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A theory is developed of the intricately fingered patterns of flux domains observed in the intermediate
state of thin type-I superconductors. The patterns are shown to arise from the competition between
the long-range Biot-Savart interactions of the Meissner currents encircling each region and the
superconductor-normal surface energy. The energy of a set of such domains is expressed as a nonlocal
functional of the positions of their boundaries, and a simple gradient flow in configuration space yields
branched flux domains qualitatively like those seen in experiment. Connections with pattern formation
in amphiphilic monolayers and magnetic fluids are emphasized. [S0031-9007(96)00250-5]
PACS numbers: 74.55.+h, 05.70.Ln, 75.60.–d

When a thin film of a type-I superconductor is placed in
a magnetic field normal to the sample, the large demagnetizing effects associated with the film geometry preclude
the establishment of the Meissner phase (with magnetic
induction B  0). The sample instead accommodates the
field by breaking up into a large number of superconducting (B  0) and normal (B fi 0) regions, usually forming
very intricate patterns [1]. As has been understood since
Landau’s pioneering work [2] these structures arise from
the competition between the magnetic field energy of the
domains and the surface energy between the superconducting and normal regions. All existing theories of these
patterns [2,3] have explored this competition with variational calculations that assume regular geometries of the
flux domains. The hypothesized parallel stripes, ordered
arrays of circles, etc. are rarely seen, the norm instead
being the disordered patterns well documented in experiments [1,4]. Moreover, the temperature and magnetic
field history of the sample strongly influence the patterns,
suggesting that they are likely not in a global energetic
minimum.
Recent work has emphasized that diffusion of magnetic flux in the normal phase can influence the domain morphology [5]. Asymptotic methods applied to
the time-dependent Ginzburg-Landau model [6] yield a
free-boundary dynamics of superconductor-normal (S-N)
interfaces nearly identical to that for the growth of a solid
into a supercooled liquid, where the interface motion is
unstable (e.g., forming dendrites). By analogy it was suggested, and confirmed by numerical studies [5], that the
growth of the superconducting phase into the supercooled
normal phase should be dynamically unstable, leading to
highly ramified domain shapes. While such diffusive instabilities may play a role in the pattern formation in the
intermediate state, these studies are not directly applicable
as they have all ignored demagnetizing effects.
Here we ignore entirely any diffusional instabilities and
focus instead on the role of demagnetizing fields in producing the observed patterns. This is done in a completely

general way, without imposing a predetermined ordered
flux structure. We ask the basic question: What is the
energy of a thin multiply connected superconducting domain, the normal regions of which are threaded with a
magnetic field? A central issue is whether the interactions
between the Meissner currents flowing along the S-N interfaces within the film are screened by the superconducting regions. Pearl [7] made the important observation
that, unlike in bulk, vortices in a thin film interact with an
unscreened potential V srd , 1yr for large separations r,
while for small r, V srd , lnsLyrd, with L an appropriate
cutoff. The lack of screening reflects the dominant role of
the electromagnetic fields in the vacuum above and below
the film. This suggests the simple model developed here:
domains bounded by current loops interacting as in free
space, endowed with line tension, and subject to the constraint of constant total magnetic flux through the sample.
When applied to the stripe phase our model predicts equilibrium lengths close to those found by Landau [2] and
seen in experiment [1], suggesting that it captures the essential physics. More importantly, having formulated the
model for arbitrary domain shapes, we can address the origin of the disordered patterns which are so prevalent. A
simplified dynamical model for the evolution of domain
boundaries is used to show that the long-range interactions destabilize flux domains of regular shape, producing
branched, fingered structures as seen in experiment.
Apart from the global flux constraint, this model is
equivalent to one for domains of magnetic fluids in
Hele-Shaw flow [8], which exhibit patterns like the
intermediate state [9], with history dependence like that
noted earlier. Thin magnetic films [10] and monolayers
of dipolar molecules [11] exhibit similar behavior, and
are described by such models through the underlying
correspondence between electric and magnetic dipolar
phenomena [12]. This model is also very similar to a
reaction-diffusion system [13] in which chemical fronts
move in response to line tension and a nonlocal coupling,
producing labyrinthine patterns seen in experiment [14].
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Note first a crucial separation of length scales between
the typical size of the flux domains (.0.1 mm) and
the penetration depth (#1 mm) [1]. Thus on the scale
of the patterns the superconductor-normal interface is
sharp, and we may view the order parameter magnitude
as piecewise constant. It follows that the energy is
determined solely by the locations of the S-N interfaces.
In this macroscopic approach, the energy F of a configuration of flux domains arises from the condensation
energy, the boundaries between the domains, and the magnetic field energy,
F  Fcond 1 Fwall 1 Ffield .

(1)

Suppose the film has thickness d, total area A, volume
V  Ad, and contains a set of normal domains i with
area Ai , length Li , and whose boundary positions are ri ssd
(Fig. 1). We assume ri is independent of z, neglecting the
“fanning out” of the domains near the film surfaces
P [2].
The two phases occupy volumes Vs and Vn  d i Ai ,
with Vs 1 Vn  V . Their bulk free energy densities Fs
and Fn define the critical field Hc sT d as Fn 2 Fs 
Hc2 y8p. With rn  An yA the area fraction of the normal
phase, and sSN  sHc2 y8pdD the S-N interfacial tension
[DsT d being the interfacial width], we have
X
H2
Fcond  V c rn ,
Fwall  sSN d
Li , (2)
8p
i
where Fcond is measured with respect to the purely
superconducting state.
The complexity of this problem lies entirely in the
computation of the field energy. An applied field H 
Ha êz , produces a field Hn êz in the normal regions, where
AHa  An Hn by flux conservation, so
Ha
.
(3)
rn
The requirement of tangential continuity of H across a
S-N interface gives the field in the superconducting region as Hs  Hs êz  Hn êz . The superconducting regions are perfectly diamagnetic, with magnetization M 
2sHn y4pdêz . The discontinuous magnetization at the SHn 

N boundaries implies that the sample consists of a collection of current loops (of strength Hn y4p) encircling
the domains. The field energy thus has two contributions:
the first is simply that of the magnetization M associated
withR current loops in the presence of the external field
(2 d 3 rHa ? M). The second contribution is the selfinduction and mutual induction of those loops. We obtain
H a Hn
s1 2 rn d
4p
µ
∂
1 Hn 2 X Z d Z d 0 I I 0 t̂i ? t̂j
dz
dz ds ds
,
2
2 4p i,j 0
Rij
0
(4)

Ffield  V

where t̂i  t̂i ssd is the tangent vector, and
Rij  hfri ssd 2 rj ss0 dg2 1 sz 2 z 0 d2 j1y2 .
A first application of this model is to the laminar state,
a periodic structure of alternating superconducting and
normal domains. Landau’s calculation treated the crosssectional shape of the domain walls as a free-boundary
problem. Exploiting the two-dimensional nature of this
geometry, he found using conformal mapping techniques
that deep within the slab the walls are indeed straight, but
near the surface the normal lamina flare out, leading to a
reduction in the magnetic field energy. The free energy
density F  F yV in Landau’s model is
!
√
∏
∑
Hc2 D
Hc2
h2
a
1
rn 1
1
fsrn d , (5)
F
8p
rn
4p a
d
where a is the stripe period, h  Ha yHc , and f is
a known d-independent function. Minimizing F with
respect to rn , we see that for large d the first (“bulk”)
term dominates, yielding the familiar result rn  h; the
field at the S-N interface is Hc . Minimization with respect
to a then yields the equilibrium period
µ
∂
Dd 1y2
p
,
(6)
a 
fL shd
where fL is the Landau function [15]. Thus, the characteristic domain size is set by the geometric mean of the
microscopic wall thickness D and the slab thickness d.
The current-loop (CL) model yields an energy of the form
in Eq. (5), and hence an equilibrium width given by (6),
but with fL shd replaced by [17]
fCL shd 

FIG. 1. A thin slab of type-I superconductor, viewed along
the applied field Ha . Normal regions are shown black.
Adapted from [4].
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1 X̀ sin2 snphd
.
2p 3 n1
n3

(7)

As shown in Fig. 2 the functions fL shd and fCLshd
have very similar forms over the entire range of
h [16]. Analytically, at small h they have similar limiting behavior: fL . s1ypdh2 lns0.56yhd, and
fCL . s1y2pdh2 lns0.71yhd. The equilibrium widths ap
are therefore also close in the two models, and compare
favorably with experiment [1,4], suggesting the validity
of the current-loop model. Moreover, this model may be
3819
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FIG. 2. Equilibrium stripe width in the laminar state as a
function of reduced field h. Landau’s model (dashed) and the
current-loop approximation (solid) compare favorably. Inset:
the Landau function fL shd (dashed) compared with the currentloop function fCL shd (solid).

used to study perturbations about the laminar state, allowing for the calculation of elastic moduli and dislocation
energies [17], which simply cannot be determined using
Landau’s methods.
Having thus “calibrated” the current-loop model, we
turn to the most important new aspect of this work: domain shape instabilities arising from long-range currentcurrent interactions. The dynamical evolution of flux domain shapes with energy (1)–(4) is a many-body problem
of considerable computational complexity. Insight into
its behavior comes from a mean-field description of a single current loop in which only its self-induction is treated
in detail, the mutual induction of the surrounding loops
contributing a bulk energy term analogous to that in the
laminar calculation (5). For small departures from the
minimizing area fraction the amplitude of the circulating
currents is then set by Hc rather than the local field. The
area fraction is defined by assigning the loop to a cell of
area Acell , with rn  An yAcell . Appropriate rescaling of
the spatial variables shows that the location of the system
in the H-T plane is uniquely specified by the two dimen1y2
sionless quantities h and DyAcell .
In this mean field model, we study the simplest
dynamics for domain wall motion in which a generalized
normal force n̂ ? dF ydr balances a local viscous drag
2h n̂ ? ≠t r. The resulting equation of motion is
Ω
Hc2 d
≠rssd
n̂ ?

P 2 DKi ssd
≠t
8ph
æ
1 I 0
ds R̂ss, s0 d 3 t̂ss0 dFsRydd ,
2
2pd
(8)
with Ki ssd the curvature, Rss, s0 d  rssd 2 rss0 d,
Fsjd  1 2 s1 1 j 22 d1y2 is the Coulomb potential
averaged over the thickness of the slab, and
P  h2 yrn2 2 1 .
(9)
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The dynamics (8) is local in time; it neglects diffusion of
magnetic flux in the normal phase [6], which is equivalent
to setting the normal state conductivity to zero. The
magnetic vector potential is then “slaved” to the order
parameter, analogous to the fast-inhibitor limit for a
reaction-diffusion system [13]. In this slaving limit, we
estimate the kinetic coefficient h for strongly type-I bulk
superconductors as [6] h  sHc2 dDy8pdp h̄y8kB Tc j02 ,
where Tc is the critical temperature and j0 is the zerotemperature correlation length [18].
Equation (8) reveals a competition between a magnetic
pressure P incorporating flux conservation, the YoungLaplace force from interfacial tension and the Biot-Savart
force of circulating currents. The latter long-range contribution is well known for magnetic fluids [8] and monolayers [12,19]. Extensive analytical linear stability analyses
[8,9,12] show branching instabilities of circular domains
(on a length scale given by the laminar calculation) and
buckling instabilities of stripes, phenomena which should
carry over to the present problem with nonconserved area.
Indeed, buckled domains are well known in type-I superconductors [4] and monolayers [20].
To see the effects of the Biot-Savart interaction on the
stability of a circular flux domain, Fig. 3 shows the evolution of a domain prepared with an area significantly less
than the equilibrium value. The long-range interactions
result in the formation of a branched flux domain. We see
that a transient fourfold coordinated vertex is unstable to
fission into two threefold nodes, very similar to those seen
in experiment [1,4]. In the early epoch the shape evolution is primarily a dilation with little change in shape,
while the branching instabilities occur on a longer time
scale. The inset of Fig. 3 shows that when the Biot-Savart
coupling is omitted the weakly perturbed circle simply relaxes to a circle of larger radius driven primarily by the
magnetic pressure. As found in previous studies [9], in
the later stages of the fingered shape evolution the driving
force for the interfacial motion becomes extremely small,
with very small energy differences between rather differ-

FIG. 3. Numerical results from the gradient-flow model for
flux domain boundary motion. Initial condition is a circle of
unit radius perturbed by low-order modes, evolving with D 
0.01 and h  0.5. Evolution displays rapid dilation followed
by fingering. Inset: rapid relaxation to a circle without longrange Biot-Savart interactions.
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ent shapes. This suggests that the interface motion would
be extremely sensitive to external perturbations such as
impurities or grain boundaries, which would then be effective in pinning the interfaces, not unlike the pinning of
vortices in type-II superconductors. This may contribute
to the history dependence of the patterns discussed in the
introduction.
Given the connections outlined here between pattern
formation in the intermediate state and in other systems,
it would be of interest to extend experimental studies of
flux domain shapes to probe systematically the branching
instabilities as a function of field and temperature. Similarly, the results described here may be important for understanding the fingering instabilities observed during flux
invasion into films of type-II superconductors [21].
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