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The Rayleigh capillary instability of a cylindrical interface between two immiscible fluids is one of
the most fundamental in fluid dynamics. As Plateau observed from energetic considerations and
Rayleigh clarified through hydrodynamics, such an interface is linearly unstable to fission due to
surface tension. In traditional descriptions of this instability it occurs everywhere along the cylinder
at once, triggered by infinitesimal perturbations. Here we explore in detail a recently conjectured
alternate scenario for this instability: front propagation. Using boundary integral techniques for
Stokes flow, we provide numerical evidence that\tlseousRayleigh instability can indeed spread
behind a front moving at constant velocity, in some cases leading to a periodic sequence of pinching
events. These basic results are in quantitative agreement with the marginal stability criterion, yet
there are important qualitative differences associated with the discontinuous nature of droplet
fission. A number of experiments immediately suggest themselves in light of these result§989
American Institute of Physic§S1070-663(98)00504-2

I. INTRODUCTION such diverse situations as reaction-diffusion systems, den-
dritic growth, and, more recently, type-I superconducfors.

Recently, Bar-Ziv and Moses discovered the “pearlingThese previously well-studied examples all displagan-
instability” of lipid bilayer membrane tubes, in which the tinuousevolution, in contrast to the discontinuous evolution
application of laser tweezers to the membrane induces a péssociated with drop fission. Below we show by numerical
riodic modulation in the radius.Theoretical explanatioRs methods that despite this fundamental difference, the Ray-
for this behavior invoke a tension created in the membramﬂgigh |n5tab|||ty of a Cy|indrica| interface can indeed propa-
by the laser tweezers. Were this an interface between twgate. Furthermore, the coarse features of this behavior can be
immiscible fluids, such tension would induce capillary described by thenarginal stability criterion(MSC), an ana-
breakup of the cylinder into droplets via the Rayleigh ytical method which has found wide applicability in the sim-
instability 2 In the pearling phenomenon however, breakup isp|er situations mentioned abo¥e.
prevented by the membrane bending elasticity. A more strik-  The discontinuous evolution associated with rupture of
ing difference is that the pearling instability propagates—thene thread can have significant implications for the possible
modulated state is observed to invade the uniform cylindricakyistence of a propagating front. As a droplet pinches off
region at a constant velocity. This propagation is totally un-gm the main body, the two tips of the broken neck recede
like traditional descriptions of the Rayleigh instabilftyn from the pinching point; if the retracting end overtakes the
which each sinusoidal perturbation grows uniformly alonggrgnt, propagation will be spoiled. Experiments on the
the length of the tube. Note that this propagation cannot bgreakup and relaxation of elongated drops suspended in an
described by a superposition of traveling waves moving abter fluid reveal that this competition depends on the rela-
the front velocity, since the regions a few wavelengths aheag)¢ viscosity of the two fluids. When the drop viscosify
and behind the moving front are stationary. ~is much smaller than the outer viscosiy , the drop breaks

In a previous pupl_lcatloﬁ,we conjectured that the vis- pefore its ends have time to retract; in the other extreme, the
cous Rayleigh instability can propagate as well. Propagatingnqs retract significantly before breaking offor long
fronts in which a new stable state invades an uns_tgble_regiognough drops We shall see below that when the viscosity
are a common feature of overdamped systrasising in 4o )\ = n 15" is such that retraction is slow on the time
scale for breakup, there is a propagating front moving with
dpresent address: Adapco, 60 Broadhollow Rd., Melville, NY 11747. constant velocity(Fig. 1). No analytical solution is known
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Note that(2) gives rise to theabsolute(rather than con-
vective instability of a stationary cylindrical interface.
When the fluid velocity is zero, the pressure jump across the
interface isAp=2yH. Consider an axisymmetric perturba-
tion in which the radius is slightly pinched to form a neck. If
the disturbance is of sufficiently long wavelength, the mag-
nitude of the curvature is increased, thus raising the pressure
in the neck. Fluid is therefore forced out of the pinched re-
gion, leading to growth of the perturbation.

The challenging numerical task of solving the three-
dimensional Stokes equations is greatly simplified by the
FIG. 1. Sequence of drop shapes for viscosity raNe=0.05 at boundary integral technique, in whigt) and(2) are recast
t,=6.67y " Ry/y; n=1,2,3,...,15from top to bottom. To illustrate the ~as an integral equation for quantities on the interfacEhis
complete evolution, we have drawn the daughter drolais not the sat- approach removes one spatial dimension from the problem,
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for the complex shape evolution shown in Fig. 1. Indeed, this
is the case in most examples of front propagation, where,
however, the MSC nearly always provides correct predic-
tions for the front speed. In our studies of drop breakup
below we find that the front speed is rather accurately given (1—\)
by the linear MSC, a remarkable result in light of the
strongly nonlinear, singular shape evolution behind the
front.X In addition to the front velocity, we compute the time wherey is a point on the interfacs, u(y) is the velocity of
between primary pinching events in the breakup of the cylthe interface ay, #2.7". denotes the principal value, and the
inder using the MSC quantities and find good agreemenkernelsJ;; andK;; are Green’'s function¥

s fSH(X)ni(X)Jij(Xry)dS(X)

LI jsui(x)nk(x)Kijk(X,Y)dS(X)7 €)

™

with the numerical calculations. Axisymmetry reduces our problem to an integral equa-
tion with one space and one time dimension. This equation is
Il. DROP EVOLUTION solved numerically by standard adaptive-grid technigties

. . ... yield the interfacial velocities, and so the drop shape, as a
We look for the propagation of the Rayleigh |nstab|llty function of time. This procedure can describe the continuous

in a numerical simulation of a long, axisymmetric, approxi- motion of the interface only; to describe the breakup of the

mately cylindrical drop, initially stationary and with hemi- . . o
spherical caps on the ends. The axis of the cylinder deﬁnemterface we simply demand that pinching occurs whenever

Pe radiusR(x) <0.009R,, whereR; is the initial cylinder
the x-direction, so that the shape is given by the surface o€ ' 0 -0 : .
revolution generated by the radil&(x). We work in the radius. Although somewhat arbitrary, we expect this choice

S . - . for the cutoff leads to little error in the gross evolution since
overdamped limit in which the inertial terms of the Navier— 9

. further decreases in the neck radius occur rapidly owing to
Stokes e.quatlc.ms may .b.e neglected. Therefor(i, the outer arﬂﬁfe large velocity and curvature gradients near the pinch
inner fluids with velocitiesu™ and pressurep~ are de-

) : . : oint. Furthermore, the size of the region in which these
;(r:;fseigilti)t); the Stokes equations and the constraint of Inconguantities grow large is sméff.In any case, these same fac-

o s . . tors make it difficult to do numerical calculations when the
7 Vum=Vp~, V.u =0. (1) neck approaches rupture. Once a droplet has pinched off, we
Propagation in the inertial regime is Comp”cated by the presneglect it in further Calculations, since experience has shown

ence of dispersive capillary waves, and we leave this casé® the evolution of the droplet that pinches off has little
and the case of net flowlike a jet for future work. The effect on the evolution of the main drdp.

boundary conditions at the interfaSeare continuity of fluid Our findings for the shape evolution are in qualitative
velocity u*|s=u"|s, continuity of tangential stress, and the accord with previous investigatiodsAt higher values of\,
jump in normal stress: i.e. around\ =10, the evolution is dominated by retraction.
- As an example, Fig. 2 shows that the=10 drop simpl
ni(oij —oij)ls=—29Hn;, 2 e g

retracts and shows no sign of developing a neck in the time
wheren is the outward surface normdl is the mean cur- it takes thex =0.1 drop to break a few times. Figure 3 shows
vature, y is the (constank interfacial tension, and the stress a magnified view of the evolution of these droplets. Note that
tensors arerﬁz ni(ViufnLVjuii)—piaij . For an axisym- at a given time the radiuR(x) of the A\=10 drop grows
metric shape with radiusR(x), and with R,=dJR/dx, monotonically inx to its maximum value, but the radius for
the mean curvature is H=(R./2)(1+ Ri)*g’2 A=0.1 is modulated; these undulations are the seeds of the
—(2R) "Y(1+R2)~*2 The only important material param- capillary instability.

eters are therefore the surface tensioand the viscosities When the outer viscosity is not too small, we can esti-
n* andyn”. mate the retraction speed by assuming the bulge on the drop
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FIG. 2. Numerical results. Propagation of the Rayleigh instability for
A=0.1 (left). Retraction-dominated dynamics fo=10 (right).
t,=6.6Mn* 'Ry /vy, wheren=1,2,3,. . . ,10labels the shapes from the top.

end is spherical and balancing tension with dtagis leads | | | |
to a velocity that scales likg/ ", since the drag on a liquid
sphere suspended in another fluid is controlled by the outer
viscosity!® This estimate only accounts for the dissipation X

due to the flows in the two fluids induced by pulling a spheri-FIG. 4. A snapshot of the end of the main drop for0.05, in which the

cal interface through the outer fluid:; it disregards the COntri_aspect ratio has been distorted to show the front more clearly. The center of

i i the drop is atx=0. The darkened line is the front region; the inset is a
bution due to shape change, which become comparable wheygnified view of this regiofisolid line) and a fit to the frontdotted line.
A=1. Indeed, when there is no outer fluid all the dissipationThe retraction speed is taken to be the velocity of the maximum marked
takes place inside the retracting end. Our estimate is littlaith a plus sign.
more than dimensional analysis. Nevertheless, it is borne out
by the simulations: if we take the retraction velocity to be the
speed of the maximum dR(x) nearest the end of the drop Turning now to the analysis of the fronts, we find a
(Fig. 4, we find retraction velocities that range from smoothly moving front for a range of viscosity ratios, from
0.2y/p* atA=0.005 to 0.%/ 5" for A=10. A=0.005 tox=1.0. For example, the top graph in Fig. 5
The front region connects the uniform cylinder, which shows the front position as a function of time for=0.05.
has not yet undergone the Rayleigh instability, to the growAt low values of\, around\ =0.005, the ends do not retract
ing bulge, which eventually pinches dffig. 4). We extract much before the drop pinché&ig. 2). This is the “end-
the front from the sequence of drop shapes by choosing fopinching” behavior described in Ref. 9: the daughter drop-
each shape a window with one edge such R@) is within lets pinch off one at a time in a periodic fashion at the ends
numerical accuracy of the unperturbed radRis, and the of the main drop® Despite the discrete nature of these
other edge with R(x) —Rg|/Ry reaching a small valua* events, there is a front moving smoothly at constant velocity.
(typically 0.1-0.15. The drop radius in this window is
with an exponential envelope times a sinusoidal function of
the form R(x)=a;+a, exp(—a,mX)Ccos@,mX—3asz). We
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change with small changes in the choice of fitting window or 7> N b
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D t
A=10 FIG. 5. Top: results of boundary integral calculations and fitting routine for
front position vs time. Bottom: comparison of prediction of MSC and results

of boundary integral method for the initial front wavenumigérand front
FIG. 3. Enlarged view of the droplet ends of Fig. 2 for0.1 and\ =10. width q”. Both plots are forx=0.05. The simulation begins &&0; by
t,=(37.5+3n) "Ry /vy, wheren=1.2, ..., 6labels the shapes. ty/(5n*Ry) =20 transients from the initial shape have died out.
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We therefore interpret this end-pinching at low viscosity ra- 5 rr AL L) I R
tio as a front of the Rayleigh instability. i T
As \ increases, retraction becomes more apparent in the 1
time it takes the droplets to break off. Whanreaches a 2
value at which the retraction speed becomes comparable to I
the speed at which the pinches are sprea¢mgund\ =1), °
we find that the drop evolution can not be described as a - & 1
smoothly moving front. The details of this process are com- 4
plicated. ForA~0.2, the periodic behavior of the breakup &
ceases. The droplets that pinch off are not of uniform size 0.5
and do not pinch off at a constant rate. Nevertheless, we are
still able to fit the advancing profile to a front moving
smoothly with constant velocity. Whem>1.0, this 0.2 .
smoothly propagating front behavior is lost. Around this
value of A we also observe necks that start to form at one
point but then heal, leading to breakup at a different point
along the drop. This behavior is reminiscent of that seen in 0.01 0.1 1
the experiments of Tjahjadit al., who observed that a drop A
stretched to a cylindrical shape just beyond the critical aspect
ratio for breakup doesot break’® Instead, two necks form F'C: 6. Front velocityv=vpg vs \. The circles are the results of the
. numerical calculations, the line is the prediction of the MSC from Ref. 5.
and then disappear, and the elongated drop retracts to a
sphere without breaking. We can offer no explanation of this
behavior, and merely note that when retraction is faster thateigh's result to the two-fluid problem. For a cylinder of
the pinching process, there is no reason to expect the simpladiusR,, w is a function of wave vectoq and viscosity
picture of the Rayleigh instability outlined in the last sectionratio \ in the form w(q,\)=(/Ryn*)A(q,\)(1—g°R3).

Illljl

o'l—llllltl L ] III||II i L llllllI

to apply. The dynamical factorA(qg,\), too lengthy to quote here,
accounts for viscous dissipation, and the fac)t()l—quS)
IIl. ERONT VELOCITY AND MSC is associated with the Young—Laplace force due to an axi-

symmetric constant-volume distortion of wave numiger

For completeness, we review first the basic facts of thenserting this growth rate into the MSC equatid#s$ yields
marginal stability criterion. In the leading edge of the front, the front velocity as a function of viscosity ratio, which was
the amplitudeh(x,t)=R(x,t) —Rq is small and can be rep- previously derived in Ref. 5. Figure 6 compares this predic-
resented as a linear combination of Fourier modes each hation with our present numerical calculations.
ing the form h(x,t) «Relexp((q)t+igx)}, in which o(q), Since the growth rate for the Rayleigh instability does
possibly complex, is the linear growth rate, and the real anghot contain the physical process of retraction, we expect the
imaginary parts of the wavevectgrdescribe the periodicity MSC velocity to depart from the true front speed when the
and sharpness of the mode, respectively. The velocity of th&ront and retraction speeds are comparable. This may be the
exponential envelope of any mode ig=Rew/Imqg. The  source of disagreement between the MSC and the numerical
MSC selects a unique moa@g = g+ i0qms: (@nd hence ve-  simulations forx=0.5. As\ is increased beyond this value,
locity vso) by the condition that the envelopes of modesretraction becomes more important until finally the simple
nearby ing neither outrun nor fall behind that @f. This  picture of a propagating Rayleigh instability becomes in-
condition provides two additional relationships betweg,  valid. As the lower values of viscosity ratio are approached,

andq*, leading to the conditiofg° the boundary integral method eventually fails to conserve
Re w* o dw volume?* In Fig. 6 we only show data for runs in which the
vmsc=wa Rea =0, vps=—1Im % . (4 volume changed slightlyby no more than a few percerit
q* a* at all; nevertheless, since it is difficult assess the impact of

A rigorous proof of the validity of this approach is known these errors on the front velocity, we cannot say if this is the
only for the Fisher—Kolmogorov equatiéh, h,=h,,+h  source of disagreement between the MSC and the numerical
—h3, for which it can be shown that sufficiently localized calculations for\ <0.012°
initial conditions will evolve into a front moving at a unique While the front position advances smoothly in accord
speed v=v,s. Many partial differential equations have with the MSC picture, the behavior of the front shape en-
been shown to be correctly described by this principle or itoded in the wave numbey,,,, and the inverse front width
nonlinear variant§,even when no analytic front solution is g/, is more complicated. We find that these quantities are
known. There is, however, no general criterion to determinanot constant but rather oscillate with approximately the pe-
when the MSC is applicable, and thus the question of itgiod of pinching; however, they are always near the MSC
validity in this new setting of discontinuous evolution is of values. Moreover, the fitted values fay,,,,dn.m did not
interest. depend on the choice of fitting window, so it is the actual
The MSC quantities depend only on the growth rate front shape that is oscillating. One example is shown in the
which is known from Tomotika's generalizatibhof Ray-  bottom graph of Fig. 5. We conclude that the MSC captures
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the gross features of the front shape but not the fine structure Im(w(g*) +ig* vmsd /v mse, the selected wave number in the
Given that we find the breakup process to be periodic insaturatedpattern® Thus another candidate for the pinching
the viscosity range. =0.005-0.1, it is natural to ask if the e iS tpineri= 27/ (dovmsd - However, as we pointed out in

MSC can predict the time,,, between primary pinching po¢ 5, we do not exped, to be relevant to the Rayleigh

events, once _the transu_ants dug to t_he _|n|t|al shape Sem&oblem since the saturated pattern has not continuously
down. A plausible but naive starting point is to use the short-

est characteristic growth timeéc= (G~ L, Whereq, o, evolved from the Igading edge of the fror)t. Therefore we
is the wave number of the fastest growing mode calculate§*PeCt the appropriate wavelength to be/Bpg.. In Fig. 7
from linear stability theory. However, it is well known that W& show that the numerical simulations clearly favor the
the fastest growing mode is not selected when the MSC igelationtyinch= 27/ (U@ mso -

applicable. In the standard MSC treatment, there are in fact The behavior of the MSC quantities for smalican be
two selected wave numbers;,.., the selected wave number seen analytically by examining the growth rate in the limit of
in the leading edge of the front, and g, small wave numbet®®

N (qRg)’[1—N\(2+4C)—4\ log(qRy/2)]
@A)~ SR T BN —(qRy) 2N~ 1)[1+ 3N(2+4C) T 12x Iog(qRy/2)]’

®)

where C=0.577 is Euler's constant. Assuming wherew is the axial velocity and is the radial velocity. The
N log(QRy)<1, (5) simplifies to flow velocity along the centerline™ (r =0,z) scales as &t
(qRy)? for small g, so for q=Qmax, W~ =0O(A"Y4. Note that the
L4 — q 5. (6) scalings of the MSC velocity and wave number obey the
2Ro7" 8\ +(aRy) same relationy psms= O(1). Unfortunately, we were not

Dominant balance of the MSC equatiorn@) implies able to extend the simulations to small enougho verify

qR=0(\"), v, .= O(\~1): assuming these scalings with these asymptotic relations. o _
(4) and (6), we find Finally, we remark about the implications of the diver-

gence in velocity and wavelength as-0. It is certainly true
that finite-size effects can cut off the growing velocity when
the drop size is comparable to the scale of the fluid flow. It is
also true that the zero-Reynolds-number approximation will
(the scalings are found analytically, the prefactors were obbreak down for sufficiently smalk. In particular, imagine
tained by solving numerically the resulting transcendentaflecreasing the inner viscosity while holding the properties of
equations Note that our neglect of log(qR,) is consistent the outer fluid fixed. To estimate when inertia becomes im-
with these scalings. For small enough these quantities
agree well with the results of numerically solving the MSC
equations with the the full form of Tomotika’'s growth rate. =00 T o T
These result§7) are different from the scalings expected 7
from the traditional linearized analysis. Using Tomotika’s
growth rate we have determinédumerically as a function
of A the wave numbeq,,, corresponding to the maximum
growth rate, and have fourg),, =0\ for A<1. Indeed,
this behavior can be seen analytically by retaining the axial
curvature in(6) and approximating the growth rate by

(qRo)?
8\ +(qRo)*’
which has a fastest-growing mode scaling lik¥*. More-

over, to find the scaling of the fluid velocity, we can compute
the flow profile in the linear approximation fomh

o(q,\)~

UmsRo~2.260\"%, g Ro~2.95\7, @
Umse? 1 y~0.130 12

0(0.0)~ 5ge = (1-G°RY) ®)

lllll

xexpt+igz) in the smallq (lubrication limit. We find S BT BT Ry
2i r2\ h y 0.001 0.01 \ 0.1 1
w (f,Z)Z—E R Ry 9)
o/ 0 FIG. 7. Various predictions for the primary pinch time. Solid line is
r3  2r h v 27/ (Upms@msd.  dotted line is 2r/(qevms), and the dashed line is
u(r2)=\—=-—=|s —, (10 1w(Qmay- The circles are from the simulation. The breakup is aperiodic for
R0 Ro/ 2Ro 7 A=0.2, leading to a distribution of droplet sizes.
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