Lent Term 2011 Mathematical Tripos Part III Hugh Osborn

Standard Model 1, P, C and T

(1) The four dimensional 4 x 4 Dirac matrices are defined uniquely up to an equivalence by
{y*, 4%} = 2¢*”1, with 1 the unit matrix. We may also require that if v* = (7°,~) then
AT = (49 —5). If [X,¥*] = 0 for all g then X o 1 and if v#,+'* both obey the Dirac alge-
bra then v'#* = Sy*S~! for some S. Define the charge conjugation matrix C' by Cy*{C~! = —#,
where ¢ denotes the matrix transpose. Show that [C*C~!,v#] = 0 and hence that C* = cC, ¢ = +1.
Derive the results

(€)' = —ev'C, (30) =%, (10) = er'sC,  (0771C0) = =y, 77]C

Hence, since there are 6 independent antisymmetric and 10 symmetric 4 X 4 matrices, show that
we must take ¢ = —1.

Show also, using the assumed hermeticity properties of the Dirac matrices, [y*, CCT] =0 so that
we may take CCOT = 1.

The matrix B is defined by By**B~! = (v, —v). Show that Bys*B~! = 5. With the assumed
form for v*1 verify that we may take B = +~5C.

*Generalise the above argument for finding ¢ to 2n dimensions when the Dirac matrices are 2™ x 2™
and we may take as a linearly independent basis 1 and y#1-#r =~ y#] where [ ] denotes

antisymmetrisation of indices, for r = 1,...2n (y#*~#r has (2;1) independent components). Show

that C(y#1-#r)tC—1 = (—1)2r(r+Dymisr and hence ¢ = (—1)2"("F1) Generalise 75 by taking
4 =i""14041 42"=1 and show that 4 is hermitian and 42 = 1. Show that

W=CP' W =AY = = —eCPC, Y= (-1
In what dimensions is possible to have Majorana-Weyl spinors, so that ¢¢ = 41/ = 7

(2) A Dirac quantum field transforms under parity so that

N A~

Pw(ﬂf)P_l = 'YOQ;Z)('TP)v x; = ('Tov _X)7

and has an interaction with a scalar field ¢(x)

Li(z) = g (@) (2)p(z) + ' (2)irs(2)d(x) -

How must ¢(z) transform under parity, i.e. obtain the necessary form for ]5¢(95)]5_1, to ensure
that the theory is invariant under parity if ¢’ = 0?7 What are the transformation properties of ¢(z)
for parity invariance when g = 0. Can parity be conserved in a theory if both g, ¢’ are non zero.
How does the axial current j£'(z) = 9 (z)y*v5¢(z) transform under parity?

(3) For a free operator Dirac field () assume 1(z) = 3 a, 1,(z) where {¢,(z)} forms a basis
for solutions of the Dirac equation and a, are operators. Explain why a basis may be chosen so
that By, (2)* = ¢, (z7) where x4 = (=2, x) and By**B~! = (7%, —v). Assume the time reversal
operator is defined so that T'a, T~ = a,,. What is T4 ()77

(4) Under charge conjugation and time reversal a Dirac field ¢ transforms as
Cp(a)Ct = CP(x)',  To(@)T™" =B W(ap), zf=(-2"x%).
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with é, T the unitary, anti-unitary operators implementing these operations (note, if T|¢> = |¢7)
then (¢'|¢) = (¢r|¢'r)). The matrices C, B are defined in question 1 with also CTC = BB = 1.
Show that, if X is matrix acting on Dirac spinors,

Co()XY(x)C7" = (@) Xpp(z), T(@)Xp(@) T = p(ap) Xpth(ag),

where X, = CX'C~! (take ¢ and % to anti-commute) and X, = BX*B~!. Hence determine the
transformation properties under charge conjugation and time reversal of

V(@)p(a),  Y@)isp(z), )y wsy(@).

If |p) is a boson with momentum p and (0¢(0)iy51(0)|p) # 0 show that, in a theory in which
P, C are conserved, then the boson must have negative intrinsic parity and also positive charge
conjugation parity.

(5) From Maxwell’s equation 9, F*" = ey, F,, = 0,4, — 9, A, derive the required transfor-
mation properties of A,(x) to ensure invariance under parity, charge conjugation and time reversal.
Show that fd4:L‘ e"PF,, Fy, is odd under both P and T

(6)* For a spin half particle of mass M the matrix element of the electromagnetic current j
between states of momentum p, p’, p?> = p’> = M? has the general form

(P, '35, 0)|p, s) = u(p', s )A*(q)ulp,s), q¢=p —p,

with u(p,s) a Dirac spinor satisfying vy-pu(p,s) = Mu(p,s). Show that current conservation,
9, gk, = 0, requires the condition g, (p', s'|j%,(0)[p, s) = 0 (use j&,(z) = e jL (0)e™*"* for P,
the four momentum operator) and hence that in general we may write, from Lorentz invariance,

1 1 2M
_ 2 - v 2 v 2 2
A (a) =" Fid) + gypio aFae) + 550 anFs(@’) + (3 = ' " )asFald®),

where o = L[y 4], 45" = 75. Show that hermeticity, j&.7 = j& ., requires 79A*(—q)T7° =
A¥(g) and hence that Fj 23 4(q?) are real. Verify that we may take u(pp,s) = 7%u(p,s) and
u(pp, —s)*ns = B~ 'u(p,s), for some phase n;. Use the standard transformation properties of
the current, j4 . and the states, Plp,s) = |pp,s), T|p,s) = |[pp,—5)7s, to show that invari-
ance under parity requires A to satisfy 7°A'p(gp)7° = A¥(g) and for time reversal invariance
BA%L(qp)*B™1 = A*(q) (where A, = (A% —A)). Hence show that both discrete symmetries re-

quire F3(q?) = 0 and parity F4(¢?) = 0.
(7) For a Dirac field 9, with 1) = 1T~? the Lagrangian is
L=9iy-0% =y MY+ 59" C'myp — 5omCt,

with M,m in principle matrices satisfying M = 7'Mty m = %m0, C~'mC = m! . Show
that £I = £. Obtain the equation

(ty -0 —M)¥ =0, qj:(o,lf/)t)v M:(]\Tg ]\TZL)

Assume that the physical masses m,, are determined by p* = m,* where det D,, = 0 for the Dirac
operator D, = p -~y — M. By considering det(ysDpvsD,) = det(D_,D,) show that, if M, m have
just one component, the physical masses are |M £ |m||.



