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A local renormalisation group equation which realises infinitesimal Weyl rescalings of
the metric and which is an extension of the usual Callan-Symanzik equation is described. In
order to ensure that any local composite operators, with dimensions so that on addition to
the basic lagrangian they preserve renormalisability, are well defined for arbitrarily many
insertions into correlation functions the couplings are assumed to depend on x. Local
operators are then defined by functional differentiation with respect to the couplings just
as the energy momentum tensor is given by functional differentiation with respect to the
metric. The local renormalisation group equation contains terms depending on derivatives
of the couplings as well as the curvature tensor formed from the metric, constrained by
power counting. Various consistency relations arising from the commutativity of Weyl
transformations are derived, extending previous one loop results for the trace anomaly to
all orders. In two dimensions the relations give an alternative derivation of the c-theorem
and similar extensions are obtained in four dimensions. The equations are applied in detail
to general renormalisable σ models in two dimensions. The Curci-Paffuti relation is derived
without any commitment to a particular regularisation scheme and further equations used
to construct an action for the vanishing of the β functions are also obtained. The discussion
is also extended to σ models with a boundary, as appropriate for open strings, and relations
for the additional β functions present in such models are obtained.



1. Introduction

In principle the requirements of Weyl symmetry, or invariance under local rescaling
of the spatial metric γµν → e−2σγµν for arbitrary σ(x), are much stronger than simple
scale invariance where σ is taken to be a constant. For Weyl invariance the trace of the
conserved symmetric energy momentum tensor Tµν vanishes, which is a local equation,
whereas for scale invariance it is only necessary that the trace is a total divergence. When
a Weyl invariant theory is restricted to a flat metric, assuming that it is also invariant under
diffeomorphisms, then the theory is symmetric under the full conformal group, which of
course is infinite dimensional in two dimensions, whereas scale or dilation invariance by
itself adds just one additional generator to the Lorentz or Poincaré algebra. However
in many simple field theories scale invariance is sufficient to imply symmetry under the
conformal group as well [1]. Assuming any couplings with dimensions, or generalised
mass terms, are absent the requirements for such an invariance in the quantum theory are
then identified with the vanishing of the β function for all dimensionless couplings. This
condition ensures that physical amplitudes or correlation functions in the quantum field
theory are independent of the renormalisation mass scale µ.

As an instance of the possibility of scale invariance implying Weyl symmetry if a field
theory is such that, after applying the equation of motion and restricting the flat space,
the operator equation

γµνTµν = Θ = βiOi , (1.1)

is valid for some basis of scalar operators Oi(x) associated with couplings gi for which
the β functions are βi, then manifestly βi = 0 implies also γµνTµν = 0 as required for
Weyl symmetry (the conserved currents whose charges generate the conformal group are
Jµ

ξ = Tµνξν where ∇µξν +∇νξµ = γµν λ, dλ = 2∇µξµ for dimension d). On curved space
there are generally additional curvature dependent terms on the r.h.s. of (1.1). In two
dimensions, for renormalisable theories, these are proportional to just the scalar curvature
R and when βi = 0 the coefficient is, up to a factor, just the central charge c of the Virasoro
algebra.

Nevertheless since the β functions indicate only the response of the couplings gi to
constant rescalings of the renormalisation scale µ we may expect generically instead of
(1.1)

Θ = βiOi +∇µZµ + curvature dependent terms , (1.2)

with Zµ(x) a local current. On flat space with βi = 0 this still implies scale invariance
(the conserved current whose charge generates dilations is Tµνxν − Zµ). If Zµ = ∇νL

µν

for some operator Lµν = Lνµ then a local redefinition of Tµν → T ′µν maintaining T ′µν =
T ′νµ, ∇µT ′µν = 0 is possible which cancels the Zµ term in (1.2) (for d = 2 Zµ = ∇µS
is necessary) [2,3]. Hence in this case conformal invariance is still valid when βi = 0
with the charges expressed in terms of T ′µν . On the other hand Zµ may be a current
associated with the generators of a symmetry G and by using the corresponding operator
conservation equation, involving the equations of motion, ∇µZµ may be expressible in
terms of the basis of scalar operators Oi. This then induces a redefinition of the β functions
βi → Bi = βi + δG

Zg
i where δGgi denotes the action of some infinitesimal symmetry

1



variation on the coupling gi, with δG
Z determined by the current Zµ [4]. Effectively in

this situation the β functions are arbitrary, βi ∼ βi + δGgi, so that the condition for scale
invariance is then βi ∼ 0 [5] whereas for Weyl invariance the necessary condition is that
Bi = 0 in which this freedom cancels.

A crucial constraint on the allowed form of the trace of the energy momentum tensor
follows from the requirement that 〈Θ(x)〉 is determined by the response of the vacuum
self energy functional W to an infinitesimal Weyl rescaling, δσW , of the metric and should
therefore satisfy an appropriate integrability condition derived from the fact that the group
of Weyl transformations is abelian, (δσδσ′ − δσ′δσ)W = 0. Indeed for classically Weyl
invariant theories such consistency conditions, analogous to those which constrain the
axial anomaly, have been applied in 2, 4 and 6 dimensions to determine the possible
form of the curvature terms in (1.2) [6,7]. In such models Θ = 0 classically but at one
loop in the quantum theory there is a local Weyl anomaly given by the various possible
scalars of dimension d formed from the curvature tensor and its covariant derivatives. Of
course 〈Θ(x)〉 is arbitrary up to terms which arise from additional finite contributions to
W given by integrals over local scalars of dimension d formed from the Riemann tensor
and its covariant derivatives. Thus the possible form of the Weyl anomaly becomes a
cohomological problem. In four dimensions the consistency condition implies that there
are no R2 terms, as opposed to terms proportional to the square of the Weyl tensor F or
the Euler density G, and further any ∇2R terms are trivial in the sense that they can be
removed by a local redefinition [6,7].

Beyond one loop 〈Θ(x)〉 is no longer a local functional of the metric and its derivatives
at x and the consistency conditions are not immediately obvious. In this paper A =
〈Θ〉 − βi〈Oi〉 − ∇µ〈Zµ

op〉, where Zµ
op is the operator part of Zµ, is assumed to remain a

local expression to all orders allowing therefore an extension of the usual arguments. In
order to apply the discussion to A it is necessary to be precise about defining Oi, and
also Zµ

op, as finite local composite operators. To achieve this we adopt the trick [8,9]
of allowing all the couplings gi to be arbitrary functions of x and, assuming W is still
determined as a finite functional by the regularised quantum field theory to all orders,
correlation functions of arbitrarily many finite local operators Oi(x) at non coincident
points may then be defined by functional differentiation with respect to gi(x), just as
insertions of Tµν(x) are given by functional derivatives with respect to the metric γµν(x).
In this case A is a local function involving the metric and also derivatives ∂µg

i. Such terms
are relevant, even for gi constant, when considering correlation functions of products of the
operators Oi and are directly related to the additional divergences present in such cases
beyond those removed in the definition of Oi itself as a finite local operator. The results
include non trivial relations between the purely curvature dependent terms in A and those
involving ∂µg

i which in principle allow the former to be determined by purely flat space
calculations (save for the F term in 4 dimensions). Thus the R2 term in A in 4 dimensions
is determined and is non zero at sufficiently high order.

Such results were first obtained by Brown and Collins in scalar φ4 field theory using
dimensional regularisation although the derivation is seemingly very different and depended
quite strongly on the particular regularisation scheme [10]. Their work was extended, also
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in the framework of dimensional regularisation, to include the G term by Hathrell [11] and
also to gauge theories by Hathrell and Freeman [12]. More recently the essential equations
of this paper, which extend the work of Brown and Collins, Hathrell and Freeman to a
more general situation with many couplings, were obtained in the context of dimensional
regularisation and using the idea of x dependent couplings in two dimensions, in particular
for general non linear σ models [13], and four dimensions [9,14]. In both cases detailed
calculations have been made of the various new coefficients introduced at two or more loops
using dimensional regularisation [8,13,14,15]. The consistency conditions derived in this
paper give identical equations but without any commitment to a particular regularisation
scheme. This should allow extensions to cases, such as heterotic σ models, where there are
anomalies in some symmetries and dimensional regularisation becomes problematic. The
starting point is an equation expressing the essential content of (1.2) where the curvature
dependent includes now also an arbitrary dependence on ∂µg

i consistent with the usual
symmetries and each term having an overall dimension d. This is in effect a local version
of the Callan-Symanzik equation and from which consistency conditions necessary for the
integrability of W can readily be computed. As with the Callan-Symanzik equation the
basic equations may presumably be derived within the loop expansion in a well defined
regularisation scheme but should also be valid non perturbatively.

In section 2 the consistency relations are obtained in a simplified two dimensional
model containing only dimension two operators. The resulting equations are essentially
those at the basis of Zamolodchikov’s c-theorem [16] and in this section it is shown how
the crucial positive definite metric on the space of couplings may be obtained by adding
a cohomologically trivial (from the point of view of Weyl scaling) terms to a symmetric
tensor χij defined in terms of the local Callan-Symanzik equation. Alternatively, even
on flat space and with constant couplings, χij is determined by the inhomogeneous term,
proportional to ∂2δ2(x), in the conventional Callan-Symanzik equation for the two point
correlation function 〈Oi(x)Oj(0)〉 which is symmetric and positive definite and, after re-
moving the leading singularity x−4 as x→ 0, serves to define Zamolodchikov’s metric. The
extension of the consistency relations to two dimensional theories defined on a space with
a boundary is also discussed. In this case there are additional boundary contributions to
the local renormalisation group equation which involve the extrinsic curvature K.

In four dimensions the full set of consistency relations, which are derived in section
3, become rather complicated although they include equations of essentially the same
form as those defining the c-theorem in two dimensions with the c-function given in terms
of the coefficient of the G term in the energy momentum tensor trace, but without the
corresponding tensor to χij being related to a manifestly positive correlation function
and so defining a metric as yet. This possible form for a four dimensional c-function
was first suggested by Cardy [17] and has subsequently been analysed in a perturbative
framework [14]. Various other possibilities for a four dimensional c-theorem have recently
been discussed by Capelli et al [18]. We also show how to obtain a result inspired by the
c-theorem which has been recently derived by Shore [19] using a spectral representation of
the two point function for the energy momentum tensor in which positivity properties are
clear cut. The resulting equation expresses the behaviour of a function of the couplings,
which is related to the coefficient of the F term in th energy momentum tensor trace
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in four dimensions, under a change of scale, as controlled by the renormalisation group.
However this equation contains an additional term away from two dimensions so that the
crucial monotonic flow of the c-function as originally defined by Zamolodchikov is no longer
obtained. In order to extend the analysis of consistency relations to realistic field theories
the modifications of the consistency relations arising from the presence of lower dimension
operators, such as are present in general renormalisable field theories in four dimensions,
are also discussed.

In section 4 the consistency conditions are applied to general bosonic σ models in two
dimensions. These are of interest in string theory since the vanishing of the β function
may be identified with the equations of motion for the low energy degrees of freedom [20],
generalising the Einstein equations for gravity, and the analysis is complicated by the pres-
ence of lower dimension operators such as those representing the tachyon. The c-function
is now in general a scalar operator which leads to an extra piece in the equation for the
renormalisation flow of the c-function arising from the anomalous dimension of the scalar
operator, only if the equation can be restricted to the dimension zero c-number part of the
operator is the simple form of Zamolodchikov’s equation obtained. However the resulting
equations include the Curci-Paffuti relation [21] which shows how the dilaton β function
βΦ, or rather BΦ, becomes a constant at the conformal point and also another equation
which determines how BΦ depends on the target space metric Gij and antisymmetric ten-
sor Bij which are the essential couplings in these σ models. This equation was used by us
previously, subject to some caveats, to construct an action to all orders whose variation
vanishes when BG

ij = BB
ij = 0 [13]. This action generalises a suggestion of Tseytlin [22] to

a form which allows local redefinitions of Gij , Bij . Related ideas were discussed by Forge
[23] who introduced into the couplings Gij , Bij a dependence on an extra field φ0(x), in
addition to those fields φi(x) parameterising the target manifold, so that Weyl symmetry
is part of an enlarged diffeomorphism group on the extended set of coordinates. This in
effect mimics the arbitrary x dependence required for our discussion and may allow for
further geometrical insight.

In section 5 the analysis of the consistency relations is extended to σ models with a
boundary, where the additional terms present in a boundary contribution to the action
correspond to the tachyon and massless vector field present in the open string. The results
provide relations between the open string and closed string β functions. Some issues con-
cerned with boundary conditions for such general σ models are discussed in an appendix.

Finally in a conclusion a few remarks on possible extensions of the results obtained in
this paper are given.

2. Two Dimensional Field Theories

The analysis of consistency relations is significantly simpler for two dimensional the-
ories. We consider here an idealised renormalisable field theory for fields φ, characterised
by an action S which is classically conformally invariant and depends on a set of cou-
plings gi corresponding to a complete set of dimension two local scalar operators Oi. For
the discussion in this section we assume the absence of any lower dimension operators.
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In order to derive the full set of consistency conditions for the associated quantum field
theory the couplings gi are assumed to be arbitrary functions of x, so that they also play
the role of sources for the operators Oi, and S is further required to be defined for a
general curved background spatial metric γµν , with the lagrangian density a scalar under
reparameterisations of x. Hence we may define

Oi(x) =
δ

δgi(x)
S , Tµν(x) = 2

δ

δγµν(x)
S , (2.1)

for Tµν the energy momentum tensor, under the equations of motion ∇µT
µν = 0 and

classically γµνT
µν = 0.

As usual in the corresponding quantum field theory S → S0 where S0 includes all nec-
essary counterterms of dimension two or less in some definite regularisation prescription.
In this case the counterterms, besides those obtained by gi → gi

0(g), depend on ∂µg
i and,

assuming the the regularisation scheme preserves manifest covariance under reparameter-
isations of the coordinates x, also on the scalar curvature R formed from the metric γµν .
S0 may include additional couplings associated with operators with dimensions > 2 intro-
ducing a cut off scale Λ and which are a necessary part of the regularisation procedure but
the couplings for such irrelevant operators are supposed to be determined in terms of the
finite couplings gi by the requirement that correlation functions and hence physical am-
plitudes are independent of Λ as Λ →∞. Any such correlation function may be expressed
in terms of the vacuum energy functional W by functional differentiation with respect to
appropriate sources. W is defined by

eW =
∫
d[φ] e−

1
` S0 , (2.2)

where ` is a loop counting parameter. The functional derivatives of W with respect to gi

and γµν then give the connected correlation functions of the finite local quantum operators
[Oi] = δS0/δg

i and the quantum energy momentum tensor Tµν = 2δS0/δγ
µν .

For a local Weyl rescaling δγµν = 2σγµν we define

∆W
σ = 2

∫
dv σ γµν δ

δγµν
, dv = d2x

√
γ ,

∆β
σ =

∫
dv σ βi δ

δgi
,

(2.3)

where βi(g) is the beta function for the coupling gi. For classically conformally invariant
theories of the form described here the operator equation γµνTµν = Θ ≡ βi[Oi], relating
the non zero β functions at one and higher loops to the breaking of scale invariance,
is usually presumed to follow from a careful treatment of composite operators in a well
defined regularisation scheme. However acting on the vacuum energy functional W this is
assumed to be extended, for a general background metric and arbitrary gi(x), to

∆W
σ W = ∆β

σW − 1
`

∫
dv σ

(
1
2 β

ΦR− 1
2 χij∂µg

i∂µgj
)

+
1
`

∫
dv ∂µσ wi∂

µgi , (2.4)
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which is in effect a local version of the renormalisation group equation. In general ∆W
σ W =

−
∫
dv σ〈Θ〉/` where 〈Θ(x)〉 does not just depend locally on the fields at x but the content of

(2.4) is that the non local contributions are given entirely by βi〈[Oi(x)]〉 and the remaining
part is restricted to just the form prescribed by the integrals over local expressions of
dimension 2 involving σ and ∂µσ. In a more general context we are tacitly also assuming
a gap in dimension between c numbers of dimension zero and other possible operators in
the field theory and further that there is no need for any separate infra red cut off even
on restriction to flat space. The terms ∝ σ have just the same form as the additional
counterterms necessary for curved space and x dependent couplings gi. Of course for a
classical scale invariant theory the r.h.s. of (2.4), without the ∆W

σ W term, is the quantum
scale invariance anomaly, Θ = 1

2β
ΦR, at one loop on curved space which has a local

form to this order. The essential assumption here is that (2.4) expresses the appropriate
generalisation to all orders in the loop expansion with βΦ(g), χij(g), wi(g) perturbatively
calculable in a well defined mass independent regularisation scheme. Equivalent equations
of the form (2.4) have been obtained by us earlier using dimensional regularisation. For
no dimensional couplings we may also impose the requirement(

µ
∂

∂µ
+ 2

∫
dv γµν δ

δγµν

)
W = 0 , (2.5)

where µ is the arbitrary mass scale introduced in the process of renormalisation. Hence for
σ constant, and on flat space with constant couplings gi, (2.4) reduces to the conventional
homogeneous Callan-Symanzik equation.

The consistency relations then follow by commuting two different local scale transfor-
mations (using for δγµν = 2σγµν , δR = 2σR+ 2∇2σ)

0 =
[
∆W

σ −∆β
σ, ∆W

σ′ −∆β
σ′

]
W =

1
`

∫
dv (σ′∂µσ − σ∂µσ

′)V µ ,

Vµ = ∂µβ
Φ − χij∂µg

iβj + βj ∂

∂gj

(
wi∂µg

i
)
.

(2.6)

Since gi(x) is arbitrary the condition Vµ = 0 becomes

∂iβ
Φ = χijβ

j − Lβwi , Lβwi = βj∂jwi + ∂iβ
jwj , (2.7)

where Lβ denotes the Lie derivative defined by the vector field βi. From (2.7)

∂iβ̃
Φ = χijβ

j + (∂iwj − ∂jwi)βj , β̃Φ = βΦ + wiβ
i , (2.8)

and hence
βi∂iβ̃

Φ = χijβ
iβj . (2.9)

Of course W is arbitrary up to the addition of local functionals of the fields and the
couplings. If

δW =
1
`

∫
dv

(
1
2bR−

1
2cij∂µg

i∂µgj
)
, (2.10)
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then, for b(g), cij(g) an arbitrary scalar, tensor respectively on the space of couplings,

δβΦ = βi∂ib , δχij = Lβcij ,

δwi = − ∂ib+ cijβ
j , δβ̃Φ = cijβ

iβj .
(2.11)

It is easy to see that (2.7), or (2.8), are invariant under the changes (2.11). In general it
is not possible to set wi = 0 under such a redefinition except when wi = ∂iX.

To investigate the consequences of (2.4) we consider the correlation functions sensitive
to the additional terms depending on R and ∂µg after restricting to flat space γµν → δµν

and gi constant. Thus〈
Tµµ(x)[Oi(0)]

〉
−

〈
Θ(x)[Oi(0)]

〉
= − `wi∂

2δ2(x) , Θ = βi[Oi] , (2.12a)〈
Tρρ(x)Tµν(0)

〉
−

〈
Θ(x)Tµν(0)

〉
= − ` βΦ

(
∂2δµν − ∂µ∂ν

)
δ2(x) , (2.12b)

and hence 〈
Tµµ(x)Tνν(0)

〉
=

〈
Θ(x)Θ(0)

〉
− ` β̃Φ∂2δ2(x) . (2.13)

Furthermore (2.4) and (2.5) give

D
〈
Tµν(x)Tσρ(0)

〉
= 0 , D = µ

∂

∂µ
+ βi ∂

∂gi
, (2.14a)

D
〈
[Oi(x)]Tµν(0)

〉
+∂iβ

j
〈
[Oj(x)]Tµν(0)

〉
= ` ∂iβ

Φ
(
∂2δµν − ∂µ∂ν

)
δ2(x) , (2.14b)

D
〈
[Oi(x)][Oj(0)]

〉
+∂iβ

k
〈
[Ok(x)][Oj(0)]

〉
+∂jβ

k
〈
[Oi(x)][Ok(0)]

〉
= `χij∂

2δ2(x) .(2.14c)

The r.h.s. of (2.14b) is dictated by consistency with (2.14a) and (2.12b) and then combining
(2.12a) with (2.14b,c) leads to the essential relation (2.7) once more.

As a consequence of the conservation equation ∂µTµν = 0 we may write〈
Tµν(x)Tσρ(0)

〉
=

(
∂2δµν − ∂µ∂ν

)(
∂2δσρ − ∂σ∂ρ

)
Ω(t) ,〈

[Oi(x)][Oj(0)]
〉

= ∂2∂2Ωij(t) , t = 1
2 lnµ2x2 .

(2.15)

From (2.13) and (2.14a,c), choosing for simplicity ` = 4π,

DΩ′ = 0 , Ω′′
ij +DΩ′

ij + ∂iβ
kΩ′

kj + ∂jβ
kΩ′

ik = 2χij , Ω′ = −2β̃Φ + Ω′
ijβ

iβj , (2.16)

where Ω′ denotes the derivative with respect to t (as introduced in (2.15) Ω, Ωij are
arbitrary up to the addition of a constant). In this case (2.9) is crucial for consistency.
Using (2.15), (2.16)

(x2)2
〈
[Oi(x)][Oj(0)]

〉
= 8Gij(t) ,

Gij = 1
2Ω′′

ij − 1
2Ω′′′

ij + 1
8Ω′′′′

ij = χij + Lβcij , cij = − 1
2Ω′

ij + 1
2Ω′′

ij − 1
8Ω′′′

ij ,
(2.17)

defines Gij to be positive definite and then

C = 3
(
β̃Φ + cijβ

iβj
)

= − 3
2Ω′ + 3

2Ω′′ − 3
8Ω′′′ (2.18)
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satisfies
C ′ = −βi∂iC = −3Gijβ

iβj ≤ 0 , (2.19)

with equality only if βi = 0. Of course this is just Zamolodchikov’s c-theorem and is thus
shown to be effectively equivalent to the equations (2.9) given the freedom expressed in
(2.11). The positive definiteness of Gij is of course crucial for the powerful consequences
that have been obtained in applications of the c-theorem. It is easy to show that C as given
in (2.18) is exactly the same linear combination of z4〈Tzz(x)Tzz(0)〉, z2x2〈Tzz(x)Tzz̄(0)〉
and (x2)2〈Tzz̄(x)Tzz̄(0)〉 considered by Zamolodchikov. At increasing distance scales t →
∞ and C decreases monotonically until it reaches a fixed point when βi = 0. At such a
critical point then from (2.15) with ` = 4π

〈
Tzz(x)Tzz(0)

〉
=

6βΦ

z4
,

〈
Tµµ(x)Tνν(0)

〉
= −4πβΦ∂2δ2(x) . (2.20)

The residual local contribution to 〈Tµµ(x)Tνν(0)〉 may be removed by an appropriate coun-
terterm breaking two dimensional reparameterisation invariance in S. We should stress
that although 〈Tµν(x)Tσρ(0)〉 and 〈[Oi(x)][Oj(0)]〉 have non integrable singularities O(x−4)
as x → 0 in general writing expressions for them in the form (2.15), in terms of Ω and
Ωij , ensures that there is a well defined Fourier transform, after integrating the deriva-
tives acting on Ω, Ωij by parts, giving therefore suitable regularised momentum space
amplitudes.

It is also of interest to consider the extension of the consistency relations to field
theories defined on a two dimensional manifold with a boundary as would be relevant for
the consideration of open strings. In general it is necessary to specify appropriate boundary
conditions for the fields but a natural extension of (2.4) to this case is

∆W
σ W = ∆β

σW − 1
`

∫
dv σ

(
1
2β

ΦR− 1
2χij∂µg

i∂µgj
)

+
1
`

∫
dv ∂µσ wi∂

µgi

− 1
`

∫
ds σ

(
βΦ̂K + nµωi∂µg

i
)

+
1
`

∫
ds ∂µσ n

µε .

(2.21)

Here s is the arc length along the boundary, nµ is the unit inward normal to the boundary
while K is the extrinsic curvature. Under a local scale transformation

δds = −σds, δnµ = σnµ , δK = σK + nµ∂µσ , (2.22)

Hence (2.6) is modified and in addition to (2.7) we obtain the relation

βΦ̂ − βΦ = ωiβ
i + βi∂iε . (2.23)

If instead of (2.10)

δW =
1
`

∫
dv

(
1
2bR−

1
2cij∂µg

i∂µgj
)

+
1
`

∫
ds

(
b̂K + nµdi∂µg

i
)
, (2.24)
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then, as well as (2.11),

δβΦ̂ = βi∂ib̂ , δε = b̂− b− diβ
i , δωi = Lβdi , (2.25)

so that it is possible to set ε = 0. When ∂µg
i = 0 the requirement of local scale invariance

so that nµ∂µσ terms are absent on the boundary requires ε = 0 and then the result (2.23)
shows that at a critical point when also βi = 0 the Weyl anomaly is proportional to the
Euler density.

3. Four Dimensional Field Theories

The analysis described in the previous section may be extended analogously to four
dimensional field theories although the elegant simplicity of Zamolodchikov’s c-theorem
appears to be lost. We assume a similar framework and suppose now that gi are the
couplings corresponding to a complete set of scalar dimension four operators Oi in a
renormalisable field theory defined with some definite regularisation prescription. For the
most part we neglect lower dimension operators which generally require treatment within
the context of specific field theories.

As before we allow gi(x) to be arbitrary functions so that they act as sources for the
local operators Oi(x), defined as in (2.1), and also consider a general curved background
metric γµν(x). The extension of the local renormalisation group equation (2.4) to the
present case is then (taking ` = 1).

∆W
σ W = ∆β

σW +
∫
dv σ B · R+

∫
dv ∂µσZµ , dv = d4x

√
γ , (3.1)

where B = (βa, βb, βc, χ
e
i , χ

f
ij , χ

g
ij , χ

a
ij , χ

b
ijk, χ

c
ijk`) and

B · R = βa F + βbG+ 1
9βcR

2

+ 1
3χ

e
i∂µg

i ∂µR+ 1
6χ

f
ij∂µg

i∂µgj R+ 1
2χ

g
ij∂µg

i∂νg
j Gµν

+ 1
2χ

a
ij ∇2gi∇2gj + 1

2χ
b
ijk ∂µg

i∂µgj∇2gk + 1
4χ

c
ijk` ∂µg

i∂µgj∂νg
k∂νg` .

(3.2)

Besides the scalar curvature R this also involves

F = RαβγδRαβγδ − 2RαβRαβ + 1
3R

2 ,

G = RαβγδRαβγδ − 4RαβRαβ +R2 , Gαβ = Rαβ − 1
2γαβR .

(3.3)

F is the square of the conformal Weyl tensor while G is the Euler density. Zµ may also
be expanded in the general form

Zµ = Gµν wi∂
νgi + 1

3∂µ(dR) + 1
3RYi∂µg

i

+ ∂µ

(
Ui∇2gi + 1

2Vij∂νg
i∂νgj

)
+ Sij ∂µg

i∇2gj + 1
2Tijk ∂νg

i∂νgj∂µg
k ,

(3.4)
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up to terms with a vanishing divergence. In (3.2) and (3.4) the various components intro-
duced are scalars or appropriate tensors under redefinition of the couplings, gi → g′i(g),
except for χb

ijk, χ
c
ijk` and Vij , Tijk as a consequence of ∇2gi not transforming as a con-

travariant vector. As before the essential content of (3.1) is that the response to a Weyl
rescaling given by γµν〈Tµν〉 is equal to 〈Θ〉, Θ = βi[Oi], up to local terms of the form
prescribed by (3.2) and (3.4).

The consistency relations follow from the requirement[
∆W

σ −∆β
σ, ∆W

σ′ −∆β
σ′

]
W = 0 . (3.5)

To compute this we use for δγµν = 2σ γµν

δF = 4σF , δG = 4σG− 8Gαβ∇α∇βσ , δR = 2σR+ 6∇2σ ,

δGµν = 2
(
∇µ∇νσ − γµν∇2σ

)
, δ∇2 = 2σ∇2 − 2∂µσ∂µ ,

(3.6)

Evaluating (3.5) we find for the term proportional to ∂µσ
′∇2σ−∇2σ′∂µσ the requirement

χe
i = Yi − Ui − ∂iβ

jUj − 1
2 (Vij + Sij)βj , (3.7)

and for ∂[µσ
′∂ν]σ

w[i,j] = S[ij] − ∂[iβ
kSj]k − 1

2β
kTk[ij] , (3.8)

while for σ′∂µσ − ∂µσ
′σ

8∂µβb − χg
ijβ

i∂µg
j + βj∂j(wi∂µg

i) = 0 ,

4βc + χe
iβ

i − βj∂jd = 0 ,

4∂µβc − 2χe
i∂µg

i + χf
ijβ

i∂µg
j − βj∂j

(
∂µd+ Yi∂µg

i
)

= 0 ,

2∇µ∇ν

(
χe

i∂
νgi

)
−∇ν

(
χg

ij∂µg
i∂νgj

)
− ∂µ

(
(χf

ij − χg
ij)∂νg

i∂νgj − χa
ijβ

i∇2gj − 1
2χ

b
ijk∂νg

i∂νgjβk
)

− 2χa
ij∂µg

i∇2gj − χb
ijk∂νg

i∂νgj∂µg
k − 2χa

ij∂µβ
i∇2gj

− χb
ijk

(
βi∂µg

j∇2gk + ∂νg
i∂νgj∂µβ

k
)
− χc

ijk` β
i∂µg

j∂νgk∂νg
`

+ βk∂k

(
∂µ(Ui∇2gi + 1

2Vij∂νg
i∂νgj) + Sij∂µg

i∇2gj + 1
2Tijk∂νg

i∂νgj∂µg
k
)

= 0 .

(3.9)

This may be decomposed into the separate equations

8∂iβb − χg
ij β

j = −Lβwi , (3.10a)

2χe
i + χa

ij β
j = −LβUi , (3.10b)

8βc − χa
ijβ

iβj = Lβ

(
2d+ Uiβ

i
)
, (3.10c)

4∂iβc + (χf
ij + χa

ij)β
j = Lβ(∂id+ Yi − Ui) , (3.10d)

χg
ij + 2χa

ij + Λij = LβSij , Λij = 2∂iβ
kχa

kj + βkχb
kij , (3.10e)

2
(
χf

ij + χa
ij

)
+ Λij + βk

(
2χ̄a

k(ij) − χ̄a
ijk

)
= Lβ

(
Sij − χa

ij − 2U(i,j) + Vij

)
, (3.10f)

χ̄a
ijk = χa

ij,k − χb
k(ij)

χb
ijk + χg

k(i,j) −
1
2χ

g
ij,k + ∂kβ

`χb
ij` + χc

ijk`β
` = 1

2LβTijk + ∂i∂jβ
`Sk` , (3.10g)
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where Lβ is again the Lie derivative defined by the vector field βi. These equations are not
independent. Using χ̄a

kjiβ
jβk + Λijβ

j = ∂i(χa
jkβ

jβk) it is clear that (3.10f), (3.10b) and
(3.7) are sufficient for the compatibility of (3.10d) with (3.10c). Furthermore contracting
(3.10g) with βi, antisymmetrising on j, k and combining with (3.10e) gives

∂[j

(
χg

i]kβ
k
)

= Lβ

(
S[ij] − ∂[iβ

kSj]k − 1
2β

kTk[ij]

)
,

so that (3.8) is necessary for the integrability of (3.10a).

In the four dimensional case the potential arbitrariness in W is given by, with a similar
notation to (3.2),

δW =
∫
dv B · R , B = (a, b, c, ei, fij , gij , aij , bijk, cijk`) . (3.11)

This gives

δ(βa, βb, βc, χ
e
i , χ

f
ij , χ

g
ij , χ

a
ij) = Lβ(a, b, c, ei, fij , gij , aij) ,

δχb
ijk = Lβbijk + 2∂i∂jβ

`a`k ,

δχc
ijk` = Lβcijk` + ∂i∂jβ

mbk`m + ∂k∂`β
mbijm ,

δwi = − 8∂ib+ gijβ
j , δd = 4c+ eiβ

i ,

δUi = − 2ei − aijβ
j , δYi = −2ei − ∂i(ejβ

j) + fijβ
j ,

δVij = − 4e(i,j) + 2fij − gij − bijkβ
k ,

δSij = gij + 2aij + 2∂iβ
kakj + bkijβ

k ,

δTijk = 2gk(i,j) − gij,k + 2bijk + 2∂kβ
`bij` + 2cijk`β

` .

(3.12)

It is straightforward to check that the consistency equations (3.7), (3.8) and (3.10) are
invariant under this arbitrariness. Clearly this freedom may be partially fixed by setting
d, Yi or Ui, Vij , S(ij), Tijk to zero. The results for δβb, δwi and the equation (3.10a) are
essentially identical to (2.11) and (2.7) which led to the c-theorem for two dimensional
theories. In this case we may also obtain as in (2.9)

βi∂iβ̃b = 1
8χ

g
ijβ

iβj , β̃b = βb + 1
8wiβ

i , (3.13)

which might bear the same relation to a four dimensional version of the c-theorem as (2.9)
to (2.19).

In the same fashion as previously we may explore the consequences of the basic equa-
tion (3.1), with (3.2) and (3.4), for two point correlation functions after restricting to flat
space, γµν = δµν , and gi constant when we suppose also that 〈[Oi]〉 = 0. Analogous to
(2.12) we have〈

Tµµ(x)[Oi(0)]
〉
−

〈
Θ(x)[Oi(0)]

〉
= − Ui∂

2∂2δ4(x) , Θ = βi[Oi] , (3.14a)〈
Tρρ(x)Tµν(0)

〉
−

〈
Θ(x)Tµν(0)

〉
= − 2

3dSµν∂
2δ4(x) , Sµν = ∂2δµν − ∂µ∂ν ,(3.14b)
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and hence now〈
Tµµ(x)Tνν(0)

〉
=

〈
Θ(x)Θ(0)

〉
− 2d̃ ∂2∂2δ4(x) , d̃ = d+ 1

2Uiβ
i . (3.15)

If 〈
Tµν(x)Tσρ(0)

〉
= 1

3SµνSσρΩ0(x) +
(
Sµ(σSρ)ν − 1

3SµνSσρ

)
Ω2(x) , (3.16)

then the renormalisation group equation from (3.1), (3.2) and (2.5) becomes

DΩ0(x) = − 8
3βcδ

4(x) , DΩ2(x) = −4βaδ
4(x) , (3.17)

as well as

D
〈
[Oi(x)]Tµν(0)

〉
+ ∂iβ

j
〈
[Oj(x)]Tµν(0)

〉
= 2

3χ
e
iSµν∂

2δ4(x) , (3.18a)

D
〈
[Oi(x)][Oj(0)]

〉
+∂iβ

k
〈
[Ok(x)][Oj(0)]

〉
+∂jβ

k
〈
[Oi(x)][Ok(0)]

〉
= −χa

ij∂
2∂2δ4(x) .(3.18b)

It is easy to check that the consistency of (3.17) and (3.18a,b) with (3.14a,b) is equivalent
to (3.10b,c). Other relations in (3.10) require the consideration of correlation functions
involving three or more operators.

As an illustration of the consequences of (3.17) we obtain here a result due to Shore [19]
by following analogous steps in four dimensions to the derivation of the original c-theorem.
For flat space letting

G(t) = 2π4(x2)4
(〈
Tµν(x)Tµν(0)

〉
− 1

3

〈
Tµµ(x)Tνν(0)

〉)
= 10π4(x2)4∂2∂2Ω2(x) , (3.19)

for t = 1
2 lnµ2x2 again, defines G(t) as positive definite. If

Ω2(x) =
1

(x2)2
f(t) + c δ4(x) = ∂2

( 1
x2

h(t)
)
, f = −2h′ + h′′ ,

where the expression in terms of h ensures a well defined Fourier transform for the mo-
mentum space amplitude, then (3.17) and (3.19) imply

h′
∣∣
βi=0

=
βa

π2
, G = 10π4

(
192f − 224f ′ + 92f ′′ − 16f ′′′ + f ′′′′

)
. (3.20)

Hence
CF = 10π4

(
96f − 64f ′ + 14f ′′ − f ′′′

)
(3.21)

satisfies
C ′

F = −βi ∂

∂gi
CF = 2CF −G , CF

∣∣
βi=0

= −30× 64π2 βa , (3.22)

as obtained by Shore. Clearly in this case the renormalisation flow of CF is not monotonic.
For a free theory with nV vectors, nF Dirac fermions and nS scalars [24]

CF = 12nV + 6nF + nS . (3.23)
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In the above we have neglected operators of dimension lower than four. In general to
remedy this requires a separate discussion in each particular theory but here we consider
the presence of a set of dimension two operators Om

a (x) with couplings, or mass2 terms,
ma(x) as occurs in scalar field theories corresponding to operators φ2. In this case (3.1)
may in general be written in the form

∆̂W
σ W =

(
∆̂β

σ + ∆m
σ

)
W +

∫
dv σ B̂ · R+

∫
dv ∂µσ Ẑµ ,

B̂ · R = B · R+ 1
2 pabm̂

am̂b + m̂a
(

1
3qaR+ rai∇2gi + 1

2saij∂µg
i∂µgj

)
,

Ẑµ = Zµ + m̂ajai∂µg
i + ∂µ(m̂aka) , m̂a = ma − 1

6 τ
aR ,

(3.24)

where

∆̂W
σ = ∆W

σ + 2
∫
dv σma δ

δma
, ∆̂β

σ = ∆β
σ −

∫
dv σmaγ b

a

δ

δmb
,

∆m
σ = −

∫
dv σ

(
1
3β

a
η R+ δa

i ∇2gi + 1
2ε

a
ij∂µg

i∂µgj
) δ

δma

+
∫
dv ∂µσ θ

a
i ∂

µgi δ

δma
−

∫
dv∇2σ τa δ

δma
,

(3.25)

with γ b
a (g) the anomalous dimension matrix for the operators coupled to ma and similarly

the various coefficients appearing in (3.24), (3.25) depend on the dimensionless couplings
gi. For scalar field theories ∆̂W

σ S is non zero, unless the kinetic term has the conformally
invariant form 1

2 (∂φ)2 + 1
12Rφ

2, but this may be compensated at zero loop order in (3.24)
by the appropriate choice of τa. In (3.24) defining the additional contributions in terms
of m̂a, rather than just ma, ensures some simplification subsequently. Since [∆m

σ ,∆
m
σ′ ] = 0

the consistency conditions flowing from (3.24), (3.25) can be decomposed as[
∆̂W

σ − ∆̂β
σ, ∆m

σ′

]
− (σ ↔ σ′) = 0 , (3.26a)(

∆̂W
σ − ∆̂β

σ −∆m
σ

)(∫
dv σ′ B̂ · R+

∫
dv ∂µσ

′ Ẑµ
)
− (σ ↔ σ′) = 0 . (3.26b)

From (3.26a) we obtain

2βa
η − δa

i β
i = −L̂βτ

a = − Lβτ
a − τ bγ a

b , (3.27a)

2δa
i + 2∂iβ

jδa
j + εaijβ

j = − L̂βθ
a
i , (3.27b)

where L̂β is the extension of the Lie derivative defined by βi to include also transformation
by the matrix γ b

a . Allowing for a local change in the couplings ma effected by

δW =
∫
dv

(
1
3f

aR+ da
i∇2gi + 1

2e
a
ij∂µg

i∂µgi
) δ

δma
W , (3.28)

then
δβη

a = L̂βf
a , δδa

i = L̂βd
a
i , δεaij = L̂βe

a
ij + 2∂i∂jβ

kda
k ,

δτa = − 2fa + da
i β

i , δθa
i = −2da

i − 2∂iβ
jda

j − ea
ijβ

j ,
(3.29)
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so that it is possible to set τa and θa
i to zero. βa

η is related to the so called improvement
term in the energy momentum tensor on flat space for scalar field theories.

The extra terms arising in (3.26b) may be calculated by using (3.27a) to obtain

(∆̂W
σ − ∆̂β

σ −∆m
σ )m̂a = 2σ m̂a + σ m̂bγ a

b

+ σ
(

1
6δ

a
i β

iR+ δa
i ∇2gi + 1

2ε
a
ij∂µg

i∂µgj
)
− ∂µσ θ

a
i ∂

µgi .
(3.30)

The part proportional to m̂ gives

2qa − raiβ
i = L̂βka = Lβka − γ b

a kb , (3.31a)

2rai + 2∂iβ
jraj + saijβ

j + pabθ
b
i = L̂βjai . (3.31b)

In addition (3.26b) leads to additional terms in all the previous consistency equations
except (3.10a). Thus we find

2χe
i = Yi − Ui − ∂iβ

jUj − 1
2 (Vij + Sij)βj − θa

i ka

= −χa
ij β

j + δa
i ka − LβUi ,

8βc − χa
ijβ

iβj + 2δa
i ka = Lβ

(
2d+ Uiβ

i
)
,

∂i

(
8βc + δa

j kaβ
j
)

+ 2(χf
ij + χa

ij)β
j − 2δa

i ka + 2θa
i qa + jaiδ

a
j β

j

= 2Lβ(∂id+ Yi − Ui) ,
χg

ij + 2χa
ij + Λij + ρij = LβSij , ρij = θa

i raj + δa
j jai ,

2
(
χf

ij + χa
ij

)
+ Λij + ρij + βk

(
2χ̄a

k(ij) − χ̄a
ijk

)
− 2∂(i(δ

a
j)ka) + εaijka

= Lβ

(
Sij − χa

ij − 2U(i,j) + Vij

)
.

(3.32)

A non trivial check is that, as before, the equation for ∂iβc is implied by the explicit
equation for βc. The modifications of the earlier relations are a reflection of operator
mixing involving derivatives of the scalar operators Om

a . As an illustration of this we may
note that from (3.24) now, on flat space and for constant couplings,

Θ = βi[Oi]− τa∂2[Om
a ] + O(m) , (3.33)

where the finite local operator [Om
a (x)] is defined by functional differentiation with respect

to ma(x), and the operators have anomalous dimensions again determined by (3.24) so
that

D
(
Tµν

[Om
a ]

)
=

(
0 − 1

3β
b
η Sµν

0 γ b
a

) (
Tµν

[Om
b ]

)
,

D
(

[Oi]
[Om

a ]

)
=

(
−∂iβ

j δb
i ∂

2

0 γ b
a

) (
[Oj ]
[Om

b ]

)
.

(3.34)

The compatibility of the operator equation Tµµ = Θ with (3.33), (3.34) requires (3.27a).
Instead of (3.14a,b) we now have, with Θ given by (3.33),〈

Tµµ(x)[Oi(0)]
〉
−

〈
Θ(x)[Oi(0)]

〉
= − Ui ∂

2∂2δ4(x) , (3.35a)〈
Tµµ(x)[Om

a (0)]
〉
−

〈
Θ(x)[Om

a (0)]
〉

= − ka ∂
2δ4(x) , (3.35b)〈

Tρρ(x)Tµν(0)
〉
−

〈
Θ(x)Tµν(0)

〉
= − 1

3 (2d− τaka)Sµν∂
2δ4(x) , (3.35c)
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and in addition the renormalisation group equations for the two point correlation functions
from (3.24) become instead of (3.17)

DΩ0(x) = − 1
3

(
8βc + pabτ

aτ b − 4qaτa
)
, (3.36)

and replacing (3.18a,b)

D
〈
[Oi(x)]Tµν(0)

〉
+ . . . = 1

3 (2χe
i + τarai)Sµν∂

2δ4(x) , (3.37a)

D
〈
[Om

a (x)]Tµν(0)
〉

+ . . . = − 1
3 (2qa − pabτ

b)Sµνδ
4(x) , (3.37b)

D
〈
[Oi(x)][Oj(0)]

〉
+ . . . = − χa

ij ∂
2∂2δ4(x) , (3.37c)

D
〈
[Om

a (x)][Oj(0)]
〉

+ . . . = − raj ∂
2δ4(x) , (3.37d)

D
〈
[Om

a (x)][Om
b (0)]

〉
+ . . . = − pab δ

4(x) , (3.37e)

neglecting anomalous dimension terms, as required by (3.34), on the l.h.s. of each of the
above equations. By applying D to both sides of (3.35a,b,c) and using (3.33) and (3.36),
(3.37a,b,c,d) we may rederive the consistency relations for βc, χ

e
i in (3.32) and also (3.31a).

Presumably the remaining results could be obtained similarly by looking at higher point
functions.

For theories containing scalar or fermion fields φ there are also spin 1 composite
operators of dimension 3. To allow for arbitrary such operators in this framework we
suppose that the maximal non anomalous symmetry group G of the kinetic term (O(n) for
n real scalar fields) is extended to a symmetry of the interacting theory by requiring that
under an infinitesimal transformation δφ = −ωφ, where ω is an element of the Lie algebra of
G, the couplings also transform according to the appropriate representation δgi = −(ωgg)i

to ensure S is invariant. For simplicity we neglect other lower dimension operators, the
analysis is straightforwardly extended to include these. This symmetry becomes a local
gauge symmetry when external background gauge fields Aµ, also belonging to the Lie
algebra of G with δAµ = Dµω = ∂µω + [Aµ, ω], are introduced so that ∂µφ→ ∂µφ+Aµφ.
For generators of the quantum gauge group it is of course necessary that (ωgg)i = 0. The
arbitrary vector fields Aµ(x) are then treated as additional couplings, like gi(x), whose
variation define the currents as local composite operators 〈Jµ〉 = −δW/δAµ. Assuming
the regularisation procedure preserves local gauge invariance then∫

dv
(
Dµω ·

δ

δAµ
− (ωgg)i δ

δgi

)
W = 0 , (3.38)

with · denoting the invariant scalar product on the Lie algebra of G. This is equivalent
to the partial conservation equation for Dµ〈Jµ〉 expressing an operator identity for Jµ

subject to the equations of motion. The essential equation (3.1) may then be extended to
allow for dimension 3 vector operators by replacing

∂µg
i → Dµg

i = ∂µg
i + (Ag

µg)
i , (3.39)
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and also taking

∆β
σ → ∆β

σ + ∆A
σ , ∆A

σ =
∫
dv

(
σDµg

i ρi ·
δ

δAµ
− ∂µσ S ·

δ

δAµ

)
,

B · R → B · R+ 1
4Fµν ·κ·Fµν + 1

2F
µν ·ζij Dµg

iDνg
j , Zµ → Zµ + Fµν ·ηiDνg

i ,

(3.40)

for ρi, ζij , ηi, S belonging to the Lie algebra of G and, like κ which defines an invariant
product on the Lie algebra, depending on gi. Fµν = ∂µAν − ∂νAµ + [Aµ, Aν ] is the usual
field strength. Alternatively we may define βA

µ = ρiDµg
i as an additional β function,

this has been shown to be necessary by explicit calculation at one loop. The additional
contributions in B·R involving κ, ζij produce inhomogeneous terms in the renormalisation
group equations involving correlation functions for 〈JµJν〉 and 〈JµOiOj〉 after setting Aµ

and ∂µg
i to zero. By using (3.38) the term involving S in Zµ may be eliminated at the

expense of letting

βi → Bi = βi − (Sgg)i , ρi → Pi = ρi + ∂iS . (3.41)

In dimensional regularisation with minimal subtraction there is a well defined prescription
for determining S, although to the low orders calculated S = 0 [14]. This modification
cancels the potential arbitrariness in the β functions as a consequence of the freedom to
make G transformations on the couplings so that Θ is unambiguously defined. When
Dµg

i = 0

Θ = Bi[Oi]− βa F − βbG− 1
9βcR

2 + 1
3d∇

2R− 1
4 Fµν ·κ·Fµν . (3.42)

With the changes necessitated by (3.40) there are modifications to the consistency
relations. These may be calculated by using(

∆β
σ + ∆A

σ

)
Dµg

i = ∂µσ B
i + σ

(
γi

jDµg
j + (SgDµg)i

)
, γi

j = ∂jB
i + (P g

jg)i ,(
∆β

σ + ∆A
σ

)
D2gi = Dµ

(
∂µσ B

i + σ γi
jDµg

j
)

+ σ (P g
jDµg)iDµgj + σ (SgD2g)i ,(

∆β
σ + ∆A

σ

)
Fµν = 2D[µ(σPi)Dν]g

i + σ (F g
µνg)

iPi − σ [Fµν , S] .

(3.43)

Hence [
∆β

σ + ∆A
σ , ∆β

σ′ + ∆A
σ′

]
= −

∫
dv

(
σ∂µσ

′ − σ′∂µσ
)
Bi Pi ·

δ

δAµ
,

so that it is necessary that
BiPi = 0 . (3.44)

By computing the action of ∆β
σ + ∆A

σ on the Fµν dependent terms we obtain

ηiB
i = 0 ,

ta ·κ·Pi + ta ·ζjiB
j = ta ·L̃Bηi + (tgag)

jPj ·ηi , L̃Bηi = Bj∂jηi + ηjγ
j
i ,

(3.45)

where ta form a basis for the Lie algebra of G and L̃B is a modified Lie derivative. In eqs.
(3.10a,b,c,d) the only necessary changes are that βi → Bi and Lβ → L̃B , which is defined
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by analogy to (3.45). From (3.40) by considering local changes in Aµ it is easy to see that
ρi, S are arbitrary up to

δρi = L̃Bpi , δS = −Bipi . (3.46)

4. Non Linear σ Models

In order to demonstrate the significance of the Weyl scaling consistency relations in
a specific context we here apply the framework described in section 2 to general bosonic
renormalisable σ models in two dimensions. In this case it is necessary to take account of
lower dimension operators and also of the various symmetries preserved by the quantum
field theory. For such σ models the fields φi(x) are coordinates on a target manifold
M, of dimension D, and the essential classical action, with x belonging to a general two
dimensional space with metric γµν , is

S =
∫
dv

(
1
2 Gij∂µφ

i∂µφj + 1
2 iε

µνBij∂µφ
i∂νφ

j + 1
2 ΦR+ Vµi∂

µφi + T
)
. (4.1)

εµν is the two dimensional antisymmetric symbol, ε12 = 1/
√
γ, ∇σε

µν = 0. Gij defines
a metric on M and in a string context Gij , Φ correspond to the graviton, dilaton while
Bij = −Bji is the antisymmetric tensor field and T represents the tachyon of the closed
bosonic string. Vµi is introduced since the presence of a coupling for operators involving a
single ∂µφ, having spin 1, is necessary for a consistent quantum field theory subsequently.
These real couplings, denoted collectively by

λ = (Gij , Bij , Φ, Vµi, T ) , g = (Gij , Bij) , (4.2)

are assumed to have an arbitrary dependence on x, λ(φ, x), in addition to being appropriate
tensor fields on M, so that they also act as sources for the local composite operators of
dimension 2 or less, with spin 0 or 1, in the quantum σ model defined by the action in (4.1),
g(φ, x) are the essential renormalisable couplings in the non linear σ model corresponding
to the dimensionless couplings gi of section 2.

The action S prescribed by (4.1) enjoys gauge invariance under the symmetries

δλ = λw,Fµ
=

(
0 , (dw)ij , 0, ∂iFµ − iεµ

ν∂′νwi, ∇′µFµ

)
,

gw =
(
0, (dw)ij

)
, (dw)ij = ∂iwj − ∂jwi ,

(4.3)

for arbitrary wi(φ, x) and Fµ(φ, x). ∂′µ denotes the derivative with respect to x at constant
φ. It is useful to define invariants under (4.3)

Hijk = 1
2 (dB)ijk = 1

2

(
∂iBjk + ∂jBki + ∂kBij

)
,

Aµij = (dVµ)ij + iεµ
ν∂′νBij , T ′i = ∂iT −∇′µVµi ,

(4.4)

where
(dAµ)ijk = 2iεµν∂′νHijk , ∇′µAµij = −(dT ′)ij . (4.5)
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S(φ, λ) is also invariant under complex conjugation in association with the operation,
denoted by a bar, on the couplings determined by λ→ λ̄ where B̄ij = −Bij with otherwise
the remaining couplings left unchanged, thus ḡ = (Gij , −Bij). These symmetries are all
assumed to be manifestly preserved by the process of regularisation, without therefore any
anomalies, and hence are also symmetries of the bare action S0 defining a finite quantum
field theory as in (2.2). Since (4.1) involves εµν it is potentially dangerous using dimensional
regularisation but appropriate prescriptions preserving the symmetry (4.3) have proved
possible [13].

In addition it is essential to maintain invariance under diffeomorphisms on M when

δφi = − vi , δλ = λD
v , gD

v =
(
LvGij , 2Hijkv

k
)
,

λD
v =

(
LvGij , 2Hijkv

k, LvΦ, −Aµijv
j , T ′iv

i
)
,

(4.6)

for Lv the Lie derivative defined by the vi(φ) acting on tensor fields on M. λv differs from
Lvλ by symmetry transformations of the form (4.3), specifically

LvBij = 2Hijkv
k − (dũ)ij , ũi = Bijv

j ,

LvVµi = −Aµijv
j + iεµ

ν∂′ν ũi + ∂i(Vµjv
j)− iεµ

νBij∂
′
νv

j ,

LvT = T ′iv
i +∇′µ(Vµiv

i)− V µ
i∂
′
µv

i ,

(4.7)

allowing now for general vi(φ, x).

The requirement of preserving the symmetry of S0 under diffeomorphisms is expressed
as

∆D
v S0 = −∆′D

v S0 ,

∆D
v =

∫
dv

(
−vi δ

δφi
+ λD

v ·
δ

δλ

)
, ∆′D

v =
∫
dv

(
Gij∂

′
µv

j
)
· δ

δVµi
,

(4.8)

while invariance under (4.3) is formally specified by

∆g
wS0 = 0 , ∆g

w =
∫
dv

(
(dw)ij ·

δ

δBij
− iεµ

ν∂′νwi ·
δ

δVµi

)
, (4.9a)

∆g
Fµ
S0 = 0 , ∆g

Fµ
=

∫
dv

(
∂iFµ ·

δ

δVµi
+∇′µFµ ·

δ

δT

)
. (4.9b)

With these definitions[
∆D

v , ∆D
v′

]
= ∆D

[v′,v] + ∆g
w + ∆g

Fµ
, [v′, v]i = v′j∂jv

i − vj∂jv
′i ,[

∆D
v , ∆′D

v′

]
−

[
∆D

v′ , ∆′D
v

]
= ∆′D

[v′,v] + ∆g
F ′

µ
,

wi = 2Hijkv
′jvk , Fµ = Aµijv

′ivj , F ′
µ = Gij

(
vi∂′µv

′j − v′i∂′µv
j
)
.

(4.10)

The equations expressing invariance under the symmetries (4.3) and (4.6) are equivalent to
relations between the finite local composite operators obtained by functional differentiation
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with respect to λ(φ, x), (4.8) corresponds to the equation of motion for ∇µ[∂µφiui] while
(4.9a,b) give operator identities for ∇µiε

µν [∂νφ
iwi] and ∂µ[F ] respectively.

The discussion in section 2 was in terms of the vacuum energy functional W . Here, for
reasons elucidated later, we apply similar arguments to S0. The generator of local Weyl
scaling ∆W

σ is extended to

∆W
σ = 2

∫
dv σ

(
γµν δ

δγµν
+ T · δ

δT

)
−

∫
dv∇2σΦ· δ

δT
, (4.11)

so that ∆W
σ S0 = 0, [∆W

σ , ∆W
σ′ ] = 0. For βG

ij , β
B
ij the appropriate β functions corresponding

to the couplings Gij , Bij , which by power counting and invariance under (4.3) depend
locally only on G, H and we assume β̄G

ij = βG
ij , β̄

B
ij = −βB

ij , we define

∆β
σ =

∫
dv σ

∑
h=G,B

βh · δ
δh

. (4.12)

To express the corresponding equation to (2.4) it is convenient to define

Kµ = ∂′µg + iεµ
νgVν

=
(
∂′µGij , iεµ

νAνij

)
, (4.13)

which forms a gauge invariant tangent vector to the space of dimensionless couplings. Then
the general form, compatible with manifest invariance under (4.3) and the requirements of
power counting, is

∆W
σ S0 = ∆β

σS0

+
∫
dv σ

((
OiKµ + iεµ

νÕiKν

)
· δ

δVµi
+

(
1
2Rβ

Φ − UT ′ −X
)
· δ
δT

)
S0

−
∫
dv ∂µσ

(
si ·

δ

δVµi
+ iεµν s̃i ·

δ

δVνi
+

(
WKµ + iεµνW̃Kν

)
· δ
δT

)
S0 ,

βΦ = ΩΦ + θ , X = 1
2

(
Kµ ·χ·Kµ − iεµνKµ ·χ̃·Kν

)
.

(4.14)

Here Oi, Õi, W, W̃ , U, Ω are appropriate linear operators while χ, χ̃ are quadratic forms
on vectors of the form Kµ, χT = χ, χ̃T = −χ̃, each depending locally on G, H and
restricted by S0(φ, λ)∗ = S0(φ, λ̄). In βΦ θ is a scalar and, along with the vectors si, s̃i,
is also formed from G, H with θ̄ = θ, s̄i = si while ¯̃si = −s̃i. Instead of the residual c
number term as in (2.4) the extra contributions in (4.14) to the difference between γµνTµν

and βi[Oi], which in this case is 1
2 [βG

ij∂µφ
i∂µφj ] + 1

2 [iεµνβB
ij∂µφ

i∂νφ
j ], have a similar form

but the coefficients may now depend on the dimensionless coordinate φ and so become
scalar operators. Also additional terms containing the vector operators of dimension 1
present in the general σ model described by (4.1) are now allowed. By virtue of (4.9b) the
expression for (∆W

σ −∆β
σ)S0 is arbitrary up to contributions of the form ∆g

Fµ
S0. Thus the

result as written in (4.14) depends on ∇′µVµi through T ′i but this particular contribution
can be removed by use of the relation (4.9b) at the cost of introducing other Vµ dependent
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terms. Moreover as a consequence of the second of eqs. (4.5) we can arrange that W̃Kµ is
independent of Aνij at the expense of changes in Oi, χ and U , in particular we require

W̃gw = 0 , (4.15)

and this leads to an arbitrariness under variations of the form

δW̃∂′µg = ∂′µω , δÕi∂
′
µg = −∂i∂

′
µω , ω̄ = −ω . (4.16)

For σ constant the extra contribution in (4.14) may also be identified with the β functions
βV

µi, β
T , thus, neglecting inhomogeneous terms containing Vµ or Kµ, βT = −U i∂iT .

Although the symmetry under (4.3) has been automatically satisfied the implications
of invariance under diffeomorphisms onM are less explicit. To compute these requirements
we use

∆D
v Kµ = (Lv − vk∂k)Kµ + gD

∂′
µv , ∆′D

v Kµ = iεµ
νgG∂′

νv ,

∆D
v T

′
i = (Lv − vk∂k)T ′i +Aµ

ij∂
′
µv

j , ∆′D
v T ′i = −∇′µ(Gij∂

′
µv

j) .
(4.17)

Then if

δv = (Lvg)·
∂

∂g
− Lv , (4.18)

we may obtain with the aid of (4.17)

[
∆D

v , ∆β
σ

]
∼

∫
dv σ

{ ∑
h=G,B

(
δvβ

h
)
· δ
δh
− iεµ

ν
(
βB

ij∂
′
νv

j
)
· δ

δVµi

}
,

[
∆′D

v , ∆β
σ

]
= −

∫
dv σ

(
βG

ij∂
′
νv

j
)
· δ

δVµi
,

[
∆D

v ,

∫
dv σ

(
OiKµ

)
· δ

δVµi

]
=

∫
dv σ

{(
(δvOi)Kµ

)
· δ

δVµi
+

(
Oig

D
∂′

µv

)
· δ

δVµi[
∆′D

v ,

∫
dv σ

(
OiKµ

)
· δ

δVµi

]
∼

∫
dv σ

{
iεµ

ν
(
OigG∂′

νv

)
· δ

δVµi
−

(
∂′µviOiKµ

)
· δ
δT

}
,

[
∆D

v ,

∫
dv ∂µσ

(
WKµ

)
· δ
δT

]
=

∫
dv ∂µσ

{(
(δvW )Kµ

)
· δ
δT

+
(
WgD

∂′µv

)
· δ
δT

}
,[

∆D
v ,

∫
dv σ

(
UT ′

)
· δ
δT

]
=

∫
dv σ

{(
(δvU)T ′

)
· δ
δT

+
(
U(Aµ∂′µv)

)
· δ
δT

}
,[

∆′D
v ,

∫
dv σ

(
UT ′

)
· δ
δT

]
∼

∫
dv σ

{(
∂i(UG∂′µv)

)
· δ

δVµi
+

(
∂′µU(G∂′µv)

)
· δ
δT

}
+

∫
dv ∂µσ

(
U(G∂′µv)

)
· δ
δT

,[
∆D

v ,

∫
dv ∂µσ si ·

δ

δVµi

]
∼

∫
dv ∂µσ

{(
δvsi

)
· δ

δVµi
−

(
∂′µvisi

)
· δ
δT

}
,

(4.19)
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where ∼ denotes equality up terms vanishing when acting on S0 as a consequence of
(4.9a,b). Hence applying ∆D

v + ∆′D
v to both sides of (4.14) and using the results in (4.19)

and (4.8) implies various identities. The requirement that the terms involving δv vanish
is just the condition that the various β functions and other operators appearing in (4.14)
are tensors constructed from Gij , Bij and the remaining terms depending on ∂′µv give the
relations

βG
ij∂

′
µv

j + iεµ
νβB

ij∂
′
νv

j = OiJµ + iεµ
νÕiJν − ∂i

(
U(G∂′µv)

)
+iεµν∂i(Q∂′νv) , (4.20a)

∂′µvi
(
OiKµ + iεµ

νÕiKν

)
= −Kµ ·χ·Jµ + iεµνKµ ·χ̃·Jν − ∂′µU(G∂′µv)− U(Aµ∂

′µv) + iεµν∂′µQ∂
′
νv , (4.20b)

∂′µv
isi + iεµ

ν∂′νv
is̃i = WJµ + iεµ

νW̃Jν + U(G∂′µv)− iεµ
νQ∂′νv , (4.20c)

Jµ = gD
∂′

µv + iεµ
νgG∂′

νv ,

where the terms depending on the linear operator Q = −Q̄ arise as a consequence of the
possible arbitrariness expressed by (4.9a). From (4.20a,c)

βG
ijv

j = Oig
D
v + ÕigGv − ∂i

(
U(Gv)

)
, (4.21a)

βB
ijv

j = OigGv + Õig
D
v + ∂i

(
Qv

)
, Qv = WgGv + W̃gD

v − vj s̃j , (4.21b)

visi − U(Gv) = WgD
v , (4.21c)

using (4.15), while (4.20b) gives, with Q determined by (4.21b),

viOiδg = − gD
v ·χ·δg − gGv ·χ̃·δg − δU(Gv) ,

viÕiδg = gGv ·χ·δg + gD
v ·χ̃·δg − U(δBv)− δQv .

(4.22)

Note that (4.22) with (4.21a,b) implies v[iv′j]βG
ij = v(iv′j)βB

ij = 0 as expected.

The derivation of the Weyl consistency conditions which arise from the requirement[
∆W

σ −∆β
σ, ∆W

σ′ −∆β
σ′

]
S0 = 0 , (4.23)

follows in a similar fashion to section 2. Using

∆β
σKµ−

∫
dv ∂νσ

(
si·

δ

δVνi
+iενρs̃i·

δ

δVρi

)
Kµ = σDβKµ+∂µσ (βg +gs̃)−iεµ

ν∂νσ gs , (4.24)

where
βg =

(
βG

ij , β
B
ij

)
, Dβ =

∑
h=G,B

βh · ∂
∂h

,

then we may derive for various different contributions arising from (4.14)

[
∆W

σ ,

∫
dv σ′

(
1
2β

ΦR− UT ′
)
· δ
δT

]
− (σ ↔ σ′)
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∼
∫
dv ξµ

{(
∂iθ

)
· δ

δVµi
+ ∂′µθ · δ

δT

}
−

∫
dv∇µξµ

(
(Ω + U∂)Φ

)
· δ
δT

,

[∫
dv σ

(
UT ′

)
· δ
δT

,

∫
dv ∂µσ

′(WKµ
)
· δ
δT

]
− (σ ↔ σ′) = −

∫
dv ξµ

(
U∂(WKµ)

)
· δ
δT

,[
∆β

σ −
∫
dv ∂νσ

(
si ·

δ

δVνi
+ iενρs̃i ·

δ

δVρi

)
,

∫
dv ∂µσ

′(WKµ
)
· δ
δT

]
− (σ ↔ σ′)

=
∫
dv ξµ

(
Dβ(WKµ)

)
· δ
δT

−
∫
dv 2iεµν∂µσ

′∂νσ
(
Wgs

)
· δ
δT

, (4.25)[∫
dv σ

(
OiKµ

)
· δ

δVµi
,

∫
dv σ′

(
UT ′

)
· δ
δT

]
− (σ ↔ σ′) =

∫
dv ξµ

(
UOKµ

)
· δ
δT

,

[∫
dv ∂µσ iε

µ
ν s̃i ·

δ

δVνi
,

∫
dv σ′

(
UT ′

)
· δ
δT

]
− (σ ↔ σ′)

∼ −
∫
dv ξµ iε

µ
ν

{(
∂i(Us̃)

)
· δ

δVνi
+

(
∂′νUs̃

)
· δ
δT

}
−

∫
dv 2iεµν∂µσ

′∂νσ
(
Us̃

)
· δ
δT

,

ξµ = σ∂µσ
′ − σ′∂µσ .

From the Φ dependent terms we find

Ω = −U∂ , (4.26)

and using∫
dv 2iεµν∂µσ

′∂νσ ρ̃·
δ

δT
∼

∫
dv iεµ

νξν

{(
∂iρ̃

)
· δ

δVµi
+

(
∂′µρ̃

)
· δ
δT

}
, (4.27)

we obtain from the terms involving δ/δVµ

∂i

(
θ + Us

)
= −Oi(βg + gs̃) + Õigs −Dβsi , (4.28a)

∂i

(
−Wgs + W̃βg

)
= Oigs − Õi(βg + gs̃) +Dβ s̃i , (4.28b)

and also for the remainder proportional to δ/δT

∂′µ
(
θ + Us

)
− iεµ

ν∂′ν
(
−Wgs + W̃βg

)
= (βg + gs̃)·χ·Kµ − gs ·χ̃·Kµ + iεµ

ν
(
gs ·χ·Kν − (βg + gs̃)·χ̃·Kν

)
−

(
Dβ + U∂

)(
WKµ + iεµ

νW̃Kν

)
−Wg

ÕKµ
− iεµ

νW̃gOKν

− U
(
OKµ + iεµ

νÕKν − ∂′µs− iεµ
ν∂′ν s̃

)
.

(4.29)

It is important to recognise that (4.14) provides a finite local operator expression for
the trace of the energy momentum tensor γµνTµν which is independent of ambiguities in
the definition of the β functions. Using (4.8) and (4.9a,b) the terms involving ∂µσ may
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be eliminated at the expense of modifying βλ → Bλ. For simplicity when Vµ and ∂′µg are
both set to zero after the action of the functional derivatives on S0 (4.14) gives

γµνTµν =
∑

h=G,B

βh · δ
δh
S0 + 1

2Rβ
Φ · δ
δT

S0 + (βT − 2T )· δ
δT

S0

+∇µ

(
(si + ∂iΦ)· δ

δVµi
+ iεµν s̃i ·

δ

δVνi

)
S0

∣∣∣
Vµ=0

=
∑

h=G,B

Bh · δ
δh
S0 + 1

2RB
Φ · δ
δT

S0 + (BT − 2T )· δ
δT

S0 − di δ

δφi
S0 ,

(4.30)

where, using the equation of motion (4.8) with (4.6) and (4.9a,b),

Bλ =
(
βλ + λD

d + λs̃,0

)∣∣
Vµ=∂′

µg=0
, di = Gij(sj + ∂jΦ) ,

BG
ij = βG

ij + LdGij , BB
ij = βB

ij + 2Hijkd
k + (ds̃)ij ,

BΦ = βΦ + LdΦ = ∆Φ + θ , BT = βT + LdT = ∆T , ∆ = (d− U)∂ .

(4.31)

These particular additional terms in going from βλ to Bλ are a consequence of the freedom
in determining the β functions resulting from invariance under diffeomorphisms and the
gauge symmetries (4.3), thus βB

ij is arbitrary up to δβB
ij = −(dw)ij but in (4.14) this

requires δs̃i = wi, δÕiKµ = ∂′µwi and hence this cancels in BB
ij . The essential conditions

for local scale invariance are then

BG
ij = BB

ij = 0 , ∆T − 2T = 0 . (4.32)

From the definition of BΦ in (4.31) with (4.28a) and (4.21a) we obtain

∂iB
Φ = ∂i

(
θ + Us+ dj∂jΦ− UGd

)
= −OiB

g + Ld∂iΦ−Dβsi + βG
ijd

j

= −OiB
g −DBsi +BG

ijd
j , Bg =

(
BG

ij , B
B
ij

)
.

(4.33)

This is just the Curci-Paffuti relation [21] showing that BΦ is φ independent at a fixed
point when BG

ij , B
B
ij are zero.* From (4.29) and (4.22) we may also obtain for arbitrary

variations δg

δβΦ = δ
(
θ + Us− UGd

)
= Bg ·χ·δg +

(
diOi − UO

)
δg − (Dβ + U∂)(Wδg)−Wg

Õδg
.

(4.34)

Using now

Dβ(Wδg) = DB(Wδg)− di∂i(Wδg)−W
(
gD

δd + gδBd + gδs̃

)
,

WgD
δd = − U(Gδd) + diGijδd

j − δdi∂iΦ ,

* An essentially similar derivation of this relation is ascribed to Polchinski by de Alwis [25].
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from (4.15) and (4.21c), then (4.343) becomes

δBΦ = Bg ·χ·δg −DB(Wδg) + (d− U)(ρδg)−Wgρ̃δg ,

ρiδg = Oiδg +Gijδd
j + ∂i(Wδg) , ρ̃iδg = Õiδg − δBijd

j − δs̃i + ∂i(W̃ δg) ,
(4.35)

where ρ, ρ̃ are linear operators on tangent vectors to the space of couplings.† With these
definitions (4.33) and also the corresponding equation from (4.28b) become

∂iB
Φ = −ρiB

g + ∂i(WBg) , ρ̃iB
g = 0 , (4.36)

while (4.21a,b) may be written more simply as

BG
ijv

j = ρig
D
v + ρ̃igGv + 2 ∂iLvΦ ,

BB
ijv

j = ρigGv + ρ̃ig
D
v .

(4.37)

The resulting equation (4.35) is the analog of (2.7) for general non linear σ models
and has been used by us earlier in order to construct an effective action, to all orders,
which is stationary when BG, BB , BΦ are zero. Defining, as in (2.8),

C = BΦ +WBg , (4.38)

then under variations of Φ, using (4.21c),

δC = 2∆δΦ , (4.39)

with ∆ defined in (4.31), and hence

I =
∫
dDφJ C , (4.40)

satisfies, from (4.35) and (4.39),

δI = O
(
BG, BB , BΦ

)
, (4.41)

so long as the measure J is constructed to satisfy, for any ui(φ),∫
dDφJ (d− U)u = O

(
BG, BB

)
. (4.42)

and W is constrained to satisfy Wgw = 0 for arbitrary wi.

From (4.35), (4.39) and (4.33) we may also obtain∑
h=G,B,Φ

Bh · ∂
∂h
C −∆C = Bg ·χ·Bg , (4.43)

† Note that BV
µi = ρiKµ + iεµ

ν ρ̃iKν + 2 ∂i∂
′
µΦ.
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which is the corresponding version of (2.9). ∆ appears here as the differential operator
defining the anomalous dimension for the scalar C(φ). At one loop ∆ is essentially the
laplacian on M and for M compact ∆ may be expected to have a discrete spectrum with
in general constant functions on M corresponding to the eigenvalue zero. For σ models on
compact target spaces M it should be possible to project (4.43) on to such constant modes
and then (4.43) should be equivalent to the Zamolodchikov equation defining a monotonic
renormalisation flow of the c-function. On a non compact manifold M, as appropriate
in string theory if the vanishing of the β function is to be interpretated as an extension
of the Einstein equations for gravity, ∆ has a continuous spectrum so that derivation of
the conventional c-theorem, with its consequences of a monotonic flow of the couplings,
becomes problematic [26]. If the results such as (4.43) are rephrased in terms of expectation
values, as was done in section 2, then there are potential difficulties in general since 〈C(φ)〉
has infra-red divergences on flat space necessitating the introduction of a further scale as
an infra-red cutoff [27,28].

At one loop the results of previous calculations, which should be independent of the
regularisation scheme to this order, are given by (for ` = 4π)

βG
ij = 2

(
Rij −Hi

k`Hjk`

)
, βB

ij = −2∇kHijk , βΦ = −∇2Φ + 1
3D ,

Oiδg = ∇jδGij − 1
2 ∂i

(
GjkδGjk

)
−Hi

jkδBjk , Õiδg = ∇jδBij ,

Uw = ∇iwi , Wδg = − 1
2G

ijδGij , W̃ = 0 ,

δg ·χ·δg = 1
2G

ikGj`
(
δGij δGk` + δBij δBk`

)
, si = s̃i = 0 ,

(4.44)

with ∇i the covariant derivative defined by the Christoffel connection formed from the
metric Gij and Rij the associated Ricci tensor. With other quantities zero to this order
these results obey the relations derived in general in this section and from (4.38), (4.42)

C = 1
3D + ∂iΦ∂iΦ− 2∇2Φ−R+ 1

3H
ijkHijk , J =

√
Ge−Φ , (4.45)

with here R the scalar curvature on M. Clearly from (4.44) δg ·χ·δg is positive at lowest
order. The action S in (4.1), with fields defined on a Riemmanian two dimensional space
with positive definite metric, is not real but satisfies the requirement Sθ = S where the
operation θ includes as well as complex conjugation a coordinate change inducing a reversal
of orientation, such as (x1, x2)θ = (x1,−x2). This reality condition is necessary for ensuring
unitarity of the associated quantum field theory and translates, at least formally, into
reflection positivity for correlation functions 〈O(x)O(x′)θ〉 which is sufficient to ensure
that a positive definite metric on the space of couplings g may be defined to all orders in
the general bosonic σ model.

Using dimensional regularisation and minimal subtraction calculations have been ex-
tended to two loops [13] in general and to four [15] when Bij = 0. The action proposed by
Tseytlin [22] is obtained if there is a choice of reparameterisation of Gij , Bij and of the
additional arbitrariness in the renormalisation expressions appearing in (4.14), such as can
be obtained by a local redefinition of Vµi, T , which ensures that the one loop result for W
in (4.44) and W̃ = 0, and hence also for d − U and J in (4.45), are valid to all orders in
the perturbation expansion.
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5. Non Linear σ Models, Boundary Terms

From the point of view of string theory it is natural to consider non linear σ models on
general two dimensional spaces with a boundary, corresponding to open strings. Besides
the usual action (4.1) the inclusion of the open string modes in this approach is realised
by an additional contribution Ŝ involving fields restricted to the boundary of the two
dimensional space on which the closed string fields are defined. For the renormalisable σ
model of the previous section it is natural to restrict Ŝ to depend only on the vector Ai,
representing the massless spin 1 particle of the open string, and the scalars T̂ , Φ̂ for the
open string spinless tachyon, dilaton respectively,

Ŝ =
∫
ds

(
iẋµAi∂µφ

i + Φ̂K + T̂
)
, (5.1)

with s the arc length along the boundary, K the extrinsic curvature and

ẋµ =
dxµ

ds
, nµεµ

ν = ẋν , (5.2)

for nµ the unit inward normal to the boundary. The additional couplings defined on the
boundary are denoted by

λ̂ = (Ai, Φ̂, T̂ ) , (5.3)

are also assumed to depend arbitrarily on x(s) on the boundary as well as being a vector,
scalars on the target manifold of the σ model λ̂(φ, x). The bar operation is now extended by
Āi = −Ai, with Φ̂, T̂ unchanged, so that Ŝ(φ, λ̂)∗ = Ŝ(φ, ¯̂λ). In Ŝ there is no dependence
on ∂nφ

i = nµ∂µφ
i, as is necessary for application to strings, and we further assume no

such terms are required when using the appropriate boundary conditions for the quantum
fields as counterterms in a loop expansion, a justification is given in the appendix.

The symmetry transformations (4.3) are now extended by

δλ̂ = λ̂w,Fµ
=

(
wi, 0, nµFµ

)
, (5.4)

to ensure invariance of S + Ŝ. In addition there is a further gauge symmetry

δλ̂ = λ̂Λ =
(
∂iΛ, 0, iẋµ∂′µΛ

)
, Λ̄ = −Λ . (5.5)

As in (4.4) we may define invariants under these gauge symmetries, restricted to the
boundary, by

Fij = (dA)ij −Bij , T̂ ′i = ∂iT̂ − nµVµi − iẋµ∂′µAi , (5.6)

where
(dT̂ ′)ij = −nµAµij − iẋµ∂′µFij , (dF )ijk = −2Hijk . (5.7)

26



For diffeomorphisms, or reparameterisations of the coordinates onM, then in addition
to (4.6) we take

δλ̂ = λ̂D
v =

(
−Fijv

j , LvΦ̂, T̂ ′ivi
)
, (5.8)

since, with notation as in (4.7),

LvAi = − Fijv
j + ∂i(Ajv

j)− ũi ,

LvT̂ = T̂ ′iv
i + iẋµ∂′µ(Aiv

i) + nµVµiv
i − iẋµAi∂

′
µv

i .
(5.9)

The generators of diffeomorphisms and gauge symmetries are now extended beyond
the expressions given in (4.8) and (4.9a,b) to include boundary terms,

∆D
v = . . .+

∫
ds λ̂D

v ·
δ

δλ̂
,

∆g
w = . . .+

∫
dswi ·

δ

δAi
, ∆g

Fµ
= . . .+

∫
ds nµFµ ·

δ

δT̂
,

(5.10)

with in addition

∆̂g
Λ =

∫
ds

(
∂iΛ·

δ

δAi
+ iẋµ∂′µΛ· δ

δT̂

)
. (5.11)

With these expressions (4.10) is modified to[
∆D

v , ∆D
v′

]
= ∆D

[v′,v] + ∆g
w + ∆g

Fµ
+ ∆̂g

Λ , Λ = Fijv
′ivj . (5.12)

As before the regularisation procedure is assumed to preserve these symmetries so that
the bare action S0, which now includes boundary contributions of the same form as (5.1),
is required to satisfy

(∆D
v + ∆′D

v )S0 = ∆g
wS0 = ∆g

Fµ
S0 = ∆̂g

ΛS0 = 0 . (5.13)

Furthermore we also require S0(φ, λ, λ̂)∗ = S0(φ, λ̄,
¯̂
λ).

The essential local renormalisation group equation is now extended from (4.14) by
including boundary terms similar (2.21) so that it becomes

∆W
σ S0 =

(
∆β

σ +
∫
ds βA

i ·
δ

δAi

)
S0 + . . .

+
∫
ds σ

(
K βΦ̂ − Û T̂ ′ + nµωKµ + iẋµω̃Kµ

)
· δ
δT̂

S0

−
∫
ds ∂µσ

(
nµε+ iẋµε̃

)
· δ
δT̂

S0 , βΦ̂ = Ω̂Φ̂ + θ̂ ,

∆W
σ = . . .+

∫
ds σ T̂ · δ

δT̂
−

∫
ds ∂µσ n

µΦ̂· δ
δT̂

,

(5.14)
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with Û , ω, ω̃, Ω̂ appropriate linear operators and like the β function βA
i and the scalars

ε, ε̃, θ̂ constructed from G,H and also F , with ε, θ̂ invariant under the bar operation while
¯̃ε = −ε̃. The β function βA

i has been calculated [29,30,31] but the other boundary terms
in (5.14) have not previously been determined. Neglecting Vµ and the x dependence of the
couplings as usual we may identify βT̂ = −Û∂T̂ . Just as in (4.31) we may use (5.13) to
eliminate the ε̃ term in (5.14), as well as si, s̃i at the expense of modifying the β functions

βA
i → BA

i = βA
i + s̃i − Fijd

j + ∂iε̃ ,

βT̂ → BT̂ = (d− Û)∂T̂ , βΦ̂ → BΦ̂ = βΦ̂ + di∂iΦ̂ .
(5.15)

As before BA
i , B

T̂ are independent of the ambiguities in the definitions of the β functions
arising from the gauge invariances of the basic theory.

By an extension of the arguments of the previous section there are also further con-
straints on the boundary terms in (5.14). When the generator of diffeomorphisms ∆D

v +∆′D
v

is applied to both sides of (5.14) and invariance of S0 as in (5.13) is imposed then the
expressions for the resulting commutators, such as are given in (4.19), may now have ad-
ditional terms restricted to integrals over the boundary. For calculation the important
contributions are given by[

∆D
v , ∆β

σ

]
∼ 0 ,[

∆D
v + ∆′D

v ,

∫
dv σ

(
OiKµ

)
· δ

δVµi

]
∼ 0 ,

[
∆D

v ,

∫
dv ∂µσ si ·

δ

δVµi

]
∼ 0 ,

[
∆′D

v ,

∫
dv σ

(
UT ′

)
· δ
δT

]
∼

∫
ds σ nµ

(
U(G∂′µv)

)
· δ
δT̂

,[
∆′D

v ,

∫
dv σ

(
Û T̂ ′

)
· δ
δT̂

]
= −

∫
ds σ nµ

(
Û(G∂′µv)

)
· δ
δT̂

,[
∆D

v ,

∫
dv σ

(
Û T̂ ′

)
· δ
δT̂

]
=

∫
ds σ

(
(δvÛ)T̂ ′ + iẋµÛ(F∂′µv)

)
· δ
δT̂

,[
∆D

v ,

∫
dv σ βA

i ·
δ

δAi

]
∼

∫
ds σ

((
δvβ

A
i

)
· δ
δAi

− iẋµ
(
βA

i ∂
′
µv

i
)
· δ
δT̂

)
,

(5.16)

where δv is the generalisation of (4.18) to also include diffeomorphisms acting on A. Apart
from conditions such as δvβA

i = 0, which just requires that βA
i is an appropriate tensor

constructed from G, B, A, collecting the terms involving ∂′µv gives

nµ(U − Û)G∂′µv + iẋµβA
i ∂

′
µv

i + iẋµÛF∂′µv − nµωJµ − iẋµω̃Jµ − iẋµQ∂′µv = 0 , (5.17)

with Jµ, Q as in (4.20a,b,c). Hence eliminating Q from (4.21b)

(U − Û)Gv = ωgD
v + ω̃gGv ,

(βA
i + s̃i)vi = − Û(Fv) + (W + ω)gGv + (W̃ + ω̃)gD

v .
(5.18)
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In a similar fashion the Weyl consistency conditions arising from [∆W
σ ,∆W

σ′ ] = 0
require additional relations involving the various coefficients appearing in the boundary
terms in (5.14) where the essential behaviour under local scale transformations is given by
(2.22). The commutators in (4.25) now give as well[

∆W
σ ,

∫
dv σ′

(
1
2β

ΦR− UT ′
)
· δ
δT

]
− (σ ↔ σ′) ∼

∫
ds ξµ n

µθ · δ
δT̂

,[∫
dv ∂µσ iε

µ
ν s̃i ·

δ

δVνi
,

∫
dv σ′

(
UT ′

)
· δ
δT

]
− (σ ↔ σ′) ∼

∫
ds ξµ iẋ

µ(Us̃)· δ
δT̂

,

and there is also an additional piece on the r.h.s. of (4.27). From the Φ̂ dependent terms
appearing in (5.14) it is necessary that, like (4.26),

Ω̂ = −Û∂ , (5.19)

giving from (5.15)
BΦ̂ = ∆̂Φ̂ + θ̂ , ∆̂ = (d− Û)∂ . (5.20)

Using (5.19) and collecting all the contributions proportional to nµξµ and ẋµξµ in the
consistency relations then gives

θ − θ̂ + (U − Û)s+ ω(βg + gs̃)− ω̃gs + Û∂ε+Dβε = 0 , (5.21a)

(W̃ + ω̃)(βg + gs̃)− (W + ω)gs + Û(βA + ∂ε̃+ s̃) +Dβ ε̃ = 0 , (5.21b)

where now
Dβ =

∑
h=G,B,A

βh · ∂
∂h

.

By using (5.18), and noting that Dβε = DBε−Ldε and similarly for ε̃, with the definitions
(5.15) this becomes

BΦ̂ −BΦ = ωBg +DBε+ ∆̂(Φ̂− Φ− ε) , (5.22a)
(d− Û)BA = (W̃ + ω̃)Bg +DB ε̃ . (5.22b)

(5.22a) is the direct analogue of (2.23) for this σ model. These relations appear as a direct
extension of the Curci-Paffuti relation (4.32) and also (4.34) to renormalisable non linear
σ models with a boundary, for an alternative discussion see [32].

The one loop results [30] for βA are

βA
i = 2(1− F 2)−1 jk

(
∇jFik − Fi

`Fk
mHm`j

)
, (5.23)

and then from the appendix or by consistency with (5.18) and (5.21b), which to this order
requires just ÛβA = 0,

Ûw = 2(1− F 2)−1 ji
(
∇iwj − FikH

k`
jw`

)
, ω̃ = ε̃ = 0 ,

ωδg = (1− F 2)−1 ikFk
jδBij − 1

2

(1 + F 2

1− F 2

)ij

δGij ,
(5.24)
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with indices raised and lowered with the metric Gij .

For local Weyl invariance then the new conditions which arise in addition to (4.32)
for σ models with boundary are from (4.11), (4.14) and (5.14)

BA
i = 0 , Φ̂ = Φ + ε , ∆̂T̂ − T̂ = 0 . (5.25)

Clearly (5.22b) provides a linear relation between BA
i , B

G
ij and BB

ij , whose significance is
not immediately clear, while (5.22a) shows that subject to (5.25) and Bg = 0 BΦ̂ = BΦ.

6. Conclusion

In this paper we have endeavoured to define a local renormalisation group equation
expressing the response to a local Weyl rescaling of the metric and then show how non triv-
ial consistency relations may be derived from the commutativity of two different rescalings.
To achieve this it was essential to have a framework in which local composite operators are
well defined. Thus any divergence present in correlation functions of products of composite
operators is required to be cancelled by appropriate counterterms and these determine the
extra terms in the local renormalisation group equation beyond those given by conventional
β functions. Following similar ideas Shore has recently shown [33] how the renormalisation
group equation for the Wilson coefficients appearing in the operator product expansion
may be simply derived. An alternative earlier approach by Shore [34] to achieve a lo-
cal renormalisation group equation, in which the renormalisation mass scale µ is made x
dependent, failed to give finite equations.

The discussion here has been confined to renormalisable field theories where power
counting provides a strong constraint on the form of the additional terms present in the
local renormalisation group equation. It would be natural to attempt to extend some of
the present results to the more general Wilson approach where the renormalisation flow
of arbitrary field theories under variations of the cut off is described. In this framework a
discussion of the consequences of conformal invariance, with a flat space background, has
been given by Schäfer [35] and a geometric description of a local renormalisation group
flow has been provided by Periwal [36]. Such an extension would be potentially important
for applications to string theory which may be regarded as defined by the conformally
invariant fixed points in the space of two dimensional field theories. Various [37] authors
have applied the Wilson renormalisation flow equations to string models to derive dual S
matrix amplitudes, with a flat world sheet, from the conditions for a fixed point in the
presence of various backgrounds. However in such approaches, expanding about the trivial
fixed point, the full set of gauge invariances of the linearised equations of motion for fields
representing massive modes expected from the Virasoro conditions on physical states are
not manifest. A natural generalisation would be to impose the conditions for local Weyl
invariance, with a curved world sheet, when there are additional auxiliary fields coupled
to the curvature, like the dilaton. It is essential that any such extension should maintain
explicitly invariance under general reparameterisations of the two dimensional world sheet
so as to ensure that at any fixed point complete conformal invariance is recovered.
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For four dimensional field theories the results of section 3 are more complicated and
in general sensitive to lower dimension operators. However (3.10a) or equivalently

8 ∂iβ̃b = χg
ij + (∂iwj − ∂jwi)βj , (6.1)

is valid in arbitrary renormalisable field theories. Although χg
ij has not been shown to

be positive, except at lowest order in perturbative calculations, the relation (6.1) provides
non trivial conditions on the form of β functions such as that for Yukawa couplings at two
loops [14].

I am grateful to Graham Shore for many discussions which started this work and also
to Arkady Tseytlin for further advice during its progress.
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Appendix

In this appendix the relationship of the discussion of non linear σ models in sections
4 and 5 with the background field formalism, which provides the most straightforward
method for calculating β functions and other related quantities such as appear in the
essential equations (4.14) and (5.14), is considered. In particular it is crucial to verify that
no boundary counterterms other than of the form prescribed by (5.1) are necessary in a
consistent renormalisation treatment.

As usual in the covariant background field formalism applied to σ models the quantum
field φi(x), which are coordinates on the target manifold M, is expanded about a fixed
background ϕi(x) by defining a geodesic path, as determined by the metric Gij , φi

t(x), 0 ≤
t ≤ 1, from ϕi(x) to φi(x) and then expressing the functional integral in terms of the field
ξi(x) = φ̇i

0(x) ∈ TMϕ(x). The action S(φ, λ) + Ŝ(φ, λ̂) is then expanded in powers of ξ
which ensures automatic invariance under reparameterisations of ϕ. For the part involving
an integral over the two dimensional space the result has the form Sc +S1 +S2 + . . . where
Sc = S(ϕ, λ) and Sn = O(ξn). To first order from (5.1), setting Φ = 0, and also later
Φ̂ = 0, for simplicity

S1 =
∫
dv

(
Gij∂

µϕi∇̃µξ
j −Aµij∂

µϕi ξj + T ′i ξ
i
)
,

∇̃µξ
i = ∇µξ

i + iεµ
ν∂νϕ

kHi
kj ξ

j , ∇µξ
i = ∂µξ

i + ∂µϕ
kΓi

kj ξ
j ,

(A.1)

where Aµij , T
′
i are as in (4.4) and likeGij , H

i
kj and Γi

kj , which is the Christoffel connection
formed from Gij , are evaluated at ϕ. In obtaining S1 from the expansion of S(φ, λ) a total
divergence ∇µρ

µ, ρµ = iεµνBijξ
i∂νϕ

j + V µ
iξ

i has been discarded. The boundary term
given by (5.1) may also be similarly expanded, with Ŝc = Ŝ(ϕ, λ̂), and to first order in ξ,
including the piece −nµρµ which remains after deriving (A.1), we obtain

Ŝ1 =
∫
ds

(
−iẋµ∂µϕ

iFij ξ
j + T̂ ′i ξ

i
)
, (A.2)

with the definitions in (5.6). In the form (A.1) and (A.2) S1 and Ŝ1 are manifestly invariant
under the gauge symmetries (4.3) and (5.4), (5.5) and since higher order terms in the
expansion in ξ may be generated iteratively from S1, Ŝ1 [38] this is therefore true for
Sn, Ŝn for any n.

The requirement that S1 + Ŝ1 vanishes for arbitrary ξ on the boundary of the two
dimensional space provides a boundary condition for ϕ. In order that the background
field technique gives a consistent method for calculating the necessary counterterms for
finiteness of the full quantum field theory it is necessary that any boundary conditions
should be imposed on the essential quantum field φi(ϕ, ξ) so that invariance under the
shift symmetry δϕi = ηi, δξi = N i

j(ϕ, ξ)ηj , leaving φ invariant, is maintained [39]. Thus
we require

nµGij(φ)∂µφ
j = iẋµFij(φ)∂µφ

j + T̂ ′i(φ) . (A.3)
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This may be expanded by assuming the background field ϕi also obeys the same boundary
condition and then the associated boundary condition for ξ is determined to be

nµGij∇µξ
j = iẋµFij∇µξ

j + iẋµ∂µϕ
kFik;j ξ

j + T̂ ′i;j ξ
j +O(ξ2) , (A.4)

where the coefficients are evaluated at ϕ and the covariant derivatives are defined by the
connection Γi

kj(ϕ). (A.4) then determines the necessary boundary condition on the Greens
functions associated with the internal lines of any Feynman graph while (A.3) for φ → ϕ
shows how any divergences involving nµ∂µϕ on the boundary may still be cancelled by
counterterms with the structure of (5.1).

At second order in ξ standard calculations show that [13]

S2 =
∫
dv 1

2

(
GijD

µξiDµξ
j +Xijξ

iξj
)
, Dµξ

i = ∇̃µξ
i − 1

2Aµ
i
jξ

j ,

Xij = ∂µϕk∂µϕ
`
(
Rkij` +HkimH

m
`j

)
+ iεµν∂µϕ

k∂νϕ
`Hk`(i;j)

− ∂µϕk
(
Gk`∂

′
µΓ`

ij +Aµk(i;j) + iεµ
νHk(i

`Aνj)`

)
− 1

4AµkiA
µk

j + T ′(i;j) ,

Ŝ2 =
∫
ds 1

2

(
−iẋµFij∇µξ

i ξj +Qijξ
iξj

)
, Qij = T̂ ′(i;j) − iẋµ∂µϕ

kFk(i;j) .

(A.5)

With this notation the boundary condition (A.4) becomes, using (5.7) and neglecting O(ξ2)
corrections,

nµGijDµξ
j = 1

2 iẋ
µ
(
∇µ(Fijξ

j) + Fij∇µξ
j
)

+Qijξ
j . (A.6)

By introducing a tangent frame basis

Gij = eaieaj , ξa = eaiξ
i , eaiDµξ

i = Dµξa + sµabξ
b ,

Dµξa = ∂µξa +Aµabξb , Aµab = −Aµba , sµab = 1
2eaiebj∂

′
µG

ij ,
(A.7)

S2 in (A.5) becomes

S2 =
∫
dv 1

2

(
DµξaDµξa + Xabξaξb +∇µ(sµ

abξaξb)
)
,

Xab = ea
ieb

jXij + (sµs
µ −∇µs

µ − [Aµ, s
µ])ab .

(A.8)

From (A.8) and Ŝ2 in (A.5) and using the condition (A.6) we find

S2 + Ŝ2 =
∫
dv 1

2 ξa(∆ξ)a , ∆ = − 1
√
γ
Dµ
√
γγµνDν + X , (A.9)

where ∆ is a symmetric elliptic operator, with the associated boundary condition from
(A.6)

nµDµξa = 1
2 iẋ

µ
(
Dµ(Fabξb) + FabDµξb

)
− ψab ξb ,

ψab = ψba = −ea
ieb

jQij + nµsµab − 1
4 iẋ

µ{Aµ, F}ab + 1
2n

µ{∂µϕH,F}ab ,
(A.10)
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where (∂µϕH)ab = ea
ieb

j∂µϕ
kHikj . The r.h.s. of (A.10) defines a symmetric operator on

the boundary.

At one loop the contribution to the vacuum energy resulting from (A.9) is − 1
2 ln det∆.

With an appropriate regularisation of the functional determinant it is possible to show that
(for ` = 4π) [40]

∆W
σ S

(1)
0 =

∫
dv σ

{
1
6DR− trX

}
+

∫
ds σ

{
1
3DK + 2 tr

(
(1− F 2)−1ψ

) }
+

∫
ds ∂µσn

µ tr
(
F−1tanh−1 F − 1

2

)
=

∫
dv

{
σ
(

1
6DR−GijXij − 1

4G
ikGj`∂′µGij ∂

′µGk`

)
+ ∂µσ

1
2G

ij∂′µGij

}
+

∫
ds

{
∂µσn

µ tr
(
F−1tanh−1 F − 1

2

)
+ σ

(
1
3DK + nµ 1

2G
ij∂′µGij

+ 2(1− F 2)−1 ij
(
iẋµ∂µϕ

k∇jFki −∇j T̂
′
i

)
+ nµ(1− F 2)−1

j
i
(
2∂µϕ

`Fi
kHk`

j + iεµ
νFikAν

kj + ∂′µGik G
kj

)}
.

(A.11)

Using the boundary condition (A.3), for φ → ϕ, it is easy to see that this result (A.11)
is in accord with (5.23) for βA

i and also with (5.24) for the other renormalisation group
functions defined in (5.14). In addition θ̂ = 1

3D and (A.11) determines ε at one loop.
Furthermore the non boundary terms are in agreement with (4.44).
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