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Abstract

This review concentrates on the fluctuations of the velocities of sedimenting
spheres, and on the structural instability of a suspension of settling fibers.
For many years, theoretical estimates and numerical simulations predicted
the fluctuations of the velocities of spheres to increase with the size of the
container, whereas experiments found no such variation. Two ideas have
increased our understanding. First, the correlation length of the velocity
fluctuations was found experimentally to be 20 interparticle separations. Sec-
ond, in dilute suspensions, a vertical variation in the concentration due to
the spreading of the front with the clear fluid can inhibit the velocity fluctu-
ations. In a very dilute regime, a homogeneous suspension of fibers suffers
a spontaneous instability in which fast descending fiber-rich columns are
separated by rising fiber-sparse columns. In a semidilute regime, the settling
is hindered, more so than for spheres.
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1. INTRODUCTION

Sedimentation featured in an article in this series by Davis & Acrivos (1985) 25 years ago. That
review considered the average settling velocity of spherical particles, which controls the rate of
production of sediment and of pure liquid (see Supplemental Movie 1; follow the Supplemental
Material link from the Annual Reviews home page at http://www.annualreviews.org). For
monodisperse suspensions of spheres, there had been recent theoretical calculations for the dilute
limit, a difficult problem because of long-range hydrodynamic interactions. There had also been
experimental and theoretical progress on enhanced separation in inclined channels in the Boycott
effect. Open questions were identified of whether the interparticle separation played a role in the
dilute limit, and the extension to nonspherical particles. The review concluded with a remark that,
although the subject had a long history, there were opportunities for future research, a remark
well justified by the activity in the past 25 years.

In this review we concentrate on recent progress in understanding fluctuations during the
sedimentation of spheres and recent studies of instabilities of suspensions of sedimenting fibers.

2. FLUCTUATIONS IN SETTLING SPHERES

2.1. The Divergence Paradox

Individual particle motions fluctuate about the mean (see Figure 1) due to the constantly changing
configuration of the suspension microstructure and the resulting long-range multibody hydrody-
namic interactions. Consequently, even in a monodisperse suspension with no large differences
in Stokes velocities among the particles, there exist distributions of velocities both parallel and
perpendicular to gravity. The variance or the standard deviation of the velocity distribution is the
simplest measure of the particle velocity fluctuations.

Until recently, there was a paradox in which the variance in the velocities of sedimenting
particles was predicted by theory and numerical simulations to depend on the size of the container,
whereas experiments saw no such dependency. In this section, we describe the basis of this paradox.

At low Reynolds numbers, the hydrodynamic interactions between particles are long-ranged.
The disturbance velocity at a distance r caused by a sphere of radius a sedimenting at VS is O(VSa/r),

FALLING CLOUDS

A cloud of particles sedimenting in a viscous fluid evolves into a torus that becomes unstable and breaks up into
secondary droplets, which deform into tori themselves in a repeating cascade (Adachi et al. 1978, Machu et al. 2001).
This instability occurs even in the complete absence of inertia and without the need to perturb the initial shape
(Metzger et al. 2007c). The particles circulate in closed toroidal streamlines as predicted by a continuum approach
in which the cloud is modeled as an effective medium of higher density. Fluctuations arising from the multibody
character of the hydrodynamic interactions cause particles to depart from these streamlines and to be carried into
a downstream tail (Nitsche & Batchelor 1997). Because the lost particles are those located in the circulation rim,
this depletes the central region and leads to torus formation. The mechanism responsible for the further expansion
of the torus remains unclear, but the breakup can be described as a change in the flow topology that occurs when
the torus reaches a critical aspect ratio. Simulations using a point-particle approach containing the minimal physics
of the long-range interactions capture this dynamics. Faster breakup is observed for clouds of fibers due to the
self-motion of the anisotropic particles (Park et al. 2010) (see Supplemental Movies 5 and 6).
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Figure 1
Tracking of two marked spheres in the midst of a 30% volume fraction sedimenting suspension of unmarked
spheres made optically transparent by matching the index of refraction of the suspending fluid to that of the
glass spheres (Nicolai et al. 1995). The particle trajectories are tortuous and exhibit large as well as small
loops as the spheres sometimes moved upward against gravity.

where VS is the Stokes velocity 2
9

(ρp −ρ)a2g
μ

(ρp is the density of the particle, ρ that of the fluid, μ

the viscosity of the fluid, and g the acceleration of gravity). This long-ranged interaction causes
problems in theoretical calculations of averaged effects. For the dilute limit, a naive pairwise
addition of the disturbance velocities from all the other spheres sedimenting in a spherical domain
of radius R would yield a change in the sedimentation velocity of a test sphere of
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,

where n is the number density of particles in the suspension, and φ = n 4π

3 a3 is their volume
fraction. This theoretical estimate suggests that the mean settling velocity of the particles is not
an intrinsic property of the suspension, but depends on the size, and possibly the shape, of the
container. Experimental observations, however, had clearly established the hindered settling result
〈w〉 = VS(1 − kφ), for the mean settling velocity of particles in the dilute limit φ � 1, with k a
constant ≈5. This is the dilute limit of the Richardson-Zaki law 〈w〉 = VS(1 − φ)n with n ≈ 5.1 at
low Reynolds numbers.

The paradox for the mean settling velocity was resolved by Batchelor (1972), who noted that
there was a multiparticle effect of a backflow of −5.5 VSφ at locations where the test sphere could
be placed. He split the hydrodynamic interaction into a contribution to the backflow, which gave a
divergent integral, and a remainder, which gave a convergent integral. This resulted in his estimate
k = 6.55 for a uniform distribution of the separation of pairs of particles. An alternative analysis
was given by Hinch (1977) in which the leading-order VSa/r interaction was seen as that of a point
force, which could instead be considered as changing the density from that of the suspending
liquid to that of the suspension.

Turning now to a calculation of the variance of the fluctuating velocities of the settling particles,
a similar naive pairwise addition results in an estimate

〈w′2〉 = O
(

V 2
S φ

R
a

)
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(Caflisch & Luke 1985, Tory & Pickard 1986). The question therefore arises again of whether
the variance does truly depend on the size of the container or whether it is an intrinsic property
that must be calculated by another method.

Hinch (1988) answered this question by considering a blob of size �. This would contain on
average n�3 particles, but there would be statistical fluctuations of

√
n�3 in the number if the

particles were positioned randomly and independently. This fluctuation in the number gives a
fluctuation in the weight of the blob of mg

√
n�3, where m is the mass of a particle compensated

for buoyancy. Balancing the fluctuation in weight with a Stokes drag on the blob of size � yields a
fluctuation in velocity of

w′ = O

(
mg

√
n�3

6πμ�

)
= O

(
VS

√
φ

�

a

)
. (1)

As larger blobs give larger fluctuations in velocity, one would expect to see those corresponding
to the largest spherical blob that can be fitted into the container, i.e., limited by the smallest of
the height, width, and depth, say L.

The above theoretical estimate is supported by numerical simulations. When particles are
positioned randomly and uniformly throughout the container, then the initial value of the variance
is found to be proportional to the size of the container, Koch (1994) and Cunha et al. (2002)
summing the interaction between point-particles, Ladd (1996, 1997) using a Lattice Boltzmann
method, and Bergougnoux et al. (2003) and Mucha et al. (2004) using a truncated Fourier series
for point-particles. However, experiments have found that the steady-state value of the variance
does not depend on the size of the container (Nicolai & Guazzelli 1995) (see Section 2.2). The
paradox for the variance in the velocities of sedimenting particles is therefore that theory and
simulations contradict experiments.

This clear disagreement between theory and experiments has become less clear-cut in time
with the arrival of new observations that we attempt to explain in Sections 2.2 and 2.3. Segrè et al.
(1997) found a dependence on the container size if the container was small, which Brenner (1999)
showed followed the theoretical estimate given in Equation 1. The simulations of Bergougnoux
et al. (2003), Mucha et al. (2004), and Nguyen & Ladd (2005) found that the velocity fluctuations
decay in time from the theoretical estimate. The experiments of Guazzelli (2001), later confirmed
by Chehata Gómez et al. (2009), demonstrated that the initial value of the fluctuations does
depend on the size of the container and does follow the theoretical estimate. The paradox has
now moved to what determines the well-defined steady value of the experimental fluctuations
after the decay from the initial value, this steady value normally independent of the size of the
container.

Several modifications of the theory have been suggested, aimed at making predictions that
do not depend of the size of the container. Koch & Shaqfeh (1991) noted that the long-range
hydrodynamic interactions would be screened if each particle was surrounded by sufficient buoyant
clear fluid so that the net weight of the volume was precisely equal to that of the suspension in
the same volume. However, Ladd (1996) found that there was insufficient volume of clear fluid
to make the particle appear neutrally buoyant. Moreover, the volume of clear fluid would have to
extend to the interparticle separation aφ−1/3, which would make the suspension look more like a
random crystal.

The estimate of the variance in the velocity fluctuations uses the Stokes drag law applied to the
blob. Whereas a Reynolds number Re p = VSa/ν based on the radius a is mostly very small in the
experiments, a Reynolds number based on the size of the container Re = Re p L/a may not be small.
An estimate of the variance for this case was given by Hinch (1988), 〈w′2〉 = O

(
V 2

S φ2/3 Re−2/3
p

)
,
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which is independent of the size of the container. Koch (1993) and Yin & Koch (2008) have looked
at the case of the particle Reynolds number taking moderate values.

A theoretical suggestion by Luke (2000), taken up by Tee et al. (2002), is that a small vertical
variation in the concentration of the particles can lead to a density stratification, which can inhibit
the velocity fluctuations. We return to this important mechanism in Section 2.3.

Finally we should mention two further ideas. The topic of fluctuations was reviewed from a
statistical mechanics perspective by Ramaswamy (2001), using theoretical ideas from Levine et al.
(1998). Randomness was characterized in the standard way by a strong diffusion process with white-
noise forcing, with sedimentation as a minor linearized perturbation, which it is not. In contrast,
Tong & Ackerson (1998) considered particle diffusion small and sedimentation dominant, and
drew analogies with turbulent thermal convection. Small structures created next to the bottom
heated plate have a size Ra−1/3, where Ra is the Rayleigh number, which translates through the
analogy into 11aφ−1/3; pity there is no analogous heated plate in sedimentation.

2.2. Velocity Fluctuations and Their Correlation Length

The variability of the velocities was recognized in early experiments in the 1970s (see Tory et al.
1992). Later, large velocity fluctuations were measured by tracking marked spheres in an otherwise
transparent sedimenting suspension (Ham & Homsy 1988, Nicolai et al. 1995) (see Figure 1). The
measurements were not collected immediately after the initial mixing of the suspension; instead,
the suspension was allowed to settle for some time and reach a steady behavior before tracking
started. The fluctuations were not seen to be affected by the size of the container in the large
containers used (Nicolai & Guazzelli 1995).

Using particle image velocimetry (PIV), Segrè et al. (1997) measured the velocity field of
the particles, from which they could construct the spatial correlation function. They found that
the horizontal length over which the vertical velocities were correlated was around 20 interparticle
separations, 20aφ−1/3. This value of the correlation length seems to be a robust result for volume
fractions φ ranging from 10−4 to 0.4 (Guazzelli 2001; Segrè et al. 1997, 2001; Snabre et al. 2009).
This correlation length plays a central role in understanding the velocity fluctuations.

When the minimum dimension of the container L was less than 20aφ−1/3, Segrè et al. (1997)
found that the velocity fluctuations depended on the size of the container and followed the the-
oretical estimate given in Equation 1 with the size of the blob � = L. When L > 20aφ−1/3,
they found that the steady vertical velocity fluctuations were 2VSφ

1/3 independent of L, which
corresponds to Equation 1 with � = 20aφ−1/3.

These experimental results were confirmed by numerical simulations by Nguyen & Ladd (2004)
using a lattice Boltzmann method at φ = 0.13 and Re p = 0.1. With periodic boundary conditions,
the velocity fluctuations were constant in time at a value given by Equation 1 with � = L. However,
if impenetrable top and bottom boundaries were used, the velocity fluctuations decayed in time
to a steady value, which depended on the size of the container L if L < 20aφ−1/3 and which was
independent if L > 20aφ−1/3. The importance of impenetrable top and bottom boundaries had
been noted earlier by Ladd (2002) and Cunha et al. (2002), taking up the speculation of Hinch
(1988) that convection currents would remove long-wavelength horizontal density fluctuations,
leaving the irreducible scale of the interparticle separation.

Whereas the steady-state velocity fluctuations are independent of the size of the container if
L > 20aφ−1/3, the early fluctuations do depend on the container. Guazzelli (2001) saw large-scale
fluctuations of the size of the width of the container, which dominated the dynamics just after
the initial mixing of the suspension (see Figure 2). The initial magnitude of the velocities follows
Equation 1 with � = L (Chehata Gómez et al. 2009). Moreover, the fluctuation magnitudes are
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Figure 2
Relaxation of the large-scale fluctuations. The velocity field is from particle-image velocimetry sampling the whole-cell height and
width within a laser sheet located in the middle plane, and the concentration profile is from light-attenuation measurements through
the suspension (Bergougnoux et al. 2003, Chehata Gómez et al. 2009). The timescale is the Stokes time tS = a/VS, i.e., the time for an
isolated sphere to sediment its radius.

strongly anisotropic with vertical velocities around four times the horizontal velocities. Figure 2
shows that the initial strong large-scale fluctuations decay in time to weaker small-scale fluctua-
tions. These small-scale fluctuations remain in a steady state until the sedimentation front arrives
in the imaging window (see Figure 3). This reduction of the initially large fluctuations to a smaller
steady value independent of the size of the container, seen initially at low volume fractions φ, has
been also observed at larger φ (Snabre et al. 2009). This behavior is consistent with the above
speculation in which heavy blobs fall to the bottom and light blobs rise to the top.

Figure 4 shows a collection of most of the available experimental data for the velocity fluc-
tuations in the steady regime obtained both from particle tracking and from PIV. The velocity
fluctuations increase roughly as φ1/3 at low φ, although there is some uncertainty in the coefficient.
The vertical fluctuations reach a maximum at approximately φ = 0.3, where they are 1.7 times
the mean settling speed, and then decrease. The anisotropy between the vertical and horizontal
fluctuations, which was four initially, drops to two in the steady state and is even smaller for
φ > 0.2.

Similar large velocity fluctuations to those for 0.2 < φ < 0.4 have been seen in fluidized beds
at low Reynolds number, e.g., by multiple light-scattering (Xue et al. 1992) and by ultrasonic
correlation spectroscopy (Cowan et al. 2000). However, although it is often said that a fluidized
bed is equivalent to steady sedimentation, the superficial velocity driving the flow in a fluidized
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Figure 3
Dominance of the remaining smaller-scale fluctuations until the arrival of the upper sedimentation front. The velocity field is from
particle image velocimetry sampling the entire cell cross section for a window covering the lower one-fourth of the cell height
(Bergougnoux et al. 2003, Chehata Gómez et al. 2009). The timescale is the Stokes time tS = a/VS.
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Figure 4
Velocity fluctuations normalized by the mean 〈w〉 in the (a) vertical and (b) horizontal directions versus volume fraction. The dark-blue
line is the correlation 3φ1/3 and the light-blue line 2φ1/3. The red line is the correlation 1.5φ1/3 and the orange line φ1/3. Experiments:
open diamonds at Re p < 10−4 (Ham & Homsy 1988), filled circles at Re p < 10−3 (Nicolai et al. 1995), light-color filled diamonds at
Re p ≈ 10−4 (Segrè et al. 1997), dark-color filled diamonds at Re p < 10−4 (Segrè et al. 2001), dark-color filled upside-down triangles at
Re p < 10−4 (Chehata Gómez et al. 2009), light-color filled triangles at Re p ≈ 10−3 (Snabre et al. 2009). (Insets) Linear plot of relative
fluctuations versus volume fraction.
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bed vanishes at the walls, and this leads to a convection motion of the particles at low Reynolds
numbers.

Although the microstructure of the suspension plays an important role in the behavior, there
have been relatively few detailed studies, which often contradict one another, as discussed in
Section 2.1 (Koch & Shaqfeh 1991, Ladd 1996). Experiments by Lei et al. (2001) found, developing
in time, that large regions had smaller fluctuations in the number of particles than expected
for independently randomly positioned particles. Mucha et al. (2004) saw a similar shortfall in
numerical simulations. On the other hand, Bergougnoux & Guazzelli (2009) found in experiments
that large regions had larger fluctuations than expected, which did not change in time. They also
observed small regions devoid of particles and so suggest that the role of the initial mixing on the
microstructure should be explored. The structure function S(k) is difficult to access experimentally
for non-Brownian particles. In numerical simulations, Nguyen & Ladd (2005) found in the steady
state that the horizontal fluctuations in density were suppressed.

2.3. Stratification

The possibility that an unnoticed vertical variation in concentration of the particles might influence
experiments was first drawn to our attention by J. Bławdziewicz (private communication, circa
1995). However, the robustness of our experimental results (Nicolai & Guazzelli 1995, Nicolai
et al. 1995) to such an uncontrolled variation led us to dismiss the good suggestion. Later Luke
(2000) showed how the velocity fluctuations would decay in time in a stably stratified suspension
as the density fluctuations moved to their neutral buoyancy level. For that calculation, it was not
clear what would create the stratification.

Tee et al. (2002) made two important observations. First, they suggested that the stratification
came from the spreading of the interface between the suspension and the clear fluid above. In
very dilute suspensions, the interface is diffuse because the self-sharpening caused by hindered
settling is negligible. Second, they estimated the small stratification required to influence the
velocity fluctuations. For a cube of size L equal to the minimum dimension of the container, they
argued that stratification would be important when the variation in the number of particles in
the cube due to stratification L∂(nL3)/∂z exceeded the statistical fluctuations

√
nL3, i.e., when a

nondimensional measure of the stratification β exceeded a critical value

β = − a
φ

∂φ

∂z
> βc = φ−1/2(L/a)−5/2.

When the stratification exceeds this very small critical value, the largest blob with statistical
fluctuations greater than those from stratification has size

� = L(βc /β)2/5,

which gives a variance in the velocity fluctuations

〈w′2〉 = O

(
V 2

S φ
L
a

(
βc

β

)2/5
)

.

This is independent of the size of the container L. These dominant fluctuations produce a hydro-
dynamic dispersion with a diffusivity

D = w′� = kVSaφ4/5
(

−a
∂φ

∂z

)−3/5

,

with k a numerical constant.
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In a subsequent paper (Mucha & Brenner 2003), numerical simulations were made under
different conditions. A local instantaneous diffusivity D was evaluated as the flux of concentration
divided by the concentration gradient

D(z, t) = −
∫ ∞

z

∂φ

∂t
d z

/
∂φ

∂z
.

It was found that the diffusivity was not a function of just the concentration φ, but collapsed onto
a single curve with the above dependence on φ4/5(∂φ/∂z)−3/5, with k ≈ 1.

The diffusion equation with this nonlinear diffusivity has a similarity solution for the spreading
front, with the thickness of the front growing in time as

δ = aφ1/7 (VSt/a)5/7
.

This prediction was tested in experiments by Bergougnoux et al. (2003), who found that the
thickness grew linearly in time, mostly because of unavoidable small polydispersity in the size
of the spherical particles. Numerical simulations by Bergougnoux et al. (2003) with strictly
monodisperse particles could not distinguish between the t5/7 power-law growth and a linear
growth in time within the range of data available. Numerical simulations in a later paper (Chehata
Gómez et al. 2008) favored the linear growth, and experiments presented in the same paper con-
firmed the linear growth and found how it depended in detail on the polydispersity. It was thought
possible that a linear growth might result from heavy blobs falling out the front, leaving it de-
pleted. That said, a universal form was found in both the experiments and the simulations for
the concentration profile in the front, reminiscent of the unpublished similarity solution of the
diffusion equation with the nonlinear diffusivity.

The velocity fluctuations in the spreading front were studied in numerical simulations by
Mucha et al. (2004). Where the stratification was very weak, β < βc , they found that the variance
was proportional to the size of the container. However, where the stratification exceeded the
critical value, the variance was reduced by the factor (βc /β)2/5 given above, although there was
considerable scatter in their log-log plot.

To give a cleaner test of the effect of stratification, Tee et al. (2007) set up an experiment
and numerical simulations with a controlled uniform stratification in the initial suspension. They
found much clearer evidence of the (βc /β)2/5 reduction of the variance of the velocity fluctuations.
The experimental variance was curiously smaller by a factor of 4, corresponding to stratifications
32 times larger. This difference is now thought to result from a gradient in sucrose contributing
more to the density stratification than the very dilute concentration of particles.

It seems that the velocity fluctuations are affected by very small vertical gradients in concen-
tration. The small gradients were measured in experiments for the first time by Chehata Gómez
et al. (2007) in two illustrative experiments. In one experiment, the weak stratification seemed to
control the velocity fluctuations before the arrival of the front. However, in a second experiment,
the velocity fluctuations were unaltered while the stratification was negative within the observation
window, so if stratification was influencing the velocities, it was not an instantaneous local relation.

The current state of play comes from the more extensive experiments conducted by Chehata
Gómez et al. (2009), who also made two sets of numerical simulations, one starting from an initially
stratified suspension and the other from a uniform one. Both experiments and simulations found
that the initial velocity fluctuations followed the original Caflisch & Luke scaling (Equation 1) with
� = L. The fluctuations then decayed to a plateau value. In most of the experiments, the plateau
value was not related to the local stratification. In the simulations with an initial stratification, the
velocity fluctuations decayed by the expected factor of (βc /β)1/5. In the simulations starting from
a uniform suspension, the velocity fluctuations did not decay until the front arrived. Within the
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front, the fluctuations were reduced by the stratification factor (βc /β)1/5 in both experiments and
simulations. The data from the simulations were less convincing, possibly due to a delay for the
fluctuations to adapt to the changing conditions, and possibly due to the concentration gradient
not being constant over the size of the important blobs.

For the level of fluctuations in the plateau before the front arrives, the issue today seems to
focus on what is the result of mixing in the experiments. Starting from a concentrated suspension,
it is difficult to produce a homogeneous suspension, especially when it is dilute, while avoiding
all entrainment of air by the mixer. One would be interested in the initial microstructure, density
fluctuations, and possible mean stratification.

2.4. Hydrodynamic Diffusion

We finally turn to the problem of hydrodynamic diffusion, which was the origin of research on the
fluctuating motion of the particles because of its importance in mixing, although in recent times the
topic has been much neglected. This diffusion process has been coined hydrodynamic diffusion as
its origin lies in the hydrodynamic interactions between the particles (Davis 1996). Ham & Homsy
(1988) were the first to investigate the nature of the long-time motions of individual spheres in
the midst of a sedimenting suspension of like spheres and to relate it to a Fickian diffusion process.
Their findings were confirmed and extended by Nicolai et al. (1995) (see Figure 1).

After a large number of hydrodynamic interactions, individual particles lose memory of the
details of these interactions and undergo a random walk. The long-time diffusive behavior of
the fluctuating particle motions was demonstrated by examining an exponential relaxation of the
particle velocity autocorrelation functions and the linear growth of the second-order moments
of the particle displacements. Interestingly, the measured correlation times were found to be
independent of the concentration, with vertical times slightly longer than horizontal times, over
a wide range of volume fractions, from 0.05 to 0.4. Self-diffusivities normalized by the measured
mean vertical velocity are constant over a substantial range of concentration, from 0.05 to 0.3, and
display a strong anisotropy between the vertical and horizontal directions, Ds

v ≈ 8a〈w〉 ≈ 4Ds
h ,

as shown in Figure 5. Again hydrodynamic self-diffusivities were seen not to be affected by the
size of the container in these experiments collected in the steady state of sedimentation for large
containers (Nicolai & Guazzelli 1995). Above a volume fraction of 0.3, there is clearly a different
regime with a strong decrease of the self-diffusivities and anisotropy. The basic mechanism for
diffusion may be the fluctuating motion of clusters, instead of the fluctuating motion of single
particles, a feature that has been observed at high concentrations in numerical simulations (Ladd
1993). This higher-concentration regime deserves more attention.

Only a limited number of numerical simulations have attempted to address hydrodynamic
diffusion (Cunha et al. 2002; Koch 1994; Ladd 1993, 1996). This is probably because the predicted
divergence of the diffusivity is more severe (D ∼ w′2� ∼ �3/2) than that of the velocity fluctuations
(w′ ∼ �1/2), and the latter has received the most attention; it would be interesting to return to the
study of hydrodynamic diffusion. Simulations of hydrodynamic diffusion (and, to a lesser extent,
velocity fluctuations) are affected not only by the size of the box but also by its shape. Early
dynamic simulations, which include the full hydrodynamic interaction between the particles using
a multipole expansion, found an unrealistically large anisotropy in fluctuations, correlation time,
and diffusivity (Ladd 1993). This was later attributed to the periodic boundaries imposed in the
vertical direction of the cubic box and was found to be remedied by increasing the aspect ratio of
the box (Koch 1994). More realistic anisotropy has been found in lattice Boltzmann simulations
using an elongated box in the vertical direction (Ladd 1996) or dynamic simulations having an
impenetrable lower boundary but still side periodicity (Cunha et al. 2002).
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The self-diffusion discussed above refers to the tracer diffusion of a test particle in the interior
of a suspension in which the particle concentration is uniform. But there is another diffusion
phenomenon caused by concentration gradients, which acts on a macroscopic scale. This so-called
gradient diffusion refers to the drift of particles down a concentration gradient as a result of their
fluctuating motion. The broadening of the interface between the sedimenting suspension and the
clear fluid above has been attributed partly to this gradient diffusion. The spreading of this front
has been measured with different techniques such as light attenuation and magnetic resonance
imaging (Davis & Hassen 1988, Lee et al. 1992, Turney et al. 1995a). However, other effects
also control the front: polydispersity, which also leads to broadening of the front, but linearly in
sedimentation time; hindered settling, which reduces the spreading by a self-sharpening process;
and heavy blobs falling out of the front, leaving it depleted. It is thus difficult to deconvolve
the simultaneous actions of these effects and to identify the sole effect of gradient diffusion. In
particular, even a small polydispersity (causing the front to grow linearly in time) rapidly overcomes
the effect of diffusion (causing the front to grow diffusively with the square root of time if the
diffusivity is constant). It may make sense then to analyze the early stage of sedimentation if one
wants to determine the diffusion coefficient (Lee et al. 1992). When self-sharpening is accounted
for (Lee et al. 1992, Martin et al. 1994), the gradient diffusivities are found to be Dg ≈ 20a〈w〉 for
concentration ranging from 0.02 to 0.1 (thus larger than self-diffusivities within the same range),
whereas one finds apparent diffusivities Dg

app ≈ 8a〈w〉 if the self-sharpening is ignored (Davis &
Hassen 1988, Turney et al. 1995a). However, these calculations should perhaps now be revisited
in the light of the ideas emerging in Section 2.3.

3. INSTABILITY IN SETTLING FIBERS

3.1. The Observed Regimes of Sedimentation

The case of nonspherical particles has received much less attention than that of spheres. The
fundamental difference is that anisotropic particles orient in flow and drift perpendicular to gravity.
Most of the recent focus has been on the sedimentation of suspensions of rod-like particles or
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fibers. The sedimentation of disk-like particles or platelets needs further study. The interest in
the sedimentation of fibers lies in part in the availability of methods for slender bodies as well as
in its importance in industrial applications, such as the fabrication of fiber-reinforced materials
and of pulp and paper.

Different regimes can be identified for suspensions of fibers of aspect ratio A = l/d of length
l and diameter d. In the dilute regime, nl3 < 1, where n is the number density of particles, each
fiber can rotate freely in the large volume l3. The semidilute regime is reached for nl3 > 1 > nl2d .
There is a nematic phase transition in which the fibers become aligned at a concentration of
nl2d ≈ 1, which may correspond to a small volume fraction, φ = πnld 2/4, if the aspect ratio of
the fiber A is large. Most of the theoretical and numerical studies have been restricted to the dilute
regime, whereas both dilute and semidilute regimes have been examined experimentally.

Early experiments on dilute suspensions reported the formation of floc-like inhomogeneities
settling at large velocities (Kumar & Ramarao 1991). As the concentration was increased, the
number of flocs increased and hindrance occurred. At higher concentrations, a semirigid network
of fibers formed, and the settling speed dropped abruptly. Hindered settling was observed in
the semidilute regime using magnetic resonance imaging to follow the diffuse interface between
the clear fluid and the suspension, but no information was provided concerning the structure
of the suspension (Turney et al. 1995b). By measuring the velocity of individual fibers in the
dilute regime and the interface speed using optical techniques in the semidilute regime, Anselmet
(1989) also reported hindered settling. However, her data are much lower than those of Turney
et al. (1995b), with this discrepancy attributed to the small size of her settling vessel. Later, fiber
trajectories and orientations were examined in both the dilute and semidilute regimes (Herzhaft
et al. 1996, Herzhaft & Guazzelli 1999) by adapting the particle-tracking technique used in the
sedimentation of spheres. For all concentrations and aspect ratios studied, the fiber trajectories
were found to have large anisotropic fluctuations and a strong alignment in the direction of
gravity with occasional flippings. A steady state for the mean settling velocity and the orientation
was always achieved.

These experiments identify two distinct regimes. In the dilute regime, visualization of the
suspension shows that the fibers clump and form packets separated by sparse regions (see Figure 6
and Supplemental Movie 2). The large velocity gradients between the fast-settling packets and
the sparse regions of backflow are considered to be the cause of the flipping motions. In this
regime, the mean settling velocity is not hindered and can be larger than the Stokes velocity of

Figure 6
Photograph of an inhomogeneous sedimenting suspension exhibiting packets of fibers for A = 32 and
φ = 0.5% (Herzhaft & Guazzelli 1999).
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an isolated vertical fiber VS‖, as seen in Figure 7a. The mean velocity is found to increase at low
φ, to reach a maximum (more or less pronounced, depending on A) at φ ≈ 0.005, and then to
decrease with increasing φ. No simple scaling has been found to describe this behavior, which is
probably a complex function of both φ and A. For φ > 0.01, the fibers are still oriented in the
direction of gravity, but the mean velocity becomes hindered and depends not on nl3 but on the
volume fraction φ. The hindrance is more severe than in the case of spheres. A Richardson-Zaki
law, (1 − φ)n with n ≈ 9, is in good agreement with data having different A’s coming from both
fiber-tracking (Herzhaft & Guazzelli 1999) and interface measurements (Turney et al. 1995b) (see
Figure 7a). In this regime, visualization shows that the fibers form a loosely connected network
and the fluid backflow goes up through holes in the network. Figure 7a also shows the predictions
of a Monte Carlo simulation using a slender-body approximation (Mackaplow & Shaqfeh 1998),
which are of the same order of magnitude as the experimental data. But the comparison should
be handled with care as this simulation assumes that the suspension is homogeneous and the
orientation is isotropic.

The particle velocity fluctuations were found to increase with increasing φ across both dilute
and semidilute regimes, as shown in Figure 7b. These fluctuations are seen to be very strong,
reaching values of ≈9 times the mean in the vertical direction for φ = 0.15 (see Figure 7b). The
fluctuation anisotropy is independent of φ and A and has a value of ≈3, larger than in the case of
spheres. Another important finding is that the orientation distributions, which have a substantial
alignment in the direction of gravity, are quite similar whatever φ and A.

3.2. The Structural Instability

A linear stability analysis has predicted the instability observed at low concentration (Koch &
Shaqfeh 1989). The authors consider alternating tall columns with more and less fibers as the
number density of fibers varies horizontally as n0 + n1(t) cos kx. At low Reynolds numbers, this
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variation in number density drives a vertical flow

w1 = −n1 mg
μk2

cos kx,

where mg is the weight of a fiber adjusted for buoyancy. The shear ∂w1/∂x will start to rotate the
fibers as

∂θ1

∂t
= ∂w1

∂x
.

The small reorientation θ1 of the anisotropic sedimenting fibers leads to a sideways slip u1 =
−VSθ1, with therefore a sideways flux of fibers n0u1. A horizontal divergence in this flux changes
the initial variation in the number density

∂

∂t
(n1 cos kx) + ∂

∂x
(no u1) = 0.

Assembling the above expressions, one finds an instability with a growth rate

0
(

VS

l
(
no l3)1/2

)
,

where l is the length of the fibers. This explanation simplifies details of the rotation of initially
randomly oriented fibers and, as a consequence, has all wavelengths equally unstable. The full
analysis of Koch & Shaqfeh (1989) finds that the longest waves are most unstable. The observed
instability, however, may depend more on the initial density fluctuations rather than on which
grows fastest, particularly because the instability can be expected to become nonlinear by the time
the fibers have fallen through their own length.

3.3. Clusters and Streamers

In dilute suspensions at low Reynolds numbers [i.e., having typical particle Reynolds number
Re p = VS‖l/ν ≈ 10−4 and cell Reynolds number Re L = U s ‖L/ν = Re p (L/ l) ≈ 10−2], the
existence of the instability and enhanced sedimentation has been observed in fiber-tracking ex-
periments (Herzhaft et al. 1996, Herzhaft & Guazzelli 1999). The fibers are observed to orient
in the direction of gravity and to form concentrated clusters whose size is of the order of a few
fiber lengths and which are evolving objects, constantly dissolving and forming, i.e., capturing and
losing fibers. More recent experiments using PIV measurements (Metzger et al. 2005, 2007a) have
seen the clusters organize into downward streamers of high density balanced by backflow regions
of low density, and the flow structure evolves from long wavelengths to shorter wavelengths (see
Figure 8b and Supplemental Movie 3). Similarly, streamers have been observed when bidis-
perse suspensions sediment (Davis & Acrivos 1985). Whereas the mean velocity and fiber orien-
tation reach steady states, the flow structure evolves continuously in time without reaching steady
state.

The hydrodynamic instability is also seen in zero–Reynolds number numerical simulations of
varying degrees of sophistication, ranging from the simplest point-force approximation to the
more complex slender-body approximation for the far-field interactions supplemented by a lubri-
cation approximation for the short-range interactions. When using periodic boundary conditions
(Butler & Shaqfeh 2002, Gustavsson & Tornberg 2009, Mackaplow & Shaqfeh 1998, Saintil-
lan et al. 2005), the fibers are observed to clump together and to converge into a single dense
streamer, which spans the whole height of the periodic box (see Figure 9). The dynamics of
clusters within the streamer, i.e., their continual dissolution and formation, show strong similarity
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Figure 8
Evolving streamers (a) in simulation with a bottom bounding wall [time trace of the concentration field over a short interval in the
mid-plane of the box, from left to right, t = 0, 40, 80, and 120 (Saintillan et al. 2006b)] and (b) in experiments [vertical component of
the velocity field extracted from the median plane of the cell by using PIV (Metzger et al. 2007a)]. The timescale is the time for a
vertical isolated fiber to sediment half of its length in the experiments and its length in the simulations.
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Figure 9
Illustrations of the formation and evolution of clusters in a 4 × 4 × 8 periodic box simulation using slender-body dynamics and
comprising 128 fibers (Butler & Shaqfeh 2002). Panel a is the initial condition, panel b is around the time when the orientation
distribution attains steady state, and panels c and d are snapshots of the clusters at different times. The timescale is the time for an
isolated fiber to sediment half of its length.
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with experiments. Realistic predictions are obtained by using boxes elongated in the vertical di-
rection. In particular, (a) the mean velocity can reach steady states with values in close agreement
with experimental data, and (b) the anisotropy of the fluctuations is ≈3 as in experiments, but the
predicted values of the fluctuations are lower (see Figure 7). It is worth mentioning that all the
simulations predict a strong vertical alignment of the fibers although with a degree of anisotropy
weaker than in the experiments. A small preferred horizontal alignment seen in the experiments
(Herzhaft & Guazzelli 1999, Metzger et al. 2007a) is not captured. A no-flux boundary condition
imposed at the bottom of the box has a strong impact on the evolution of the flow structure
(Saintillan et al. 2006b). The single large-scale streamer, still seen at initial times, breaks up into
smaller streamers in qualitative agreement with the experiments (see Figure 8 and Supplemental
Movie 4). The role of the bottom bounding wall may be related to the suppression of the long-
wavelength horizontal density fluctuations in suspensions of rigid spheres (see Section 2.2). These
simulations capture well the velocity and orientation statistics, but the mean velocity did not
achieved a steady state, possibly due to the limited size of the simulation.

Some of the features of the instability are now understood, but the important issue of wavelength
selection remains unsolved. The linear stability analysis of Koch & Shaqfeh predicts that the
perturbations with the maximum growth rate are those of the largest wavelength. In a bounded
system, the container size limits the size of the largest possible wavelength. Indeed, the growth
of a single streamer spanning the width of the box is reported in the simulations at short times
regardless of the boundary conditions used. However, wavelengths scaling with the container
dimension are not observed in experiments at early times (Metzger et al. 2007a). Moreover, the
streamer structure evolves slowly from long to short wavelengths without reaching a steady state,
and no simple dependence on suspension height, cell cross section, volume fraction, and properties
of the fibers and the fluid is observed. The reduction in wavelength is qualitatively reproduced by
simulations using a point-particle method and allowing slip but no penetration at the bottom wall
(Saintillan et al. 2006b). However, these simulations suggest that wavelength selection is controlled
by stratification and hydrodynamic diffusion in a scaling similar to that found for the cutoff length
by stratification in the suspension of spheres (Saintillan et al. 2006a), but this mechanism does not
account for the wavelength reduction in the experiments (Metzger et al. 2007b).

4. CONCLUDING REMARK AND FUTURE ISSUES

This review has attempted to present the current state of understanding of the sedimentation
of non-Brownian particles at low Reynolds numbers. The difficulties that one encounters lie
in the long-range nature of the multibody hydrodynamic interactions between particles. The
hydrodynamics are determined by the suspension microstructure, i.e., the orientation and relative
position of the particles, which is itself determined by the hydrodynamics. This coupling results in
a complex collective dynamics, with large fluctuations correlating many thousands of sedimenting
spheres and large-scale streamers composed of many sedimenting fibers.

SUMMARY POINTS

1. For a monodisperse suspension of sedimenting spheres, there are large fluctuations in the
velocities of the particles, often as large as the mean settling speed, and these fluctuations
have a strong anisotropy favoring the vertical direction.
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2. The velocity fluctuations have a correlation length of 20 mean interparticle separations,
20aφ1/3, a value that seems robust across a wide range of volume fractions. The correlation
length is key to understanding whether or not an experimental container is large or not.
Few numerical simulations have both sufficient particles and sufficient spatial resolution
to be considered large. There is currently no theoretical prediction of the value. Although
a few interparticle separations is a natural size, it is difficult to imagine an argument
producing the large 20aφ1/3, which implies blobs of 8,000 cooperative particles.

3. A weak stratification, i.e., a vertical variation in the concentration of the particles, may
be important. Its role in inhibiting velocity fluctuations in the descending front is now
well established for very dilute suspensions. In more concentrated suspensions, hindered
settling sharpens the front, and so stratification can be expected to be less important.

4. Two distinct regimes of sedimentation have been identified for suspensions of fibers. In
the dilute regime, the homogenous suspension is unstable, and the mean sedimentation
velocity can exceed the maximum sedimentation velocity of an isolated vertical fiber. In a
semidilute regime, the mean velocity is hindered, and the hindrance is more severe than
for a suspension of spheres.

5. The hydrodynamic instability that occurs in the dilute regime of sedimentation for sus-
pensions of fibers has been demonstrated by experiments, theory, and simulations. The
fibers are observed to orient in the direction of gravity and form clusters that assemble
into downward streamers balanced by backflow regions of lower density. This cluster
and streamer dynamics are captured well by numerical simulations, but the wavelength
selection is not yet resolved.

FUTURE ISSUES

Although the issues discussed in this review are mostly settled, there remain challenges in
systems more complex than spheres and fibers in Newtonian fluids.
1. The sedimentation of platelets and deformable particles probably suffers a similar struc-

tural instability as fibers (Saintillan et al. 2006b) and should be explored.

2. Sedimentation in a non-Newtonian suspending fluid should be investigated. One of the
most spectacular manifestations observed is the formation of particle-rich structures that
take the shape of vertical columns in a shear-thinning fluid and that form several conical
piles on the bottom (Mora et al. 2005).

3. The influence of finite inertia should be explored. Inertia can induce a qualitative change
to the dynamics and structure of a suspension of settling spheres (Hinch 1988; Koch
1993; Yin & Koch 2007, 2008) and to the instability of sedimenting fibers (Kuusela et al.
2003, Shin et al. 2009).
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