500544, 1952






2
Microscopic Physics (Lectur@s4)

In these three lectures we consider the two most fundamental molec-
ular interactions, van der Waals forces between polarizable objects
and screened electrostatic forces of charged surfaces in contact with
ionic solutions. A review of nonideal gases provides a context to
make the connection between mean eld theories of the free energy
of condensed phases and those interactions. Using a simple model
of atoms we obtain the van der Waals interaction amplitude in terms
of atomic properties, and deduce the interactions between extended
objects such as membranes. The linearised Poisson-Boltzmann de-
scription of charge interactions in an electrolyte, known as Debye-
Huckel theory, is derived and then combined with van der Waals
interactions to obtain an explanation for a stable equilibrium separa-
tion between surfaces observed in the chloroplasts of photosynthetic
organisms. Finally, we discuss several approaches to understanding
electrostatic properties of non-planar surfaces.

2.1 Review of molecular physics

At the smallest scales of interest in these lectures we are concerned
with the elementary interactions between molecules, and how they
determine interactions between more extended objects such as mem-
branes. To that end, we review the basics features of van der Walls in-
teractions between atoms, and of screened electrostatics, along with
some basic principles in non-ideal gas theory that serve as the basis
of molecular solutions, including those that can separate into distinct
phases. Although it might seem that a discussion of matters related
to equilibrium phase transitions is somewhat off-topic in a course
on biological physics, it is important to note that a rapidly growing
body of recent work has shown that the phenomenon of liquid-liquid
phase separation plays a crucial role inside many cells.

The ideal gas law,

p
V= NkgT o —=r, 2.1
p B kaT (2.1)
relates the pressure p, volume V, and number of molecules N, where
kg is the Boltzmann constant, T is the absolute temperature and r =

N/ V is the density. It is, of course, only an approximation. At low

1Hyman, A.A., Weber, C.A. and
Jilicher, F. Liquid-liquid phase sepa-
ration in biology. Annu. Rev. Cell Dev.
Biol., 30:39-58, 2014
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densities real gases are described by a "virial expansion",

P By(T)r 2+ By(T)r3+ 2.2)

kgT
where the B; are termed "virial coef cients". Intuitively, the quadratic
term in r involves 2-body interactions, the cubic term captures 3-
body effects, and so on. Experimental measurements (schemati-
cally shown in Fig. 2.1) of the second virial coef cient B, show
that it is negative at low temperatures (indicating attraction between
pairs) and becomes positive (repulsive) at high temperatures, cross-
ing through zero at the so-called Boyle point Tg.

One of the great early triumphs of statistical physics was to show
how By(T) arises from the underlying intermolecular potential. Its
derivation gives us an opportunity to review some basic features of
classical statistical physics that will be needed later. For the pur-
pose of this deviation, it is more convenient to work in the canonical
ensemble, although the more systematic approach uses the grand
canonical ensemble? We assume that classical statistical physics is
valid, whereby if the energy of a system of N particles of mass mis

LI
~2m

i i<j

E= & -+ 4 u(r,r), (2.3)

where p; is the momentum of particle i. Here, u is the intermolecular
potential that we assume is only a function of the distance rj =
jri 1;j, and the restriction on the sum avoids double-counting. The
classical partition function for the N-particle system is then

117 3N z 3N, o bE
Z:hTNm d™p d™re "5 (2.4

where b = 1/ kgT and d®Np stands for dpidp>..., etc. Recall that
the factor of h 3N is a vestige of the fully quantum approach, where
one must measure volumes in phase space, and serves to renderZ
dimensionless (recall that the product of a coordinate and a momen-
tum has units of angular momentum (energy time), as doesh). The
factor of 1/ N! arises from the indistinguishabilitﬁof the particles.

Recognising that the con gurational integral ~ d®Nr  isVN fora
non-interacting system (u = 0), where V is the volume of the system,
and that the momentum integrals can be done explicitly, indepen-
dent of the presence of u, we can factor out the ideal, non-interacting
partition function Zg, leaving the interacting part Q, as

Z
1 v N1 ~ )
=N 5 yw @rOe ™, (25)
| — {Z—}| {z <) }
Zo Q

where u;j = u(rij) and L = (2pR?/ mkgT)¥? is the thermal de
Broglie wavelength, and we have written the exponential of a sum
as the product of exponentials.

The next step in developing a perturbation theory is to use the
rst important method of mathematical physics (adding zero), and

Figure 2.1: Temperature dependence of
the second virial coef cient of a gas.

2D.A. McQuarrie. Statistical Mechanics
Harper & Row, New York, 1976
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thus to write
e Pi=1+f; with fj=-e i 1, (2.6)

and observe that fj; vanishes for a non-interacting system. It thus
serves as a small parameter for an expansion in density. The quantity
fij is known as the Mayer f-function.3 From the exact expression
Oi<j 1+ f;; we can expand for small f, noting that there are N(N
1)/2  N?/2 identical terms linear in fij, leading to

|

1 VA
Q = Un dNr o1+ § i + (2.7)
i<j
N2 2
S dcri(r)+ (2.8)

where, having done N 1 integrals, there is one remaining factor

of V in the denominator. From the partition function Z we obtain

the free energy F = kgTIn Z, and then from F the pressure p =
(F/ V)1 N in the form of Eq. 2.2, and thus we identify

lZ
B= 5 dcr e U g (2.9)

This is an exact expression for By.

A typical intermolecular potential u(r) has a strong repulsion at
short distances and a long-range attractive tail falling off as r © as
r ! ¥ due to van der Waals interactions (the details of which are
discussed below), as in Fig. 2.2. It was van der Waals who, in his
revolutionary 1873 PhD thesis;* had the crucial idea that the ther-
modynamics of liquids and gases potential could be understood by
partitioning the intermolecular potential into two parts: a purely re-
pulsive part that leads to "excluded volume" around each molecule,
and a purely attractive part whose effects on the thermodynamics
could be estimated within perturbation theory. We can compare this
calculation to our results on the virial coef cient.

In van der Waals' calculation of the contribution of uj to the en-
ergy of a gas, it is assumed that the probability distribution of parti-
cles around a given one (the radial distribution function) is uniform,
rather than having the characteristic oscillations due to particle im-
penetrability. Under this assumption the energy Ejis

4

Ea= =Nr  d3rug(r), (2.10)

NI

where again the factor of 1/2 avoids double-counting. We then de-
ne the parameter aas

1 Z
a= 3 drug(r), (2.12)
SoE; = aNr andthe contribution to the pressureis  (Es/ V)1 n =

ar?. Thus, a rst correction to the equation of state is

p' rkgT ar? (2.12)

3Mayer, J.E. Statistical Mechanics of
Condensing Systems. I. J. Chem. Phys.
5:67, 1937

Figure 2.2: Decomposition of molecular
interaction potential (red) into purely
attractive and purely repulsive compo-
nents (dashed).

“van der Waals, J.D. Over de Continuiteit
van den Gas- en Vloeistoftoestand (On the
continuity of the gas and liquid statePhD
thesis, Leiden University, 1873
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Further, van der Waals realized that effect of the hard-core interac-
tions could be accounted for by subtracting from the total volume
V an amount proportional to the number of particles N, with an
effective excluded volume per particle b. Putting these two effects
together one has the revised equation of state

(p+ ar?)(V Nb)= NkgT. (2.13)

Expanding p for small r we nd

By(T) = b kBiT (2.14)
This has a form that is qualitatively like that seen in experiment (Fig.
2.1), with saturation at high temperatures to a constant, re ecting en-
tropic effects, and a divergence to ¥ at low temperatures as the at-
tractive part of the potential dominates. We conclude that the essence
of the temperature dependence of B,(T) is captured by the ideas of
excluded volume and mean eld attraction.

A nal point to make is that this result emerges naturally from the
exact form of B, in Eqg. 2.9 if we assume the interaction potential is
+ ¥ betweenr = 0 and some radius s and suf ciently weak beyond
s that the buy(r) 1. Then,

2ps® a

(2.15)

where ais de ned in ( 2.11), with the integration from s to ¥ . This
gives a precise meaning to the excluded volume parameter b; s is
twice the hard-core radius, so b is four times the particle volume.

An important lesson from above is that interaction terms quadratic
in a density or concentration must be interpreted as free energigs
involving energy and entropy, rather than being purely energetic.
Moreover, we see how the integrated strength of the pairwise interac-
tion, as appears in (2.11), arises naturally by mean eld arguments. It
may also be understood as the zero-momentum value of the Fourier
transform of the potential, but for that transform to be well-de ned
it is necessary to remove the singular repulsive contribution to the
potential, as we did in the decomposition of Fig. 2.2.

2.2 Van der Waals interactions

2.2.1 The pairwise intermolecular potential

Van der Waals' name is of course also associated with the uctuating-

dipoleinteractions between neutral objects. To get insight into the

physics responsible for the long-range attraction between neutral

atoms or molecules, we follow essentially verbatim the very nice

derivation by Holstein. ® The model of interacting atoms employed ®Holstein, B.R. The van der Waals in-
is two charged harmonic oscillators with positive charges that are teraction. Am. J. Phys.69.441, 2001
xed in place at some separation R and whose negative charges can

oscillate back and forth under the action of a spring of constant Kk,
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as in Figure 2.3. The arti ce of a spring connecting each prBton and
electron introduces a natural oscillation frequency wg = = k/ m for
each "atom", where m is the electron mass. The Hamiltonian H is a
sum of the electron kinetic energy and spring energy Hy,
2 2
bt 1 22, P2 1 o0

Ho= o 2mwoxl+ om + 5MWoX3 (2.1¢)

and the electrostatic interactions H 4,

1 1 1 1
Hi= €& =+ . 2.1
! R R x;+x2 R X; R+x 217

This is exact but cumbersome. The physically interesting limit is that
of large separations, with R | Xij,jX2j, where H, becomes

262X]_X2

Hl R3 )

(2.18)

whose R 3 fall-off with distance we recognize as a dipole term. This
cross term can be eliminated through the coordinate transformation

X1 X2

X+ + X X4+ X
X = ﬂs? ) xa= ﬂa?, X2 = 4957 (219
The total Hamiltonian then becomes
2 2
A T SR S o S S R
14 - + 2+ Z .
H o 2mw+x+ o me X<, (2.20

where the new frequencies are

2¢?
2 — 2
we = w§g  ——s.
° mR3
Having diagonalised the Hamiltonian, the interaction potential  u(r)
is just the change to the ground state energy of the system due to the
Coulomb interactions, namely the shift is zero-point energies,

(2.21)

1 1 1

}HWO(eZI mw3)? .
2 RS '
where we have expanded the frequencies w to leading order. Cru-
cially, this is an attractiveinteraction. In grouping the factors in ( 2.22),
we have isolated the characteristic energy hwg that sets the overall
scale for the interaction. It would be typical of an internal excitation
energy from an s state to a p state, since the interaction is fundamen-
tally due to virtual transitions to states with dipole moments. Hence,
hwy is typically several electron volts, where 1 eV is 40k gT.
Recognizing the R © dependence, we observe that€?/ mw3 must
be a characteristic volume (remember we are working in Gaussian

(2.22)

Figure 2.3: Geometry of two interacting
"atoms" separated by a distanceR, each
with electron and proton connected by
a spring of constant k, with internal dis-
placements between each electron and
its nucleus of xj 2.
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units!). To check this note that the simplest relationship between an
induced electric dipole moment d and an applied electric eld E s

d = aE, (2.23)

where a is the "polarisability”. d has units of charge length (Q L),
and the units of E are Q/ L2, and thus a  L3; it is a volume For a
hydrogen atom we thus deduce that a ag as the Bohr radius &g is
the only characteristic length scale.

That it is proper to interpret €/ mwg as the polarisability can be
seen by placing the charged harmonic oscillators in Fig. 2.3 in an
electric eld EgpX acting to displace the electrons only (recall that the
positive charges are xed in place), so

H = Ho+ eBxy + eBxo. (2.29)
A little manipulation shows that this can be rewritten as
1 1 e

H = Emwng+ émw§z§+ D 72T Xipt (2.25)

0

where the ellipses represents unimportant constants. We thus have
a new pair of oscillators whose equilibrium positions are linearly
shifted by the eld. The induced dipole moment is the electron
charge times that shift, namely €Ey/ mw3, and thus a = €/ mw3.
Putting together all of the pieces, we see that the interaction be-
tween two uctuating dipoles can be written in the compact form

1 ﬁWoa2
= = 2.2
un= > (2.26)
It follows that the typical scale of this energy within a condensed
phase of number density n is obtained by setting r © n2, giving
u  hwg(an)?. (2.27)

For most dense strongly insulating liquids the product an 0.1
0.2. This is relevant to the calculation of interacting extended bodies,
as we discuss in the next section. The quantity an also occupies
a very important role in the theory of metal-insulator transitions,
which are predicted to occur when it exceeds an O(1) threshold.®

2.2.2 Interaction of extended objects

We now use the basic results from the previous section to understand
the van der Waals interaction between extended objects. A prime ex-
ample is the stacks of thylakoid membranes found in chloroplasts of
green algae, as shown in Fig. 2.4.” The balance of forces that de-
termine the spacing observed in these structures has been analysed
along the lines we discuss below.8

To calculate the interaction between slabs we start with the inter-
action of a single atom with a laterally in nite slab with atom num-
ber density n, as indicated in Fig. 2.5. Let us denote the interaction

between two atoms as c

ull(r) = r76 (2.28

6Herzfeld, K.F. On atomic properties
which make an element a metal. Phys.
Rev, 29:701-705 1927

"Bussi, Y., Shimoni, E., Weiner, A.,
Kapon, R., Charuvi, D., Nevo, R., Efrati,
E., Reich, Z. Fundamental helical geom-
etry consolidates the plant photosyn-
thetic membrane. Proc. Natl. Acad. Sci.
USA, 116:22366-22375 2019

8Sculley, M.J., Duniec, J.T., Thorne,
S.W., Chow, W.S. and Boardman, N.K.
The stacking of chloroplast thylakoids.
Quantitative analysis of the balance of
forces between thylakoid membranes of
chloroplasts, and the role of divalent
ions. Arch. Bioch. Biophys201:339-346,
1980
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Working in cylindrical coordinates the interaction u;g between one

atom and the slab is

Zo Zop Zy q

n d? df
d 0

Z 744 OZ ¥ 1
2pCn , dz 6 rdrm
pCn 1 1
6 B (z+d?
where we changed variables from z%to z°°= z Zz%in the second
line (and dropped the prime). The power law r © of the interparticle
potential has become z 2 by integration over three dimensions.

Now we consider two slabs separated by a distance d (Fig. 2.6).
With the result 2.29, the slab-slab interaction usqd) is obtained by
integrating u;5(z) over the thickness of the second slab. If A is the
area of that slab, then there are Andz atoms in differential thickness

u1s(2) rdruqq (z 292+ r2

(2.29)

dz, and the interaction energy per unit area Va(z) usgz)/ Ais
Z g+ d
Va(d) = dznu,5(z)dz

Ay 1 2 1

e B + 2.

12p d2 (d+ d)2 (d+ 2d)2 °’ (230
where have introduced the Hamaker constant °

Ay = p2nZC, (2.31)

with units of energy. Based on our simple picture of the constant C
in Eq. 2.26, we see thatAy  (1/2 )p2hwg(an)?, so with iwg  3eV
andan 0.1 0.2 asdiscussed above, we estimateA; 5 25kgT.
The potential Va(d) is always attractive; it scales as 1/d” asd! 0,
and approaches zero asd?/ d* for d  d.

2.3 Screened electrostatic interactions

2.3.1 Poisson-Boltzmann and Debye-Huckel theory

Many of the interesting objects in biology interact both through van
der Waals forces and (screened) electrostatic interactions. The be-
haviour of systems with these two competing forces was rst estab-
lished in the classic work of Verwey and Overbeek. 10 As the van der

Figure 2.4: Thylakoid membranes. A

10nm thick slice of lettuce chloroplast
imaged with electron microscopy. The

so-called "grana" (G), stacks of disc-
shaped thylakoid membranes are inter-

spersed with unstacked "stroma" thy-

lakoids (SL), all immersed in water and

enclosed in the chloroplast envelope
(black arrow). Scale bar is 200 nm.
From Ref. 7.

Figure 2.5: Geometry of an atom inter-
acting with a laterally in nite slab of
thickness d.

Figure 2.6: Geometry of two slabs of
thickness d separated by face-to-face
distance d.

SHamaker, H.C. The London-van der
Waals attraction between spherical par-
ticles. Physica 4:1058-1072 1937

Verwey, E.J.W. and Overbeek, J.Th.G.
Theory of the Stability of Lyophobic Col-
loids  Elsevier Publishing Company,
Inc., New York, 1948
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Waals forces decay as an inverse power of distance, and the electro-
static contribution decays exponentially (as we shall see), the com-
bined potential is attractive at long distances and repulsive at short
distances, leading to a potential minimum. It is this balance of forces
that sets the spacing of thylakoid membranes (Fig. 2.4), for example.

Two elementary charges in vacuum separated by a distance r have
an electrostatic energy (in cgs units) of

E= e (r) = ? 2.32)

where f = €& r is the electrostatic potential. Essentially all of liv-
ing matter is infused with water, whose dielectric constant e 80
reduces the energy scale to
&
E= —. 2.33
er (233
While reduced by nearly two orders of magnitude, this interaction
still falls off as an inverse power of distance. A sense of the scale
of E is obtained by nding the distance at which it is comparable to
thermal energy. This Bjerrum lengthis
&

I g= ke T 0.7 nm. (2.39)

Even pure water has small amounts of ionic species, since water
molecules are in equilibrium with protons (H *) and hydroxyl ions
(OH ) according to the reaction scheme

H,O H*+ OH . (2.35)

Recall that the pH of a solution is de ned as log,o[H™], where
the notation [ ] means concentration in moles/litre (M). Thus, a
neutral pH of 7 corresponds to a proton concentration of 10 ’M

6 108cm 3. These and any additional ions present will screen
the bare electrostatic interactions considered above; mobile charges
opposite in sign to a given charge cluster around it in a diffuse cloud,
screening it from other distant charges. The standard formalism to
compute the ionic distribution and resulting interactions is Poisson-

Boltzmann theory, or, in its linearised form, Debye-Hiickel theory. 11 Debye, P. and Hiickel, E. The the-
They are based on two principles. The rst is the Poisson equation ory of electrolytes. |. Lowering of freez-
. . . . ing point and related phenomena (En-
relating the electrostatic potential f to the charge density r glish translation). Phys. Zeit, 24:185-
Aor 206, 1923
rf = % (2.36)

The second is the Boltzmann distribution relating the ionic concen-
trations cs of the speciess of charge zse (with zs the "valence") to the
electrostatic potential,

cs = cge "=, (237
where ¢ is a background concentration. Combining these, we obtain
the Poisson-Boltzmann equatipn

rof = 4?pé zeege Pz (2.38)
S
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It is simplest to consider the case of a z: z electrolyte, in which
the dissolved neutral species dissociates into two ions of equal and
opposite charges, such as sodium chloride (1:1; NaCl! Na*+Cl )
or copper sulfate (2:2; CuSQy !  Cu?* + SOf1 ). Then we have

r2f =

8 20 sinn(bz ). (2:39

This is a very nonlinear equation for which analytical solutions can
be found only in simplied geometries. Much of the important
physics of screened electrostatics can be seen in theveak eldlimit,
when bze 1, where we keep only the linearised r.h.s. of 2.39 and
obtain the Debye-Huckel equation

r2 k2 f=o, (2.40)

where k 1 is the Debye-Hiickel length

ekgT 12 10 nm
k 1= =78 jo————— 241
8p z2€°Co co[mM] (249

Here, we have expressed the concentration in the units of millimolar

(mM), as typical concentrations of ions such as sodium are in the
range 1 200 mM. We conclude that the screening length is nano-
metric in typical biophysical contexts.

The mathematical problem presented by the Debye-Hiickel equa-
tion 2.40 is the modi ed Helmholtz equationLet us rst solve this in
one spatial dimension, for the half-space above a surface lying in
the x y plane (z = 0). The relevant general solution of 2.40 in-
volves the functions exp (  kz), and the requirement that the solution
be bounded asz! ¥ leaves only the decaying exponential. If the
surface potential is xed at f g, say, then

f(z)= foe 2 (2.42)

The induced charge density sg on the surface can be computed in
the usual way (by considering a Gaussian pillbox that straddles the
surface). Here it is necessary to consider the nature of the surface in
more detail. The electric eld inside a conductingmaterial vanishes,
and the contribution from the Gaussian pillbox is solely from the
side in the surrounding uid. In the case of lipid membranes, whose
interior can be thought of as a continuum with dielectric constant
e 2, such a simpli cation is not apparent apriori, but it is often
justi ed to assume that the electric eld does not penetrate into the
inside and thus the two monolayers are decoupled. For pedagogical
purposes we adopt this simpli cation, leading to the general bound-
ary condition
_4psg _ ek
. o_ o ) sp= %f 0 (2.43
where fi is the outward normal to the surface. An analogous calcula-
tion yields the potential when the surface charge itself is speci ed,

nrf

f(2) = 4Zi°e kz, (2.44)
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Within Debye-Huckel theory the surface charge and surface poten-
tial are linearly related, but in the more general Poisson-Boltzmann
setting this relationship is nonlinear.

Observe thatthe DH equation r 2 k2 f = Oisthe Euler-Lagrange
equation for the functional

z 1 1
G= — o S0 )2+ ék2f2 , (2.45)

where we employ the general Euler-Lagrange formula

9G_ 1A ), ) 246
df ix Tfx qf
where () is the integrand of the functional. The DH equation
holds as the minimisation condition on ( 2.45) for any constant factor
in front of the integral, but with the choice in ( 2.45), we recognize
the rst term as the standard form of the electrostatic energy density
eE2/8 p in a medium of dielectric constant e. The second term is the
weak- eld approximation of an entropic contribution.

If we integrate by parts the term in  2.45involving (r f)?, we ob-
tain from Green's rst identity a bulk contribution that vanishes by
the DH equation, leaving only the surface term

4

G= dssf (2.47)

S

NI =

where we used 2.43to express the normal derivative of the potential
in terms of the charge density s. This is the appropriate free energy
for a system in which the surface charge is speci ed, and it is com-
pletely determined by those Neumann boundary conditions on the
surface. There is no free lunch, for the potential on the surface must
be found from the solution of the DH equation everywhere.

For situations with xed surface potential rather than xed charge,
the surface free energy must be Legendre transformed, which is
equivalent to accounting for the work done against the battery that
held the potential xed. This new free energy F is

4 Z

F=G dssf =

dssf . (2.48)
S

S

NI =

The factors of 1/2 in Eqs. 2.47 and 2.48 arise from the linear relation
between surface potential and surface charge. In the more general
case, the free energy is expressed as a "charging integral" of the form
zZ  Zy
0 0
ds  s(f)df°. (2.49)
S

For our simple planar examples above,

G _ 2ps} F _  ekf?
AT o and = & (2.50)

where A is the total area of the surface.
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2.3.2 Electrostatic interactions between surfaces

Now we move on to calculate the electrostatic interaction between
two surfaces, considering both the case of xed charged density
and the case of xed potential. Although the case of a specied
charge density is more biophysically relevant than a speci ed poten-
tial, which one would imagine is appropriate to an electrochemical
context, the comparison between the two serves to illustrate some
general features of the way that quadratic eld theories determine
interactions between surfaces. This takes on added relevance for
neutral, dipolar membranes, which are believed to polarize the in-
tervening water molecules and produce a "hydration repulsion” be-
tween them, 12 measured by clever experiments some years agol3

For two surfaces held at the same potential f o and located at

d/2, the potential is the symmetric combination of the fundamental
exponential solutions found previously,

cosh(kz)
OCosh(kdi2)"

Using this we nd the charge density at the plate at z = d/2. Here,
i r = d/ dz thus

(2.51)

s(d2) = eé:(gotanh(kdlz). (2.52

At the bottom plate A r = d/ dz but with sinh ( d/21) =

sinh(d/2 1) the charge density is the same. As the charge and
potential do not vary with position over these at surfaces the sur-

face integration will just give a factor of the surface area A. The free

energy per unit area V(d) F (d)/ A is thus

kf2
V(d) = eTpO tanh(kd/2 ). 253

Inthe limit d! ¥ we recover twice the single-surface result 2.50.
Subtracting the "self energy" of the surfaces, we obtain the repul-
sive interaction potential Vg(d) = V(d) V(¥),
ekf?2 kd
VR(d)= —2 1 tanh — . 2.54
r(d) p anh = (2.54)
At large argument, tanh approaches unity from below, so this is
clearly a repulsion, as expected. In detail, if kd 1 we note that

tanh(z)' 1 2e #+  andthus
. ekfa g
VRr(d) 2p & (2.55)

which therefore has the same exponential decay as the electrostatic
potential itself. A second important point is that Vg(d) is bounded
asd! 0; when the two charged surfaces are brought closer together,
their induced charges decrease fast enough to avoid a singularity.

Now we consider the case of two surfaces with xed charge den-
sity sg. A simple calculation shows that the required potential is

4pso cosh(kz)
ke sinh(kd/2)’

f(x) = (2.56)

12Marcelja, S. and Radi¢, N. Repulsion
of interfaces due to boundary water.
Chem. Phys. Lett42:129-130, 1976
Blis, L.J., McAlister, M., Fuller, N.,
Rand, R.P. and Parsegian, V.A. Inter-
actions between neutral phospholipid
bilayer membranes. Biophys. J.37:657,
1982
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with corresponding potential energy per unit area

4ps? kd
ke coth > 1. (2.57)

The function coth approaches unity from above at large argument,
and thus we again have a repulsive interaction. However, this time
there is a divergence at short distances due to the xed charge den-
sities that are brought ever closer together.

Let us estimate the scale of energies involved in the case of charged
lipid membranes. Lipid molecules are "amphiphilic, with a struc-
ture that is a fusion of parts that are hydrophilic (having an af n-
ity for water) and hydrophobic (repelling water). Figure 2.7 shows
the structure of the lung surfactant dipalmitoylphosphatidylcholine
(DPPC), which has two 16-carbon hydrophilic "tails" and a phos-
phatidylcholine head group. In diagrams of this type, the zig-zag
line represents the repeating group CH 2, terminated by the methyl
group CH 3, with the hydrogen atom labels omitted for clarity. These
particular hydrocarbon chains are said to be "saturated" because ev-
ery carbon atom is 4-fold coordinated, bonded to two carbon atoms
and two hydrogen atoms (the maximum possible), unlike "unsatu-
rated" lipids with one or more C  C double bonds, thereby having
carbon atoms that have only a single bond to a hydrogen atom.

When placed in water, lipids self-organize into structures that iso-
late the oily hydrocarbon tails from contact with water molecules,
leaving the hydrophilic headgroups in contact with water. This "hy-
drophobic effect” plays a central role in cellular biology, dictating the
structure of lipid assemblies, the folding of proteins, and localization
of channels in membranes* The simplest structure is a "micelle”, a
spherical or cylindrical structure with the tails on the inside and the
heads facing outwards.

Bilayer membranes have the structure shown in Fig. 2.8. They
are essentially thin uid sheets a few nm thick in which typically
(but not always) the lipid molecules are free to diffuse laterally. A
typical charged head group has a single elementary charge in an
area of 1nm?2. If the Debye-Hiickel screening length is 1nm,
then 4ps§/ ke  40mN/m, which can be compared to the surface
tension of water (80 mN/m). Expressed another way, 40 mN/m is
40pN nm/nm 2, or about 10 kgT/nm 2.

Returning to the motivational problem of systems such as stacks
of thylakoid membranes, we now add the van der Waals interaction
2.30 between two membranes to the screened electrostatic repulsion
2.57. A convenient set of nondimensionalisations involves scaling
distances with the membrane thickness d and the potential energy
with the Hamaker constant. Thus de ning

d 12pd?

-, K=kd V=
d’ d Ay

Vr(d) =

X = (Va + VR), (2.59)

we obtain

Kx 1 2 1
V(x) = h — 1 — + 2.
(x)= G cot 5 2 D2 x+ 22 (2.59)

Figure 2.7 The chemical structure
of the phospholipid DPPC (dipalmi-
toylphosphatidylcholine).

4 C. Tanford. The hydrophobic effect:
formation of micelles and biological mem-
branes Wiley, New York, 1973

Figure 2.8: Structure of a lipid mem-
brane in water.
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where
_ 24p2s2

KA, (2.60)

Using our estimates from above, and taking a membrane thick-
nessof 3 6nm,we nd G 100 andK > 5. While the large size
of Gseems to imply a very large mismatch between the electrostatic
and van der Waals scales of energy, the exponential attenuation of
the former allows a competition with the latter at distances beyond a
few screening lengths. The graph shown in Fig. 2.9, reveals an essen-
tial feature of this competition, namely a minimum in  V at values of
x of order unity. This would correspond to the equilibrium spacing
of the thylakoid membranes. Moreover, the global minimum of the
energy is at contact (x = 0), where the van der Waals term diverges.
As K increases (corresponding to an increase in salt concentration)
the minimum at larger x disappears, leaving only the minimum at
contact. This implies the well-known "salting-out" effect in colloidal
suspensions, whereby an increase of dissolved salt leads to precipi-
tation of the suspended particles.

24 Geometrical aspects of screened electrostatics

In the previous section we considered only the simplest planar ge-
ometries, but many of the interesting structures in biology have non-
trivial curvatures. As the Debye-Hiickel screening length is nano-
metric, while the radius of curvature R of structures within the cell
is often much larger, it is natural to exploit that separation of length
scales to develop a systematic, perturbative approach using kR as
a small parameter. Of particular interest historically has been the
contribution of screened electrostatic interactions to the elasticity of
membranes. Intuitively, bending a charged surface brings the sur-
face charges closer together, producing a repulsion that effectively
increases the stiffness of the surface.

In Chapter 5 we develop the necessary differential geometry of
surfaces to deal with detailed problems in membrane physics. Here,

Figure 2.9: Interaction energy 2.59 be-
tween membranes for G= 30 and var-
ious values of K, as shown. Obtained
using the program Figure _209_DLVO.m
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we simply recall that at every point on a surface there are two prin-
cipal radii of curvature, termed R; and R;, and from these we can
construct two important geometric quantities; the mean curvature

1 1 1
H= - —+ — 2.61
2 R R ( )
and the Gaussian curvature
1
K= . 2.62
RiR, (262

In the early 197G, Canham®® and Helfrich 16 independently intro-
duced a model for the elasticity of " uid" membranes of xed area,
composed of lipids that are free to diffusive within the sheet, that
have vanishing shear modulus. They proposed that the characteris-
tic biconcave discoid shapes of red blood cells (erythrocytes), shown
in Fig. 2.10, are minimisers of this energy under the constraint of a
xed enclosed volume of water less than the equivalent sphere (the
sphere having the same surface area as the membrane).

This functional is a surface integral of a quadratic form in the

curvatures, 7

E= dS %kC(H Ho)? + %RCK (2.63)
Here, k; and EC are the bending modulus and Gaussian curvature
modulus of the membrane, and Hg is the spontaneous curvaturthat
incorporates the possibility of a preferred curvature in the ground
state. It is often a constant, but can vary spatially if the membrane
composition is inhomogeneous. From the Gauss-Bonnet theorem,
the second integral in 2.63 is a constant that depends only on the
topology of the closed surface of interest.

The problem of quantifying the electrostatic contribution to the
elastic moduli and Hg can be addressed several ways. The rstl’ is
a method by which comparison of the energies of planes, cylinders,
and spheres yields those quantities directly. The second is a bound-
ary perturbation method for nearly planar surfaces, 18 while the third
utilizes a "multiple-scattering” method 19 introduced in the context of
the wave equation.?? We outline the essential features of the rst two
approaches, leaving full calculations to the Example Sheets.

24.1 Comparative approach

For simplicity we focus on the problem of xed surface charge den-
sity sp. On dimensional grounds we expect the elastic constants
(units of energy) to scale as

dpsi

ke —0 2.64
and based on the estimate s3/ ek  10kgT/nm 2 above Eq. 2.58
and an assumed screening length of 1 nm, these moduli are on the

order of 10kgT. Likewise, as the screening length is the only length

15 Canham, P.B. The minimum energy
of bending as a possible explanation of
the biconcave shape of the human red
blood cell. J. Theor. Bio).26:61-76, 1970

16 Helfrich, W. Elastic properties of
lipid bilayers: theory and possible ex-
periments. Z. Naturforsch. Teil C28:693-
703 1973

Figure 2.10: Electron micrograph of red
blood cells.

7 Winterhalter, M. and Helfrich, W. Ef-
fect of surface charge on the curvature
elasticity of membranes. J. Phys. Chem.
92:6865-6867, 1988

8 Goldstein, R.E., Pesci, A.l. and
Romero-Rochin, V. Electric double
layers near modulated surfaces. Phys.
Rev. A 41:5504-5515 1990

1%Duplantier, B., Goldstein, R.E.,
Romero-Rochin, V. and Pesci, A.l
Geometrical and topological aspects
of electric double layers near curved
surfaces. Phys. Rev. Lett. 65508-511,
1990

2 Balian, R. and Bloch, C. Distribu-
tion of eigenfrequencies for the wave
equation in a nite domain: |. Three-
dimensional problem with smooth
boundary surface. Ann. Phys. (N.Y.) 60:
401447, 1970
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scale in the problem, we expect Hg k 1. The purpose of these
calculations is to make these estimates precise.

As we have already solved the problem for a single plane, we
next consider the cylinder. We wish to solve the modi ed Helmholtz
equation 2.40 inside and outside a cylinder of radius R, assuming
axisymmetry. The Debye-Hiickel equation becomes

2T w2 f=o0 (265
fir2 1 ' '
As this is homogeneous in powers of r, the solution is a function of
kr. The two solutions are modi ed Bessel functionsdtkr) for the outer
problem (decaying at in nity) and Ig(kr) for the inner problem (well-
behaved at the origin). We solve the problem in those two domains.
Using the identity 1§(z) = 11(z), the inner solution is found to be

_ 4ps lg(kr)
f(r)= ok T, (kR)" (2.66)
The (uniform) free energy per unit area of the inner surface is
1 _ 14psé 1g(kR)
2 s 2 ek 13(kR)’ (267

As outlined above, the limit of interestis kR 1. We then appeal to
the asymptotic results for modi ed Bessel functions [Abramowitz &
Stegur?! (henceforth, "A&S") # 9.7.1],

m 1+(m D(m 9)+
8z 2!(82)2 ’

eZ
In(z2)= p— 1 (2.68
2pz
where m = 4n2. From these results, we see that the exponential
prefactors of the asymptotic forms cancel in the ratio 2.67, leaving a
simple expansion in inverse powers of kR,

lo(kR) 1 3
+ -+ —— _+
11(kR) 2kR  8(kR)2

(2.69)

Carrying through an expansion of the energy density for a spherical
surface also yields an expansion in 1/ kR, allowing a direct compari-
son to be made with the Helfrich formula. Precise calculations must
account for the nite thickness of the membrane and the possibility
of a charge density difference between the two sides. We leave it to
the student to complete these calculations (see Exercises in 8.5).

2.4.2 Perturbative approach

Next, we sketch the basic features of a perturbative approach to nd-
ing the energetics of electric double layers near a non- at boundary.
Let the surface position be z = h(x), where his a single-valued height
function independent of y, and the surface is held at a xed potential
fo (Fig. 2.11). Thus, we must solve the Debye-Hiickel equation for
the potential f (x,z) subject to the boundary condition

f (x,h(x)) = fo, (2.70)

2M. Abramowitz and IL.A. Stegun.
Handbook of Mathematical Functions with
Formulas, Graphs, and Mathematical Ta-
bles Dover Publications Inc, Mineola,
N.Y., 1965

Figure 2.11: A ripply surface held at
xed potential.
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and f = Oatz= ¥. The mathematical challenge arises from the fact
that in general we do not know the Green's function of the modi ed
Helmholtz operator for a domain bounded by an arbitrary function
h(x). But, we can perturbatively connect the solutions at nite h(x)
to those at h = 0, where we know the solution. This "boundary
perturbation theory" is a method of broad applicability.

We introduce a dimensionless small parameter # as a counting
device, and expand the surface boundary condition in a Taylor series,

f(x,eh(x)) " f(x0)+ #(x)f 2(x,0) + %#zh(x)zf W0+
(2.7))
where subscripts denotes partial differentiation. We expect that the
solution itself—in the bulk—also has an expansion in powers of #

f(x,2)" fO2)+ #HO(x,2)+ #FOx,2)+ . (2.72)

The governing equation does not depend on # if we substitute
2.72into 2.40, at every order we will have

(T + T2z K3 (W(x,2) = 0. @73

Merging the expansion of the boundary condition with the expan-
sion of the solution we arrive at a sequence of boundary conditions
for each order of solution. At leading order, we recover the boundary
condition at a at surface,

o) : 10O(x,0 = f,. (2.74)
Clearly, the solution for all (x,2) is
f O(x,2) = foe 2 (2.75)
At rst order we nd the boundary condition
o) : fDx,0= hx)f92x 0 = kh(x)fo. (2.76)

Thus, the problem with a boundary condition on a ripply surface has
become one with a at boundary but an inhomogeneous potential.
At quadratic order we have a similar kind of result,

o) : fOx0= %hz(x)fg?(x,O) h)f P(x,0. @77

A convenient way to solve these boundary-value problems is to
work in Fourier space. Let us de ne the Fourier transforms of the
potential and h with respect to x (keeping the z-dependence off ),

4 z
fMkz)= dxef(M(x,z2) and h(g)= dxe®*h(x). (2.79)

The modi ed Helmholtz equation (flxx + Y.z k?)f = 0 becomes
Tz k& f(W(q2)=0, where Kk2=k>+ ¢, (2.79)

and is solved by
f(M(g,2) = f(W(q 0)e k. (2.80)
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To solve the sequence of boundary-value problems, we need the
Fourier transform of f at z = 0; this can be determined directly from
the order-by-order boundary conditions. For example, at order el we
have from (2.76)

f(D(q,0) = kf oh(q). (2.81)

To complete the calculation, it is necessary to expand such quantities
as the surface normal vector
hxéx + &

1+ hZ (2823

in order to compute the surface charge as

s(x) = %ﬁ r f(x,eh(x)). (2.83)

Details are left for the Exercises.

2.5 Exercises

1. Van der Waals interactions between spheres (Hama®k&7). Assume
that the pairwise interaction between individual atoms is u(r) =

C/ r®. Calculate the interaction between two spheres of radius R,
each with uniform number density of atoms n, whose distance of
closest approach isd. Examine the result in the limit d R.

2. Interaction of charged surfaces with nonuniform charge densliyo
parallel charged, planar, laterally-in nite membranes are located at
z= d/2. The upper one has charge density s+ = s coskx), while
the lower has s = scogkx+ @), where g is a constant phase shift.
Within Debye-Huickel theory, nd the total electrostatic energy of the
pair as a function of g. Find the value of qthat minimizes the energy,
averaged over one wavelength of the charge modulation, and explain
the physical content of this result.

3. Electrostatic contributions to elastic energy of surfaces
(a) Using Debye-Hickel theory, calculate the electrostatic potential
inside and outside of an in nite cylindrical shell of radius R and
in nitesimal thickness, and a spherical shell of radius R and neg-
ligible thickness, assuming that the charge densities inside and out
are sip = s(1 e) and sgyt = s(1+ €), where e is a parameter that
determines the charge asymmetry.
(b) By comparing the energies from (a), along with that of a plane
with the same charge densities sj, and sqyt, in the regime such that
kR 1, where Ris the cylinder or sphere radius and k is the inverse
screening length, deduce the electrostatic contribution to the elastic
modulus k¢, Gaussian curvature modulus Ec and spontaneous cur-
vature Hg in the Helfrich elastic energy
1 ? , 1-%
E= 5kC dS(H Hp)“+ EkC dSK
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where H = ( 1/ Ry + 1/ Ry)/2 is the mean curvature and K = 1/ R;R;
is the Gaussian curvature (with R; and R, the principal radii of cur-

vature).

(c) Estimate ke, EC, and the spontaneous radius Ry = 1/ Hg for typical
values of s.

4. Boundary perturbation theory Carry through the calculation out-
lined in lectures to nd the electrostatic energy of a two-dimensional
surface lying in the x vy plane that is distorted by a small, long-
wavelength height function h(x), to O(h?).
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Fluctuations & Brownian Motion (Lecture§-7)

Life is anything but deterministic at the scale of the cell, where ther-
mal energy is comparable to molecular interactions, leading to large
uctuations. In these lectures we build on the equipartition theo-
rem of statistical physics to understand how to quantify the equilib-
rium uctuations of extended objects such as tense, one-dimensional
strings, both in the language of discrete modes and in the continuum,
where Fourier-space integrations are central. The roles of symmetry-
breaking elds and both molecular and large-scale cutoffs are exam-
ined. We then consider the classic problem of Brownian motion in
a harmonic force eld, as described by a Langevin equation. This
provides an opportunity to discuss the Stokes-Einstein relation. The
statistics of polymers are described within the simplest models, lead-
ing to the notion of entropic forces, followed by the essentials of the
Flory theory for self-avoiding random walks.

3.1 Equipartition theorem

In Chapter 2 we used the standard formulation of classical statistical
physics to derive the second virial coef cient. Now we wish to use
that same starting point to discuss one of the most important results
in equilibrium statistical physics; the theorem of equipartition.

We consider a system whose potential energy U(q\) depends on
generalized coordinates g = o, G, ...,0n. As in the derivation of
(2.5), the partition function factorises into an ideal part Zg that only

depends on temperature and the "con gurational” partition function
VA

Z=dqle PU@Y), 3.1)

We have written this as an integral over continuous variables ¢; in
the discrete caseZ is a sum of Boltzmann factors.

Recall from elementary statistical physics that the probability p(E)
that a system has non-degenerate energyE is simply

e bU )
P(E) = ——, (3.2)
and the expectation value of a quantity A (denoted by hAi) is
z
hAi = % d'A(q)e BY. (33)
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When U is quadratic in the ¢V, as inthe N = 1 case
U= %kq{ (3.4)

then
R¥5 dq%que bkc?/2 _ qnz
"¥¥ dge k2 b

1 —
P

The nal form on the r.h.s. of ( 3.5) tells us that In Z is a generating
function. Now we change coordinates in Z to obtain

(35)

Zy Zy
Z= dge Pke/2 = 2 dxe ¥, (3.6)
¥ bk
and thus
InZ = %In b+ (terms independent of b). (3.7)

Hence, fInZz/fYb = 1/2b = kgT/2 and the average energy per
degree of freedom is

1 1
Equ = SkeT. (3.9)

This is the equipartition theorem; when the energy is a quadratic
form in the coordinate, the average energy of that degree of freedom
is kgT/2. It is clear from this derivation that if the energy 3.4 were
replace by a sum over a discrete set of modes, each with a quadratic
contribution, since the partition function would factorise into a prod-
uct of terms, each mode separately would satisfy the theorem.

3.2 Fluctuating continuous objects

3.2.1 The tense string

Now we apply the equipartition theorem to uctuating continuous
objects such as strings, biological laments and membranes. The
simplest example is a string draped over two pulleys, with masses
attached at its two ends so that gravity produces a tension g in the
string. If the string is at a nite temperature T, then it will exhibit
thermal uctuations which we characterise by a height function  h(x)
as shown in Fig. 3.1. Relative to a straight string, the excess energyE
of the string is the product of the tension g and the excess arclength,
Z_ q

E=g . dx 1+hZ L, (3.9

where hy = fh/ fx. Expanding the square root under the assumption
of a weakly-sloping curve (jhyj 1), we have
g2t
E' 3 . dxh2. (3.10)
While 3.10is quadratic in the displacement function h(x), we can
not apply the equipartition theorem directly because there are no
identi able independentlegrees of freedom. This is where a Fourier

Figure 3.1: A string under tension.
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(or other appropriate) representation is useful. Suppose we have
Dirichlet boundary conditions h(0) = h(L) = 0. Then we can write

¥
h(x)= & ansin ELX . (3.11)

n=1
To be clear, with the dual views of ensemble averages and time aver-
ages in statistical mechanics, this representation holds for any partic-
ular member of the ensemble of systems or at any particular moment
in time for a single string as it uctuates; we view the amplitudes a,
as the new uctuating quantities and, in the usual way in statisti-
cal physics, we draw conclusions about the statistical properties of h
from those of the set f a,g. By the orthogonality of the modes,

np 2

- &. (3.12)

_ 9L
E_4 L

T Qox

1

Note the explicit appearance of the system size L.

The form of 3.12is the desired sum of independent quadratic con-
tributions, so if the string is in thermal equilibrium at temperature
T, then the probability distribution of each mode is proportional to
exp( g(np)?a2/4 LkgT), from which we deduce that ha,i = 0 and
(by equipartition) the mean squared mode amplitudes are

2kgTL
2. _ <KB
= ——. (3.13
We trace the n? in the denominator of 3.13to the role of tensionin
the energy, which involves two powers of the derivativeof h.

It is of interest to calculate the average envelope of the uctuating
string, the variance of the displacement hh?(x)i,

¥ ¥
H2(x)i = & & hamani sin PX gin 1PX
m n L L
N kBTLig sin? (npx/ L)
g pzn:]_ n2
- "ZTLF(x), (3.14)

where the nal form de nes the scaling function  F shown in Fig. 3.2,
which depends on x and L only through the ratio x = x/ L. The
linear scaling of the variance with system size L is reminiscent of
the scaling *2 t for diffusion discussed in Chapter 1, and for the
analogous quantity in random walks, as we show later.

3.2.2 Continuum limit

In many cases we will consider a system large enough that it is rea-
sonable to consider a continuum of modes. As an example, we return
to the tense string. Adopting a complex notation

h(x) = & e 'h(q), (3.15)
q
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and to be clear on the algebraic steps, we rst write each factor of hy
in the energy in terms of its Fourier coef cients as
Z
g o o . . i(o+ %XA ~
5 &x& & ig( igde TDhghd). (316
0 q qo

E=

The integration over x is performed using the identity
Z .
dxe 'P* = Ldyp, (3.17
0
where d, o is the Kronecker delta. For a real function h(x), we have
h( ) = h (q), and thus the energy takes on the simple form

L [e) e .
E= % a dih(a)j>. (3.18)
q

Equation 3.18is the generalization of 3.12, so equipartition yields

D E
A kgT 1
ih(j? = 2=, (3.19)

In addition to the thermal average of any quantity, we may also

be interested in the system average&enoted by an overbar, where
1%L

( )= Lo ax( ). (3.20)

The thermal average of the system average has a very compact form
in the case of the height function,

hh2i = & hjh(qg)j3i. (3.21)
q

These results are expressed as discrete Fourier sums. Moving to
the continuum limit, we replace sums by integrals using the relation

z
1, dq
~ 31 —
3 a'! R (3.22
Combining (3.19) and (3.21), we nd
z
mhei = 8T da (3.23)

C2pg @

Figure 3.2: Scaling function for variance
of uctuating string. Obtained using
the program Figure _302_stringvar.m
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In passing to the continuum limit, we may nd it necessary to
introduce cutoffs to these kinds of integrals to obtain nite results. A
small-scale cutoff on a length a represents the nite molecular size,
below which the continuum theory may not make sense, while a
large-scale cutoff represents, for example, the nite system size L.
The corresponding cutoff wavevectors are gmax = p/ aand gmin =
p/ L. Accounting for such cutoffs, the variance 3.23 becomes

i - keT 1 1
2pg  Omin  Omax
_  ksT
= 7n2g (L a. (3.29)

In this case, the molecular cutoff scale a may be set to zero without
introducing any divergence in the average of interest, but, as men-
tioned earlier, the variance grows linearly with the large-scale cutoff
L and there is no sensibleL ! ¥ limit.

The average energy of the lament is proportional to the average
mean variance of the lament slope. A simple calculation shows

z
o 9L _ keT
hEi = > hhgi = 2p L dq
_ keT L

This result shows that the energy density hEi diverges as the small-
scale cutoff is taken to zero. This "ultraviolet" divergence is exactly
what the quantum theory of blackbody radiation 1 managed to tame
by introducing a discreteness to the modes at small scales.

If we generalize this calculation to d spatial dimensions and thus
ad 1 dimensional surface, we nd

Z Z
5 dd lq kBT kBT qd 2
hh2i — 28 Bl dgo - 3.26a
g (@) 1o g T (3.260)
kg T d 3
lin (Ll a), d=3

The behaviour at d = 3 is interesting and subtle. The interface
"width" clearly diverges, both as the molecular cutoff a! 0 and in
the limit of an in nite system, but it is a very weak divergence. Tak-
ing L to be 1cm and ato be 1nm, we have L/ a= 107, but In(L/ a)
is only  16. If we take the surface tension g = 72mN/m of an
air-water interface, and note that 1mN/mis 1pN nm/nm 2, then the
width of such a macroscopic air-water interface is hh?i 12 1nm,
i.e. it is molecularin size, despite the "formal" divergence.

For pedagogical purposes? it is instructive to consider how the
above is modi ed when there is a symmetry-breaking eld in the
energy that penalises large excursions in the height function h. If
we view the surface bounded by the height function h(x,y) as the
liquid-vapor interface across which there is a density difference Dr,
and recall that the energy density for a column of uid of height his

& brownian motion
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1Planck, M. Ueber das Gesetz der
Energieverteilung im Normalspektrum.
Ann. Phys, 309553-563 1901

2J.S. Rowlinson and B. Widom. Molecu-
lar Theory of Capillarity Oxford Univer-
sity Press, Oxford, 1982
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Dr gh?/2, then the energy functional is

Z2Z i
9 h i

E= 2  dxdy (r h)2+ 2. 2h% . (3.27)
where "¢ = P 2Dr g/ g is the capillary length(for water, ¢ 5mm).
Now we expand the surface deformation as

h(x) = & e '9*h(q), (3.28
q
and obtain A
= 228 (B + 2. Aif(a)? (329
q

where A = L? s the surface area. Again by equipartition we nd

~ o kgT 1
hjh(q)j<i = g—Am (3.30
This shows that the capillary length provides a cutoff on what would
otherwise be divergent uctuation amplitudesas q! O.

Introducing both small-scale and large-scale cutoffs 2p/ aand 2p/ L,
and assuming a circular geometry in Fourier space, the average vari-
ance of the displacement eld is
" #

1+ 2(p ¢/ a)2

1+2(p d L)?

z

qdg _ kgT n

= 3.31
2pg 2.2+ 4pg (331

A well-behaved the thermodynamic limit L ! ¥ is now possible at
nite g, with " 2#
—.  kgT :
2 -2 in 1+2 %

3.32
apg (332

3.3 Brownian Motion and Diffusion

Now we start to consider the dynamical properties of objects subject
to thermal uctuations. The simplest example are microspheres that
execute Brownian motion (named after the botanist Robert Brown,
whose 1828 paper3 and a follow-up in 1829 are two of the great-
est of all papers in the old scienti c literature). We introduce and
study the simplest examples of stochastic ODEs to describe this pro-
cess. These "Langevin equations" have random forces that represent
the effects of collisions with water molecules, and have an amplitude
that is determined by appealing to equilibrium statistical physics ar-
guments in suitable limits.

A convenient starting point for the description of Brownian mo-
tion is the dynamics of a microsphere that is acted on by an optical
trap and subject to thermal uctuations. Firstinvented inthe 197Cs at
Bell Laboratories,® and extended later,® optical traps (or "laser tweez-
ers" /) localise a particle near the waist of a tightly-focused laser
beam through gradients in the electric eld. This is a consequence
of the general result that dielectric objects experience a force mov-
ing them towards regions of higher electric eld. In this case, the

3Brown, R. XXVII. A brief account of
microscopical observations made in the
months of June, July, and August, 1827,
on the particles contained in the pollen
of plants; and on the general existence
of active molecules in organic and in-
organic bodies. Philos. Mag, 4:161-73,
1828

4Brown, R. XXIV. Additional remarks
on active molecules. Philos. Mag, 6:
161-66, 1829

5 Ashkin, A. Acceleration and trapping
of particles by radiation pressure. Phys.
Rev. Lett, 24:156-159, 1970

6 Ashkin, A. Optical trapping and ma-
nipulation of neutral particles using
lasers. Proc. Natl. Acad. Sci. USA94:
48534860 1997

”Neuman, K.C. and Block, S.M. Opti-
cal trapping. Rev. Sci. Instrum,. 752787
2809 2004
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microspheres that are typically used have higher dielectric constants
than water at optical frequenciedut lower values than water at zero
frequency. In addition to gradient forces, radiation pressure acts to
push the particle along the optical path, so only for suf ciently high
gradients is the particle trapped. This requires microscope objectives
with high Numerical Aperture (NA), those with a very short focal
length relative to their diameter).

Close enough to the trap centre, the effective potential experienced
by the particle is quadratic in displacement from the centre. If we re-
strict consideration to motion in one lateral dimension, the equation
of motion of a trapped microsphere is the Langevin equation

zx = kx+ x(t), (3.33

where z = 6pma is the Stokes drag coef cient and x(t) is the ran-
dom force. For nm sized spheres and moderate laser power, k 10
fN/nm (where 1fN = 10 °N), so that when the particle is displace-

ment is a fraction of the particle size (1 rm = 10%nm), the trapping

force will be in the pN range. From ( 3.33) we see that there is a
relaxation time

t= 1. (3.34)

If a 1mmand kis as above,t 2ms.

It is important to understand the meaning of the random force
x(t). First, note that the %pical velocity of a water molecule is
found by equipartitiontobe ~ 3kgT/ m 600 m/s, and hence it takes
only about 3 10 13s for a water molecule to traverse its own size
(0.2nm), which in turn implies that the collision rate of molecules
with a test particle is perhaps 10%°s 1. These time scales are vastly
shorter than anything we measure when tracking the microsphere's
motion, and we exploit this separation of time scales in the analysis.
A second point regards what it means to "solve" a stochastic ODE
such as 6.41). As we shall see below, for any particular realisation
of the random noise x(t) the Langevin equation is simply a linear
ODE with a time-dependent force. Yet, in the typical experiment
we perform averages over many stochastic trajectories of the parti-
cle to arrive at the average behaviour. This process corresponds to
averaging over the realisations of x(t). Denoting such averages with
angular brackets, we assumelxi = 0 by symmetry.

To see these issues in action, rst simplify ( 3.33) to

x+t Ix= h(t), (3.35)

where h = x/ z. Assuming the initial condition x(0) = Xg, use of an
appropriate integrating factor yields the solution

z t
x(t) = xge Vt+  dt% ¢ OV thO, (3.36)
0

If we average this result over realisations of the noise, then the de-
terministic term is unchanged, while the integral term vanishes by
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the assumed zero value of the mean of the noise (a result that as-
sumes the noise uctuates on time scales much shorter than those
associated with the deterministic part of the particle motion) leaving

hx(t)i = xge V1. (3.37)

Thus, on average the patrticle's trajectory is the deterministic one,
relaxing exponentially to the trap centre.

After the mean position of the particle loses memory of its ini-
tial condition, it still uctuates in the harmonic trapping potential,
exhibiting a nonzero variance that follows from ( 3.36) as

z., Z
hx(t) xoe V1)2i = Ot dt® Ot dt0® @ © OVt On%9i. (3.39)
Now we make use of the separation of time scales in the Langevin
approach, and assume that that the correlation hh(t9h(ti inside the
integral is a sharply-peaked function of the difference jt® 99, decay-
ing much faster than any relevant timescale of the particle. Calling
this function f (t° t°9, making the change of variables s = t9+ t00
and q= t0 t%9with Jacobian 1/2), we obtain the r.h.s. of ( 3.38) as
Z Z
%e e Mgegt dof (), (339
° | Z{z—1}
G

where the nal integral is just a number we label G The variance of
interest is then

hx(t) xee ¥1)3 = %(1 e 21y, (3.40)

In the long time limit ( t/t ! ¥ ), the result simpli es to

hx(t)?i = %. (341

Here we appeal to equipartition; the linear force law ( 3.33) arises
from an energy kx2/2, which in turn implies hx?% = kgT, so
2kgT

G= == (342

A further test of the result is found by examining the result ( 3.40)
in the short-time limit t/t 1. If we assume for convenience that
Xo = 0, then

hx2(t)i ! + . (343

2kBTt
z
This is the expected result for a one-dimensional random walk, with
diffusion constant D, where hx?i = 2Dt. We therefore deduce
ksT
D= 2 (3.44)
z

and the Stokes-Einstein relation is recovered. An illuminating calcu-
lation in the Examples Sheet involves the Langevin description of a
free Brownian particle with inertia.
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Looking back at the calculation above it is clear that the separation
of scales between the noise and the dynamical variable was key to
implementing the connection with equipartition. Since the integral
G of the noise correlation is the only quantity that was needed, it is
possible to assume that the noise is delta-function correlated in time.
This leads to the standard assumptions on the Langevin noise in the
original form ( 3.33) or the scaled dynamics (3.35),

hxi
hhi

0, hx(t)x(t%i = 2Dd(t 19, (3.45a)
0, h(t)h(t%i = 2kgTd(t t9. (3.45h)

3.4 Polymers and Entropic Forces

In this section we develop basic models of polymer physics, with
emphasis on the concept of an entropic spring Polymers are struc-
tures composed of repeating subunits held together with cohesive
forces that may be of various types. In the case of DNA, there are
true covalent bonds between the nucleotides, while in microtubules,
non-covalent bonds hold together the individual protein subunits
and the whole structure can grow and shrink over time through re-
versible polymerisation. Polymers can be linear sequences, as in the
case of proteins, or branched or even crosslinked to form networks.
We consider the simplest models of linear polymers.

3.4.1 Freely-hinged chain

The simplest model of a polymer has N identical links of length b,
each of which can be oriented in one of two directions. To include
the effects of an external force, we imagine the polymer hangs from
a support in a gravitational eld and a mass m s attached to the last
segment (Fig. 3.3). Note that there is no resistance to bending in this
model, and indeed there are no internal forces at all.

With a reference energy at zero extension, the potential energy of
the freely-hinged chain is E= mgz where the extension z is

N
z= § bs, (3.46)
n=1
and s, = 1 denotes the orientation of the nth link. The con gura-
tional partition function is
|
v
z= 4 QA exp bFb3 s (3.47)
5= 1 sy= 1 n=1

where F = mg is the gravitational force on each link. By the inde-
pendence of the s,, this can can be simpli ed to

N
1
Oz

4 efs = [2cosn(f)V, (3.48)
=1

n=1s

Figure 3.3: A freely-hinged chain, hang-
ing under gravity from a support.
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where f = bFb. From this we calculate the mean extension as a
function of the force, using Z as a generating function,

MinZ,

it = Ltanh(f), (3.49

i = tbd sni = b
n

where L = Nb is the fully-extended length. Figure 3.4 shows the
normalized extension hzi/ L versus f, revealing a linear regime at
small f and saturation for f 1. Expanding (3.49) for small f yields

., Nb?
' —F+ .
hzi kaT F , (3.50)

the linear relationship of a Hookean spring with spring constant

kgT

k= NGZ

(3.51)

The appearance ofkgT reminds us that this is an entropic spring the

resistance to extension arises because of the loss of entropy in the
extended state. Indeed, in the fully-extended state there is only one

con guration possible (all s, = + 1), and hence zero entropy. In the

Exercises we explore this

3.4.2 The freely-jointed chain

It is natural to ask whether the qualitative features of the free-hinged
chain are found in more realistic models of polymers. Consider the
freely-jointed chairin which each link may rotate around the previous
one on a cone of angle 3 (Fig. 3.5). Now the extension is

N
z= § bcosqn, (352

n=1

with partition function
N Zp
Z = O 2p  dosingef s
n=1 0
4p sinh(f) N

- 4psinh(f) (353

f

Figure 3.4: Force-extension curves for
the freely-hinged chain (blue) and the
freely-jointed chain (green). Obtained
with Figure _304_polymers.m .

Figure 3.5: The freely-jointed chain.
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The average again follows by differentiation, and has the simple form

hzi = LL(f) where L(f)= coth(f) % (3.59)

Here, L is the so-called Langevin function well-known in the the-
ory of magnetism. Figure 3.4 compares this functional relationship
with that of the freely-hinged chain, showing qualitative consistency.
There is again a linear relation at small forces, with spring constant

_ 3kgT
~ Nb2’
the larger value re ecting additional degrees of freedom.

k

(3.55)

3.5 Polymer statistics and random walks

3.5.1 General formulation

Next we study a more general approach to polymer statistics, follow-
ing the discussion in Doi and Edwards. 8 Consider an arbitrary free
polymer of segment length b, where r, (n = 1,...,N) is the position
of the start of each segment and

f+1= rnt Zpn, (3.56)

with z,, a random displacement of xed length ( jz,j = b). The "end-
to-end" displacement R of the polymer,

R ry ro= a zn (3.57)

is a quantity of great interest. If, as usual, we denote an average over
realisations of random variables (in this case, the f z,}), then

N
hRi = § heni = 0 (3.59)

n=1

by symmetry. The second moment is

hR%i =

T Qo=
T Qo

hem zni = Nb?, (3.59)

1n=1
where we have made us of the relation hzy, zni = dmnnb? that holds
for the independently distributed random variables fzyg. The simi-
larity with the Langevin formalism is apparent.

We formulate the problem more generally, without the require-
ment that segments be of xed length. De ne the probability that a
polymer with N segments has segment positionsf r,.g as

P(freg) = %G(f ng) with G=e PU(rg), (3.60)
The energy is typically a sum of near-neighbor interactions and a

contribution from an external potential,

N

U(freg) = & Uj(rj 1.1j) + W(fryg). (3.61)
=1

8M. Doi and S.F. Edwards. The Theory
of Polymer Dynamics Clarendon Press,
Oxford, UK, 1986
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When W = 0, this is just a "random ight" model. Now de ne the
probability distribution  p;(R;) of segment lengths

p(R;) = exp[ bU;(R;j)] where Rj=r1j 1 1, (3.62

and assume it is normalized (RdRp(R) = 1).

The xed end-to-end-vector partition function Gis de ned as the
integral over all degrees of freedom of the internal segments such
that the end position is R, assuming for convenience that the start of
the rst segment is at the origin,

4

G(R;N) = dRNG(fRy)d(ry  R),
Z N N !
= dRNQO p(R))d & Rx R , (3.63

=1 k=1

where the notation is that of ( 2.4), namely dRN = dR;dR,  dRy.
Now we use an integral representation of a delta function,

VA
dk
d(P) = kP 3.64
to express G for a system of identical segments as
VA
Bk iR
e K(k;N), 3.6
where the so-called "characteristic function" is
z . N
K(k;N)=  drRp(R)eR . (3.66)
As an example, consider a xed-length segment, for which
1 -
p(R) = Wd(l Rj Db), (3.67)
and hence \
K(k;N) = S'”k('b‘b) . (3.69)

In the limit of large N, it is the small-k behaviour that is important,
and if we expand K we nd

K(k;N) 1 exp( NKk?b?/6). (3.69)

k2b?

—+ ..
6

For more general distributions, we will obtain the form in  3.69, but

with b having the interpretation of an appropriate second moment of

p(R). Performing the inverse Fourier transform in ( 3.65), we obtain

3/2 3R2

G(R;N) = exp SNbBZ

3
— 3.70
2p 2N 370
This Gaussian distribution is the central feature of ideal random
walks, and is not restricted to a xed-length distribution p. It is
essentially a consequence of the central limit theorem that requires
only a nite second moment of the underlying distribution.



fluctuations & brownian motion (lectures 5 -7) 55

3.5.2 Flory theory and self-avoidance

We may interpret the argument of the exponential in ( 3.70) as an
effective (entropic) free energy,
3R?

This has the form of a (Hookean) entropic spring, with a minimum at
R = 0 re ecting the fact that stretching the chain lowers its entropy.
In a root-mean-square sense, the typical end-to-end distance obeys
the scaling form

R N, (3.72

with n = 1/2 as expected for an ideal random walk. Let us now

consider how excluded-volume interactions change this free energy,
adopting the scaling point of view rst introduced by Flory © and
extended by many others.10 The effects of self-avoidance are intro-
duced by means of a short-ranged (indeed, d function) interaction

between segments along the chain of the form

1 ZN ZN
0 0

where for convenience we have included kgT in the prefactor.

Using a mean- eld argument like that used to calculate the in-
ternal energy of a gas in the approach of van der Waals (Eq. 2.10),
we estimate the contribution of these interactions to the free energy
using the local segment concentration N/ R3,

N vN?
The total free energy in this Flory theoryis thus
3R? VN2
= —t —= . .
F(R) = kgT N2 R3 (3.79)

We see a competition between entropy, which favours the smallest R,
and excluded-volume effects that tend to swell the chain. Differenti-
ating to nd the optimum, R , we obtain

R N3%5, (3.76)

As the exponent n = 3/5 > 1/2, excluded-volume interactions have
swollen the chain from its ideal size ( 3.72).

It is instructive to generalise this to arbitrary spatial dimension d.
The only change needed to (3.75) is the form of the local concentra-
tion in the excluded volume interaction, which becomes N/ RY. The
new balance of terms is

R? N?

— = 3.7

N Rd’ S
which leads immediately to the predicted exponent

n= 3 (3.78

d+ 2’

°P.J. Flory. Principles of Polymer Chem-
istry. Cornell University Press, Ithaca,
NY, 1953

°pP.G. de Gennes. Scaling Concepts in
Polymer Physics Cornell University
Press, Ithaca, NY,1979
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These are compared to the known values in Table 3.1. The case of
d = 1 is trivial, as such a self-avoiding chain must be fully stretched
out, while for d > 4 the probability of a chain contacting itself is so
low as to leave the Gaussian scaling unchanged. Apart from the case
d > 4 we see that Flory theory is remarkably accurate.

d  Mrory Nexact comments

1 1 1 exact result

2 3/4 3/4 exact solution

3 35 0.589... numerical

4 1/2 1/2 upper critical dimension
>4 3/(d+2) 1/2 excluded volume irrelevant

3.6 Exercises

1. A patrticle forced by a moving optical trap. microsphere of radius a
and drag coef cient z is constrained to move along the x-axis, and is
acted on by an optical trap that is moving in the positive x-direction
at velocity vr. When the trap is located at a point X it exerts a force
F(x Xg), so the overdamped dynamics of the particle is

zx = F(x vt).

Suppose that the trap has compact support, so that F(x) = 0 for
x < X and for x > Xg. If the trap starts to the left of the particle,
nd the particle's net displacement Dx after the trap has passed it
by, and the time Dt spent by the particle interacting with the trap.
What is the condition that assures that the particle does not remain
trapped as t ! ¥ ? Assuming this is the case, show that whatever
the form of F(y) the net displacement is always in the direction of
the trap motion, and suggest a heuristic explanation for this result.
Find the asymptotic behaviour of Dx for large trap velocities.

The trap is now moved around a circle of radius R a. De-
rive the particle's net rotational frequency fp as a function of the
trap angular frequency fr = v/ (2p R), the displacement Dx in each
kick, the interaction time Dt and the potential width 2 Xg = Xg  X|.
Con rm that in the regime of suitably large trap velocity, which
you should de ne precisely, one obtains the intuitive result fy '
(Dx/2 p R) ft. Specializing to the case of a triangular trapping poten-
tial, with F(y) = Ffor Xg< x< Oand F(y)= Ffor0 < x < Xy,
obtain an explicit expression for f,/ f; as a function of the two quan-
tities a= Xo/ (pR) and b = fy/ f;, where 2pRf; = F/ z.

2. Brownian motion with inertia. Here we generalize the Langevin
equation discussed in lecture to a particle with inertia.

Consider the Langevin equation for a single particle of mass m, drag
coef cient g and random forcing AYt),

mc(jj—l: = gu+ Aqt). (3.79

Assume the random force has zero mean and a variance < Aqt)
Aqt9 > that is a function f (jt t9) decaying very rapidly with

Table 3.1: Scaling exponent for self-
avoiding walks in d dimensions.



fluctuations & brownian motion

t 19 satisfying R¥¥ dyf (y) = m?t. If u(0) = ug and r(0) = rq
are the initial velocity and position, solve ( 1) to obtain U u(t)
uge 2 formally in terms of A, where z = g/mand A = AYm.
From this deduce the variance hU2i and thereby determine t from
equipartition.

In order to evaluate higher moments of U, assume that the random
process A(t) is Gaussian, sohA(t1)A(tz)  A(ton+1)i = 0, and

hA(t)A(t2)  Atan)i = &  hA(G)A(t)IhA(L)A(L)i
all pairs
Considering carefully the number of pairs in the above sum, show
that the moments satisfy

Ui =0 hU?i=(2n 1NHUE",

and hence that the probability distribution of U is Gaussian,

m 3/2 mJ u Uge Z'[j 2

pkeT(X e 2y P T e 2

W(u,t;up) =

Integrate the equation for u to obtain the position vector r. Find
the mean and variance of r. Examine the short and long-time be-
haviour and explain the distinction between the two.

3. Entropic spring in a different ensembl& simple one-dimensional
model of a rubber molecule consists of a chain of N links, where N
is xed. Each link has a xed length b and can be oriented in either
the positive or negative direction. A unigue state i of the molecule
is speci ed by giving the orientation of each link and the molecule's
length in this state is I;. If n+ links are oriented in the positive di-
rection and n in the negative direction, then N = n. + n and the
length of the molecule is | = (n+ n )b. All con gurations have the
same energy.

(a) What is the range of possible values of |? What is the number
of states of the molecule for xed ny and n ?

(b) Now consider an ensemble with A 1 copies of the molecule
in which g members are in statei. Write down an expression for the
mean length hLi. By introducing Lagrange multipliers t and a show
that the most probable con guration for the fag with given hLi is
found by maximising

Al o 0
5. al +t al_ gl aai g .
Hence show that the most probable con guration has
Pi = é'i/ Z,

where p; is the probability for nding an ensemble member in state
i and Z is the partition function which should be de ned.
(c) Show that Z can be expressed as

z=3ql)ée',
|
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where the meaning of g(l) should be explained. Hence show that

N

N| N+ n
zZ= § —— &P et " ny+n =N.
_,nsIn !
n+=0

(d) Show that the free energy G = kgT In Z for the system is
G= NkgTIn(2coshta) ,

where kg is the Boltzmann constant and T is the temperature. Hence
show that
1 1G hLi

and tanhtb= —

(e) Why is the tension f in the rubber molecule equal to kgTt ?
[Here f and L are analogous to, respectively, pressure p and volume
V in three-dimensional systems, and G is the Gibbs free energy be-
cause the setup corresponds to a system with xed tension rather
than with a xed length.]

(f) Now assume that Nb h Li. Show that the chain satis es
Hooke's law f p hLi. What happens if f is held constant and T is
increased?



4
Biological Filaments (Lecturés12)

Living systems are replete with laments, from the polymers such
as actin and microtubules that comprise the cytoskeleton to cilia and
agella that power the motility of microorganisms. At larger scales
we nd slender, undulating organisms such as worms and snakes. In
this chapter we discuss the basic differential geometry of laments
in two and three dimensions, their bending elasticity and variational
principles by which their motion can be understood. The important
link between the boundary conditions that hold at lament ends and
the natural eigenfunctions that describe their shapes is discussed in
some detail. We also discuss some key phenomena that are relevant
in biological phenomena; Euler buckling, elastohydrodynamics, self-
propulsion, and oscillations induced by molecular motors. There are
many excellent reviews on the subject,! and concise compendia on
differential geometry. 2

4.1 Essentials of differential geometry of curves

We start the basic differential geometry of curves in the plane. Con-

sider a curve r(a) in a plane, parameterized by a 2 [0, 1] (Fig. 4.1).
For generality, the range of a is taken to be xed; it can be any mono-

tonically increasing label along the curve, such as the arclength snor-
malized by curve length L. Later we will specialise to the arclength

representation where appropriate. Let ry  qr/ fa be the unnormal-
izedtangent vector, and introduce the metric

g=ra ra. 4.1)

Then the differential of arclength is
ds= jdrj = P gda, (4.2)

and the unit tangent to the curve is

f= ﬁ% (4.3)

The normal vector A at each point is orthogonal to the tangent,
and its components are given by

fi = ey, (4.4)

1Powers, T.R. Dynamics of laments
and membranes in a viscous uid. Rev.
Mod. Phys, 8216071631, 2010

2S. Lipschutz. Differential Geometry.
Schaum's Outline Series McGraw-Hill
Education, New York, 1969

Figure 4.1: A curve in the plane. The
vector r(a) is a map between the unit
interval and the blue curve.

Figure 4.2: The unit tangent and normal
vectors to a curve, and the tangent an-
gle g de ned with respect to the x axis.
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where g is the Levi-Civita symbol (e =+ 1,e1= 1,€11= €=
0). The pair (f,A) is a local coordinate system (Fig. 4.2) that rotates
as it moves along the curve according to the Frenet-Serreequations

! ! !

(4.5)

5 >
=~
o
> >

Al
s
where the curvature k can be positive or negative. Adopting the
convention in Fig. 4.2, where the tangent angle q is with respect to

the x axis, we have t = cosgex + singey and i = singex  cosgey.
Using di/ ds kA we nd

(- 10

s (4.6)
where, in general,
1 11
— = p=—. 4.7
s gfa 40

In the "Monge representation”, where we have a single-valued
function h(x) as a function of the external cgordinate x,&hﬂi-
tion vector is r(x) = ( x,h), the tangentis (1/ 1+ hZ,hy/ 1+ h2),
and g = tan 1hy, and we have the familiar result

- hXX
1+ 1§72

4.8)

With the formulation above, we can calculate two elementary geo-
metric features of curves, their length L and the area A they enclose,
if closed. While we will often deal with open curves (representing,
say, elastic laments), there are times when closed curves are of in-
terest, whether an actual closed loop of DNA or an interface between
two states in a reaction-diffusion system, or a simpli ed model of a
cell membrane in two dimensions. The length is trivially

Z1

L= dap
0

g, (4.9)
while the area is z,

A== dar rg (4.10
20

where in two dimensions the cross product is the scalar (a b) =
gjabj. The description of space curves is quite similar to the planar
case, only now there is an orthonormal triadof the tangent t, normal

A and binormal b = f A that evolves with arclength as
0.1 10 1

0
Mgl 0 k 0t
Ts%;ﬁ&z%) K 0 tX B, @.11)
b 0O t 0 b

where now the curvature kis strictly 0O andt is the torsion.

4.2 Overdamped lament motion

Many of the problems of interest in the biological physics of la-
ments take place at the cellular scale. If we formulate a Reynolds
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number for these problems,

Re= $, (4.12)
n

where U is a typical uid speed, L is a typical length scale for the
motion, and the kinematic viscosity of wateris n  10° nm?/s (Table
1.1), then with U 1 100mm/s and L 1 100mm, we have
Re 10 & 10 2, well in the Stokesian regime where inertia can
be neglected. The equation of motion should be rst order in time
derivatives, re ecting a balance of viscous and elastic forces.

4.2.1 A variational principle

It is pedagogically useful to formulate the dynamics through a varia-

tional principle, as this provides a way to connect forces to an under-

lying energy functional, and to assure that the dynamics has an ap-

propriate reparameterisation invariance. With this in mind, we rst

review the manner in which dissipative contributions can be intro-

duced into the usual Lagrangian formulation of classical dynamics. 3 3H. Goldstein.  Classical Mechanics
Consider a system speci ed by a single coordinate g and its time ﬁg:isl";é\éves'w Boston, MA, 2nd edi-

derivative @. In the usual manner, the Lagrangian is '

L(gg)=T V, (4.13

where T aqg V are the kinetic and potential energies. From the
action S =  dtL, the minimum action principle dS = 0, yields the
Newtonian equation of motion

dqL ML
—— = 4.14
dt g 1q @19

With T = mq?/2 the Euler-Lagrange equation becomes

. 1w
md = T (4.15
In the limit of vanishing inertia ( Re= 0), simply dropping the kinetic
energy term leaves us with no dynamics, because dissipative forces
are not captured in either T or V. Instead, we must introduce a gener-
alised forcassociated with dissipation. This quantity is related to the
rate at which viscous forces do work. For example, if, as in the case
of a sphere moving through a viscous uid, the viscous force is zq,
where z is a drag coef cient, the rate of dissipation (force velocity)

is zg?. Thus, we introduce the Rayleigh dissipation function
R = %zqz, (4.16)

proportional to the dissipation rate, and obtain the new variational
principle in which the derivative of R with respect to velocity is a
generalised force,

dyL qIL _ TR

—— == = 4.1
dtfg 9q fiq @19
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In the overdamped limit, we then have the Aristotelian law

1\
Ta’
Now we ask how to generalise these ideas to moving curves. We
start by formulating the dissipation rate. The simplest generalization
of the Stokes drag on a sphere to a moving curve involves a local,

isotropicdrag coef cient z, so that
z

zq= (4.18

1 _
R= 3z daP arz, (4.19)
and the generalized viscous force is dR/ dry = zp grt, and thus

(renaming V asE, the energy functional of the curve or lament), the
equation of motion for isotropic drag is
1 dE

Zrt = ﬁE E ] (420)

where the r.h.s. is a functional derivative. The main result of hav-
ing formulated the dissipation rate in a reparameterisation invariant
manner is the metric factor in 4.20.

For a long, slender object of length L and radius ain three dimen-
sions, the calculation of the drag is a complicated nonlocal problem,

but often the dominant behaviour is well-described by Resistive Force

Theory* (RFT) in which there are local drag coef cients z, and z, for
motion perpendicular and parallel to the lament, and z, for rota-
tional motion. These can be understood most simply by appealing
to the known drag coef cients for prolate ellipsoids. ° If the ellipsoid
has length L and radius a, thenif L/ a 1 the drag coef cients are

2pm 4pm

T hwa 120 T in(Ua+ 12 “-21)

For many applications it is suf ciently accurate to assume z, = 2z,.
These can also be derived in a systematic manner through an asymp-
totic expansion in the aspect ratio of the lament. ® The rate of energy
dissipation is a simple generalisation of 4.19,

4

R=2

p_ 2 N
5 da"g ze trr "tz (A )+ by , (422

and the general lament equation of motion becomes

~ an 1 dE
+ = h— :
Ztt+ z- | tt It ﬁfg ar’ (4.23
where | = tt+ AA + bb is the unit dyad. If we use the asymptotic

result z, = 2z, then the projection operator on the l.h.s. of 4.23is
proportional to |  tt/2. The inverse of this operator is

1.. ”
IS =1+ (4.24)

and therefore we can write the equation of motion 4.23 as

1 an 1 dE
= — |+ - 4
It Zo | tt P= r ( 25)

4J. Gray and G.J. Hancock. The propul-
sion of sea-urchin spermatozoa. J. Exp.
Biol., 32802 1955

5Oberbeck, A. Ueber stationare Flis-
sigkeitsbewegungen mit Berlcksichti-

gung der inneren Reibung. J. Reine.
Angew. Math, 81:62-80, 1876

6Keller, J.B. and Rubinow, S.I. Slender-
body theory for slow viscous ow. J.
Fluid Mech, 75:705-714, 1976



biological filaments (lectures 8 -12) 63

The above analysis de nes the dynamics of the lament centreline,
but does not address any twisting deformations that can occur. For
long, slender laments the balance of forces for a lament rotating
at angular frequency w about its long axis has the simple form

m= zw, (4.26)

where mis the moment and z, = 4pma? is the rotational drag coef -
cient. We shall discuss this at greater length below.

4.2.2 Elasticity

In this section we use the general formulation developed above to
study laments governed by the elastic energy ’

1 ‘L

E= ZA  dsk? 4.27

2 o
where A is the bending modulus. This energy penalizes bending
in any direction away from a straight lament, which is the ground
state. As in our discussion of membrane elasticity, it is useful to ex-
press A in terms of thermal energy. Since it has units of energy length,
we can write A = KkgTLp, where L is the persistence length The
persistence length has a simple physical meaning; if a lament has
length Lp and is bent on the scale of its own length, then the energetic
cost is thermal energy, sinceE A Lp 1/L3 A/l kgT.

lament Lp radius  length L/ Lp
DNA 50nm 1nm nm-m 10 2 10
actin 10 15mm 35nm 1 1Pmm 0.1 1P
microtubules  5mm 12nm 1 100nm 10 4 10 2

Filaments governed by the elastic energy 4.27 are termed "semi-
exible", and are found throughout the cell. Table 4.1 summarizes
the three most important examples. We shall not delve into the de-
tailed derivation of 4.27 here, but note that resistance to bending
fundamentally arises from the resistance to stretching. As shown in
Fig. 4.3, the outer edge of a bent lament is under extension and the
inner edge is compressed. The resistance to stretching or compres-
sion is quanti ed by the Young's modulus Y as the proportionality
between the force per unit area applied to an object and its fractional
change in length,

force DL

Y—. 4.2
area L (4.28)

Y clearly has units of energy/volume, and by comparison to the
modulus we deduce that A Y Iength“. As the only length scale of
relevance for a lament is its radius a, we deduce that

A Ya (4.29)

If we take as an example the case of microtubules, we deduce Y
10° Pa, which is similar to that of plastics.

7L.D. Landau and E.M. Lifshitz. Theory
of Elasticity Butterworth-Heinemann,
Oxford, UK, 3rd edition, 1986

Table 4.1: The persistence lengths of
various biological laments.

Figure 4.3: A bent lament viewed in
longitudinal cross section. Red dashed
line indicates neutral plane.
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In order to derive the lament dynamics we need the functional
derivative of the energy 4.27. This functional is of the general form
VA

E= daf(r,ra,raa ... (4.30

The guantities ry and rag show up in the metric factor P
elastic term, which can be written in a covariant manner as
2

g and the

1 r
k2 = p—gﬂa p% . (4.31)

The functional derivative (or "Fréchet" derivative) of 4.30is

S LA 0 LS Gl L
d  Ir 9Yafra Ta2Traa ’
where successive terms arise from additional integrations by parts.
For the remainder of our discussion we will con ne ourselves to
curves in the plane. A straightforward (if tedious) calculation of this
to 4.27 for such laments yields the result

p%f = A kst %k3 A. (4.33

4.32)

Note that this force is purely normal to the lament. As the curva-
ture involves two derivatives of position, Kss involves four; this is a
hallmark of elasticity that is distinct from the effects of tension (as
in a violin string), which produces a restoring force proportional to
the curvature itself. One might imagine that with an energy that
is (curvature)? the fourth derivative would be the only term in the
force, but this is not the case. The nonlinearterm k3 appears even
though this theory is based fundamentally on linear elasticity the-
ory. It is a geometric nonlinearitythat arises from the fact that the
coordinate r and arclength s are not independent. And it is intuitive
physically, if we think of a closed circular loop, where the curvature
is constant (kss = 0) and yet there is uniform outward force which
would only be relaxed at vanishing curvature (in nite radius).

A small technical aside is needed here. It is tempting (and fre-
qguently done in the literature) to adopt a simpli ed picture in which
the energy (4.27) as a functional of the quantity r(s), ignoring the fact

that sand r are not independent. In this calculation, we simply write
VA

E[r] = %A dsr, (4.34)
and deduce the force
il 1
Tss ﬂTss EA@S = Arssss (4.35)

A simple calculation using the Frenet-Serret equations shows that
Arssss= A kss k3 fi+ 3Akksf, (4.36)

which differs from ( 4.33) in the coef cient of the cubic term in k
and the presence of a tangential component. But those extra terms
comprise a total derivative,

1 dE 3 "
%E: Arssss s EAkzt . 4.37)
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We shall now see that the difference between the two calculations
represents a tension-like contribution.

If we were to use E directly as our energy functional, the dynamics
will not necessarily preserve the local arclength along the lament.
To enforce local inextensibility we introduce a Lagrange multiplier
function L (a) that represents the internal tension,® and de ne

Zq
F=E daP gL (a). (4.38)
The functional derivative of F is
1 di = 1 dE Lt
Pga - Pgar s
= A ket %kz A+ LkA L. (4.39

The new terms involving L can be interpreted as a Young-Laplace
force in the normal direction (tension curvature) and a tangential
"Marangoni" force (gradient of tension).

In order to nd L (s), we appeal to some general results for the
dynamics of curves in the plane. The equation of motion 4.25 for
laments is of the form

re= UA+ W, (4.40)

where U = U(r,k,...) and W = W(r,k,...) are the normal and tan-
gential velocities. If the lamentis locally inextensiblethen the metric
must be time-independent. Computing the time derivative of In P g
to highlight the reparameterisation invariance, and written out to
emphasise that a is time-independent (ry = ria), we have

ﬂlnpg_ fa Tlat

= p= p==1 Tsft = Ws+ kU, 4.41
Tt 95 ’ﬁfg sl't s ( )
and therefore the incompressibility constraint is Ws = kU. From

our lament equation we deduce that

1
Z

A Kest Le 4Lk . W= ﬁ, (4.42)
2 Zo

U=

where the factor of 2 in W arises from the drag coef cient ratio.
From 4.41 and 442 we nd that L obeys an inhomogeneous elliptic
second-order ODE at each instant of time,

1 A 1
Tss ék2 L= Sk ksst ék3 . (4.43)

We now see that the difference between the "proper" (4.33) and sim-
pli ed ( 4.36) forces is a rede nition of the tension.

The general dynamics 4.40is an intrinsic equation of motion, and it
is of interest to the time evolution of geometric quantities such as the
tangent angle q and the curvature k. As these are scalar quantities
they are often easier to study (both analytically and numerically),
particularly when a lament is free in space and its absolute position

8 Goldstein, R.E. and Langer, S.A.
linear dynamics of stiff polymers.
Rev. Lett, 75:1094-1097, 1995

65

Non-
Phys.
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(and possibly its orientation) are unimportant. The tangent vector
evolves as Tt/ ft = (Us kW)A and therefore with t and A de ned
above 4.6, we have ft/ ft = A, and thus

g = Us+ gW. (4.49)
A bit more work shows that the curvature obeys the PDE
ke=  Tsst k? U+ keW. (4.45)

In both (4.44) and (4.45) we see thatW enters as an advective term.

4.2.3 Boundary conditions and biharmonic eigenfunctions

A nal general point to make in discussing laments is the bound-
ary conditions at their ends. While in some problems there are obvi-
ous forces or torques applied at the lament ends, the case of "free”
ends with vanishing force and torque are extremely common and de-
serve attention. It is easiest to think about these problems when the
lament is only weakly displaced from straight, where the Monge
representation holds and we can approximate the elastic energy as
AL

E' 5 . dx h2,. (4.46)

To nd the boundary conditions we compute the change dE when
h! h+ dh, paying close attention to the surface terms that arise by
repeated integration by parts

R, L R,
dE = A g dihodho= A hydh g dxhedh,

R

L L
= A hodhy  hodh + g dxhucah (4.47)

The functional derivative of E is the coef cient of dh in the integral,

dE
dh
If the surface terms are to vanish for arbitrary dh and dhy, then

= Ahgy. (4.48

hxx(0) = hyx(L) = 0, and hyxx(0) = hyxx(L) = O. @4.49

These are thenatural boundary conditionsf a free lament. The quan- *Wiggins, C.H., Riveline, D., Ott, A.

. . . . and Goldstein, R.E. Trapping and wig-
tity Ahyx is a torque and Ahyxy is a force; the fre.e. ends are torque- gling: elastohydrodynamics of driven

free and force-free. When these (or related®) conditions hold at both micro laments.  Biophys. J. 74:1043-
ends, the operator Y, is self-adjoint operator and its eigenvalues are 1060 1998

real. Its biharmonic eigenfunctions W satisfy an equation of the form
AWy, = KW, (4.50)

just as singx and cosqx are eigenfunctions satisfying fxx =  2f.
For the "free-free" case (both ends free), a simple superposition of

sinkx and coskx will not satisfy boundary conditions that require

successive derivatives to vanish. Instead, the functions are

W(x) = Asinkx+ Bcoskx+ D sinh kx+ Ecoshkx. (451
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Computing the derivatives Wy (0) and Wxyxx we deduce that E = B

and D = A. Then the problem reduces to the 2 2 system
! ! !
sinhkL sinkL coshkL coskL A

= 4.52
coshkL coskL sinhkL+ sinkL B 0 (4.52)
Setting the determinant to zero we obtain the condition
coskL = 1 (453
~ coshkL’ '

Figure 4.4: Solution of the transcen-
dental relation 4.53. Blue curve is
coskL, green is 1/coshkL, and red
dots represent the numerically ob-
tained crossing points. Obtained with
Figure _404_and_405_biharmonic.m

The graphical solution to this transcendental relation is shown in
Fig. 4.4. There is an in nite discrete set of solutions kL analogous to
the trigonometric numbers np in ordinary Fourier series with Dirich-
let boundary conditions. Beyond the rst solutionat k= 0, the cross-
ing points are ever closer to the values (2n+ 1)p/2 for n 1. Even
though these values are like those of a pure Fourier series, the eigen-
functions are qualitatively rather different, as seen in Fig. 4.5.

Figure 45 The rst ve bihar-
monic  eigenfunctions  W,(x) for
free-free boundary conditions.
Obtained  with Obtained  with
Figure _404_and_405_biharmonic.m

Having established a complete set of orthonormal eigenfunctions
of the operator 14y, we can now illustrate their utility in the prob-
lem of thermal uctuations of semi exible polymers. If the lament
shape h(x) is expressed as a sum of biharmonic eigenfunctions,

h(x) = & aW™(x), (459
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we can, using repeated integration by parts as in (4.47), rewrite the
bending energy as a sum over those modes,

Z Z
1 L L
SA . dxh2, = ZA , dxhhyy
1 Z, ¥ ¥
=ZA dx 8 & amanl wmMw
2 0 m=1n=1
_1,¢ 2
= 5A 8 Ind, (455

>
=

where in the last relation | , is the n" eigenvalue, and we have used
the orthonormality the WSs to simplify the result. Once again we
have found an energy expressed as a sum of independent quadratic
contributions, and thus from equipartition we obtain

. kgT , kgT  16L%
mﬁ| = Bl BBl ,
Al A (2n+ 1)4p*
where in the last relation we have used the approximate form of the
roots of the transcendental equation (4.53). The variance is

(4.56)

keT o W(M(x)2
AT
n

n

hh?(x)i = (4.57)

An experiment to study the dynamics of semi exible laments in
imposed ow elds was done some time ago, using a micro uidic
setup depicted in Fig. 4.6.10 Single actin laments can be held at
the crossing point of two perpendicular channels meeting at a four-
fold junction by means of the pressure difference Dp between the
inlets and outlets. This also allows the ow to be changed from com-
pressional to extensional for a lament oriented along either of the
orthogonal directions. The vector eld show illustrates the hyper-
bolic ow prole that can be achieved. At right is an image of a
uorescently labelled actin lament and the tracing of its centreline.

The variance of the lament deviation h(x) from its straight con-
guration, normalised by its value at the endpoint, is shown in Fig.
4.7 for these experiments with actin, compared with the contribution
from the fundamental mode n = 1in (4.57). The somewhat unusual
shape "W" shape arises from the nodes in the rst mode, themselves
an indirect consequence of the free- lament boundary conditions.

Figure 4.6: Micro uidic setup to study
single actin laments. From Ref. 10.

1 Kantsler, V. and Goldstein, R.E. Fluc-
tuations, dynamics, and the stretch-coil
transition of single actin laments in ex-
tensional ows. Phys. Rev. Letf. 108
038103 2012
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4.2.4 Twist dynamics

brief description of the basic dynamics of twist of slender elastic
laments 11 12

basic result of twist diffusion rotated elastic, twist inject and ux
Zajac instability

Figure 4.7: Normalised variance of uc-
tuating actin laments, from Ref. 10.

1 Goldstein, R.E., Powers, T.R. and Wig-
gins, C.H. viscous nonlinear dynamics
of twist and writhe. Phys. Rev. Letf.80:
52325235 1998

2Wolgemuth, C.W., Powers, T.R. and
Goldstein, R.E. Twirling and whirling:
viscous nonlinear dynamics of rotating
elastic laments. Phys. Rev. Lett. 84
1623-1626 2000
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4.3 Instabilities and elastohydrodynamics

Here we work through four pedagogically important problems in
elastohydrodynamics that use the formalism described above.

431 Examplel. Euler Buckling

Our rst example is not itself dynamical, but serves to illustrate some

useful ways of analyzing bifurcations in elastic systems. It is the
classic problem of Euler buckling in which an elastic lament subject
to thrusting forces at its ends deforms at a critical force.

Inside of cells, microtubules often interact with cell membranes
and deform them. A series of experiments in the 19913 provided
some of the nicest illustrations of the forces at work in these con-
texts. Figure 4.8 shows an experimental realization of this instability
involving microtubules grown by inducing polymerisation of tubu-
lin monomers in solution inside of lipid vesicles. As they grew and
the deformed membrane exerts larger and larger thrusting forces on
their ends, the microtubules buckle.

Our analysis of Euler buckling will be done using the tangent-
angle representation of the curve to illustrate an alternate approach
to the Monge representation. Using the geometry of Fig. 4.9, the
coordinates x(s) and y(s) of a point at arclength s are related to
the tangent angle through dx/ ds = cosq and dy/ ds = sing. If we
take the left end of the lament to be at the origin ( x(0) = 0), then
the difference between the fully extended length L and the projected
distance between the endpoints is x(L) and x(0) is

Z dx Z

L x(L)= 0ds 1 4 - . ds(1 cosq(s))- (4.58)

The energy functional for the lament includes the bending energy
and the work done by the force F in displacing the lament ends,
E[q] = . ds EAqg F(1 cosq) . (4.59)

The equilibrium condition dE/ dg= 0is
Adgsst+ Fsing= 0, (4.60)
which is the equation of motion of a pendulum in which arclength s
stands for time. We rescale the arclength toa = ¢/ L to obtain
,i_z

Oaat+ fsing= 0, with f= A (461

Figure 4.8: Buckling of microtubules
growing inside a synthetic lipid vesicle.
Scale bar is 5mm . From Ref. 11

BFygenson, D.K., Marko, J.F. and
Libchaber, A. Mechanics of micro-
tubule-based membrane extension.
Phys. Rev. Let}.79:4497-450Q 1997

Figure 4.9: Geometry of Euler buckling.
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Let us consider clampedboundary conditions, q(0) = q(1) = O.
From everyday experience we expect the buckled shape beyond some
threshold force to have a single maximum in the middle of the la-
ment, with g = 0 there as well. This suggests a trial function

g(s) ' asin(2pa). 4.62

Expecting that the amplitude of de ection will be small near the
threshold, we linearise (4.61) to obtain

Oaa ' fa. (4.63
The function (4.62) will only solve this equation provided f = f,
where the critical force is

fo= 4p?, or F.= 4p°—. (4.64)

To put this in perspective, consider microtubules, for which L, =
5mm 5 10°mm. Using kgT = 4 10 3pN nm, we have A
20 pN mmZ. Thus, microtubules whose lengthis ~ 20nm will buckle
under a force of 1 2 pN. We return to this estimate later when dis-
cussing the effects of molecular motors on cytoskeletal laments.

The linearised problem (4.63) gives us no information on the am-
plitude a of the mode that becomes unstable at f.. Near the bifur-
cation, we expect that nonlinearities will stabilize the buckled shape
at some nite amplitude. We can continue with the the single-mode
approximation ( 4.62) and use a variational approach. First, let us
assume we are close to the threshold force and write

f=f(l+e), (4.65)

where e is a bifurcation control parameter, and second, expand in
the energy functional (4.59) the force contribution, using cos q= 1
/2 + g*/24 + . If we de ne the dimensionless E = LE/ A and
integrate over a we obtain the energy to leading order in e and a,

. 1 -, 14
E > éea+3—2a+... , (4.66)
where we have ignored an unimportant constant additive term.

This is a Landau theonyfor the bifurcation, an expansion in powers
of the "order parameter" a, where the coef cient of the quadratic
term can change sign as we increase the thrusting force. Whene< 0
(below the bifurcation), E has a single minimum as a function of a,
namely a= 0, while above there are two mirror-image minima at

a = P 8e, (4.67)
for e 0. The square root dependence on the control parameter is
the hallmark of a pitchfork bifurcation as in Fig. 4.10.

While the general problem (4.61) can be solved analytically, it is
a two-point boundary value problem that can be solved numerically
in Matlab with a simple code, with results shown in Fig. 4.11.

Figure 4.10: Pitchfork bifurcation of Eu-
ler buckling amplitude versus dimen-
sionless control parameter e.
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Figure 4.11: Euler buckling. (@)
Numerically obtained solutions q(s)
for e = 0.001,0.01,0.05,0.1,0.2,0.3,0.7,
with  clamped boundary condi-
tions. (b) The corresponding
lament shapes. Obtained with
Figure _411_and_412_Eulerbuckle.m

One important lesson from this type of analysis is the accuracy of
the single-mode approximation for the shape ( 4.62). It is already ap-
parent from Fig. 4.11(a) that qis qualitatively like the mode sin (2p s/ L);
Fig. 4.12 compares the numerically obtained maximum amplitude of
g(s) with the single-mode result ( 4.62) obtained near the bifurcation.
The agreement is excellent even for values ofe as large as  0.3.

Figure 4.122 Maxima of q(s) versus e
from numerics (colored symbols, corre-
sponding to curves in Fig. 4.11), com-
pared to analytical approximation near

bifurcation (dashed). Obtained with

Figure _411_and_412_Eulerbuckle.m

After buckling, the deformed rod behaves like a Hookean spring,
whose properties we nd by comparing the compressed length to
the applied force. The right end of the lament moves a distance

Z
, 1,, L&
— + :
Dx . d&zq 2 (4.68)
As a= P 8e near the bifurcation, we obtain
F
F Fo= -SDx, (4.69)

2L

and thus beyond buckling the effective spring constantis F/2 L.

4.3.2 Example2: Wiggling elastica

Now we move on to the rst of three examples of "elastohydrody-

namics". This is the problem of the shape of a lament whose end is

oscillated periodically. The rst example of such a calculation is due

to Machin. 14 At the time of his calculation, it was not known whether 14 Machin, K.E. Wave propagation along
the observed waveforms of sperm agella were a consequence of me- agella. J. Exp. Biol. 35:796-806, 1958
chanical actuation occurring at one end (the head) or whether there

were active forces distributed along the length of the agella. His

result, derived below, showed clearly that the latter was the case,

even before the actual discovery of the microscopic mechanism. This
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calculation served as the basis for much future work, including the
self-propulsion 1° that arises from such actuated laments.

For this problem, it is useful to make a comparison to the classi-
cal examples in viscous uid dynamics known as Stokes Problems |
and II. Outlined by Stokes in his famous paper on viscosity, 18 these
involve viscous uids driven by the motion of a boundary parallel to
itself, in an impulsive or oscillatory manner, as shown in Fig. 4.13.

For Stokes Problems | and Il (S| & SllI), we start from the Navier-
Stokes equations for an incompressible uid with density r, viscosity
m pressure p and velocity eld u,
p+nr 2u,

r(ug+u ru)=r (4.70)

and recognize for wall-driven ow that the nonlinear term vanishes
by symmetry, and we can ignore the pressure gradient. If the wall
moves along &y, then the velocity will be of the form u = u(x,t)&y. It
follows that the function u obeys the diffusion equation

Ut = nUyy, (471)

where again n = n1 r is the kinematic viscosity.

In SI, we set the wall in motion at t = 0 with speed U. By the
linearity of 4.71, it is clear that U is the only velocity sc%le U. The
diffusion equation itself has no intrinsic length other than nt, which
follows from the scalings we discussed in Chapter 1 (1.14). It follows
that the velocity should have the form of a similarity solution

u=Uf(c), c= pX—T 4.72
n
where the function f obeys the ODE
1

We solve this by setting g = f. to obtain g= Aexp( c?/4), and x
A by the boundary conditions f(0) = 1, f(¥) = 0, yielding

u

=1 ef p— , (4.74)
2 nt

C
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Wiggins, C.H. and Goldstein, R.E.
Flexive and propulsive dynamics of
elastica at low Reynolds number. Phys.
Rev. Lett, 80:3879-3882 1998

16 Stokes, G.G. On the effect of the in-
ternal friction of uids on the motion

of pendulums. Trans. Camb. Philos. Sqc.
IX, part 1I: 8106, 1851

Figure 4.13 Stokes and elastohydro-
dynamic problems. Stokes problems
S| and SlII (left) involve impulsively-
moved or oscillated walls bounding a
viscous uid. EHD problems | and I
a lament is allowed to relax from an
initially bent state (or subject to an im-
pulsive transverse ow, or its end is 0s-
cillated up and down periodically.
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where erf is the error function. This solution exhibits a diffusively-
moving transition region that separates the uid moving with the
wall from that which has yet to be set in motion.

For SlI, we consider the situation after any transients have decayed
away. If the wall is oscillated at frequency w thengrom the diffusion
equation 4.71 the only characteristic length is 2n/ w (where we
the factor of 2 is for later convenience); this is the viscous penetration

length We therefore expect a similarity solution of the form
n 0
X

u= URe €"F(c) , c= p—ro. (4.75)
2n/ w

The function F then obeys the ODE k. = 2iF, which whose solution
isF € withl = (1+i). Onlythe rootwith negative real part
is relevant, given the boundary conditions at in nity, yielding

u= Ue ®cos(c wt), (4.76)

a spatially-damped traveling wave moving outward from the wall.
Now we turn to elastohydrodynamic problems, where a lament
is held at one and and either subject to a transverse ow or oscil-
lated. In either case, we work in the small-amplitude limit for which
points on the lament are at (x, h(x,t), where the height function h
is assumed to have negligible gradients jhyj 1, so (nearly all) met-
ric factors in the dynamics can be ignored. In either case, the PDE
governing small-amplitude deviations of the lament is

Z’) ht = Ahxxxx. (477)

We focus on the case of EHDII and, as with SlI, consider the situa-
tion post-transients in which the left-hand side is forced as h(0,t) =
hg cos(wt), with zero torque ( hxx(0,t) = 0), and the distant end is
free, with hyx(L) = hyxx(L) = 0. By analogy with SllI, dimensional
analysis shows there is an elastohydrodynamic length

A 1/4

“(w) = 7w , (4.78

and we expect a similarity solution of the form
n 0
i X
h= hyRe e“'F(c) , ¢c= —. 4.79
(c) w)

Then the scaling function obeys an ODE similar to that in SlI ( 4.73),
Fecce = iF. (4.80)
Seeking exponential solutions F €'° gives four roots to the equa-
tion | 4= i. These are
1= Cg iSg |2= Sg+iCg,
l3= Cg+iSg, 4= S5 iCs, (4.81)
where Cg = cos(p/8) = 0.924... andSg = sin(p/8) = 0.383....

For the semi-in nite lament ( L ! ¥), only the two roots | 34 with
negative real part are relevant, and we nd

he (c) _ 1" 0
FoE 5 e CaC cos(wt + Sgc) + e B¢ cos(wt Cgc) . (4.82)
o
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Here, in contrast to Sll, we see traveling waves in both directions, but
the right-ward wave dominates since Sg < Cg. Figure 4.14 shows the
in nite-length solution at various points through a cycle.

There are three points to emphasise. First, whenL ! ¥ there are
no remaining parameters of the problem when expressed as h/ hg
versus c; the curves in Fig. 4.14 are "universal" in this limit. This
means that the rapid spatial decay of the amplitude is also universal;
the amplitude is negligible beyond one wavelength of the pattern.
This fact is in sharp contrast to the typical observed waveform of
spermatazoa (Fig. 4.15),27 in which oscillations extend nearly to the
distal end of the lament without attenuation. This fact led Machin
to conclude that sperm agella can not be actuated only at the prox-
imal end and must instead be driven by energy input throughout
their length. This is indeed correct, as proven by later discoveries of
"motor proteins” that cross-connect the microtubule laments within
agella and by consuming ATP translate laments relative to one
another, inducing bending moments throughout the agellum.

A second point is the value of the EH penetration length itself.
Writing A = kgTLp and assuming a large aspect ratio so that the
logarithmic denominator in the drag coef cient is 5, we nd

~ g
“(w) 0.7 Tp nm, (4.83)
where f is measured in Hz and ﬂp is the persistence length in mi-
crons. So, lament oscillations on the experimentally achievable and
biophysically relevant frequency scale of 1 100 Hz can bend la-
ments, with Lp in the range of microns to millimeters, on lengths of
microns. This can be done by optical trapping methods.

This calculation can be extended to nite laments. The problem
is still the similarity solution ( 4.80) with boundary conditions F(0) =
1, Fc(0) = Fee(L) = Reec (L) = 0, where L = L/ " (w) is the scaled
lament length. This linear boundary value problem can be solved
by standard schemes (e.g. bvp4c.m in Matlab) which are used to
compute the lament shapes shown in Fig. 4.16.

When L 1 the lament is nearly straight throughout the oscil-
lation cycle, pivoting about the point ¢ = 2/3. By L = 2 a small
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Figure 4.14: The L ! ¥ solution 4.82
to EHDII plotted at integer multiples

of wt = p/4 through a complete cycle.
Obtained with Figure _414_EHD.m

7Gadélha, H. and Gaffney, E.A. Flag-
ellar ultrastructure suppresses buckling

instabilities and enables mammalian
sperm navigation in high-viscosity me-

dia. J. Roy. Soc. Interfacd 6:20180668
2019

Figure 4.15. Waveforms of spermatozoa
in a viscous uid. From Ref. 15.
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amount of undulation is observed, and the bending waves are well
developed by L = 4, eventually producing the traveling-wave forms
of the semi-in nite solution. This leads naturally to a discussion of
the propulsive force arising from these motions. We can appeal to
an irreversibility argument popularised by Purcell, 18 now known as
the "scallop theorem". Since the Stokes equation 0= r p+ nr 2u
has no explicit time derivative, if some particular function u repre-
sents the solution to a problem as time t advances forward, it is an
equally valid solution when t ! t (colloquially, "when the movie
is played backwards"). If we took the solution of EHDII for vanish-
ing L, where it reduces to a pivoting rod, and imagine that motion
moved the rod, say, to the left, then reversing time must produce
movement to the right at an equal and opposite speed. But the rod's
motion is indistinguishable in the two cases, so the only allowable

speed is zero. This is referred to as the "scallop theorem" as a means

of highlighting that an object with a single degree of freedom exe-
cuting cyclic motion will exhibit no net propulsion. As the rod starts
to ex during the oscillations, time reversal invariance is broken, so
the two movies are not equivalent, and net propulsion can occur.
EHDII provides a particularly simple way to understand this ef-
fect, by means of the time-averaged x-component of the force asso-
ciated with the lament oscillations. Here, we project the left hand
side of the general force law (4.23) on to the x axis, yielding for our
problem of a curve in the plane 19

F= & Zkff + zo AR 1y Z,  z hxh + (4.89)

where we have used the leading order tangent and normal vectors

i e+ hyey, A’ hxéx + &y, (4.85)

and written r¢ ' h&y. Integrating this over the lament yields the
total propulsive force generated. Using ( 4.77), we have
Z, AZL
dxhghy =  —  dxhghgy.
0 Z, 0

?

(4.86)

Figure 4.16; Filament shapes for var-
ious dimensionless lengths L. As
in Fig. 4.14, the waveforms are
shown at 8 equally spaced inter-
vals over a cycle. Obtained with
Figure _416_and_417 _Machin.m .

8purcell, E.M. Life at low Reynolds
number. Am. J. Phys.45:1-11, 1977

19 Camalet, S. and Jilicher, F. and Prost,
J. Self-organized beating and swim-
ming of internally driven laments.
Phys. Rev. Letf.82:1596-1593 1999
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This would seem to be a formidable integral, but a minor miracle
occurs in that the quantity hyhyy is a total derivative,

d

hyhay = ax

1
hyhax Ehix , (4.87)
so the total propulsive force F, can be expressed in terms of the la-
ment shape at its two ends. If the distant end is free, then hyx(L) =
hax (L) = 0, leaving only a contribution from the oscillated end,

A
Fp: ; Z9 Zk hx(o,t)hxxx(o,t)y (488)

where we have made explicit the time dependence of the boundary
terms. Scaling lengths with ~(w) and assuming the form (4.79), Eq.
(4.88) can be written as

Fo=hdw z, 2z Refd"'F;(0)gRef €V Fecc (0)0. (4.89)

The prefactor indeed has units of a force (viscosity length velocity).
Signi cantly, net propulsion only arises when the parallel and per-
pendicular drag coef cients differ, as they do for long slender la-
ments (z, = 2z,). The quadratic dependence on the height function
h will give rise to a nonzero mean value of the force averaged over a
cycle. Denoting such an average by hFyi we nd

hFpi :% zo 7, hdwY(L), (4.90)
where L = L/ “(w) and
Y(L) = FE(O)F&c (0) + F(0)Figc (0), (4.97)

with F(c) = FR(c)+ iF'(c). The function Y(L) is shown as the blue
curve in Fig. 4.17. The propulsive force indeed tends to zero as the L

decreases and the shapes are time-reversal-invariant, consistent with
the scallop theorem. As L increases,Y displays a maximum followed
by attenuated oscillations as it asymptotes to a nite valueas L! ¥ .

Figure 4.17: Scaling functions Y(L)
(blue), V(L) (black, 5 for clar-
ity), and Z(L) (red) for the propul-
sive force, swimming speed, and
efciency in EHDII. Obtained with

Figure _416_and_417 _Machin.m .
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This saturation indicates that beyond L 8 no more of the lament
is set in motion and no further propulsive force is gained.

In the regime where the propulsive force has saturated any ad-
ditional length added to the lament serves only to increase the
drag for motion along the x axis, and one therefore expects that
the propulsion speedf the lament would peak at an intermediate
value of L. As we have assumed in EHDII that the lament is nearly
straight (jhyj 1, it is consistent to assume that the average lateral
propulsive speed hvyi of the undulating lament can be deduced by
the simple balance of force z, Lhvyi = hF,i, or

. hRi _ haw
v = z,L  2°(w)

V(L), (4.92)

where V(L) = Y(L)/ L. As seenin Fig. 4.16, the peak in hF,i implies
a peak in speed, and hvii vanishes asL ! ¥ as anticipated.
The average power P, associated with the lateral motion is B, =
vxhFpi h Fpi2. It can be compared to the power
Z
P, = z,h . dxhéi (4.93)

generated by transverse motions. Together, these de ne the "ef -
ciency" #= B/ P, of the propulsive mechanism, which has the form

o ’ Z(L) (4.99)
(w) ’

where the scaling function is

Y*(L)

Z(L) = .
L 5 dejF(c)j

(4.95

Figure 4.17 shows that the ef ciency also displays the peaked be-
haviour of the other scaling functions, suggesting an optimum length.
4.3.3 Example3: Stretch-coil transition under compressional ows

Our second example of elastohydrodynamics is based on the experi-
mental geometry in Fig. 4.6, in the case in which a lament initially

aligned along one channel's long axis is subject to a compressional Young, Y.-N. and Shelley, M.J. Stretch-

. . . - . coil transition and transport of bers
ow @Nards from |ts. two ends. The analysis of this "stretch-coil in cellular ows. Phys. Rev. Leff. 99
transition" was rst given by Young and Shelley, 29 con rmed at the 058303 2007

microscale by later experiments we discuss below. When a lament
is subject to a viscous ow of velocity u parallel to its long axis, it
will experience a tangential viscous force per unit length of z.u. In
the geometry of Fig. 4.6, the in-plane ow is the of a hyperbolic stag-
nation point, with u = (gx, gy), where g is the imposed shear rate,
and g < O for a compressionabw and > 0 for extensionalow of a
lament oriented along Xx. In equilibrium the force density  z,gx
must balance gradients in the tension s(x) within the lament,

Sx = ZkgX, (4.96)
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which, subject to the vanishing of s at the lament ends (here taken
at L/2), integrates to yield
2

1 X% 7.0, (4.97)

1
s(x)= =
(0= 3
a relation noted much earlier by Batchelor. 21 In the presence of this
nonuniform tension, the lament energy functional is
1412 i AR2 2
E= = X Ahg, + s(x . 4.98
2 L/2 XX ( ) X ( )
Just as with Euler buckling, where a concentrated force is applied
to one of the lament, here in the presence of a distributed force
we expect a buckling transition for suf ciently large (negative) shear
rate. The linear stability problem of interest derives from our basic
formulation ( 4.25), but now augmented with an external ow eld u
for relative motions of the lament,

rt u= ﬁﬁ + Zﬁ:\ Arssss+ Sf s ! (499)

23
where u is to be evaluated at the lament. In the tensorial term on
the r.h.s., we have specialized to a lament deforming in the plane
and assumed the asymptotic limit for the drag coef cient ratio. If
we now use the standard Monge relations (4.85) for t and A of a
weakly-deformed lament, and perform the rescalings

p X h

c=-=, t=gt, H= —, 4.10

3 g 3 (4.100

then a very careful derivation of the linearised dynamics yields

p2

4Sj(He + sgn(g)H) = Hac+S - ¢® Hee 4cHc |
(4.101
where the control parameter of the problem is
L4
S L (4.102)

p3Ain(L/a ¢’

and the logarithm in the denominator arises from the RFT drag coef-
cient. Note that the tension term on the r.h.s. of ( 4.101) is not a total
derivative; the linearised equation of motion is not variational. This
arises from the anisotropic drag and the fact that the background
ow that enters the drag force is the source of the tension.

The determination of the threshold for the stretch-coil instability
is a matter of a numerical solution of the the eigenvalue problem that
comes from a separable solution H(c,t) = exp(wt )F(c), namely

p?

E S
4c 4

c?> Fe 4cR =4S(w 1)F (4.103
We expect that there will be a discrete set of modes analogous to the
biharmonic eigenfunctions discussed earlier, each of which is stable
at low g and attains a positive growth rate w for suf ciently large
shear rate.

21 Batchelor, G.K. Slender-body theory
for particles of arbitrary cross-section in
Stokes ow. J. Fluid Mech, 44:419-440,
1970
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Such analysis yields the critical value S = 0.3932 for the rst
unstable mode, S, = 1.9876 for the second mode,S; =
the third, etc. Those higher order shapes (Fig. 4.18) are visible in the
montage of lament shapes shown in Fig. 4.19. The amplitude of
the buckled laments, takenas 1 L /L, where L is the end-to-end
displacement, displays a thermal- uctuation-rounded pitchfork bi-

furcation (Fig. 4.19). A theoretical treatment of the combined effects
of thermal uctuations and nonlinearities on the stretch-coil transi-

tion has recently been developed.??

4.3.4 Exampled: Motor-induced oscillations

Our nal example of elastohydrodynamics concerns the effect of
molecular motors translating along biological laments on the shapes
of those laments. Motivation for this comes from observations of
the dynamics of microtubules during development of the oocytes
(egg cells) of the fruit y Drosophila melanogasterAt intermediate
stages of this multi-day process the oocyte is on the order of 100 mm
across, with multitudes of microtubules reaching toward the center,
anchored at the periphery. Molecular motors such as kinesin translo-
cate along those laments, carrying nanometric cargo that plays a
role in establishing the future body plan of the organism. As that
cargo moves, it entrains uid, producing complex swirling patterns
of uid motion that can also back-react on the laments, bending

4.955 for

Figure 4.18: The rst three
critical modes for the stretch-
coil instability. Obtained with
Figure _418_stretchcoil.m

224, Manikantan and D. Saintillan.
Buckling transition of a semi exible |-
ament in extensional ow. Phys. Rev. E
92:041002 2015

Figure 4.19: (a) Montage of buckling at
various values of the shear rate. Scale
bars are 3nm and times are dimension-
less valuest since rst frame of each
row. Control parameter values are (a)
S =055, (b)S = 1.9, and (c)S = 47.
(b) Order parameter versus dimension-
less shear rate. Dashed lines indicate
instability thresholds for modes shown.
Gray band is noise oor. From Ref. 10.
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them. Most of the motor- lament pairs in the cytoskeleton are "po-
lar", in the sense that the motors walk in a unique direction along the
lament. In the case of these anchored microtubules, it is typically
from the anchored end toward the free end. As the motor walks in
that direction, there is a corresponding force on the lament directed
back toward the anchoring point. This is a compressivéorce akin to
that of Euler buckling. And since motors can exert forces on the pi-
coNewton scale and the microtubules can be tens of microns long,
our estimates of the Euler buckling force (4.64) show the laments
can indeed be deformed by a single motor. But there is a crucial
difference between Euler buckling and the motor- lament situation;
in the latter, the force is always tangential to the lament. This is an
example of a "follower force", and it is known to have fundamentally
distinct properties from Euler buckling. 22 Chief among them is a
lack of a variational structure to the dynamics, even in Stokes ow. 24
As we shall see below, this can be traced to the existence of boundary
conditions that produce a non-self-adjoint operator.

The simplest setup is shown in Fig. 4.20. A lament of length L is
clamped at the origin along the x axis, and subject to a point force of
magnitude Gtangential to its distal end. We use the standard form
of elastohydrodynamics (4.25) in which the force density is

Arssss (L Ts)s, (4.104)

where L is the internal tension. The boundary conditions at the
origin are simply r(0,t) = 0 and rg(0,t) = 0, while at the distal
end the torque-free condition requires rsgL,t) = 0. The condition of
force balance at the distal end can be written as

Arsss L(L)rs(L,it)= Qg(L,1), (4.105)

which is satised by L (L,t) = Gand rgs{L,t) = 0. The tension itself
must satisfy the usual differential equation ( 4.43).

We focus on the stability problem for the straight lament, for
which the linearised dynamics takes a simple form. The solution to
the tension equation is simply the constant L = G We rescale via
At L _h Q2

-, S= — (4.100

tziy - ’ ’
7, L4 L A

c= X

L!
where the temporal rescaling uses the bending relaxation time and
s > 0 for a compressive force. The governing equation is

Hi =  Heeee SHcc, (4.107)

with H(0,t) = Hc(0,t) = Hec(1,t) = Heee (1,t) = 0. Note that
the tension term by itself would correspond to a "backwards" diffu-
sion problem that would be ill-posed without the stabilising fourth
derivative from bending elasticity. Were it not for the nontrivial
boundary conditions for this problem, we could simply consider sep-
arable solutions of the form for plane waves, H  exp(wt ) exp(iQc),
and deduce a growth rate w for a mode of wavevector Q of the form

ZHerrmann, G. and Bungay, R.W. On
the stability of elastic systems sub-
jected to nonconservative forces. J. Appl.
Mech, 31:435440, 1964

%pe Canio, G., Lauga, E. and Gold-
stein, R.E. Spontaneous oscillations of
elastic laments induced by molecular
motors. J. R. Soc. Interfacd4:20170491
2017

Figure 4.20: Setup for the follower force
problem.
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w = sQ? Q% which displays a band of unstable modes (those with
w> Ointherange0 Q s, with a realgrowth rate w). But, we
can not ignore the boundary terms, and therein lies the key to this

problem. Observe that in the linearised approximation, where the

tension is a constant, the (rescaled) energy of the system is

141

E= 3

dc HZ, sH? (4.109
The time derivative of E itself follows directly from the equation of
motion (4.107) and several integrations by parts,
1
E = HecHe 0
Z4
+ dC(HCCCC +SHCC)Ht
0

1 1
Heee Ht SH¢Hy
0 0
(4.209

The rst two surface terms vanish identically at both ends by virtue
of the boundary conditions, as does the third term HcH; atc = 0,
but H¢(1,t)H: (1,t) is not forced to vanish by any boundary condi-
tions. Using (4.107) to simplify the integral in ( 4.109 we obtain

Z,

B= dc (Heeee + SHee)?  sHe(L,t)He(L,t). (4110
While the integral is clearly nonpositive, the sign of the surface term
is inde nite, so we can not conclude that E < 0; the surface term
represents injection of energy into the lament that sustains oscil-
lations. The surface term breaks the self-adjointness of the Sturm-
Liouville operator fccece + STcc, SO its eigenvalues need not be real.

The eigenvalue problem of interest is obtained by assuming a sep-

arable solution to (4.107) H(c,t) = exp(wt )G(c), leading to

Geeee +SGee = WG, (4111

with boundary conditions G(0) = G¢(0) = Gee (1) = Geee (1) =
0. While this can be worked out semi-analytically, its numerical
solution provides the student with an opportunity to gain experi-
ence with numerical methods for such problems. In the program
Figure _421_and_423_followerforce.m we implement a nite differ-
ence representation of the operator, with careful attention to the one-
sided stencils needed to implement the boundary conditions. Figure
4.21 shows the real and imaginary parts of the largest eigenvalue
obtained from the matrix representation of the operator.

Figure 4.21: Components of com-
plex eigenvalue for follower-force
problem as a function of dimen-
sionless motor force s. Red circle
represents onset of supercritical
Hopf bifurcation. Obtained with
Figure _421_to _423_followerforce.m
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The eigenvalue w is purely real and negative upto s' 20, asitis
for s = 0, but beyond that value the imaginary part grows. The real
part becomes positive at s 37.69 with a nite imaginary part; the
classic signature of a Hopf bifurcationHopf bifurcation. The char-
acter of the leading eigenfunction changes as the motor strength s
increases. Figure 4.22 shows the normalized real part of G(c) for

a range of s. For small s the mode is a simple monotonic func-
tion, while at large s, beyond the bifurcation, it develops a wave-
like form. As an example, we construct the full waving solution as
Regexp(wt )G(c)], using the complex leading eigenfunction G found
numerically for s = 45, and plot it in Fig. 4.23 during one cycle of
motion; the dynamics have the character of agellar motion.

4.4 Exercises

1. Fluctuations of an elastic ringCalculate the spectrum of equilibrium
thermal uctuations of an elastic ring in the plane, of radius Rg and
bending modulus Kk, taking care to conserve the length to second
order in the perturbations.

2. The wormlike chain.A wormlike polymer of contour length L is
subject to an external force F acting at its two ends, directed along
the z axis. The con gurational energy of the polymer is

1

E=-A d¥® Fz

2 o
where A is the bending modulus, k is the curvature, and z is the
end-to-end extension.
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Figure 4.22: Normalised real part of the
leading eigenfunction of the follower-
force problem. Curves are for a
range of s from O to 45, color-coded
from red to blue. Obtained with
Figure _421_to _423_followerforce.m

Figure 4.23  Separable solution of
follower-force problem at s = 45 plot-
ted during one cycle. Obtained with

Figure _421_to _423_followerforce.m
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(a) Consider the high-force limit, where the chain's con guration de-
viates only slightly from a straight line. Then the tangent vector
uctuates only slightly around 2, the unit vector in the z direction. If
we take tx and ty as independent uctuating components, the con-
straint jij = 1 shows that t, deviates from unity quadratically in the
vector t,  (tx,ty). Show that to quadratic order

1Z h i
E' 5 ds A(Tstr )2+ Ft3  FL.

(b) Use equipartition to nd the thermal average rt% i, being careful
to account for the two independent components of t,. From this,
show that in this high-force limit the force-extension relation takes
the form

z kBT
—=1 —_—,
L P A

Compare this asymptotic result with that for the freely-jointed chain
composed of N links, each of length b.

3. Elastic equilibria An elastic lament of length L, bending modulus
A, and linear mass density | is clamped at an angle y relative to
the horizontal and hangs under gravity (acceleration g). The angley
may be of either sign. Using the tangent angle representation, nd a
differential equation de ning the equilibrium shape of the lament.
Examine the strong-gravity limit and nd a simpli ed solution.

4. Short wiggling laments In the lectures we considered a semi-
in nite elastic lament with bending modulus A whose left end was
oscillated with amplitude hgcoswt and was torque-free. Develop a
perturbative expansion for nite laments of length L in the regime
of slow oscillations, so that L/ " (w) 1, where " (w) is the elasto-
hydrodynamic penetration length. Assume as before that the distal
end is torque-free and force-free. Show how the rst contributions
that break time-reversal invariance lead to net propulsion.

5. Model for motor-driven oscillationsA simple model for the dynam-
ics of biological laments driven by motor proteins involves two rigid
links of length ~ joined together at point A, the left link xed at the
origin O, constrained to lie in the plane z = 0, as in the gure. A fol-
lower force G= @ acts at the tip of the second link, always parallel
to the tangent vector t of the second link. The two degrees of freedom
in the system are the anglesq; (t) and o(t) with respect to the x axis.
Elasticity is included by introducing two torsional springs, each with
spring constant k, such that the restoring moments acting on the two
rods are kg, at point O and k(g @) at A. The system moves in
Stokes ow, and the drag forces are assumed to be concentrated at
points A and B only, characterized by a drag coef cient z.

Use the principle of virtual work in the form

G drg+ Fg drg+ Fy dra kaqudg k(e oi)(dee dg)=0
(4.112)
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to obtain the equations of motion for the two angles ¢, and ¢p. Show
by suitable rescaling of time that the quantity S = G/ k is the only
parameter in the problem, and that the coupled dynamics takes the
form

20+ cos(n @)+ 2 G Ssin(m @) = O,
@+ cos(n ®)f w+ =0, @113

where 9 denotes differentiation with respect to the rescaled time.
Find the the lament dynamics in the special case o = ¢ = q
and give a physical explanation for its form. Perform a linear sta-
bility analysis of the full dynamics around the straight con guration

h = ¢ = 0 and show that the system has a Hopf bifurcation beyond
a critical value of S that you should nd. Sketch the trajectory in the
complex plane of the growth rate of the unstable modes as a function
of S. Explain the existence of the oscillatory unstable modes in terms
of the variational structure of the dynamics.

6. Twirling instability of a rotating elastic lament

Figure 4.24: Two-link model.






5
Surfaces & Membranes (Lecturé&3-16)

Biological membranes are central to many aspects of life, from their
role in enclosing cellular contents to supporting proteins with which
cells interact with their surroundings. In these four lectures we con-
sider the physical properties of membranes, beginning with a review
of the basic differential geometry of surfaces and some variational as-
pects of their energetics, using the the pedagogical example of min-
imal surfaces. Examples of uctuations of closed objects are studied
to understand how global constraints such as xed enclosed volume
affect the spectra. Analysis of the uctuations of an elastic sheet
leads to a derivation of the celebrated “Helfrich repulsion” between
nearby lipid membranes, and the classical “ icker phenomenon" of
red blood cells provides an example to discuss coupling between
those uctuations and the surrounding uid. Finally, we consider
the mathematical description of the equilibrium shapes of vesicles in
two dimensions and the shapes of membrane tethers.

5.1 Differential geometry of surfaces

We begin with a brief summary of differential geometry. Consider a
surface traced out by the vector x(u?) through internal coordinates
ud, a = 1, 2. The surface has a metric tensor with components

Japb = Xa Xp, (5.1

where here subscripts denote differentiation, so x5 x/ fud. The x5
are the unnormalized tangent vectors to the surface. They de ne the

unit normal A as, say,
" X1 X2 X1 X2
A= ——= —p—, (5.2
X1 X2 g

or its opposite if we switch 1 $ 2. Here, g = det(qg) is the determi-
nant of the metric tensor,

9= €3p91a%p > (5-3)

where e is the Levi-Civita symbol and the summation convention
holds. The inverse metric tensor, with coef cients g2° is the usual
|
1.1 o» J12

= = } 54
g g 021 9n1 64
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The coef cients h,, of the second fundamental form are de ned
by the normal and tangent vectors as

hab = ﬁa Xb (55)

If we denote by Tr the conventional trace of a matrix, then the mean
and Gaussian curvature, H and K, of the surface are

H= %Tr h?, (5.6a)
K= det h?, (5.6b)

where h? = ¢g®™_ .

5.1.1 Surfaces of Revolution

Let us apply these formal results to a situation that arises in many
contexts, an axisymmetric surface. Assuming it is obtained as a sur-
face of revolution by rotating around the z axis, it is described by

X = z(z) [cosgéy + sin g&y] + z&s. (5.7)

A simple calculation shows that the normal vector is

COSQe; + singéy  rz83

fi = — 5.8
P (5.8)
while the metric tensor has the simple form
!
2
z 0
= 5.9
g 0 1+ 22 (5.9)
Then, the coef cients of the second fundamental form are
p___ !
1/z 1+ z2 0
ha, = z , 5.10
b 0 27 (1+ 22)312 (19
and thus the mean and Gaussian curvatures are |
1 Z77 1
H= = Fa , 5.11a
2 (1+29%2 7 1+22 —
K= 222 (5.11b)

z(1+ z%)2 '

5.1.2 Catenoids

Now we ask how these geometric quantities arise in variational cal-
culations involving surfaces. The simplest context is that of surfaces
endowed with an energy per unit area (surface tension), for which
the area functional A[z] is of interest,

Zg 9
Alz] = 0|dzz 1+ 22, (5.12

where for convenience we have dropped the 2p from the g integra-
tion. A simple calculation yields the functional derivative of A,

dA
i 2zH, (5.13



surfaces & membranes (lectures 13 -16) 89

where H is the mean curvature (5.11a).

If the surface of interest is endowed with surface tension g, its
surface energy is proportional to gA, and the quantity gdA/ dz
is proportional to the Young-Laplace pressure difference across the
surface. In the special caseH = 0, the pressure difference vanishes
and the surface is in equilibrium. This minimal surfacesatis es

Z77 1
= - 5.14
1+22 2 ©14)
A simple calculation shows that the shape
z(z) = acoshz/ a (5.15

is a solution to (5.14) for a range of the parameter a. This the equation
of a catenoid, an experimental example of which is shown in Fig. 5.1,
where the surface of revolution spans two wire loops.
The solutions (5.15) must solve the boundary condition that they
meet the wires, z( d) = R, where R is the wire radius. If we de ne Figure 5.1: A soap Im in the form of

the dimensionless variables a catenoid, made visible with dissolved
uorescein illuminated with cyan light.

a= -, D=— (5.16)
then the boundary condition can be written as
acosh(D/a) 1=0. (6.17)

Viewing the radius of the hoops as a xed quantity and the sepa-
ration 2d as adjustable, we see in Fig. 5.2(a) that this transcenden-
tal equation has two solutions for small D that merge into one at
D = D¢ = 0.6627, and there are no solutions for larger D. The two
branches of solution, labelled a , are shown in Fig. 5.2(b) to merge
together in what is known as a saddle-node bifurcation.

Figure 5.2: Graphical solution of
The two branches of solutions correspond to catenoids of very the ‘catenoid equation (a) and solu-
. . . . . tion branches versus nondimensional
different shapes, as shown in Fig. 5.3. At any given separation, the ring separation (b). Obtained with
upper branch (a+) has a lower area then that of the lower branch Figure _502_and_504_catenoids.m
(a ), and is the true least-area surface. The areas of the two branches

of solution can be calculated analytically in terms of the solutions

a . Expressed in dimensionless formasA = A / R?, they are
A =2 snp 2 .20 (5.18)
2 a a
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and are shown in Fig. 5.4. The upper and lower branches of solution
meet at the critical area A = 1.199.... A more involved calculation
is necessary to show the stability of the two branches, which are
indicated in the gure. We shall return to these catenoidal solutions
in our study of membrane tethers in § 5.3.2.

5.2 Membrane Fluctuations

Next we consider some important problems in the statistical physics
of uctuating membranes: equilibrium thermal uctuations of bi-
layer lipid vesicles, uctuation-induced repulsion between nearby
membranes, and the dynamics of red blood cell uctuations.

5.2.1 Thermal uctuations of spherical vesicles

Before delving into details of this calculation, we note an important
feature of uctuations associated with closedobjects whose interior
volume is a constant. We start with the simple problem of a weakly
perturbed cylindrical body of length L, as in Fig. 5.5. The volume V
and surface areaS of the body are

ZL Z, q
V=p . dzR(z), S= 2p . dzR 1+ R2. (5.19)

Let Ry be the cylinder radius prior to any perturbations. As we will
be considering the use of equipartition to describe thermal uctua-
tions, it is necessary to work to second order in deviations from the

Figure 53: Catenoidal solutions at
separations D = 0.1,0.3,0.5,0.662 for
the two branches of solutions in Fig.
5.2(b). The coloured circles repre-
sent the imaginary supporting loops,
seen in cross section. Obtained with
Figure _503_catenoidsolutions.m

Figure 5.4: Areas of the two
branches of solutions of the catenoid
equation versus dimensionless
ring spacing D. Obtained with
Figure _502_and_504 _catenoids.m

Figure 5.5: A perturbed cylinder.
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circle. Under such perturbations, the mean radius rq will need to
differ from Rg in order to satisfy volume conservation at second or-
der. To see this, assume the body is perturbed by a sum of Fourier
modes along its length, but remains axisymmetric,

R= R+ § ansintnz, (5.20)
n

where R is to be determined and 0n = 2pn/ L. To quadratic order in
the amplitudes a,, the volume is
!

V' pL R+ Z§ & . (5.21)
n

NI =

Thus, if V is be unchanged from its unperturbed value p LR% to this
order in a,, we must have

- 1
R' Rp —

2
IR & % (5.22)

s Qo

If we now compute the surface area to the same order and impose
volume conservation, we nd that the surface energy gSis

pgL g s
9S= LRog+ S -8 (hRo)™ 1 &+ . (5.23)
n

The constraint of xed volume has led to the crucial term 1 inside
the square brackets instead of simply a factor of ¢? associated with
tension without conservation of volume. Its signi cance can be seen

if we apply equipartition to this energy, from which we conclude that

thT Ro

hedi = .
pLg (hRo)” 1

(5.24)

Clearly, there is a divergence when g,Rp = 1 and the result is not
physical for qyRg < 1. These indicate an instability at gh,Rg = 1,
which is, for n = 1, exactly Plateau's criterion that a cylinder longer
than its circumference is unstable under the action of surface tension.

The calculation above assumed axisymmetry. Suppose now that
we break circular symmetry, using the simpler context of a perturbed
circular domain. If its unperturbed radius is Rg, and the perturbed
boundary is given as a function of the polar angle q by

I

r(@= R+ & ansinng &, (5.25)
n

then the constraint of xed enclosed area yields the same result as in
(5.22), and the line energy gL is

gL= 2pRog+ 298 n? 1 &, (5.26)
2Ry &
and hence
hedi = ke T Ro (5.27)

Copg(n2 1)
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Now the reason for the divergence at n = 1 is not an instability, but
rather that an perturbation of the form sin g is an in nitesimal trans-
lation of the circle. This is not true for large a;, where the deformed
shape is like a cardioid, as shown in Fig. 5.6. For in nitesimal ay,
such a perturbation costs no energy (in this setup), and would natu-
rally have a divergent amplitude if endowed with energy  kgT.

We can apply these results to understand the spectrum of thermal
uctuations of a lipid bilayer vesicle, a problem studied experimen-
tally some time ago?® and analyzed in detail by Helfrich, 2, Milner and
Safran?2 and Zhong-can and Helfrich. # Consider a spherical vesicle
of radius R perturbed by small-amplitude uctuations, so that points
on the surface can be labelled as

r(gf)= (R+ h(gf))é. (5.29)

where q,f are the usual spherical coordinates. The necessary calcu-
lation involves expressing the change in the elastic energy
1, ¢ )

E= ékC dS(2H)4, (5.29
up to quadratic order in h. Note that we have, for simplicity, ne-
glected any contribution from spontaneous curvature and from the
Gaussian curvature term in (2.63) due to its topological character.
The calculation itself is a somewhat tedious exercise in expanding
the energy functional for weak perturbations around the sphere, ul-
timately expressing the relative displacement h/ R of the radius as
an expansion in spherical harmonics Y| (q,f ), leading to the result

E' 8pkc+ %kcé L (1 + 1)1+ 2) jamj? (5.30)
I,m
The I-dependent coef cient is vanishes identically for both | = 0 and

| = 1, even without adjustment of the mean radius. This is a special
result associated with the scale invariance of the elastic energy (5.29)
in the absence of the spontaneous curvature term. When Hg 6 0, the
mean radius of the vesicle must be adjusted to conserve volume at
second order, as discussed above. The coef cients scale with mode
number as |4, as expected from elasticity.

5.2.2 Helfrich repulsion

An important consequence of thermal uctuations is the phenomenon
of " uctuation-induced interactions" between elastic objects. These
were rst proposed by Helfrich ° in the context of multilayer systems,
and rederived later using simpli ed arguments © that we repeat here.
More recently, similar considerations have been applied to the struc-
ture of DNA in tightly-packed chromosomes. ’

We consider a two-dimensional elastic membrane initially free in
space, but later con ned between two impenetrable walls spaced a
distance 2d gpart, as in Fig. 5.7. Starting from the usual elastic energy
E = (k¢/2) dS(2H)?, adding for generality a tension contribution

Figure 56: A perturbed circle for
ay = 0.1,0.2,...,0.8. Obtained with
Figure _506_perturbedcircle.m
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Bending energy of vesicle membranes:
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1989

® Helfrich, W. Steric interactions of uid
membranes in multilayer systems. Z.
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6 Helfrich, W. and Servuss, R.-M. Undu-
lations, steric interaction and cohesion
of uid membranes. Nuovo Cim, 3D:
137-151, 1984

"Marko, J.F. and Siggia, E.D. Fluctua-
tions and supercoiling of DNA. Science
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R
s dS and assuming small gradients, we have

1Z

2
E' S X ke r2h +s(r h)? . (5.31)

If we decompose the shape in the usual manner as

h()= & e '""h(a), (5:32)
q
then the energy is
Figure 5.7: A uctuating elastic mem-
E= %A é, kcq“ + qu jﬁ(q)jz, (533 brane con ned between two walls.
q
and by equipartition
(@)% = (5:34)

A (ke + s?)
It follows that for the unconstrained membrane the variance of dis-
placements is

Z
—. _ kgT qdq
= — — . 5.3
20 ket + soP 639
If s = 0 (a free membrane), using the cutoff gmin = p/ P A, we nd
—. kgT
2i = B
i o (5.36)

The fact that the variance grows with the area A of the membrane
led Helfrich and Servuss to argue that there will be a scale A at
which the variance will be of order d?, at which point the membrane
strongly interacts with the walls. The precise value of the prefactor

c in the statement hh2i = cd? varies with the assumptions of the
calculation, so we leave it unspeci ed at the moment. Then,
A =i fo @ (5.37)
kgT

The next step involves the idea that each patch of membrane of
area A acts as a quasi-independent "particle” con ned in the gap
of size 2d, bouncing around in thermal equilibrium like a particle
in a con ned one-dimensional ideal gas. The pressure exerted on
the wall can be deduced from the average force the wall experiences
from collisions of the constituent "particles" with some assume mass
m. That force is is just the ratio of the momentum transfer Dp =
mDv = 2mv to the average time interval Dt between collisions with
the wall. Since the average velocity vanishes by symmetry, we use
mv  mhv2il2 and set Dt = 4d/ hv2il2 and thus F = kgT/2 d.
Dividing by the area A we obtain the pressure P= F/ A , or

(keT)? 1
—. 5.38
8p 3cke o3 (5:38)
The energy per unit area is the integral of P with respect to d,
1 kgTkgT
Viep(d) = o (5.39)

16p3c ke o2 -
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Written in this manner we see naturally that the repulsive interac-
tion can be compared to the van der Waals attraction (2.30) between
membranes, whose leading order behaviour for nearby membranes
has the same power-law dependence, leading to the sum

1 keT 1 Ay 1

+ ' - =
Vet Va© keT Tgisce Tp ket @

(5.40)

In this expression we have grouped terms to make the relevant di-

mensionless ratios apparent. Based on this comparison, and exclud-

ing any other types of intermembrane interactions, one would con-

clude that if van der Waals interactions dominate (large Ay then the

membranes adhere to each other, while if the uctuation-induced re-

pulsion dominates (small k¢) they are repelled to in nity. The prob-

| b licated in th f d elect 8 Lipowsky, R. and Leibler S. Unbinding
em becomes more complicated in the presence of screened electro- - ciione of interacting membranes.
statics and if one includes the role of thermal uctuations. 8 Phys. Rev. Let.56:2541-2544 1986

5.2.3 Flicker phenomena of red blood cell membranes

Next we consider a classic problem in the dynamicsof cell mem-
branes, the " icker phenomenon" of red blood cells. The name de-
rives from the persistent shimmering observed at the junction of
the rim and the centre of erythrocytes, particularly when viewed
in phase contrast microscopy. While historical explanations invoked
speci ¢ biochemical reactions within the cytoplasm of the cells, it is Brochard, F. and Lennon, J.F. Fre-
now understood that the phenomenon arises from thermal uctua- quency spectrum of the icker phe-
tions of the red blood cell (RBC) membrane. The rst comprehensive gg:ng;qézzeg%ocytes' 3. Physique
treatment of this phenomenon was by Brochard and Lennon, © whose
analysis we follow here with signi cant simpli cations.
Recall the typical shapes of RBCs, as shown in Chapter2 (Fig. 5.8).
It is apparent that the central region of an RBC consists of roughly
parallel sections of the membrane bounding a thin disc of cytoplasm.
The cytoplasm itself contains a complex soup of molecular species,
and has a different index of refraction from the surrounding water.
When light passes through the RBC, the phase shift experienced will
depend on the product of the local thickness and the index of re-
fraction difference from the surrounding water, and it is this phase
difference that is measured in phase contrast microscopy. It follows Figure 5.8: Electron micrograph of red
that dynamical properties of those uctuations are of interest, and blood cells.
we must nd the equation of motion for membrane deformations.
Since the experimental method is sensitive to variations in the
cytoplasm thickness, the relevant mode of deformation is the anti-
symmetric"peristaltic' mode shown schematically in Fig. 5.9, soif d
is the equilibrium thickness, the thickness variation dd = 2h. The
key experimental observations involve measurements of the spatio-
temporal correlation function of the thickness uctuations.
Before presenting their results, it is useful to make a slight digres-
sion to discuss some important features of correlation functions. We E?‘:Lie%%hgsgnr::;g’nd the calculation
frame the discussion in the context of the Langevin equation ( 5.41) '
governing the one-dimensional motion of a particle in an optical trap
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(modelled as a harmonic potential),
zx = kx+ x(t), (541

where z is the drag coef cient, ks the trap stiffness, and x(t) is the
random noise. We de ne the Fourier transform pairs
z

dte Wix(t), (5.42a)

X(w)
z

x(t) g\gé""ti(w). (5.42b)

Recall that the choice of where the factor of 2p is located in these
relations is a matter of conventiorp, or it can be split symmetrically
between the two as a factor of 1/ 2p. The only constraint is that the
transform of the inverse transform yields the function, or
Zy .
. dwé"' = 2pd(t), (5.43

where dis the Dirac delta. A Fourier transform of ( 5.41) yields
(iwz + k) K(w) = x(w). (5.44)

As before, we can assume that the noise is delta function correlated,
and thus the power spectrum P(w) = hjg(w)j?i is

2kgTz _ 2D
w222+ k2~ w2+t 2°

P(w) = (5.45)

where t = z/ k is the relaxation time, and we used hjx(w)j2i =
2kgTz. This result can be used three ways. First, there is the general
result connecting the integral of P(w) to equilibrium uctuations,

Zy
dw .
P(w) = h3i, 5.46
, 75 P(W) = 1 (546

where the r.h.s. is the expectation in equilibrium. We nd

Z¥ dw 2kgTz  _ keT
¥y 2p w222+ k2 k'

(5.47)

as we expect from the equipartition result hikx%i = JkgT.
A second connection involves the temporal correlation function of
x(t), which follows from the analysis in Sec. 3.3 as

hx(t)x(0)i = kBTTe vt (5.48)

The celebrated Wiener-Khinchine theorem, derived rst by Wiener 10
and extended by Khinchine, 11 states that the power spectrum and
the autocorrelation function are Fourier transform pairs. With the
optical trap example, this is veri ed by direct calculation:

Z
¥ dw 2D dwt = I‘BTe t/'t
y 2p w2+t 2 k '

(5.49)

Third, we can de ne a "susceptibility" U of the system as the con-
stant of proportionality between the response of the system to an

Owiener, N. Generalized harmonic
analysis. Acta Math,, 55:117-258 1930
1Khintchine, A. Korrelationstheorie

der stationaren stochastischen Prozesse.
Math. Ann., 109604615 1934
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external force and the amplitude of that force. From ( 5.44) we have
U=(1/2)/ (iw+ t 1) which leads to the result that the power spec-
trum is proportional to the imaginary part of the response function,

P(W) = Zl;f,ST

=fUg. (5.50)

This is the generalised Fluctuation-Dissipation Theorem.

With these de nitions, we may now summarize the ndings of
Brochard and Lennon. Using a spectrum analyser they determined
from the microscopic observations the quantities shown in Fig. 5.10.

Figure 5.10: Key experimental observa-
tions on the icker phenomenon in ery-

throcytes. (a) Frequency spectrum of
uctuations at a given point, (b) spa-

tial correlation function (control curve

at zero separation veries that cell is
unperturbed), and (c) length scale of
correlations. From Ref. 9.

First, they found that the uctuations in thickness at a given posi-
tion vary with frequency w according to

hdd?(w)i w43, (5.51)

as in Fig 5.10(a). Second, at a given frequency, the spatial correlation
is an oscillatory, decaying function of separation [Fig 5.10(b)], and
third, the characteristic length scale *(w) of oscillations in the spatial
correlation function decays with frequency approximately as

“(w) w6, (5.52)
In summary, the autocorrelation function has the scaling form

R
“(w)
A complete treatment of the coupled problem of uid ow in a
region bounded by two uctuating membranes is an algebraically
complex problem related to that involved in Taylor's waving sheet
model of microorganism motility discussed in Chapter 6, but as the
mean intermembrane spacing d is signi cantly smaller than the lat-
eral extent of the membranes, we can adopt the simpli ed geometry
of a slab with small thickness variations and use lubrication theory

to determine the uid ows. Wile a typical lipid membrane must
be thought of as a uid, the RBC membrane has a complex network
of embedded polymers comprising the so-called "spectrin network"
that gives it more the characteristics of a soft solid, and thus it is
appropriate to consider no-slip boundary conditions on the uid.

C(Rw) w *8G (5.53)
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Let us rst review the essential results of lubrication theory for
the viscous uid ow between parallel no-slip surfacesat z=  d/2.
We assume that the dominant component of the uid velocity is that
perpendicular to the surface normal, and write

u(x,y,z) ' u(x,,z2)é,, (5.54)

where x, = (X,y) is the in-plane coordinate and &, is an in-plane
unit vector. In this regime, the viscous term r 2u in the Stokes equa-
tion is dominated by z-derivatives and thus

Tu(x,2) _ 1 p
22 = m’

(5.55)

where r » is the in-plane component of the gradient. Combining this
relationship with the no-slip conditions on uatz = d/2 it follows
that u can be written in the separable form

) #
d 2 r '>p(X'>)

u(xs,2) = > 25— (5.56)
From this we obtain the in-plane uid ux J(x;) = Rd/dz,Z dzu,
a3
J= ol 2P (5.57)
and the depth-averaged velocity u = J d, which obeys Darcy's Law,
us= g= %r 2p. (5.58

Equation 5.56 captures the essence of the dynamics relevant to
the icker phenomenon, which requires an equation of motion for
deformations of the membrane shape away from the at equilibrium.
The relevant PDE for the shape evolution can be derived in three
steps. First, note that conservation of uid volume implies

%(m 2h)= 1 o J (5.59)

Second, from the lubrication theory above we have (5.57) relating the

ux to gradients in the pressure. Finally, the pressure p at the inter-
face is related to the displacement eld h(x) via the usual functional
derivative. In the long-wavelength approximation, this yields

p= ke 3h. (5.60)

Assembling all the pieces, and dropping the subscript ? for conve-
nience, the equation of motion for his

ked?
24m

he = r °h. (5.61)
This unusual form, with 6 derivatives, thus arises from a combina-
tion of a conservation law, lubrication ow, and elasticity. By dimen-
sional analysis we deduce immediately from ( 5.61) that for perturba-
tions at frequency w there is a length scale

kcds 1/6

W= oo (5.62)
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which provides an explanation of the w /¢ behaviour shown in Fig.
5.10, provided we can identify this length with the scale of the de-
cay of the correlation function. If we ignore any lateral boundary
conditions and Fourier decompose the displacement eld via

h= hge 'a% Wt (5.63)

where X is an in-plane coordinate and q is an in-plane wavevector,
we obtain
iw= (ked®24 mcf, (5.64)

indicating exponential decayof the modes for all . They are stable
To nd the response function U, we introduce an external pressure

eld pext that forces the system, and obtain the dynamics

d3

3
ked r°h= ——r ?pext (5.65)

e am 24m

By analogy with the optical trapping result, we obtain

d3cf 1
Ulgw)= ———. 5.66

From the generalised Fluctuation-Dissipation theorem ( 5.50) we ob-
tain the power spectrum

kg Td%g?/12 m

hjdd(g, w)j2i = (5.67)

2
2 ked® 12
Wt Sam a

By a straightforward calculation, the correlation function of inter-
est is just an inverse transform of the power spectrum,

4

d?q . .
C(R,w) = hjdd(q, w)2i €9 R. 5.68
(R,w) (2p)21(q) (5.68)
Written out explicitly, we nd
3 Z2p Zyx  dqReosqy3
C(RwW) = ('2"3;5'% q ¢ f‘:q . (5.69)
p 0 0 w2+ Ko " g2
By a change of variables tok = "(w)q, this can be written as
z z i N
_ kBTd3 2p ¥ e|k(R/ )cosqudk
C(R,w) = @oyem?d o M vz (5.70)
The g integral can be done using the relation
Zop
dkxcosd = (kx), (5.71)
0

where  is the zeroth order Bessel function. To normalise the corre-
lation function, we examine the remaining integralat R/~ = 0,

Z¥ gk 1%¥ du -8

0 1+kl2™ 4 ¢ 1+ud @ 3 (6.72)
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yielding a result that can be written in the compact form

p_
3 kgT "3(w) R
where the scaling function G(c) is
P-z
6 3°¥ 53(cq
= = Bt S A 74
Ge)= == dad = p (574

and the prefactor sets G(0) = 1. Figure 5.11 shows the scaling func-
tion G(x) obtained by numerical integration of ( 5.74). This result con-

Figure 511 Scaling function G of
the spatial correlation function of
membrane uctuations as a function
of distance scaled by elastohydrody-
namic length “(w). Obtained with
Figure _511_flicker.m

rms that the correlation function depends only on the ratio R/ ~(w),
as found experimentally, and that therefore ~(w) is the length scale
governing the decay of correlations. The prefactor “2(w)/ w displays
the w %3 dependence seen in experiment, and the scaling function
G(c) shows the exact experimental form shown in Fig. 5.10(b).

5.3 Shapes and shape transformations

In this last section of the chapter we study two problems involving
the shapes of elastic membranes. These are chosen to illustrate some
key points regarding the physics of bending and the competition
between elasticity and tension.

5.3.1 Buckling of two-dimensional vesicles under pressure

The general problem of nding the equilibrium shapes of uid mem-
branes governed by the Helfrich elastic energy (2.63) is a challenging
one by virtue of the strong nonlinearities in the governing equations
and the typical dif culties associated with the differential geome-
try of surfaces. To gain insight into some of the basic physics in-

volved, we study the problem of "two-dimensional vesicles"”, which 2 Tadjbakhsh, 1. and Odeh, F. Equilib-
are treated as closed elastic laments governed by the bending en- fium States of Elastic Rings. J. Math.
. . . Anal. Appl., 18:59-74, 1967
ergy (4.27), subject to a pressure difference between the uid en-
. . . 18 Foster, B., Verschueren, N., Knobloch,
closed and that outside, and to a uniform tension. The study of E. and Gordillo, L. Pressure-driven
this minimisation problem has a long history, with early work in the wrinkling of soft inner-lined tubes. New

1966512 and continuing to the present. 13 3. Phys. 24013026 2022
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The equilibrium condition for the problem at hand is the normal
component of the force on the lament vanish. Expressed in terms
of the curvature k the governing equation is

A Kksst %k3 gk P =0, (5.75)
where g is the tension and P is the pressure difference. We will

study the stability of a circular ground state of some radius Ry, and
rescale the various quantities using Ry and A via

_ _ gR? _ PR3 s
K=kRy, T= =2, P=—20 h= Ro’ (5.76)
where h 2 [0, 2p], to obtain
1.3
Khn + éK TK P=0, (6.77)
or, equivalently,
1
Ghhh + Eqﬁ Toh P=0. (.79
Given the curvature as a solution to ( 5.77), we obtain the g via
Zy
o(h) = K(h), (5.79)

and use q to obtain the coordinates of the curve as
Zy Zy
x(h) = xo+  dh%osq(h%, y(h)= yo+  dh%ing(h9, (5.80)
0 0

where the location (Xg, Yo) of the origin is arbitrary.

To make progress with this problem, we assume that the solution
g(h) as well as the tension T and pressure P can be expanded in
powers of a parameter e 1 that serves as a bookkeeping device
to keep track of orders. We can assume that system breaks circular
symmetry into a shape with m lobes, with m 2 (recalling that
m = 1 corresponds to an in nitesimal translation, and m = 0 is a
dilation. The requirement of symmetry under rotations by half a
wavelength dictates that both T and P have only even terms in e,

q(h) = q@(h)+ edV(h) + e?q@ (h) +
T= T(O) + eZT(Z) +
P=pPO+e2p@+ (5.81)

Direct substitution yields the zeroth order result

@y = h TO = % PO (582
a circle of unit radius ( K(9 = 1), with a base tension determined
by the inward pressure P(9). The fact that T(9 < 0 for P(O > 1/2

indicates the possibility of a buckling instability. At order ewe nd

Lg®(h) = 0, (5.83)
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where the operator L is

L = fnn+ PO+ 1 1,
L = fhh+ M7 (5.84)

This has the simple solution
g (h) = sin(mh). (5.85)

We L as the derivative with respect to h of the operator that occurs
in the Euler buckling problem ( 4.63), showing further that this mem-
brane problem is related to a buckling instability.

Moving to order €? the second order perturbation must solve

La® = P+ 1@ Smcog(ms), (5.80

where the nal term arises from a contribution (3/2 )qﬁl)z. Here we
must be careful to recognise that since cog(ms) = ( 1+ cos(2ms))/2,
the r.h.s. of (5.86) has a contribution in the nullspace of the operator
L, which involves the functions g(h) = 1, cogms), sin(ms). For there
to be a bounded solution at this order, the coef cients of all such

terms on the r.h.s. must vanish. Here, that condition requires the
constant term to vanish, and thus

p@ 4 T = gma (5.87)

At this order we do not have separate information on P® and T(2.
The inhomogeneous solution to (5.86) is then

qA () = g sin(2mh). (589

At cubic order in e we note that the r.h.s has the terms

1

2
2q§‘1) + 302+ T, (5.89)

Using the previously obtained results and now requiring the absence
of a term proportional to cos (ms) we nd

T = g m2+ 1 (5.90)
soP(@ =(3/8) m? 1 .This completes the analysis to O(e?).

The shapes that result from the function

g(h) = esin(ms) + %sin(st) (5.9))

for m = 2 are shown in Fig. 5.12 for increasing values of e. At the
largest value, the calculated shape is remarkably similar to the cross-
section of the biconcave discoid shape of the red blood cell.
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5.3.2 Tether formation

A classic problem in the biological physics of membranes is the for-
mation of "tethers" under the action of a localized force. There are
many examples of this phenomenon in living cells, typically associ-
ated with cytoskeletal laments pushing against the cell membrane.
A controlled example of this was achieved some time ago 14 using an
optical trap to pull a tether from a vesicle (Fig. 5.13). In what fol-

lows we outline the basic features of a model for tether formation in
elastic membranes subject to large tension, as is the case in these and
earlier experiments involving tethers extracted from vesicles. 1°

Here we work through a calculation of perhaps the simplest model
for tether formation, 18 in which the object that pokes the membrane
is abstracted to a ring of small radius that provides a suitable bound-
ary condition for the surface. Mathematically the problem is de ned
as the search for energy minimisers of a functional that combines the
bending elasticity of uid membranes and a tension associated with
contact of the membrane with a reservoir at some speci ed chemical
potential, given boundary conditions at a large loop of radius R that
represents a far- eld lipid vesicle, for instance, and a much smaller
loop of radius rg.

Within this picture of a tether, it is necessary rst to understand
catenoids that span two loops of differing radii. We consider a setup
in which a ring of radius R lies in the plane z = 0 and a smaller one
of radius rg is in the plane z = d. This calculation requires that we
generalise the up-down symmetric catenoid solution ( 5.15) to include

Figure 5.120 Shapes of two-dimensional
vesicles under pressure. Panels show
(a) scaled curvature K(h), (b) tangent
angle q(h), and (c) shape of vesicle
for three values of e (e = 0 (black),
0.5 (blue) and 1 (red). Obtained with
Figure _512_2dvesicles.m

¥ Fygenson, D.K., Marko, J.F. and
Libchaber, A. Mechanics of micro-
tubule-based membrane extension.

Phys. Rev. Lett.79:4497-450Q0 1997

Figure 5.13: Equilibrium shapes of a bi-
layer lipid vesicle as the force exerted
by an optical trap is increased (left to
right) and a tether is produced. From
Ref. 14.

SEvans, E. and Yeung, A. Hidden
dynamics in rapid changes of bilayer
shape.Chem. Phys. Lipid73:39-56, 1994

% powers, T.R., Huber, G. and Gold-
stein, R.E.  Fluid-membrane tethers:
minimal surfaces and elastic boundary
layers. Phys. Rev. £65:041901 2002
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a second parameter, which we write in the form
zZ C
z(z) = acosh - - (5.92

The boundary condition at z = 0 implies that ¢/ a = cosh }(R/ a),
which, when combined with that at z = d yields

P
ro = Rcosh g R2 a&sinh g ) (5.93

Although formidable in appearance, this is simply a quadratic equa-
tion in x = exp(d/ a) whose solution can be put in the form

D !
2 2
D =%a|n %pti:; , (5.94)

where, as beforeD = d/ Rand a = a/ R, and now b = rg/ R is the
size ratio of the loops. A graphical representation of these solutions
is shown in Fig. 5.14in which we may interpret the curves as follows:
for each chosen loop ratio b the parameter a necessary to match the
boundary conditions varies in the range (0, b) along the lower branch
of each loop as the rings are separated from D = 0 up to some
maximum spacing indicated by a circle. That maximum spacing is

very nearly linear with b, with a slope close to unity; we conclude Figure 514  Trajectories of (5.94)
in the D a plane for various

that catenoids spanning two different sized loops exist only up to values of the ring radius ratio
a height that is approximately the radius of the smaller loop. A b, as indicated. Obtained with
montage of such asymmetric catenoids is shown in Fig. 5.15 Figure 514 -and_515_asymeatenoid.m

Figure 5.15: Catenoids of maxi-
mum height for a range of asym-
metry parameters b. Obtained with
Figure _514_and_515_asymcatenoid.m

The problem of interest is to nd the minimum of the functional

Z Z
E= ke dS(2H)?+s dS (5.95)

for an axisymmetric surface with boundary conditions z(0) = R,
z(d) = rg, H(0) = 0 and the tangent plane at z = d is parallel to
the plane. The Euler-Lagrange equation for the Helfrich functional
is an amusing exercise in differential geometry which we leave to
the student. The result can be expressed in a compact form that has
obvious similarities to the equivalent result for planar vesicles ( 5.75),

c I + sH+ p=0, )
ke r2H+ 2H® 2HK H 0 (5.96)

where pis the pressure difference between the the inside and outside
of the tether. Here r 2 is the covariant Laplacian. We shall ignore any
pressure difference in this problem, as it can be shown to introduce
only minor corrections to the main results.
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Rescaling all lengths by the bottom hoop radius R, we obtain

er?H+2H3® 2HK H=0, (5.97)
where ‘
C

= Rt (5.98)

We shall be interested in the large-tension limit e 1, as this gives
narrow tethers. Written this way, with the small parameter multiply-
ing the highest derivative in the problem, it is clear that a boundary
layer is likely to form, as the introduction of bending energy is a
singular perturbation. The limit e = 0 is just the minimal surface
problem, so the choice H = 0 at the bottom loop is consistent with
that limit, and no boundary layer will form there. But the tangent
condition at the upper loop is inconsistent with H = 0 and a bound-
ary layer will form there. Such a layer will be such that the elastic
and surface tension contributions balance (er °H _ H, giving a (di-
mensionless) length scale e (dimensionally, R e).

To understand the boundary layer problem, we rst work in the
Monge representation that is suitable for shallow surfaces slightly
deformed from the discat z= 0, soD 1. A useful pair of coor-
dinates (x1, x?) to describe the surface involves the arclength s along
the meridian and the angle j around the z-axis, so that points on the
surface are given by

X(s,j) = r(s)ér + z(s)é&, (5.99
with r2+ z2 = 1, assis arclength. The rst fundamental form is then
gjdx'dx) = d& + r?dj 2, (5.100
while the second fundamental form is
Kijdx'dx) = (zsfss Fszs9 dS  rzsdj 2. (5.101)

With the previous convention for raising and lowering indices and
g*g; = d one nds the mean curvature

= lhik =1 Tss s
H = 29 Kij = 2 20 1 (5.102
Gaussian curvature .
K= TSS (5.103
and Laplacian
1 ip 1d d
2 _ ] = T2 1
r %ﬂ.g 9% = o ae (5.109

Thus, if the surface is described by the height function z(r) above the
plane z = 0, then to leading order s r, H (1/2)r 2z, and the
shape equation becomes

zr %z=0, (5.105

where
r— . (5.106
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To complete the speci cation of this problem we enumerate the bound-
ary conditions. At r = 1we havez= 0andr 2z= 0, while at r = rg
we have z= dand dz/ dr = 0.

We solve (5.105) order by order in e. At O(e°) we are dealing with
the "outer" solution, for which r 2zou(r) = 0, which is solved by

Zout(r) = by + boinr. (5.107

The condition at r = 1 setsb; = 0, but the zero moment condition
does not x by; it is determined at higher order. This outer solution
diverges at the inner ring in the limit ro ! 0, an unphysical feature
corrected by the inner solution. To nd the inner solution we rescale
the radial coordinate to balance the elastic and tension terms,

r= pié (5.108

which leads to the amusing equation

d 1d d

1d
T — r— Z— r— zp+tzp =0. .
rdr 'dr rdr 'gr 0T &n 0 (.109
This is solved by
% = ¢+ olInr + calo(r) + caKo(r), (5.110

where g and Ko are modi ed Bessel functions. The coef cient ¢3
vanishes due to the divergence of Ip asr ! 0. The boundary condi-
tions at r = rg yield two constraints, from which we deduce

Zin r

o - 1+ ca Ko(r) Ko(ro)*roKi(ro)in — ., (5113

0

where rg = ro/ P e. Matching zjy, and zoyt, the constant terms of zj,
must vanish and the coef cient of the log term matches by, yielding

Zout roKe(ro)Inr
— = 511
d  roKi(ro)Inro+ Ko(ro) (113
and
Zj - roKi(ro)Inr+ Kg(r) (5.113

d " roKi(ro)Inro+ Ko(ro)-

Figure 5.16: Shapes of poked mem-
branes in the Monge representation.
Curves are for b = 0.1 and e = 0.005.
Solid blue curve is full numerical solu-
tion of (5.105), dashed red is asymptotic
solution Zeomposité”) and black curve is
the b! O limit (5.114). Obtained with
Figure _516_Mongetether.m
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The composite solution is obtained by adding the two and sub-
tracting the common part, which leads to the simple result zgomp =
Zin. It is then possible to take the limit rg! 0 and obtain

I_ Zcomp In r+ KO r/np é
m = =
ol 0 d g+ln 2 e

, (5.114)

where g = 0.5772... is Euler's constant. Figure5.16 compares the
full, composite, and limiting composite solutions.

To go beyond this linearised problem and address the formation of
a true tether with the observed property of a constant radius along
its length, it is generally necessary to invoke numerical methods,
particularly to connect such a solution to that obtained above in the
small-amplitude limit. Figure 5.17 shows examples of such a cal-
culation, illustrating that indeed a constant-diameter tether emerges
from the catenoidal solution at the supporting ring.

Analytical results can be obtained if we focus on the fully-developed
tether itself. First, in a straight tether, the equilibrium condition
(5.97) simplies to 2 eH® H = 0, and since in our rescaled units

H = RJ/2 afor a cylinder of radius a, we deduce the tether radius
r _ r
e ke
= -R= = 511
ac 2 2s (119

which is indeed R in the high-tension limit.
Second, it is straightforward to develop a stability analysis around
this cylindrical solution, writing r(z) = a+ u(z) and expanding

VA Z
= g dS(2H)2+  dS (5.116)
to O(u?), using dz/ ds= P 1+ r9z)2. One nds
Z h
e e au?
= + — + — + =2
E=2p dz a a 1 ) -u 5
ea u? :
t 5 uz, + 2zt (5.117)

Figure 5.17: Numerical solution of
full tether problem for e = 0.001
and ro = 0.1 for various values of
the ring separation d. Obtained with
Figure _517_tethershapes.m
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where a term that is a total derivative has been omitted. We observe
that the rst bracketed termin ( 5.117) is minimised at the equilibrium
value of a, at which the second bracketed term vanishes identically,
and that the third bracketed term involves two contributions that
are each manifestly positive. Thus, at quadratic order the energy
is larger than the straight tether and therefore the tether is stable.
Thus, while a tether without any bending energy that is longer than
its circumference is unstable to the Rayleigh instability, one that is
at the equilibrium size determined by the balance of tension and
elasticity is stable for arbitrary lengths!

5.4 Exercises

1. Fluctuations and membrane tethes spherical lipid vesicle of equi-

librium radius R has membrane bending modulus k; and surface
tension sg, and is in equilibrium at temperature T.

(a) Using a planar calculation with large-scale cutoff R and a molec-
ular cutoff a, calculate to quadratic order in shape deformations the
fractional excess areaa(sg) = ( A Aproj)/ A of the membrane that
is contained in thermal uctuations, where A is the total membrane
area and Aproj = 4p R? is the projected area of the membrane.

(b) A thin cylindrical tether of length L and radius r is now slowly

pulled out from the vesicle by a force F, and the system remains in
thermal equilibrium. In the process, the membrane tension increases
to s. If the tension remains in the regime s p k¢! &, show that
the change in the fractional area Da = a(sg) a(s) contained in the
vesicle membrane uctuations can be approximated by

_ keT | p2ks A+ s
"~ 8pke p2ke/ A+ s

Da

(c) Assume that the change in area found in (b) is taken up com-
pletely by the tether, on which uctuations are negligible. A suitable
total energy for the system is the sum of the bending energy in the
tether, the energy arising from the entropic elasticity, and the work
done by the force F,

z kBTS

1
= 2k dS(2H)?2 + A
2°¢ tether S(2H) 8p ke

FL,

where H is the mean curvature, and one may assume A = 4pR? to
leading order. Setting so = O for simplicity, minimise E with respect
to both L and r, and nd the force-extension relationship for the
tether. Using heuristic arguments, compare this result to the case of
a thether extracted from a reservoir at xed tension s.






6
Cellular Motion (Lecturesl7-20)

In this section we continue to move up the scale of lengths in bio-
logical physics to consider the motion of microorganisms. 1 After an
overview of the locomotion of agellated prokaryotic and eukaryotic
cells we discuss the mathematical problem of describing swimming
dynamics in the low Reynolds number regime, including the cele-
brated "scallop theorem". We then review the historically important
model by Taylor developed to understand the link between agellar
motion and swimming, as well as the mechanism by which hydro-
dynamic coupling can lead to phase synchronisation. The problem
of agellar synchronisation is revisited in the context of "bead-spring
models”, leading to the famous Adler equation of coupled phase os-
cillators. We conclude with an extended discussion of the relation-
ship between swimming and force singularities of Stokes ow—the
stokeslet and the stresslet—and how they can be used to understand
a number of experimental observations.

6.1 Cell swimming

Cell motion can take many forms, from crawling on solid substrates
by means of membrane extensions (" lopodia" or "lamellipodia"), mi-
gration within con uent tissues, to swimming through uids through
the action of moving appendages. Within this course we focus on
swimming, as it provides a context that is rich in phenomenology
and has proven to be amenable to substantial quantitative analysis.

The broad classi cation of living organisms into prokaryotes (cells
without a membrane-bound nucleus) and eukaryotes (possessing a
nucleus) serves also to distinguish typical means of swimming seen
among unicellular and small multicellular organisms. As shown in

1E. Lauga. The Fluid Dynamics of Cell
Motility . Cambridge University Press,
Cambridge, UK, 2020

Figure 6.1: Examples of microswim-
mers. Left to right: E. coli Parame-
cium bursara Chlamydomonas reinhardtii
Volvox carteri
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Fig. 6.1, prokaryotes consist of a cell body whose dimensions are
typically 1 10mm, from which emanate one or more helical ag-
ella several times the body length or more. These are rotated at
frequencies that can reach 16 10°s 1 by the action of rotary mo-
tors embedded in the cell wall, powered by a ux of proteins passing
through them. Eukaryotes, as exempli ed by uni- and multicellular
algae, choano agellates, etc. achieve motility through the undula-
tions of agella driven by the action of motor proteins that slide the
underlying laments within the agellum past each other through
conformational changes powered by ATP consumption. These wave-
forms consist typically of a "power stroke", with a nearly straight
agellum sweeping through a large angle, followed by a "recovery
stroke", in which a tightly curled agellum is brought back to its
starting point by moving close to the cell body. Both large unicellular
organisms such as Parameciumand certain multicellular organisms
composed of tens, hundreds, or even thousands of agellated cells
are often termed "ciliates", and the collective beating of their ag-
ella may exhibit perfect frequency and phase locking, or frequency
locking and phase modulations termed "metachronal waves".

The regime of Reynolds numbers inhabited by various swimming
organisms is summarized in Table 6.1; there is a clear distinction
between the Stokesian regime of the agellated organisms in Fig. 6.1
and that of the larger swimmers familiar to us on a human scale.

organism length speed frequency Re
bacterium 10mMmm  10nm/s 100 Hz 10 4
spermatozoon  100nm  100mm/s 10Hz 10 2
ciliate 100mm  1mm/s 10Hz 10 1
tadpole lcm 10cm/s 10Hz 103
small sh 10cm 10cm/s 10Hz 104
penguin 10m 1m/s 1Hz 106
sperm whale 10m 1m/s 0.1Hz 107

Table 6.1: Reynolds numbers for vari-
ous swimming organisms.

6.1.1 The general swimming problem

From a mathematical perspective, our goal is to solve the Stokes
equations for incompressible ow in a uid of viscosity m

rp=nmr?u r u=o0, 6.1)
where p is the pressure, with a boundary condition that u on the
body equals the speci ed swimming "gait* uS, as in Fig. 6.2. With Figure 62 A generic swimmer with

uS known, the unknowns are the translational velocity U and the some reference shape (dashe%) de-
) o formed b tuation velocity uS.
angular velocity W. We assume a Newtonian uid, with stress tensor ormed Dy ah actuafion velocly U

s= pl+mru+ru’ . (6.2)

In the absence of any body forces and torques acting on the swim-
mer, the unknowns are found by demanding that the total force and
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torque on the swimmer vanish,

zz

F(t)=  dSs A =0, (6.3a)
z7°

T(t) = SdSr (s A)=0, (6.3b)

where fi is the outward normal to the body.
It is often of interest to calculate the power generated by propul-
sive movements. The rate of working of the swimmer is

ZZ
W = dSu s A. (6.4)
s
Standard manipulations using the divergence theorem allow us to
re-express this result as the volume integral

2727

1
W = V— usji . .
y d i U; S (6.5)
Using the incompressibility of the uid and the symmetry of the
strain rate E; = (1/2) fju; + fiu; , we obtain the familiar result
2727
W = 2m dv Eij Eij- (66)
v

Thus, we can ascertain the dissipation by measuring the uid veloc-
ity eld outside of the body, 23 or by tracking agella movements. 4

6.1.2 Rate independence and scallop theorem

There are two important properties of low Reynolds number propul-
sion. The rst concerns the dynamicsof surface deformations:

The distance travelled by a low-Reynolds number swimmer as its sur-
face changes from one con guration to another does not depend on
the rate at which the surface deformation occurs, but only on its ge-
ometry. For any periodic deformation of a swimmer, the total distance
travelled per period is therefore only a function of the sequence of
shapes displayed by the swimmer during one period.

To establish this, we appeal to Fig. 6.3 where we depict a sequence
of shapesrg(t) that runs from some time tg to t1, along with a second
sequencerg(t(ﬁ that involves visiting the same shape sequence asrg(t)
but with a different time parameterization. Thus, as indicated by the
dashed arrows, there exists some mapping between any two shape
along the sequences. The swimming velocity U(t) can be expressed
as a surface integral of deformation velocity of the shape,
zZZ
u(t) = SdSH(rs) rs 6.7

for some tensor H(r) that does not depend explicitly on time and is
found as a solution to the swimming problem.
The total distance travelled is
Zy,
D= dtuU(t), (6.8)

to

2Drescher, K., Goldstein, R.E., Michel,
N., Polin, M. and Tuval, I. Direct
Measurement of the Flow Field around
Swimming Microorganisms. Phys. Rev.
Lett., 105168101 2010

3Guasto, J.S., Johnson, K.A. and Gol-
lub, J.P. Oscillatory Flows Induced by
Microorganisms Swimming in Two Di-
mensions. Phys. Rev. Letf.105168102
2010

4Brumley, D.R., Wan, K.Y., Polin, M.
and Goldstein, R.E. Flagellar synchro-
nization through direct hydrodynamic
interactions. eLife 3:e0275Q 2014

Figure 6.3: Two different paths in shape
space.
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