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Using a combination of theory, experiments, and numerical simulations, we investigate
the stability of coherent structures in a suspension of strongly aligned active swimmers.
We show that a dilute jet of pullers undergoes a pearling instability, while a jet of pushers
exhibits a helical (or, in two dimensions, zigzag) instability. We further characterize the
nonlinear evolution of these instabilities, deriving exact and approximate solutions for the
spreading and mutual attraction of puller clusters, as well as the wavelength coarsening
of the helical instability. Our theoretical predictions closely match the experimentally
observed wavelengths, timescales, and flow fields in suspensions of photophobic algae, as
well as results from direct numerical simulations. These findings reveal the intrinsic insta-
bility mechanisms of aligned active suspensions and demonstrate that coherent structures
can be destabilized by the flows they generate.

DOLI: 10.1103/pbzf-svnr

I. INTRODUCTION

Suspensions of active particles exhibit rich and diverse behaviors [1,2], such as accumulation
near boundaries [3], flocking [4], enhanced aggregation and cluster formation [5], and phase-
transitioning between solidlike and gaslike states [6]. Active swimmers have even been proposed
as a vessel for the direct transport of cargo on the microscale, with applications to drug delivery
and nanoscale assembly [7]. Due to long-range hydrodynamic interactions, actively driven flows
often present much larger length scales than those characterizing the individual active particles
[8-10], leading to collective motion and well-studied phenomena such as bacterial turbulence [11],
enhanced tracer diffusivity [12], and long-range density modulations in the presence of inclusions
[13].

Much is known about collective dynamics induced by biased motility in the presence of an exter-
nal stimulus, such as light [14], magnetic fields [15], hydrodynamic shear [16], or gravity [17-20].
Much attention has in particular been given to the formation of macroscopic, beamlike concentrated
structures with large particle density in active suspensions [17,19]. A classical mechanism leading
to the formation of such structures is sedimentation [17,21-24], which, in combination with the
particles’ geometry, can result in self-enriching downwelling regions of high shear [25]. Numerical
experiments have further revealed that the sole tendency of particles to align in response to external
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FIG. 1. Empirical observations motivating the theory developed in the paper. (a) Experiments with jets of
negatively phototactic C. reinhardtii show that, upon setting the jet into motion by means of an axial light
source (light direction +e;), the shape of the jet becomes unstable, breaking up into clusters. Over time,
these spread out perpendicularly to the axis of the jet, before undergoing a “V”-shaped instability (top view).
(b) Conversely, if the algae are rotated perpendicularly to the jet axis by means of side illumination, then the
jet buckles (top view). Adapted from Ref. [37].

stimuli, such as light [14], magnetic fields [15], oxygen concentration [26,27], or the direction of
gravity [19,28,29], may be sufficient for the formation of coherent slender structures, even in the
absence of sedimentation. In the paper, we will refer to these structures as active jets.

To our knowledge, a controlled experimental realization of such active jets is still lacking. The
main difficulty is that cells must be consistently well aligned to prevent the jet from flying apart.
This is only possible if cells are made to reorient on a timescale which is much faster than that of the
flow itself. For experiments involving gravitaxis or gyrotaxis, typical reorientation timescales for the
model organism Chlamydomonas reinhardtii are known to be on the order of seconds [18], which
is comparable to the observed flow timescales. In this situation, the jet would therefore quickly
become incoherent.

As a result of these experimental challenges, studies of active jets have been mostly computa-
tional in nature [27,30]. An intriguing feature of such jets is that they are fundamentally unstable,
exhibiting instabilities driven by cell activity. Notably, numerical studies [30] of concentrated
gyrotactic plumes of strongly active sedimenting squirmers [31] demonstrated actively driven
shape instabilities that depended on whether the swimmers were “pushers” [32] or “pullers” [33].
Specifically, pusher jets were prone to a helical instability [30], while puller jets presented a pearling
instability [34]. A similar numerical treatment recovered a pearling instability for phototactic pullers
under confinement [27]. The origin of these instabilities can be rationalized theoretically by means
of simplified one-dimensional (1D) setups [35,36], with the underlying physical mechanism related
to the active stresses exerted by the swimmers.

In the joint article [37], we propose a novel experimental way to create stable active jets
by steering phototactic cells via strong illumination. Negatively phototactic C. reinhardtii were
loaded into a chamber, which was placed between two parallel arrays of LED lights. After a few
minutes, the light-fleeing cells formed a dense band at the center of the chamber. If the side LEDs
were switched off and a collimated LED light parallel to the band was switched on, then the jet
was set into motion and quickly broke up into clusters [time-lapse images shown in Fig. 1(a)],
consistently with predictions for the first instability (pearling) from simulations [30]. In order to
reproduce the zigzag instability for pusher cells [30], we next exploited the fact that increasing
the intensity of the lateral LEDs strengthened the alignment of algae perpendicularly to the band’s
axis, producing microscopic dipolar flows similar to those of pushers aligned with the jet axis.
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Remarkably, this setup was then able to reproduce the pusher zigzag instability [the experimental
results are summarized in Fig. 1(b)].

In the current article, we provide a fully three-dimensional dilute continuum model explaining
the numerically [2,30] and experimentally [37] observed instabilities of an active jet of aligned
cells. Extending previous one-dimensional studies [35,36] to finite-sized jets of active particles, we
compute the linearized time evolution of a perturbation of the jet geometry. We recover the afore-
mentioned pearling and helical/zigzag instabilities for both cylindrical jets and two-dimensional
“sheets” of swimmers and determine the corresponding wavelengths and growth rates. We then
extend our theoretical framework to investigate the long-term jet dynamics. We numerically and
analytically determine the time evolution of the clusters resulting from the breakup of a puller
jet, deriving both exact solutions in special cases as well as long-term similarity solutions. We
furthermore obtain approximate evolution equations for the nonlinear dynamics of a buckled pusher
jet, determining the driving flows by means of asymptotic methods. We further compare our findings
with experiments [37], demonstrating quantitative agreement between the wavelength, growth rate
and flow fields. To corroborate the theory, we finally perform agent-based numerical simulations
implementing the Stokesian dynamics method and validate our prediction for the wavelength and
growth rate of each instability type, as well as the long-term dynamics.

The paper is structured as follows: In Sec. II, we introduce the different jet geometries considered
and derive the continuum model for the suspension, consisting of effective equations for the flow
and the swimmer volume fraction. We then specialize these equations to the limiting case of a jet
with a sharp interface and a constant swimmer volume fraction (Sec. II D). We hence carry out a
linear stability analysis in the three-dimensional case (Sec. III) and in the two-dimensional setup
(Sec. IV). We next consider the long-term evolution of the puller jet (Sec. V), and the evolution of
a buckled pusher jet (Sec. VI). We finally compare our analytical results to numerical simulations
and experiments (Secs. VII A and VII B, respectively).

II. CONTINUUM MODELLING OF ACTIVE JETS

Our first goal is to establish the continuum model we will work within, and to specialize it to the
case of active jets in order to derive effective evolution equations for their shape. Our analysis relies
on the assumptions of zero diffusion for the swimmers (both in position and orientation), and of con-
stant swimming direction (which will be physically justified by considering the various timescales
involved). The effect of the swimmers on the flow is coarse-grained into an effective active stress
[8,9,38] capturing the average bulk stresses exerted by the particles on the fluid [18,39,40]. As we
will see, under these assumptions, the time evolution of a swimmer-laden region is driven by the
Stokes equations, paired with suitable continuity and force-balance boundary conditions.

A. Jet geometry

Throughout this paper, we consider the case of a dilute suspension of neutrally buoyant (and
hence force free), identical spherical swimmers in an unbounded fluid. The swimmers align in
response to an external stimulus, such as light, gravity, magnetic fields, or chemical gradients. We
denote the orientation of each swimmer by a unit vector p and take the preferred direction for
alignment to be e,. We let the swimmer radius be a; (and the swimmer volume be V'), and we
denote by U; the (constant) swimming speed of an isolated swimmer. Finally, we use ¢(x,7) to
indicate the swimmer volume fraction, with ¢ << 1 in the dilute limit. We assume that all swimmers
can initially be found inside a specified region of space, which corresponds to the base state of the
jet.

Two different geometries will be considered (Fig. 2), motivated by experiments:

(1) Cylindrical jets: All swimmers are initially positioned in the domain given by 0 < r < a,
—00 < z < o0 in cylindrical coordinates. This is the case illustrated in Fig. 2(a).

(2) Two-dimensional jets: All swimmers are initially positioned in a sheet of finite thick-
ness, given by —a < x < a, —00 <y, z < 0o in Cartesian coordinates. The sheet is taken to be
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FIG. 2. Schematic illustration of the two jet geometries considered in our modeling. (a) Cylindrical active
jet of radius a. (b) Two-dimensional active jet of half-width a. The fluid outside the jet is a simple Newtonian
solvent with no active particles. In each case, we analyze the growth of a boundary perturbation of magnitude
&n < a. Our analysis concerns both pushers and pullers for each geometry (the above sketch only illustrates
particular examples).

homogeneous in the y direction, so that the dynamics is effectively restricted to the xz plane. This
case is sketched in Fig. 2(b).

B. Modelling assumptions

As mentioned above, in order for our model to accurately describe the experimental jet, which
maintains a sharp boundary at all times, two further assumptions are needed:

(1) Swimmers are clamped so that their swimming direction is constantly along the axis of the
unperturbed jet. In other words, p = e; at all times.

(2) Spatial diffusion is negligible, so that swimmers do not leave the jet as a result of stochastic
effects.

If swimmers were not aligned (assumption 1), then variations in swimming directions due to
the flow or rotational diffusion would cause the jet to fly apart over time. Similarly, translational
diffusion (assumption 2) would smear out the boundary of the jet, which is at odds with experiments.
Physically, assuming that p = e, at all times is appropriate whenever the reorientation timescale
B is much shorter than the flow timescale T (corresponding to the onset of the instability).
Indeed, in the dilute limit, the evolution of the swimming direction can be described by the Faxén
equation [1,19,40]

1 1
p= ﬁ(l—pp)-eﬂrzw(x,t)xn (D

where @ = V x u is the flow’s vorticity. The clamped approximation (p = e;) is valid whenever
l@| <« B~ or, in other words, when B <« L/U. The right-hand side coincides with the advective
timescale, which, as we will later see, coincides with the flow timescale 7. Assumptions 1 and 2
are sufficient to formulate a theoretical framework for the study of active jets. The applicability of
these assumptions to our specific experimental setup will be discussed in Sec. VII B.

C. Equations of motion

Having specified the geometry, we now turn our attention to the derivation of the flow
equations.
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1. The active stresslet

On the scale of an individual swimmer, the activity and stimulus-driven taxis are associated with
astresslet S;; and, in the cases, e.g., of magnetotaxis and gravitaxis (but not for phototaxis or chemo-
taxis), a torque L; on the fluid. Indeed, while for magnetotaxis and gravitaxis swimmers are subject
to a physical, orientation-dependent torque (provided by the magnetic field or gravity, respectively),
in the case of phototaxis or chemotaxis, reorientations are achieved purely by swimming, which is
inherently torque free.

It is a classical result that the stresslet and torque of a given swimmer are explicitly given by [40]

1 1
Sij = f |:§(Uikxj + oxi)br — n(vibj +v;b;) — g(xkaklbl)Siji|dAv 2
2B

L= 8ijk/ o j1xbdA, 3)
9B

where 0B is the closed surface of the swimmer, p is the dynamic viscosity of the fluid, v; is
the variation in the background flow due to the swimmer, o;; is the variation in the background
hydrodynamic stress due to the swimmer, b; is the local unit normal to the swimmer’s body, and &;
is the antisymmetric Levi-Civita tensor.

The leading-order values of S;; and L; are the same as for an isolated swimmer, up to corrections
(caused by particle-particle interactions) proportional to the swimmer volume fraction, which can
be neglected in the dilute limit. In particular, if the swimming direction is clamped, then the torque
is purely a response to particle-particle interaction, so L; = O(¢). We can therefore assume L; = 0
at leading order in ¢, regardless of whether organisms are torque free or not. In this sense, while
our experiments focus on the special case of phototaxis, our dilute modeling approach provides a
unifying description of a multitude of taxes under different physical mechanisms.

A further simplification may be inferred by noting that, while S;; is a priori a traceless symmetric
tensor with five independent components, in the case of steady axisymmetric swimmers the number
of independent components reduces to just one. This allows us to write [40]

Sij = S(pipj — 58i), “4)

where S is a scalar parameter intrinsic to the swimmer: “puller” swimmers have S > 0, while
“pushers” have S < 0 [8,9].

2. Collective flow equations
The superposition of all the dipolal flows created by the swimmers results in a macroscopic,
continuum flow with velocity u(x, ). A classical calculation by Batchelor [39] shows that one may
define an effective stress for this flow, given by a divergence-free stress tensor obtained by suitable
averaging over the fluid-particle system within the jet. When the swimming direction is clamped,
the result is

du;  ou; S¢
Ejz— _Si' —t _J —Di i 5
ij q -’+”(axj+ax,»)+vpp’ &)

where g denotes the pressure and a “—” superscript denotes the interior of the jet. Outside the jet,
the particle concentration is 0 and the stress tensor reduces to the Newtonian value

out dut
St =—gt8: +ul —/— + —L |, 6
ij q 0ij M( ox; o (6)
where a “+” superscript denotes the exterior of the jet.

We note that, in order to be able to identify Eq. (4) with the particle stress, we implicitly assumed
the suspension to be locally statistically homogeneous [39]. In other words, the properties of the
suspension should vary on a length scale much larger than the swimmer size. While this assumption
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is apparently violated at the sharp boundary of the jet, in Appendix A 1 we explicitly show that one
may think of the discontinuity as the leading-order approximation of a smooth concentration field,
for which the continuum assumption is valid.

Effective equations for the interior and exterior of the jet may now be derived by requiring
stresses to balance on every material element [Egs. (7a), (8a), and (9a)]. In addition, we impose
incompressibility conditions on the velocity fields [Eqgs. (7b) and (8b)], as well as continuity of
velocity at the jet boundary [Eq. (9b)] in order to avoid infinite stresses:

Jet Exterior Boundary
9,2;,=0 (7a) BJ-E; =0 (8a) Zin; = E,-er-nj (9a)
du; =0 (7b) ut =0 (8b) u; =u (9b)

where n denotes the local unit normal to the jet boundary (Fig. 2). In Appendix A 1, we show that
Egs. (7a) through (9b) may be derived via the method of matched asymptotics as the leading-order
flow equations for a smooth but rapidly varying concentration profile. Alternatively, Eqgs. (7a)
through (9b) may be postulated empirically by writing the bulk flow as the superposition of
the swimmers’ dipolar flows [10], without appealing to statistical homogeneity or stress-balance
arguments; such an alternative derivation is presented in Appendix A 2.

3. Swimmer conservation

Finally, in order to close the system, we need an evolution equation for the swimmer concentra-
tion ¢. Individual swimmer motion is a combination of self-propulsion along the constant swimming
direction, and advection by the flow. Therefore, if x(¢) denotes the position of a swimmer, then

x(t) =u(x,t) + Use;. (10)

The corresponding evolution of the volume fraction is found by imposing swimmer conservation,
ie., d(@W)/dr =0, where WV is a small volume. Because the right-hand side of Eq. (10) is
divergence free, dWW/dt = 0 and the volume fraction is constant along swimming trajectories, i.e.,

d
3 Px®).11=0. (1)

Note that the result in Eq. (11) is equivalent to the standard Smoluchowski equation [8,9] for a
smooth field ¢, given by ¢, + V - [(u + Use;)¢] = 0, which is the same as d¢ /dt = 0.

D. Constant-concentration solution

We now restrict our attention to a special class of solutions of Egs. (7a)—(9b), (11). We denote
the region of space occupied by the jet at time ¢ by P(¢). As a model for our experiments [37], we
restrict our attention to the case in which, initially, the swimmer concentration is uniform inside the
jet. Mathematically, at time ¢ = 0, the swimmer volume fraction is therefore taken to be

Mxr=m={? o) (12)

for some constant ¢y. The swimmer conservation Eq. (11) then admits the solution

b0 x€PQ),

¢@J)={0 X 2 P, (13)
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where P(t) is the advected image of PP(0) under Eq. (10). The fact that the concentration is constant
inside the jet offers considerable simplifications to our model. Indeed, the bulk stress-balance
equation (7a) in the jet [with stress tensor in Eq. (5)] reduces to the Stokes equation 0;g~ = p0d;0;u; ,
and the active component of the stress only appears in boundary condition (9a). Referring to Fig. 2
for the notation, the simplified equations that we work with are therefore

x € P(t) x € P(t) x € 0P(t)
0:q~ — pd;du; =0 (14a)  9q" — pd;o;u =0 (152)  Z;n; =X'n; (16a)
diu; =0 (14b) ut =0 (15b) u; = u; (16b)
Xi = u; + Usp; (16¢)

Physically, the active stress only appears at the boundary [Eq. (16a)] because the bulk dipoles
cancel each other in a uniform concentration field. Consequently, only the boundary forces remain
unbalanced, leading to fluid flow. This intuition is made precise in Appendix A 2.

III. LINEAR STABILITY OF A CYLINDRICAL ACTIVE JET

We now specialize the above framework to a particular jet geometry, specifically to the case
where P(0) is the cylinder 0 < r < a, —oo < z < oo [Fig. 2(a)]. The applicability of this idealized
geometry to our specific experimental setup is discussed in Sec. VII B. As a reminder, the swimmer
volume fraction inside the jet is constant (¢ = ¢y), and the swimming direction is vertically clamped
(p = e,). Our goal is to study the evolution of the shape of the jet, as given by Eqgs. (14a)—(16c),
when the location of the jet boundary is perturbed. In particular, we are interested in whether a given
boundary perturbation grows or decays with time. We define a boundary perturbation as “stable” if
it decays to zero over time, and “unstable” if it grows. The term “stability” will therefore always
refer to the shape of the jet.

A. Base state

The base state corresponds to an everywhere-vanishing velocity field, i.e.,

S
u(:;: == 07 Q(:)t = 07 Ea_ = 07 Z(; = %ezem (17)

which is easily verified to be a solution of Eqgs. (14a)-(16c). In particular, the stress boundary
condition (16a) is satisfied, as the orientation of the force dipoles exerted by the swimmers is purely
axial, with no component perpendicular to the jet boundary. The kinematic boundary condition
(16c¢) is likewise satisfied, as points at the boundary are advected according to x = Use,, which
leaves the shape of the jet unchanged. Notably, if p was not fixed and, instead, diffused rotationally,
then boundary swimmers would migrate outwards, and (17) would not be a steady solution of
Egs. (14a)—(16c¢).

B. O(e) Flow: Linear perturbation

We now introduce a small boundary perturbation of order e, which leaves the active stresses
unbalanced at the boundary, resulting in a net ambient flow and motion of the jet. More precisely,
we let the time-dependent deformed jet boundary be given by r = R(z, 0, t), with cylindrical
coordinates —oo < z < oo and 0 < 6 < 2x [Fig. 2(a)]. In the limit of a small distortion (|]¢] < 1),
we may classically exploit linearity to assume that the perturbation consists of a single Fourier
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mode, i.e.,
R=a+en(z 0,t)=a(l + ge'Tiketindy, (18)

We may assume k > 0, n € Zo, as different sign combinations are equivalent to simply reflecting
the setup. We now aim to solve equations Eqs. (14a)—(16c) to determine the growth rate Re(s) as
a function of the axial and angular wave numbers, k and n. As is standard, we may then deduce
which perturbations grow and which decay by noting that stable Fourier modes have Re(s) < 0,
while unstable modes have Re(s) > 0.

In order to solve for s, we expand the velocities, pressures, and stresses in the small parameter &

as
ut = u(jf + euli + OY), (19a)
q" =q; +eqf + O, (19b)
T = T 4 e X7 + Oe?), (19¢)

where the base state corresponds to Eq. (17). To study the evolution of the boundary disturbance ¢,
we must expand the bulk flow equations and boundary conditions (14a)—(16¢) up to and including
O(e). Following notation shown in Fig. 2(a), at order O(¢),

0<r<a a<r<oo r=a

uViuy = Vg (20a) pViuf = Vg (21a) EH—%) e = _¥ €, (22a)

V.ou =0 (20) V-uf =0 @1b) uf =u; (22b)
fim u} = 0 @le) Dy e (220)
r—>00 ot 0z

Physically, Eq. (22a) shows that the flow is driven by the boundary stresslets, while Eq. (22¢)
reflects the fact that, for a clamped swimming direction, the swimming speed only causes the jet to
rigidly translate along e,.

We may integrate Eqs. (20a)—(22c) exactly, thus determining the velocity and pressure fields uf,
q]i up to a multiplicative constant; Eq. (22c) then provides a condition for the existence of nonzero
solutions to Egs. (20a) through (22b), which uniquely determines the growth rate. The details of the
calculation are provided in Appendix B, and here we only present the final result for the growth rate
Re(s), which is

Sepo i(§)[Kn(E)(2n* + E%) — nEKyy1(§)] — L1 (§)E2Kr1 () — nEK,(8)]
2,LLV ‘i:]n(‘i: )Kn+l (é) + SKn(S )In-H (‘i:) '

where & = ak is the dimensionless axial wave number, while the /,, and K,, are modified Bessel func-
tions [41,42]. Our analysis also reveals that Im(s) = —ikU;. Therefore, as suggested by Eq. (22¢),
the swimming speed only leads to net upward motion of the jet without affecting the extend of the
boundary distortion and therefore the stability characteristics.

Re(s) = (23)

C. Analysis of the growth rate

As expected, Eq. (23) shows that the timescale of the instability is set by the stresslet strength
S. The dependence of the growth rate Re(s) on the wave numbers £ and » is shown in Fig. 3. We
may thus fully determine the modes (&, n) that cause the perturbation to grow or decay for pushers
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0.2

pearling
coiling

0.15+

wrinkling

ak

FIG. 3. Plot of dimensionless growth rate 2V Re(s)/S¢y as a function of the dimensionless wave number
for 0 < n < 5. Inset shows the corresponding shapes of the jet boundary. The n = 0 mode corresponds to
axisymmetric pearling, n = 1 corresponds to helical buckling (with circular cross section), while n > 2 are
higher-order wrinkling modes with centerline parallel to e,. Note that if S < O (pushers), then the graph of
Re(s) as a function of ak has the opposite sign to the curves plotted above, so the stable/unstable regions are
flipped.

(S < 0) and pullers (S > 0). We next provide a summary of the results, with further details of the
asymptotic calculations given in Appendix C. The two main stability results are as follows:

(1) Jets of pullers (i.e., with S > 0) are unstable to all axisymmetric modes (&, 0), and to
nonaxisymmetric modes (£, n) with n > 1 for small axial wavelengths (¢ > 2!/%n).

(2) Jets of pushers (§ < 0) are only unstable to nonaxisymmetric modes (&, n) with n > 1 and
large axial wavelengths (£ < 2!/2n).

In other words, puller jets are unstable whenever the axial wavelength is much smaller than the
angular wavelength, while the situation is reversed for pushers. This may be rationalized by noting
that the puller dipole flow tends to relax angular distortions, since pullers eject fluids sideways.
On the other hand, pushers drive the opposite flow to pullers, thereby enhancing wrinkly modes.
Therefore, if most of the distortion is in the 6 direction (i.e., £ < n), then pullers have a stabilizing
effect, and pushers have a destabilizing effect. The opposite occurs if most of the distortion is axial
(i.e., £ > n). In particular, since angular variations are much slower than axial ones (and hence
negligible) for § — oo, the resulting jet is unstable for pullers and stable for pushers, with

Re(s) ~ SS%

m, &E—> o0 24)

regardless of .

D. Fastest-growing modes

A second, more experimentally relevant question, concerns the nature of the instability observed
in a laboratory setting. In the context of linearized theory, any perturbation in the shape of a real-
world jet may be decomposed into Fourier modes of the form (18), each growing or shrinking over
time with growth rate given by Eq. (23). The observed mode in a given jet will therefore be the
pair (&, n) which maximizes Re(s). This allows us to predict the experimentally observed instability
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types for pushers and pullers. Like before, we refer to Appendix C for the mathematical details. The
main results are as follows:

(1) The fastest-growing mode for a jet of pullers (S > 0) is the axisymmetric one (n = 0) with
wave number £ = £* ~ 1.0750. This corresponds to a pearling instability. The selected instability
wavelength evaluates to A* ~ 5.8447 x a, while the growth rate is Re(s*) ~ 0.0968 x S¢o/ V.

(2) The fastest-growing mode for a jet of pushers (S < 0) is the helical one (n = 1) with wave
number & = £* ~ 0.6350. The selected instability wavelength evaluates to A* ~ 9.8943 x a, while
the growth rate is Re(s*) ~ —0.0243 x S¢o/uV.

Interestingly, the wavelength is in each case only set by the initial jet radius a, and is independent
of ¢y (the only dimensionless quantity in the problem). This is because, in the dilute limit, the
flow scales linearly with ¢, leaving wavelengths unaffected. The growth rate for the puller jet is
also faster (by a factor of about 4) than the growth rate of a jet of pusher with the same value
of |S]. Finally, for both swimmer types, higher-ordered wrinkling modes grow on progressively
slower timescales. In Appendix C, we show in particular that the nth mode grows like Re(s) ~
0.02 x S¢pg/(V n) for pullers and Re(s) ~ 0.03 x |S|¢o/(nV n) for pushers.

E. Oscillating stresslets

In the real biological system, the stresslet strength S for C. reinhardtii is not time independent.
Rather, S(¢) oscillates around its mean value during the algae’s beating pattern, switching from
S > 0 during the power stroke to S < 0 during the recovery stroke [43]. Furthermore, due to the
large beat frequency (50 Hz), the microscopic flows driven by the swimmers are unsteady beyond
about 20 swimmer radii of each alga [43].

While accurately modeling such effects appears very challenging, we comment on the simplest
case of spatially independent stresslet strength S(¢) and swimming speed Uj(¢), i.e., synchronous
beating of all swimmers. Assuming the viscosity of the fluid to be sufficiently large as to overdamp
any inertial effects, the stability of the active jet from Sec. III A and Sec. III B can be analyzed
by replacing the term ¢* in Eq. (18) with a generic function ¢’ (with s(0) = 0). Linear stability
analysis then readily provides

$o Li(E)K(E)2n* +£%) — nEKu1(§)] — i1 (E)E7Kns1(§) — nEK,(§)] /’
0

Re(s) =
2uV §1,(85)Kn+1(8) + EK,(E)]nt1(8)

S@Hdr'.
(25)

For a rapidly oscillating stresslet with period-averaged value (S(¢)), Eq. (25) is approximately
equivalent to Eq. (23) with S replaced by (S(¢)). In other words, our analysis remains approximately
valid (at least in simple cases) for time-dependent swimming gaits, with an “effective” stresslet
strength (S(¢)). We expect a similar conclusion to hold when inertia is present, since rapidly
oscillating swimmers should interact primarily via their period-averaged flows.

IV. LINEAR STABILITY OF A TWO-DIMENSIONAL ACTIVE SHEET

As a natural extension of the previously described cylindrical jet, in this section we consider
the stability of an infinite sheet jet given by —a < x < a, —00 < y, z < oo in Cartesian coordinates
[setup shown in Fig. 2(b)]. We assume that the sheet stays homogeneous in the y direction, so that the
dynamics is effectively confined to the xz plane. The relevance of this geometry to our experiments
will be addressed in Sec. VII B.

As in Sec. III, we aim to understand if a given perturbation to the boundary of the sheet
tends to grow or shrink with time, depending on whether the swimmers are pushers or pullers.
Mathematically, we perturb the sheet boundary so that, for ¢+ > 0, the swimmers are located in
X (z,1) < x < XT(z,t). We consider two forms of the perturbation (Fig. 4):

(1) Sinuous (i.e., in phase): X T = a(l + e %), X~ = a(—1 + g +k%);

(2) Varicose (i.e., antiphase): X T = a(1 + ge*+*) X~ = a(—1 — ge’ k7).
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FIG. 4. Schematic representation of the sheet geometry and the two perturbations considered: (a) sinuous
perturbation (i.e., in phase). (b) Varicose perturbation (i.e., antiphase).

In each case, we seek to determine the growth rate Re(s), which dictates the stability of the
perturbation depending on whether Re(s) > 0 (unstable) or Re(s) < O (stable). As before, we
provide the details of the calculation in Appendix D and only state the main results:

(1) In the case of a sinuous perturbation, the growth rate is given by

_ St

Re(s) = 2V Ee ™, (26)
where the dimensionless wave number is again £ := ak. Therefore, a sinuous perturbation is always
unstable for pushers, consistently with the three-dimensional case (as a sinuous perturbation is the
two-dimensional equivalent of a helical mode in three dimensions). The most unstable wave number,
which corresponds to the one measured in experiments, is £ = £* = 1/2. The selected instability
wavelength is therefore A* = 4mwa ~ 12.5664 x a, while the growth rate is predicted to be Re(s*) ~
—0.0920 x S¢o/uV.

(2) In the case of a varicose perturbation, the growth rate is given by

Re(s) = &
2uV

Therefore, a varicose perturbation is always unstable for pullers, consistently with the three-
dimensional case (as a varicose perturbation is the two-dimensional equivalent of three-dimensional
pearling). As in the previous case, the most unstable wave number is £ = £&* = 1/2. The selected
instability wavelength is therefore A* = 4mwa ~ 12.5664 x a, while the growth rate is given by
Re(s*) ~ 0.0920 x S¢o/uV.

For both instabilities, Im(s) = —ikUs, corresponding to net upwards translation of the jet, as was
the case in Sec. III.

We conclude with the following important observation: Suppose that the particles had zero
swimming speed and were oriented along the x axis instead of the z axis, so that p = —sgn(x)e,
and S = S(e.e, — I/3). In this case, the two instabilities would still be observed, but they would
be reversed, i.e., a sheet of rotated pushers would now be prone to pearling and a sheet of rotated
pullers would now buckle. This follows straightforwardly from the calculation in Appendix D, and
it is primarily a consequence of the fact that a sheet of rotated stresslets exerts a boundary stress

Se.(e, -n) = Sn — Se (e, - n). (28)

Since the Sn term merely corresponds to a constant pressure, the flow driven by the rotated stresslet
is the same as the flow driven by axial stresslet of strength —S. This reflect the fact that, in two

ge %, 27)
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dimensions, the flow field of a pusher and a puller stresslet of the same absolute magnitude are
identical up to a 90° rotation. Therefore, a varicose instability is unstable for a sheet of rotated
pushers (identical to axial pullers), and vice versa for a sinuous perturbation.

V. LONG-TERM NONLINEAR EVOLUTION OF PULLER CLUSTERS

After a puller jet breaks up into clusters, these are observed to flatten and stretch laterally under
the effect of the internal active stresses [Fig. 1(a)]. This regime sets in once the initial varicose
perturbation is well developed.

We now demonstrate that exact solutions for this long-term evolution may still be found for
both 2D and 3D jets. In our theory, we assume clusters to be well separated and hydrodynamic
interactions between them to be negligible. In particular, we ignore the fact that, rather than
pinching off completely, small cylindrical threads of swimmers temporarily linger between clusters
[Fig. 1(a)]. Indeed, such threads are expected to eventually be unstable to pearling like the initial
jet, and not meaningfully alter the hydrodynamics due to their small size.

We now provide a summary of our results, while the details can be found in the specified
Appendix sections. In what follows, we set the swimming speed to zero, as a finite value only rigidly
translates the clusters upwards without changing their shape (since all swimmers are aligned).

A. Similarity solutions

We first show in Appendixes E 1 and E2 that the clusters eventually stretch in a self-similar
fashion (neglecting cluster-cluster interactions), attaining an oblate ellipsoidal shape in 3D and an
elliptical shape in 2D. In the self-similar limit, independently of the initial shape, we find that the
semimajor axes R3q, Ryq of the 3D and 2D clusters eventually grow in time like

9 SooVo\'?

de(t)~(3—2%> 13, (29a)
S A 1/2

Roq(t) ~ (—ﬁd);(/)LVO) t'/2, (29b)

where Vj is the initial cluster volume in 3D and A is the initial cluster area in 2D. In both the 3D
and the 2D geometry, clusters stretch perpendicularly to the z axis. The scalings in Eq. (29) are
expected to hold as long as R4, Ryq are much smaller than the typical cluster-cluster separation,
in each case giving a cut-off time of order ¢, !, The semiminor axes are found by imposing that
the volume of the oblate ellipsoid (3D) and ellipse (2D) are V) and Ag at all times, since clusters
stretch under incompressible flow [Eq. (10)]. The semiminor axes therefore shrink like t=2/3, t=1/2
in the respective cases. The power laws in Eq. (29) may be rationalized by noting that a dipolar
flow decays like 1/? in 3D, meaning that particle-particle separation grows like i ~ 1/r%, or
r ~ t'/3. Similarly, because the dipole flow decays like 1/r in 2D, we expect i ~ 1/r, or r ~ t/2,
Incidentally, the result in Eq. (29b) provides an asymptotic solution for the spreading of 2D pusher
clusters [44], which stretch into ellipses along an axis perpendicular to that of puller clusters.

B. Exact solution for spherical and cylindrical clusters

Under the simplifying assumption that the initial cluster shape is a sphere (3D), or a circle (2D),
we further show in Appendixes E 1 and E2 that the cluster shape is exactly an oblate ellipsoid
(3D) or an ellipse (2D) at all times. In the 3D setup, the time evolution of the semimajor axis,
nondimensionalized by the initial value Ry, is governed by

dR  S¢y K R°+2 1

=2 -3 —)|. 30

dr ~ 4pv (R —1)? [ TR\ 302)
R(O) =1, (30b)
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FIG. 5. Evolution of puller clusters with time. (a) An initially spherical cluster stretches exactly into an
oblate ellipsoid of semimajor axis R. The solid red line represents the predicted evolution obtained by solving
for the flow [i.e., Egs. (30a) and (30b)]; the light blue circles represent numerical data (boundary integral
method). Inset shows the long-term evolution, wherein the cluster stretches in a similarity solution with time
dependence R ~ t'/3, as predicted theoretically in Eq. (29a). (b) Corresponding evolution of a 2D cluster of
pullers, which stretches into an elliptical cylinder. The red line is the numerical solution of Egs. (31a) and
(31b), while the light blue circles are numerical data. Inset: The cluster eventually reaches a similarity solution
with R ~ t'/2, as predicted in Eq. (29b). In both cases, clusters stretch perpendicularly to the axis of the original
jet.

while in 2D it is given by

dR  S¢y R’
dr 2V (1+R2? Gl
R(0) = 1. (31b)

We can confirm the analytical findings through direct numerical simulations based on the
integral solution of the Stokes equations [45,46] (details of the numerical schemes are provided in
Appendixes E5 a and E 5b), as well as agent-based simulations of a 2D sheet of pullers (Sec. VIL A).
A summary of our results is shown in Fig. 5, where we compute the dimensionless cluster radius
versus dimensionless time for the 3D [Fig. 5(a)] and 2D [Fig. 5(b)] systems. In each case, the
solution of Egs. (30) and (31) is compared with the values from the boundary integral method,
showing excellent agreement. In particular, we visually demonstrate the transition between the
initial-conditions-dependent evolution and the self-similar dynamics for ¢ > uV/S¢y. We note
that, as the shapes determined from the boundary integral method are subject to numerical errors,
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these solutions are prone to developing a zigzag instability analogous to the one in Sec. IV (see
Sec. VIIB 3). From Egs. (26) and (27) with £ = 1/2 (the most unstable wave number), we know
that this instability grows on a timescale 4e x uV/S¢y; stopping numerical integration at the earlier
time 8 x uV/S¢o (Fig. 5) therefore prevents this instability from developing.

C. Interactions between clusters

So far, we have considered the behavior of clusters in isolation, assuming cluster-cluster in-
teractions to be negligible. We may now use the leading-order external flows, determined in
Appendixes E 1 and E 2, to analyze cluster-cluster interactions, in the limit where clusters only
interact in the far field (i.e., when the typical cluster size is much smaller than the typical separation
length). In this case, because the leading-order external flow is the same as the (negative) perturba-
tion flow of an oblate ellipsoid (3D) or an ellipse (2D) in strain flow, clusters interact as stresslets
at leading order. In Appendixes E 3 a and E 3 b, we demonstrate that the stresslet strengths are given
by

S = SN(e.e; — 1I), (3D) (32a)
S =SN(e.e, — L), (2D) (32b)

where I, = diag(1, 0, 1), N is the total number of swimmers inside the 3D cluster and N is the
number per unit extent in the y direction inside the 2D cluster.

Remarkably, this leading-order flow does not depend on the clusters’ elongation. Therefore,
assuming the separation between clusters to be much larger than the typical cluster size, we expect
clusters themselves to interact like a line of puller stresslets [36] of strength SN or SN, arranged
along the z axis [Fig. 1(a)]. In particular, the spacing between the clusters is unstable, and we expect
them to merge over time. Specifically, if A is the typical cluster-cluster separation (on the order of
the pearling wavelength), then the typical external velocity field felt by each cluster has typical size
SN/uA? in 3D and SN /uA in 2D, so that clusters are expected to merge on a timescale uA3 /SN in
3D and uA?/SN in 2D.

D. Two-dimensional cluster rotation and the “V” instability

We have so far considered the dynamics of puller clusters extending perpendicularly to the
alignment direction e,. A similar, but more general, calculation may be carried out when the major
axis of a two-dimensional puller cluster is tilted at an angle o # O relative to the x direction. As
for the case @ = 0 (Sec. V B), we only summarize the main results of the computation, with further
details explained in Appendix E 4.

In the idealized case where the cluster is initially an ellipse, we analytically show that its shape
remains exactly elliptical at all times, while undergoing both stretching and rotation. Endowing the
cluster with rotated coordinates (x,, '), and defining its semimajor and minor axes to be a and b,
respectively [see Fig. 6(a)], the flow u within the cluster takes the form

/ !

/N /N X / Z / /N4 /N
u=E(xeX—zeZ)+Ql<;eZ—ﬁex> + Q(xe; —ze). (33)

The three terms correspond, in order, to transverse straining motion, elliptical recirculation (“tread-
milling”), and rigid-body rotation. Matching boundary stresses, the corresponding flow strengths
can be found in terms of the cluster’s tilt angle « [Fig. 6(a)]:

S¢o abcos 2a)

E = — 34a
21V (a+b) (340)

2120,2 2 o
Q = ;¢0 a“b*(a +3b)sm(2oz)’ (34b)
W (a+by(a—b)
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FIG. 6. Dynamics of tilted puller clusters. (a) Clusters are rotated ellipses with semimajor/minor axes a
and b (respectively). Clusters are endowed with an (x', ') coordinate system rotated through an angle o from
the horizontal. (b) Phase diagram of evolution of dimensionless semimajor axis R and angle «. (c) Represen-
tative trajectories for initial conditions: Ry = 1.2 and oy = 7 /6, 9 = 7 /3. Solid lines represent theoretical
predictions from Eq. (35), while scatter plots represent numerical values obtained with the boundary-integral
method in Appendix E5b.

S¢o a*b?sin Q)

Q="
? KV (a+ b)*(a — b)

(34¢)

Denoting by 4y = ab the constant cluster area, it is thus found that the dimensionless semimajor
axis R = A, Y24 and angle o obey the coupled evolution equations,

dR  S¢y R?cosa)

& 2V (REE12°

do Soo R*sin(Qw)
At~ uV R+ 1R 1)

(35a)

(35b)

The initial conditions are of the form «(0) = ag, R(0) = Ry > 1 (as Ry corresponds to the longer
axis of the starting ellipse).

Assuming (without loss of generality) that «y € [0, /2], the phase portrait for both R(#) and
a(t) is plotted in Fig. 6(b), while representative trajectories are depicted in Fig. 6(c). We note the
presence of constant-angle (equilibrium) solutions with @ = 0 or &« = 7 /2. Both of these regimes
correspond to the cluster contracting along e, and expanding along e,, with late-time behaviors
R ~t'2 R ~ 7172, respectively.

If, on the other hand, oy € (0, 7 /2), then o decreases monotonically from its initial value, even-
tually approaching some limiting value o, as R — oo. This limit be found by directly integrating
Eq. (35):

1. (RA—-1 .
Oloo=§SHl R(2,+18m2a0 . (36)

Since o € (0, 7w /4) for any initial ¢, all cluster angles are eventually found in this range. Finally,
the radial deformation is expected to appear slowest when oo, ~ 7 /4, corresponding to o9 ~ 7 /4
and Ry > 1. In other words, while no exact steady state exists for both R and «, clusters evolve
the slowest when they are long and tilted at +45°, consistently with the “V” instability observed in
Ref. [44] for elongating clusters of aligned active particles. We remark that, while the simulations in
Ref. [44] involved pusher stresslets oriented along the x axis [see Fig. 6(a)], the argument in Sec. [V
shows that this system evolves identically to a cluster of puller stresslets oriented along the z axis
[Fig. 6(a)]. We finally remark that, at late times, specifically in the limit # > uV/S¢y, the radial
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dynamics is expected to follow the self-similar behavior

S 2 1/2
R() ~ (M) [, 37)
uv

corresponding to the R > 1 limit of Eq. (35a). Eq. (37) generalizes Eq. (29b) to the case of a tilted
cluster. A plot of the flows inside and outside a tilted 2D elliptical cluster is provided in Fig. 11(b),
where we see good agreement with experimental measurements.

VI. LONG-TERM NONLINEAR EVOLUTION OF THE 3D HELICAL PUSHER INSTABILITY

We finally turn our attention to the long-term evolution of the 3D pusher jet. While we have
established that the initially cylindrical jet buckles into a helical mode, the linearized theory cannot
capture the evolution of the jet after the instability has fully developed. We may, however, obtain an
approximate description of a buckled jet in the experimentally relevant limit of a slender structure,
i.e., when the jet radius is much smaller than the buckling wavelength. We can once again ignore
the swimming speed, which only results in a rigid translation of the jet.

A. Slender-body theory

While obtaining exact solutions outside the linear regime appears difficult, a considerable simpli-
fication is offered by the observation that the selected wavelength A* ~ 9.8943 x a is considerably
larger than the radius of the jet. It therefore seems legitimate to approximate the flows associated
with large zigzags via an asymptotic expansion in the small slenderness a/1* ~ 0.1.

Informally, while the ambient flow created by each section of the jet varies on a length scale a,
the curvature of the jet only becomes apparent on a much larger length scale L ~ A* [Fig. 7(a)].
The flow around the jet is therefore locally the same, with corrections of order a/L, as the flow
around an infinite straight cylinder. At leading order in a/L, the slender jet therefore appears as a
collection of noninteracting straight cylinders with different cross sections [Fig. 7(b)], each driving
a flow via the active boundary stress S¢g(e, - n)e,/V. We can determine the flow associated with
each cylinder by solving Eqs. (14a)—-(16c), while simultaneously identifying the local jet shape P.
In the framework of matched asymptotics, this leading-order flow in [|x — Xy = O(a), where X,
is the centerline point of interest, should then be matched onto the O(a/L) ambient flow generated
by sections of the jet with ||x — Xp|| > a. In order to determine the leading-order inner solution,
we endow the centerline x(s) of the jet (s being arclength) with a local orthonormal material frame
{t, tp, t3}, defined as [see Fig. 7(b)]

ti(s) = sin ¢ (s) cos Y (s)e, + sin & (s) sin Y (s)e, — cos £ (s)e;, (38a)
tr(s) = —sin ¥ (s)e, + cos Y (s)e,, (38b)
t3(s) = cos £ (s) cos Y (s)e, + cos £ (s)sin(s)e, + sin{(s)e;. (38¢)

Here t; = x'(s) is the local unit tangent, t; is a local unit normal, and t; is the binormal parallel
the xy plane. The angles ¢, 1 correspond to the local pitch (i.e., the slope relative to the xy plane)
and yaw (i.e., the twist around the z axis), respectively [Figs. 7(b) and 7(c)]. Notice that {t;, t;, t3}
do not correspond to the usual Frenet frame. As the next step, we assume that the local cross section
C(s) of the jet boundary, spanned by t; and t;, is at leading order an ellipse given by

C(s) = {x(s) + a(s) cos(mti(s) + b(s) sin(Mt2(s) : 0 < 1 < 27}, (39)

where a, b > 0 are the (unknown) semiaxes. We will later see that, at late times, @ > b. Intuitively,
the cross section at each point is a tilted ellipse such that the plane spanned by the surface normal t;
and the major axis at; is parallel to e, [see illustration in Figs. 7(b) and 7(c)]. The inner solution at
each point x(sp) is then the solution of Egs. (14a)—(16c) with P being an infinite elliptical cylinder
with axis X(sg) + st;(sp) (—00 < s < 00) and constant cross section C(sp).
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FIG. 7. Model of titled pusher jet. (a) The jet is assumed to be slender, i.e., its local radius a is much
smaller than the length scale L from its curvature. (b) In this limit, the jet locally looks like an infinite straight
cylinder, which we find to be elliptical in cross section. The local semimajor and minor axes are labeled a
and b, respectively. The cylinder is endowed with a local material frame {t,, t,, t3}, with t;, t, pointing along
the semiaxes, and t; aligned with the axis of the cylinder. The local pitch and yaw are denoted by ¢ and
¥, respectively [with ¥ defined as shown in (c)], and the cross-section boundary is C(s), with s being the
axial arclength. (d) Schematic representation of the flow (red arrows) inside a three-dimensional buckled jet
of pushers. The axial component of the pushing force drives an axial shear flow, while the transverse force
component generates a straining flow which deforms the jet. The shearing flow is strongest when ¢ = 7 /4
or ¢ = 3m /4, and it vanishes when ¢ = m /2 (vertical sections). Arrow sizes are used solely to qualitatively
illustrate the flow strength.

Defining local Cartesian coordinates x — X(so) = x;t; + x2ty + x3t3, the local flow inside the jet
associated with this configuration is assumed to be a combination of axial shear and cross-sectional
strain [Fig. 7(d)]:

u=yxits + E(xt; —xb), (402)
o = —pol + yu(tit; + t:3t1) + 2uE(tit; — toty). (40b)

Imposing continuity of velocity and stresses at the jet boundary allows us to determine the
straining rate E and the shearing rate y as

_ _Sgocos’¢ (@la)
2uV (14 x)*
_ S¢osin2¢ (41b)
2uV o 14y’

where x = b/a is the aspect ratio (see details in Appendix F). Equation (41a) reflects the fact that
the projection of the pusher dipole on the {t, t3} plane has magnitude S cos’ ¢, resulting in an
in-plane dynamics similar to that of stretching puller clusters (Sec. V). A jet of pushers (S < 0)
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therefore stretches along t; [Eq. (41a)]. The (t;, t3) plane, in which extension occurs, corresponds
to the plane slicing the jet in half and parallel to the z axis.

B. Evolution of the clusters

Our results indicate that, at leading order in a/L, a solution exists wherein the centerline of the jet
is frozen in space, while the cross section deforms dynamically. Importantly, this does not contradict
the shape evolution computed in our previous linear stability analysis (Sec. III), since leading-order
slender-body theory is insensitive to deformations of order O(g) <« O(a/L). Once the perturbation
has fully developed, the small initial O(¢e) perturbation is forgotten and our theory suggests the
existence of a steady solution for the shape. Once the jet has reached a steady state, our analysis
suggests that the structure is still highly dynamical: Cells are stirred by the shearing flow, which
carries them in loops from peak to peak, where y = 0 [Fig. 7(d)].

Our theory also predicts that each cross section C(s) progressively deforms into a slender ellipse
of constant area under the transverse straining flow. Specifically, if R(z) is the local semimajor axis,
nondimensionalized by the initial value [i.e., R(#) = a(¢)/a(0)], then Eq. (41a) implies that

drR S¢po cos® ¢ R}
dr 2uV (1 4+R?)?°

(42)

At large times, Eq. (42) indicates that R ~ R, or R ~ t/2, Therefore, the local cross section be-
comes increasingly stretched over time.

VII. COMPARISON WITH EXPERIMENTS AND SIMULATIONS

In order to validate the theory developed in this paper, in this section we compare our predictions
with our experiments and with numerical simulations. A detailed comparison of the predicted
wavelengths and growth rates is carried out in Ref. [37], to which the reader is referred for further
details. Here our main focus will instead be on validating the predicted long-term dynamics of each
instability.

A. Comparison with numerical simulations
1. Numerical setup and method

We carried out agent-based simulations for the 2D setup described in Sec. IV, as well as the 3D
setup in Sec. III. In the two-dimensional case [Figs. 9(a), 9(b), and 9(d)], active particles of radius
a; were seeded uniformly at random in the domain —a < x < a. The particles were taken to be
squirmers with a prescribed surface slip velocity

u, = %Uﬂ sin @ cos Oey (43)

(U being a typical velocity) in body-fixed spherical polar coordinates centered around the swimming
direction p. Because the activation has front-back reflectional symmetry, the swimming speed of
such squirmers is Us; = 0, making them “shakers.” This choice made the jet structure more robust,
and allowed the instabilities to be tracked for longer; furthermore, from our theoretical analysis, we
do not expect the swimming speed to change our conclusions when the swimming direction is held
fixed. A shaker endowed with slip velocity (43) exerts a stresslet on the fluid of scalar magnitude
[47]

S =6rpua’U. (44)

In 2D simulations, we always took 8 > 0 (so that S > 0, appropriate for C. reinhardtii algae). In
addition, particles were assumed to reorient in response to an aligning torque, which, as we argued
in Sec. II, does not affect the leading-order dynamics and is thus an appropriate mechanism for
simulating experiments with phototaxis [37]. To simulate the pearling instability [Figs. 9(a) and
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9(d)], the restoring torque was taken to be axial, with
G = GynuaUp x e, (45)

and dimensionless strength Gy, > 0. Conversely, to reproduce the zigzag instability [Figs. 9(b) and
9(d)] observed experimentally with pullers [37], active particles were instead rotated towards the
axis of the jet (x = 0) by means of a torque

G= —,ua?Uthsgn(x)p X €y, (46)

where sgn(x) is the sign function. From Sec. IV, we thus infer that this sheet should have the same
evolution as a sheet of axially oriented pushers of strength —S.

The motion of the squirmers in response to the collective flow generated by the active stresses was
computed with the aid of Stokesian dynamics [48], supplemented with periodic boundary conditions
for the flow in the y and z directions. Such boundary conditions were implemented purely to allow
for numerical resolution and were chosen to approximate an unbounded domain. In our simulations,
we took the 2D jet to occupy the domain 96.5a; < x < 103.5a,, 0 <y < 20a,, 0 < z < 2004,
while the box was instead taken to be 0 < x < 200ay, 0 < y < 20ay, 0 < z < 200a;. For the chosen
volume fraction, the average interswimmer distance att = 0 was about 2.7a;. In order to keep the jet
coherent, the reorientation timescale B (estimated by balancing the applied torque with the torque
on a rotating rigid sphere)

as

B~ 47
Gl (47)
was always taken to be much smaller than the instability timescale T' [Egs. (23), (26), and (27)]
14 s
~E L% 48)
S¢o  1BIU¢o

This was achieved by choosing Gy, >> | B|¢o. In typical simulations Gy, ~ 100, ¢pg ~ 0.1, |B] ~ 1,
so reorientation was essentially instantaneous on the timescale of the flow.

2. Comparison with theory at early and late times

Numerical simulations of axial and rotated puller sheets exhibited the expected pearling/zigzag
instabilities (respectively), with wavelengths and timescales compatible with the theoretical pre-
dictions in Sec. IV. The temporal evolution of the sheet is seen to scale linearly with 8, as
demonstrated by the collapse of the growth curves in Figs. 9(a) and 9(b) when plotted against the
dimensionless time t* = 6w f¢pUt /a,. Exponential fitting of the growth curves in Figs. 9(a) and
9(b) provides the estimates /a ~ 1 4+ 0.37 x exp(0.029 x t*) (r being the average position |x| of
the 15% outermost swimmers) for axial pullers [Fig. 9(a)], and r/a ~ 1 4 0.35 x exp(0.019 x t*)
for rotated pullers [Fig. 9(b)]. The number of significant figures in the fitted values reflects the
corresponding 95% confidence intervals. The dimensionless growth rates extracted from simulations
may now be compared with Egs. (26) and (27) for £ = 1/2 (the most unstable wave number).
After nondimensionalizing the corresponding growth rates by 6w S¢U /a,, we find that, for both
instabilities, s* = 3/(16me) ~ 0.0220, which closely resembles the numerical estimates. The fitted
values of ¢ are instead not as significant, as the initial perturbation is inherently random.

The long-term behavior of the puller sheet in Fig. 9(a) was further investigated. As clusters stretch
thin, the zigzag instability predicted in Sec. IV is indeed observed [Fig. 8(a)], and the resulting
clusters attain a shape reminiscent of the “V” instability (Sec. V D, [44]). Before this happens, the
evolution of the clusters is approximately given by Eq. (29b). In particular, the numerical long-term
growth can be fitted by r/a ~ 0.578 x (t* — 49)!/? [Fig. 9(a)], suggesting that the sheet pinches off
at t* ~ 49, consistently with the theoretical dimensionless instability timescale 1/0* ~ 45.5452.
We remark that, since the clusters are not precisely ellipses to start with, the exact solutions derived
in Secs. VB and V D are only in qualitative agreement with the numerical clusters [Fig. 8(a)]. On the
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FIG. 8. Numerical realization of the phenomena captured experimentally in Fig. 1. (a) A sheet of squirmers,
subject to an external torque aligning swimmers along the sheet axis, breaks up into clusters, which stretch
horizontally over time before developing a “V”’-shaped instability. (b) When squirmers are subject to a torque
that tries to rotate them towards the axis of the sheet, the zigzag instability emerges instead.

other hand, as cluster continue to stretch, they transition to the self-similar behaviors from Secs. V A
and V D, since a thin cluster has no memory of its initial shape.

The long-term evolution of the pusher instability was further investigated in Fig. 9(c) by con-
sidering a three-dimensional setup similar to the one studied theoretically in Secs. III and VI. This
time, spherical pushers were initially distributed uniformly at random inside a cylindrical domain
r < 3.5a [Fig. 9(c)], and an axial torque [Eq. (45)] was applied to maintain their axial orientation.
The box size was in this case taken to be —200a; < x,y < 200a,, —100a, < z < 100qay, and the
average interswimmer distance at + = 0 was about 2.3a,. After the jet buckled, we proceeded to
track the displacement of the x and y coordinates of the jet centerline, calculated by breaking up
the jet into sections and calculating the average swimmer position within each section [Fig. 9(c)].
This revealed helical buckling, with x(z) and y(z) showing out-of-phase periodic variations. The in-
stability wavelengths measured in Fig. 9(c) suggest 8 < A/a < 10, consistently with our theoretical
prediction A/a ~ 9.8943 derived in Sec. III D. We further show in Fig. 9(c) that the shape of the jet
does not change meaningfully over time, consistently with the slender-body analysis in Sec. VI.

Finally, in Fig. 9(d) we show the measured wavelength for a sheet of axial and rotated pullers.
Numerical results are in very good agreement with the theoretical prediction A/a ~ 4, derived in
Sec. IV.

B. Comparison with experiments

We now compare the predictions of our theory with the experimental data from Ref. [37]. As
a reminder, in our experiments we employ a strain of C. reinhardtii (CC125) in photophobic
conditions to study both instability types. The puller instability was obtained when cells were
aligned with the jet axis while, in order to generate the instability for pushers, algae were oriented
perpendicularly to the jet axis by means of strong parallel arrays of LEDs. By doing so, the
flow field around each swimmer resembled that of a pusher oriented along the vertical axis of
the jet.

1. Parameters

In our experiments, due to the illumination geometry and the presence of the tank, the geometry
of the jet is halfway between the cylindrical and sheetlike cases in Fig. 2. Specifically, the jet takes
the shape of a flattened cylinder, with a width of about 100-200 wm in the x direction and about
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FIG. 9. Summary of results of numerical simulations. (a) Time evolution of a two-dimensional sheet
of axial pullers. Circles represent the axial deflection in the x direction (numerical data) as a function of
dimensionless time * = 6w BpUt /a, for various values of 8, showing collapse of the data. The dimensionless
axial deflection was computed by averaging |x|/a over the 15% outermost swimmers. We fitted the early-time
behavior with r/a ~ 1 4 e exp(ot) and the late-time with r/a ~ p(t — ¢)"/* (see Sec. V). (b) Similar analysis
as (a), but for a sheet of rotated pullers; curves once again collapse neatly for varying §. (¢) Time evolution of
a cylindrical jet of axial pushers. The jet was divided into vertical sections, and the average x and y positions
of the swimmers in each section were computed (circles; solid lines serve as guides for the eye). When
plotted again the section-averaged z, data show that the jet buckles into a helical mode. For each of x(z),
¥(z), time-dependent wavelengths 1., A, were estimated as the average distance between local maxima of the
corresponding curves. (d) Evolution of the instability wavelength for a sheet of axial and rotated pullers. The
wavelength was computed from the discrete Fourier transform of the swimmers’ axial displacement. Numerical
data (circles), show that A /a ~ 4, in agreement with the theory (see Sec. IV). Solid lines serve as guides for
the eye.

50 um in the y direction [37,49]. We thus expect the dynamics to be a hybrid of the limit cases
discussed in Sec. III (cylindrical geometry) and Sec. IV (sheetlike geometry). The experimental
jet satisfies the fast-reorientation limit detailed in Sec. II B, given the typical experimental values
B~ 1s, T ~ 10 s [37]. Likewise, the persistent sharp drop in concentration outside the jet [37]
indicates that the Péclet number is large enough for the zero-diffusion approximation in Sec. IIB
to be valid. On the other hand, by virtue of the mechanism for jet formation, the experimental jets
are highly concentrated (¢ ~ 0.5 for the zigzag instability, ¢ ~ 0.2 for the pearling instability).
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FIG. 10. Comparison of the flow structure around the jet. [(a) and (d)] Dark-field images of the jet of
pullers (a) and rotated pullers (d) (left), along with PIV in the laboratory frame, with background color showing
the out-of-plane component of the vorticity [right, same colourbar for (a) and (d)]. [(b) and (e)] Theoretical
predictions for the flow direction and vorticity for the most unstable mode of a 3D jet of pushers and pullers,
respectively. The vorticity fields near the jets match the ones in the PIV images (a) and (d). [(c) and (f)] Flow
magnitude away from the jets at different times. Solid lines indicate fits with the three-dimensional decay rate
alx — xo)'/? exp[—k(x — x¢)] + d, with a, xo, k, and d as free fitting parameters. Insets show the wavelength
27 /k obtained by fitting the 2D and 3D model to the experimental data.

As such, Egs. (23), (26), and (27) provide upper bounds for the experimental growth rates, rather
than precise estimates, as expected from the extra resistance added by particle-particle interactions.
Indeed, further numerical simulations with a more concentrated jet than in Sec. VIT A (¢y = 0.124
instead of ¢y = 0.07, not shown) confirm that continuum theory overestimates the growth rate in
the nondilute case.

Despite being well outside the dilute limit assumed in the theoretical framework, the experiments
are nonetheless well described by both the 3D and 2D models, which correctly predict the type of
instability and the characteristic wavelengths for axial and rotated pullers. This is likely because the
instability wavelengths only depend weakly on the concentration. We refer the reader to the joint
paper [37] for a full quantitative comparison of the initial instability dynamics; in what follows, we
focus on the flows associated with the onset of each instability, as well as the long-term evolution.

2. Flow field at the onset of the instability

In Fig. 10 we show a comparison between the theoretical flow fields derived from Egs. (B8a),
(B8b), (BY), (B13a), (B13b), and (B14) (derivation in Appendix B), and the experimental measure-
ments (See Supplemental Material Movies S1 and S2 [50]). We measured the fluid flow created
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by the cells by particle image velocimetry (PIV) analysis of suspensions laden with passive tracer
particles. We used polystyrene beads of 2 um diameter as tracers. Movies were recorded under the
microscope at 8 fps, using the sources driving the instability to achieve darkfield illumination. As
we needed to distinguish algae from tracers to measure the flows, the exposure time was chosen
high enough to blur the fast-swimming algae but low enough to keep the much slower beads crisp
[Figs. 10(a) and 10(d)]. This allowed us to simultaneously track the jet destabilization (for which
single-cell resolution is not necessary), and the flow fields. We then used Matlab’s PIVlab, after
running our images through a spatial band-pass filter to ensure only the beads’ movements were
taken into account.

We see from Fig. 10 that our model quantitatively agrees with the experiments in terms of both
the flow circulation [Figs. 10(a) and 10(d) versus Figs. 10(b) and 10(e)], as well as the flow decay
rate [Figs. 10(c) and 10(f)]. Specifically, from the results in Eqgs. (B8a), (B8b), and (B9) for the
external flow (Appendix B), we expect the flow field around a 3D jet to have a characteristic decay
rate |lu | ~ rK,(kr) ~ r'/? exp(—kr), which agrees very well with the data in Figs. 10(c) and
10(f). Similarly, the flow around a 2D jet is expected to decay like [u][|®®) ~ xe ** [see Eqs. (D8a)
and (D8b) in Appendix D] which also matches the flow data reasonably well, with fitted wavelength
21 /k comparable to the one obtained from the 3D fit. This reflects the fact that the geometry of the
jet is a hybrid between our 3D and 2D setups.

3. Long-term evolutions of clusters and zigzags

We next set out to validate our theoretical predictions for the long-term evolutions of the
instabilities. Visual comparison of the theoretical and experimental data is provided in Fig. 11.
The expected elliptical cluster shape (Sec. V B) after pinch-off is in qualitative agreement with the
experiments [Fig. 1(a)]. After ~1 min, the clusters destabilized into the “V” shape [see Fig. 1(a)
and 11(c)] already shown in simulations [Fig. 8(a)]. The tilted clusters resulting from this instability
are nearly elliptical in shape, in agreement with Sec. V D. This secondary instability can also be
understood purely in terms of hydrodynamic interactions: from Sec. IV, we know that the flow
within a stretching two-dimensional cluster is mathematically identical whether the swimmers are
pullers oriented along the z axis, or pushers oriented along the x axis. Therefore, a spreading puller
cluster behaves like a pusher jet oriented along the x axis. As such, two-dimensional puller clusters
are subject to the zigzag instability (Sec. IV), which becomes apparent as soon as the major axis of
the cluster is on the order of the wavelength A5, = 47w (w being the minor axis of the cluster).
A single wavelength develops, giving the droplets their final characteristic “moustache” shape.
These structures are stable and highly dynamic, with cells circulating in vortices over hundreds of
micrometers [Fig. 11(c)]. Such stability, as well as the presence of the treadmilling flow [Fig. 11(a)
and especially Fig. 11(c)], match the steady-state predictions from Sec. V D [Fig. 11(b)].

Remarkably, as shown in Ref. [44], a strongly aligned active suspension of microswimmers
exhibits symmetries that restrict the allowed distribution of particles. In particular, the striking
macroscopic “V” structures observed in experiments can be understood through a Hamiltonian
formalism. The Hamiltonian for such a system is notably scale invariant and symmetric with respect
to +£45°, leading to lines of particles at angles +45°—the same result we obtained through our flow
calculation.

Furthermore, measured cluster aspect ratios [Fig. 11(d)] appear to decay at an average rate
O, even though the data show high variability. This is in agreement with our theory (Sec. V A),
predicting the aspect ratio to decay like 1~ in both 3D and 2D. The experimental variability is
likely a consequence of noise, as well as interactions between the clusters, since the clusters are not
isolated as assumed by the analytical prediction.

Finally, we consider the late-time evolution of the zigzags. As predicted by the theory (Sec. VI),
the amplitude of the zigzags is seen to rapidly stabilize after the initial exponential growth [37]
[Fig. 11(e)]. The theoretical flow, approximately consisting of a superposition of axial shear and
transverse strain [Fig. 11(g)], agrees well with the detailed measurements in Fig. 11(e). Because
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FIG. 11. Evolution of clusters and zigzags at large times. (a) Cell displacement field inside a puller cluster
after the instability has first developed, highlighting strainlike flow inside the cluster and stressletlike flow
outside (PIV on the cells in the reference frame of the cluster; the background flow corresponds to the global
velocity of the cluster. Top view, light coming from the top of the image). (b) Theoretical flow field for a 2D
puller cluster tilted at 45° (Sec. V D). (c) Cell displacement field in the final “V”-shaped cluster (PIV on the
cells in the comoving frame, light coming from the top of the image). (d) Time evolution of experimental
cluster aspect ratio. The color encodes the slope of the curves (yellow to blue). (e) Cell displacement field
inside a jet of rotated pullers after the instability has first developed. (f) Same, numerics [2]. (g) Theoretical
flow inside 3D zigzags at late times, consisting of axial shear and transverse strain. (h) Experiments showing
coarsening of zigzag wavelength on the timescale of 5—10 min.

the shape evolution is slower where the jet is nearly vertical [i.e., cos{ ~ 0 in Eq. (42)], we expect
a less wavy jet to stay unchanged for longer. This is reflected in our experiments, where shape
deformations lead to mergers of the zigzags, producing a slowly evolving structure with large
wavelength [Fig. 11(h)]. The experimental jet is seen to slowly evolve over a period of minutes
[Fig. 11(h)]. Such a large timescale is justified by Eq. (42), wherein cos? ¢ < 1 for a nearly vertical
jet (¢ ~ m /2). For instance, taking cos¢ ~ a/A* ~ 0.1, the helical mode evolves on a timescale
100 times longer than the instability timescale. For an instability timescale of about 10 s, it would
thus take on the order of 103 s (~15 min) to observe any significant changes [Fig. 11(h)].

4. Microscopic origin of an effective stresslet strength depending on light intensity

The driving force behind the instabilities (and the main parameter of the model) is the stresslet
exerted by the cells on the fluid. In the experiments, however, the growth of the instabilities was
controlled by the intensity of the axial (for clusters) or side (for zigzags) LEDs [37]. In order to
rationalize the experimentally measured growth rates at different light intensities in the framework
of the model, we investigated how cell swimming was related to the light intensity. To do so, we
measured the trajectories of dilute suspensions of algae at different light intensities, under the
same illumination geometries as Fig. 1 in Ref. [37]. The resulting swimming angle distributions
were seemingly Gaussian, which allowed us to extract their standard deviation d6([I), capturing
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FIG. 12. Instantaneous swimming angle distributions of algae at the light intensities used in the macro-
scopic experiments. (a) zigzags setting with light coming from one side LED array, (b) pearling setting with
a single collimated LED. Insets: angular dispersion d6, extracted from a Gaussian fit, and average swimming
speed U; vs light intensity. Colors correspond to light intensity. (c) The growth rates o of the pearling (blue
circles) and zigzags (red triangles) instabilities decrease with the angular swimming dispersion d6 of the cells.
For each data point, o and df) were independently measured at a given light intensity. Inset: effective stresslets
Serr extracted from the growth rates using the 3D model with ¢ **® = 0.5 and ¢ge“"“g =0.2.

the angular swimming dispersion around the light’s main direction at a given intensity [Figs. 12(a)
and 12(b)]. Importantly, the observably large spread of the distributions were mainly due to the
cells’ helical trajectories [51]. In both settings, cells followed the light direction more consistently
as the intensity was increased. The algae swimming speed U; also slightly changed with [ [insets
of Figs. 12(a) and 12(b)]. From the measured dependence of the instability growth rates on the
angular dispersion d6 [Fig. 12(c)], we could estimate a corresponding “effective stresslet” from
the theoretical predictions ofgarlmg ~ 0.097 x ‘i‘% and o33 ~ 0.024 x % (Sec. III D), with the

experimental values 7" = 0.2 and ¢/¥**® = 0.5. Remarkably, the estimates all fell on the same

curve [inset of Fig. 12(c)], suggesting that the growth rate is indeed well described by our model,
with S replaced by an effective stresslet Segr(d8). The magnitude of this effective stresslet decreased
significantly as the angular dispersion d6 increased, which could not be justified solely in terms
of the small change in swimming speed with light intensity. We instead propose that, when cells
wobble around their main swimming direction, their average stresslet is smaller than when they
swim along straight paths.

VIII. CONCLUSION

In this paper, we employed a coarse-grained continuum theory to investigate the shape instabil-
ities of jets and sheets of active swimmers. Taken together, our results describe several geometric
features of the invasion of clear fluid by a strongly aligned active suspension [52]. In Sec. II, we
derived continuum equations for the evolution of coherent active structures, under the assumptions
of negligible diffusion and a constant swimming direction. We then conducted a linear stability
analysis of the shape of 3D jets (Sec. III), and 2D sheets (Sec. IV). We recovered the pearling
instability for pullers and the helical/zigzag instability for pushers, and predicted observable features
of such instabilities, such as the growth rates and wavelengths (the comparison of our predictions
with experiments is detailed in our companion paper [37]). We then extended our continuum theory
to study the long-term evolution of a puller cluster both in a 3D and in a 2D setup (Sec. V). We
recovered exact solutions for the evolution of a spherical or cylindrical cluster, and derived universal
long-term similarity solutions in the two cases. In particular, the scalings r ~ ¢'/3 in 3D and r ~ ¢'/2
in 2D reflected the underlying dipolar flows. We finally employed slender-body theory to derive
approximate equations for the evolution of the 3D zigzags (Sec. VI), showing that, while the pusher
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jet eventually stops buckling, its features continue evolving. We correctly predicted the flow inside
the buckled jet and the timescales for wavelength coarsening, elucidating the underlying mechanism.
We finished by comparing our results with direct numerical simulations (Sec. VII A) and experi-
ments (Sec. VIIB), recovering good agreement, both in terms of the instability wavelengths and
growth rates, as well as the measured ambient flows. Our nonlinear theory quantitatively captured
the stretching of puller clusters, and predicted the coarsening of three-dimensional zigzags as well
as the corresponding timescale.

As shown experimentally in Ref. [37], our analysis confirms that the active stresses generated by
microorganisms are sufficient to produce instabilities in coherently structured active jets. These
instabilities are observed for both pusher and puller microorganisms. The nature of the flows
driving the instabilities reflected the small-scale dipolar flows. Pullers tend to drive extensional
flow perpendicular to their swimming direction (Sec. V), while pushers stretch coherent structures
along their swimming direction (Sec. VI). Our analysis also revealed surprising self-similarities in
the breakup of a puller jet, with aligned clusters driving a flow qualitatively identical to that of
individual swimmers (Sec. V C).

Theoretically, a detailed investigation of the dynamics was possible thanks to the approximations
of perfect alignment between the swimmers and the external light (p = e,), and of zero diffusion.
It will be interesting to generalize these results to allow for rotating swimmers or a small diffusive
boundary layer outside the jet (i.e., a finite Péclet number). While not necessary to recover the
leading-order dynamics, diffusion is unavoidable in biological systems, and should therefore be
accounted for in a more realistic model. One could also allow for a position-dependent reorientation
speed, in order to model shadowing in the case of phototaxis: In experiments, cells in the middle of
the jet do not receive much light, and their orientations are mostly incoherent.

Overall, this work highlights the richness and physical significance of aligned active suspensions,
and we hope our study paves the way for further research on both theoretical and experimental
levels.
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APPENDIX A: DERIVATION OF CONTINUUM EQUATIONS

In this first Appendix, we provide two derivations of Egs. (7a) through (9b) for the jet. In
Appendix A 1, we show how to reconcile the sharp jet boundary with the requirement of statistical
homogeneity [39]. In Appendix A2, we recover Eqs. (7a) through (9b) from superposing the
stresslet flows created by individual swimmers.

1. Solution from matched asymptotics

In this subsection, we aim to justify the assumption of a discontinuous concentration at the jet
boundary, which may appear, at first, at odds with the implicit assumption of statistical homogeneity
needed to identify S(p;p; — &;;/3) with the particle stress [Eq. (4)] [39]. More precisely, this step
requires a separation of length scales between the particle size a; and the local suspension length
scale L (defined by Vx¢ ~ ¢ /L), such that there exists an intermediate length scale £ with

a, <K LK L. (A1)
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FIG. 13. Sketch of the smooth jet: the concentration ¢ varies smoothly between two constant values over
a transition region 7 of typical width §. The inner and outer regions are denoted P~ and P*, with respective
boundaries 9P~ and dP*.

In other words, we should be able to find a volume around each particle containing many swimmers,
and where the particle volume fraction does not change significantly. This condition is not satisfied
in the presence of a step in the concentration, since, by definition, there is going to be an outermost
particle beyond which the volume fraction drops discontinuously.

To address this issue, we interpret the step in the concentration as approximating a smoothly
varying concentration field ¢(x, #), for which statistical homogeneity holds. At any point in time,
the concentration is defined to be constant (¢ = ¢y) in the jet volume (which we henceforth denote
P~, similarly to Sec. II D), and sharply decaying to zero on some length scale § outside of P~.
We let T be the transition region where the concentration changes rapidly, and P+ be the region of
space where the particle concentration is zero. We denote the boundaries of these two regions by
9P, 9P*. These are assumed to be close to each other in the sense that there exists a continuous
one-to-one mapping x : 9P~ — 9PT such that ||x — x (x)|| < & for each x € dP~. A sketch of the
jet is provided in Fig. 13. Such a jet is within the continuum limit as long as the swimmers are
sufficiently small, i.e., as long as

a; K L 8. (A2)

Assuming that the swimming direction is clamped, with p = e,, the particle stress may then be
coarse-grained into an active stress tensor

Xij = —q8;; + M<% + %> + S_¢Pipj- (A3)
0x; 0x; \%
For convenience, we denote the Newtonian part of the stress by o;;, with
ou;  Ju;
aij:—qéij+u(aj+a—)q>. (A4)
The conditions of stress-balance, incompressibility, and swimmer conservation take the form
0;%;; =0, (A5a)
oiu; =0, (ASb)
¢
m +u+Use,) Vo =0 (A5c¢)
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everywhere in space. We note that the momentum Eq. (A5a) can be equivalently expressed as

—Vg+ uViu+ 58—¢ez =0, (A6)
V oz
where V is the particle volume. If L is a typical length scale of the system (such as the jet’s
wavelength), then the corresponding velocity scale is U = SL¢/uV, obtained from matching the
active and viscous term in Eq. (A6).

The idea is now that the flow should, at leading order, be independent of the exact decay of ¢ in
the transition region 7. More explicitly, we want to be able to solve Eqs. (A5a) and (A5b) in each
of P~, P* and reconstruct the overall flow by means of suitable matching across 7. To derive the
matching conditions, we note that, within 7,

|9;0jux| ~ U/SL, (A7a)
|0u;| ~ U/L, (ATb)
|uil ~ U, (ATc)

for each i, j, k. Here Eq. (A7a) comes from balancing the viscous and (large) active term of (A6),
while Eq. (A7b) and (A7c) are then obtained by successively integrating Eq. (A7a) across 7.
Intuitively, Eq. (A7a) through (A7c) imply that the transition region 7 is characterized by rapidly
changing, although bounded, velocity gradients.

We then see, from Eq. (A7b), that for each x € 9P,

lalx —ulywll = OWS/L). (A8)

In other words, the velocity is approximately continuous across 7T .

Secondly, we may define a pillbox spanning 7, consisting of the volume enclosed between the
area patches A € 9P~ and x (A) € 9P". We assume that A and, therefore, x (A) have typical size
(8L)'/2. Integrating the momentum equation 3, %;; = 0 over such a pillbox gives

0= /a,-z,-jdv

=/ zijnjdA+f %in;dA + Ous**U/L"?)
A Xx(A)

Singl IAL+ Zing| o - I AN+ Ous* U /L ?)

x(x)
= Byl - IAL+ Zgn] ) - 1AL+ O@s™ U /LY. (A9)
This shows that
IZ-nly = T -0l = Ous' ?U/LY?). (A10)

In other words, stresses are approximately continuous across 7 .
The leading-order flow with respect to the small parameter (8/L)'/? therefore obeys

P Pt P
9,5, =0 (Alla) 9,55 =0 (Al2a) Sinhk=Sin e (Al3)
du; =0 (Allb) duf =0 (Al2b) 17 |x = U o (A13b)

The key step is now that if the flows in P+ and P~ do indeed vary on the large length scale L, then
we may evaluate the boundary conditions (A13a) and (A13b) at x, rather than x (x). Doing so yields
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the correct velocity fields in P~, Pt up to O(8U /L), which can be neglected consistently with the
previous approximation. Furthermore, because the velocity varies on a length scale L, the flow in
the transition region 7 is also determined with the same error. Imposing the boundary conditions
at x is allowed, provided we check a posteriori that the flows vary on the correct length scale. The
simplified equations now read

P- Pt aP-
8,5, =0 (Alda) 3,55 =0 (Al5a) Sinjlk = Snls (A16a)
du7 =0  (Aldb) duf =0  (AlSb) Ul = uf |y (A16b)

which are the same as Eqs. (7a) through (9b) in the main text; these equations uniquely determine
the leading-order flow.

We must now verify that the flow indeed varies on a length scale L. We note that, because the
concentration is constant in P~, P*, the simplified equation reduce to the Stokes equations with a
stress-jump boundary condition given by

P- Pt aP-

- _ _ S
dj0; =0 (Al7a) Bja,}r =0 (Al8a) Ui_}—njlx =o;njl+ TOPiP,/nj (A19a)
diu; =0 (A17b) out =0 (A18b) ui |y = uf | (A19b)

such equations have a unique solution varying on the length scale L, which completes our check
a posteriori. We remark that, although Eqgs. (7a) through (9b) yield the correct leading-order flow
everywhere, they do not give the correct velocity gradients or stresses in 7, as in our approximation
all quantities vary on a length scale L, but gradient in 7 vary on a length scale §. This is, however,
inconsequential for the interfacial dynamics, Eq. (AS5c), which is completely determined by the
velocity field.

2. Stresslet flow superposition

An alternative, flow-focused derivation of the continuum equations may be found directly from
an application of the Saintillan and Shelley formalism [8—10]. As a first step, we note that the flow
created by a single dipole located at X, and oriented along e, satisfies

V! (x;%0) — uVul(x;x0) = —Se.e, - V5™ (x — xo). (A20)

The velocity field u in a dilute suspension of such dipoles with local volume fraction ¢(x) can then
be obtained by superposing the u?, ¢ for each value of x,. Therefore, the bulk flow satisfies

Vg(x) — uViu(x) = —éezez : fR ? ¢(x0) Vs (x — x¢)d*xo. (A21)

We want to analyze the case of a piecewise smooth concentration, i.e., a field ¢(x) which is
smooth in two disjoint open regions P~ and P* (with R* = P~ U P¥) but discontinuous at the
interface 9P~ = 9P =: 9P. Splitting up the integral over each region and applying the divergence
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theorem, we find (for x & 97P)

S
V4 - pVue) = - / px0e-e. - VosD(x — x0)dx,
N

S
— 7 [ dOxo)ece: - VosT(x —x0)d*xo
P+

S

=2 / 50 (x — xp)eze. - Vod(x0)d’xo
V e

LS y§ 5D (x — x0)[¢] e, (e, - n)dA
V Jop

— S S f (3) +
= —ee, - Vo(X)+ — 37 (x — xo)[¢] e, (e, - n)dA. (A22)
14 V Jop

The final term in Eq. (A22) cannot be evaluated directly, since it corresponds to the integral of
the three-dimensional § function over a surface, for which the sampling property does not apply.
Equation (A22) can, however, be interpreted as a forced Stokes equation, driven by a body force
Se.e, - Vo(x)/V as well as a “Stokeslet membrane” at the interface d9P. The body force stems from
imbalances in active stresses caused by an uneven concentration, while the boundary term captures
potential force imbalances at the interface. The strength density of the Stokeslets can be read off to
be S[¢]te.(e, - n)/V. We may now solve for the total flow u by superposing the flow induced by
the Stokeslet membrane with the flow driven by the body force, found from the integral solution of
the Stokes equations [45,46]:

S S
w0 = /R -y eldlec Vo@Id'y + 727» Jx—y) (e -mIGITdA.  (A23)

This is the same as the solution to the forced Stokes equation with stress jump conditions [45,46]

S
Vg —uVia = e Vo(x), Xx¢& P (A24a)

(=gl + p(Vu+ Va')J* -n = —é[as]tez(ez m), xeoP, (A24b)

which are precisely the forced Stokes equations that we solve in the main text. When the bulk
concentration is piecewise constant, the body force in Eq. (A22) disappears, as all stresslets cancel
in the bulk. The only remaining term is the Stokeslet membrane, which arises because swimmers
on one side of the interface push or pull harder than on the other.

APPENDIX B: GROWTH RATE OF A THREE-DIMENSIONAL JET

In this section, we delve into the calculation of the O(¢) flow determining the stability of a
three-dimensional jet [Eqs. (20a) through (22c)]. We denote the flows outside and inside the jet as
uli = szer + vlieg + w?teZ (respectively), and the corresponding pressures as cﬁ. In order to solve
for the flow, we take the Fourier transform of Eqgs. (20a)—(22c) in the z and 6 directions, thereby

assuming

uf = Ui (r)estindst (Bla)
v = —iVE(r)efetintitst (B1b)
wa _ lel:(r)eikz+in0+st’ (Blc)
‘IT _ QT (r)eiketindtst (B1d)

The calculation then proceeds as follows: we first determine the pressures qli, and use these to
derive a system of coupled ODEs for the velocity fields, which are determined up to multiplicative
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constants. Imposing continuity of stress, Eq. (22a), and velocity, Eq. (22b), at the jet boundary, as
well as the kinematic boundary condition, Eq. (22c¢), results in a homogeneous linear system for the
flow parameters. Such a system only admits nonzero solutions for the flow when the growth rate s
takes a particular value. This allows us to fully determine the growth rate as a function of the axial
and azimuthal wave numbers k and n.

In all that follows, we make use of the classical Bessel function identities [41,42]

K, —"K, = —Kyi1. (B2a)
Z
, n
K, + -K, = —K,_1, (B2b)
Z
2
Ky2+ —(n— 1K, | =K,, (B2c¢)
Z
, n
I — =1, = I, (B3a)
Z
, n
I+ =1, =11, (B3b)
Z
2
Lo — =(n— Dy = I, (B3c)
Z

In order to include the axisymmetric case n = 0 in the analysis, we define I_,(z) := I,(2),
K_,(2) := K, (2) for n > 0, which still obey the above properties.

Because the pressures must satisfy Laplace’s equation quf = 0, we immediately conclude that
d2 + d + T = AH,I(, (kr), (B4a)
r Q21 + r—Q1 —(n*+ kzrz)Q]i =0 = ] '
dr dr Oy = Dul,(kr), (B4b)

where we imposed the outer pressure field, Eq. (B4a), to decay at r — oo and the inner pressure
field, Eq. (B4b), to be regular at r = 0.

1. Outer velocity field

We may now use Eqs. (B4a) and (B4b) to solve for the velocities. We start by determining the
outer velocity fields, which are found by taking the » and 6 component of the Stokes equation,
Eq. (21a), with the pressure field from Eq. (B4a):

d?u;” 14Ut , nr+1 + 2n_ . ,
> i e _<k T )U‘ T = ARG, B3
vyt 1dvyt , 1\ . 2n An
R (B3

Adding and subtracting Eqs. (B5a), (B5b), and using properties (B2a) through (B2c), we obtain
the following uncoupled equations for U;” + V;* and U;" — V|*:
[ 2 1d (n+1)?

, An
2 + PUP i e kz](Ul+ + V") = AkK) (kr) — TKn(kr) = —AkK,41(kr), (B6a)

[:722 %% - :21)2 = kz](U1+ — V") = AKK (kr) + I%K,,(kr) = —AKK,_(kr). (B6b)
We may solve Eqgs. (B6a) and (B6b) exactly by exploiting properties (B2a) through (B2c), giving
Ui + V" = JArK, + BKy+1, . U" = 3IArK, + BK, 41 + CK, 11, (B8a)
U =Vt = 1ArK, + CK,_,, Vit = 1[BK,11 — CK,_1]. (B8b)
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The axial flow is found from the incompressibility condition, Eq. (21b), to be

JoUut Ut vt '
Wit = - S + 25 40l ) = {2 — n)A — Bk — CkIK, — AkrK,_i}.  (BY)
k\ or r r 2k
2. Inner velocity field

An analogous procedure allows us to determine the inner velocity fields. The » and 6 components
of the Stokes equation, Eq. (20a), with pressure field from Eq. (B4b), are

d?u;  1duy , nP41\ _ 2n_ ,

oL - <k +— )Ul — 3V} = Dk (kr), (B10a)

Ve 1V (e W 2, Dn (kr) (B10b)
- - — =— r).

dr? r dr r2 ! [ r

We may decouple Egs. (B10a) and (B10b) by adding and subtracting them, and using properties
(B3a) through (B3c):
& 1d @m+1)7?
[@ rar P
[ 2 1d (n-1)7?

dr?  rdr r2

D
- k2:|(U1‘ + V) = DkI!(kr) — —I,(kr) = DkL,41(kr), (Blla)
r

2i| — - ’ Dn
— K |(U = V{") = DkI(kr) + —=L,(kr) = Dkl (kr). (B11b)

Once again, Eqs. (B11a) and (B11b) may be solved exactly by exploiting properties (B3a)
through (B3c), giving

Uy + Vi = 3Drly + Fly, Uy = 3IDrly + Fly1 + Gl (B13a)
=
U -V, =1iDrl, + Gl,,, V" = 3[Fliy1 — Gl]. (B13b)

As before, the inner axial velocity follows from the incompressibility condition, Eq. (20b), as

_ifour  Ur o vp i
Wi =250+ 5 e ) = 1@ = mD + Fk + GRy(kr) + Dhrl,y(kr). (B14)

ar r

3. Determining the growth rate

Having determined the velocity fields, Eqs. (B8a), (B8b), (B9), (B13a), (B13b), and (B14), and
the pressure fields, Eqs (B4a) and (B4b), we next impose continuity of stress at the jet boundary,
Eq. (22a), and of velocity, Eq. (22b), as well as the kinematic boundary condition, Eq. (22c). Doing
so yields a homogeneous linear system (too cumbersome to write down explicitly) for the previously
identified flow parameters A, B, C, D, F, G, which must have vanishing determinant in order to
admit a nonzero solution for the flow. Imposing the determinant of the linear system to vanish
sets the the growth rate to be exactly

Re(s) = Sto L(E)[Ku(§)(2n* + &%) — nEKup1 (§)] — L1 (§)[E° K11 (§) — néKn(é)]’ (B15)

2puv §1,(6)K1(§) + §Ku(§)]n11(8)
which is Eq. (23) in the main text.

APPENDIX C: ASYMPTOTIC BEHAVIOR OF THE GROWTH RATE
OF A THREE-DIMENSIONAL JET

In this Appendix, we aim to thoroughly investigate the stability of a three-dimensional jet given
the explicit expression in Eq. (B15) for the growth rate of a given mode (&, n). Specifically, we aim
to determine:
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(1) A classification of the modes (£, n) that lead to a growing or a decaying boundary perturba-
tion for pushers and pullers. This is of interest, as it sheds light on the physical mechanism behind
the observed instability.

(2) The fastest-growing mode depending on whether the jet is made of pushers or pullers.
Mathematically, this corresponds to the pair (£, n) with the largest Re(s) [Eq. (B15)] for S < 0
and S > 0. This is significant, as the fastest-growing mode is the one observed in experiments and
numerical simulations.

1. Growing and decaying modes for pushers and pullers

Based on direct numerical evaluation (Fig. 3) of the growth rate from Eq. (B15), it appears that,
for S > 0 (pullers), a given mode (&, n) results in a decaying perturbation for & < gn, and a growing
perturbation for & 2 gn, for some constant g. Conversely, for S < 0 (pushers), a given mode (&, n)
results in a decaying perturbation for & 2 gn, and a growing perturbation for § < gn. Inspired by
these preliminary results, we may carry out a more precise analysis to identify the exact value of the
constant g. To this end, we expand for n — oo

ﬁqilen(qz+l)‘/2
V(@ + D+ (g2 + DY

L,(gn) ~

241} 3P+ 12 =5+ DY 4—300g% + 814
(¢+1) (¢+1) (¢+1) q° + T L om )|,
201/ 48n3/2 2304132
(Cla)
Vame P11 4 (1 4 )2
q"(g*+ 1)
@+17 5@+ =3+ 107 4—-3004 + 81g* L on
201/ 48n3/2 2304132 '
(Clb)

Similar, although more cumbersome (and hence omitted) asymptotic expressions for 1,11 (ng),
K,+1(ng) may be obtained by substituting ¢ — ng/(n + 1) in the expansions of 7,4 [(n + 1)q],
K,+1[(n + 1)q] [evaluated via Egs. (Cla) and (Clb)], and re-expanding. Such asymptotic expres-
sions allow us to evaluate the numerator of Eq. (B15), with & = gn, as

2uV

5o (I Kni1 + Kuly1)gnRe(s) = L[K,(2n* + ¢*n*) — g’ K1 — L1 [0 Ko — qnPKo)
0

a’(q> =2)

~ W + O(I’l_z), (C2)

(all Bessel functions implicitly have argument gn) showing that, at leading order, g = 2!/2.

2. Fastest-growing modes for pushers and pullers

Turning now our attention to the fastest-growing modes, direct numerical evaluation (Fig. 3)
of the growth rate, Eq. (B15), suggests that the fastest-growing mode (£, n) for S > O (pullers)
has n = 0, while the fastest-growing mode for S < O (pushers) has n = 1. This observation is in
agreement with experiments, as n = 0 corresponds to a pearling mode, while n = 1 corresponds to
a helical mode.

In order to validate these numerical findings, we evaluate the largest possible value of Re(s) as a
function of n (depending on whether S > 0 or S < 0) and show that, at least asymptotically, these
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values decay monotonically for large n. Mathematically, this means showing that the function

o(n):= mgax Re(s)(&, n) (C3)

decays monotonically as n — oo. Together with the numerical results in Fig. 3, such a behavior
indicates that the absolute maximum value of Re(s) is attained for small values of n, specifically
n = 0 for pullers and n = 1 for pushers.

For each n > 1, we numerically find two values Sl("), 52(”) such that dRe(s)/dé =0 at & = éf"z) ,
with 51(") <gn < Ez("). Such values appear to grow linearly with n, i.e., 1("2) ~ q1.2n. Expanding the
Bessel functions up to and including O(n~"/ 2)in Egs. (Cla) and (C1b), the numerator of dRe(s)/d&
is asymptotic to

2V 2 2l — 3 (L 3 _ 2 20m
qu (InKrH—l + Knln-i—l)qi n Re [S] — 2n (QL + q,- )(Knln-H InKn-H) + 2q, n (26],}’1 + 2” + l)InKn
0
__4i(g} — 1047 +4)

+0m™), (C4)
an(g? +1)"" "

where the Bessel functions have argument g;n. The leading-order term vanishes for ¢; = (5 —
211/2)1/2 ~ 0.65 and g» = (5 + 21'/2)/2 ~ 3.10. This means that £ ~ 0.65n, & ~ 3.10n. The
corresponding values of o (n), evaluated from (Cla) and (C1b), and the expansions for ,[(n +
Dgil, Kus1[(n + 1)gil, are

0.02 x 2§ >0,
o (n) ~ o (C5)

—0.03 x 2§ <0.

Therefore, o (n) decays monotonically for n large. Direct numerical evaluation of the first few values
of o(n) in Fig. 3 then indicates that the most unstable modes are n = 0 for pullers and n = 1 for
pushers.

APPENDIX D: GROWTH RATE OF A TWO-DIMENSIONAL SHEET

In this Appendix, we delve into the linear stability analysis of a variant of the three-dimensional
setup considered in Appendix B. We consider the stability of a 2D sheet of swimmers (Sec. IV),
initially defined by —a < x < a, —00 < y, z < oo in Cartesian coordinates. We perturb the sheet
boundary so that, for r > 0, the swimmers are located in X ~(z,1) < x < X' (z, ). We consider two
forms of the perturbation:

(1) Sinuous/in phase: X+ = a(l 4 ge*+*?), X~ = a(—1 + ge'+ik),

(2) Varicose/antiphase: X T = a(1 + ee"+*%), X~ = a(—1 — ge’'+k7),

In each case, we seek to determine the dispersion relation s = s(k), and hence establish whether
it is pushers or pullers that destabilize the sheet. For simplicity, we only show the calculation for
the sinuous perturbation, which we expect to be unstable for pushers by analogy with the three-
dimensional case.

By the symmetry of the setup, the x component of the velocity must be even in x, while the z
component of the velocity must be odd in x. Therefore, we only need solve for the flows in the
regions X~ < x < X7 (denoted “~") and x > X (denoted “+”). Like in the three-dimensional
case, we expand the velocities, pressures, and stresses in the small parameter &:

u® = ui +euf + O(e?), (D1a)
q° =gy +eqf + O, (D1b)
Tt =T+ eXF + 0, (Dlc)
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and solve order by order. The base state, like in the three-dimensional case [Eq. (17)], corresponds
to zero net flow, or

s
=0, ¢¥=0, If=0 3= %ezez. (D2)

We now expand the flow equations (14a) through (16¢) to first order, obtaining

0<x<a a<x<oo x=a

uVur =Ver (D3 wvui= Vg D) (5f —5) e = —"Lue. O

Vou =0 (D3b) V-uf =0 (D4b)  uf =y (D3b)
lim u? = 0 Dde) O, (D5¢)
x—>00 ot 0z !

At this order, we take the Fourier transform of the velocity and pressure fields in the z direction,
thereby assuming

uf = U (x)e*, (D6a)
vit — Vli(x)eikz+sf’ (D6b)
q = QF (e, (Déc)

We now solve for the flow in a way analogous to Appendix B. Because the pressure is harmonic,
we have

¢oF KO =0 | = 2ipBke™, (D7a)
dx? : 07 = 2ipkD(e ™ — &), (D7b)

We may now determine the velocity fields.

1. Outer velocity field

We start by determining the outer velocity fields. The x and z components of the Stokes equation,
with pressure field (D7a), can be readily solved to give

d2U1+ 277+ 2,k + k
. —kx . —kx
5 T k Ul = —2iBk“e s Ul = l(A +ka)€ s (Dga)
a2vt
—L PV = 2B Vi" = (A — B + Bkx)e ™™ (D8b)
dx ’

2. Inner velocity field

For the inner velocity field, the x and z components of the Stokes equation, with pressure field
(D7b), can likewise be solved to obtain

d2U7 — . —KX X
Tzl — KU ==2ik>D(e™™ + ), U =il(C + Dkx)e ™™ + (C — Dkx)e], (DY%a)
=
2 —
ddv—i RV = 22D — ), Vi =(C=D+Dkx)e™ —(C—D—Dkx)e*. (D)
X

3. Determining the growth rate

As in Appendix B, having determined the full flow, Egs. (D8a), (D8b), (D9a), and (D9b), and
pressure fields, Egs. (D7a) and (D7b), we impose continuity of stress, Eq. (D5a), and velocity,
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Eq. (D5b), at the jet boundary, as well as the kinematic boundary condition, Eq. (D5c). Doing so
yields a homogeneous linear system for the previously identified flow parameters A, B, C, D, which
must have vanishing determinant in order to admit a nonzero solution for the flow. Imposing the
determinant of the linear system to vanish leads to the following expression for the growth rate:

S

RC(S) = —ZM—V

ge %, (D10)

where & = ak. The sheet is therefore unstable for pushers, for which S < 0.

The varicose perturbation case X+ = a(l + ge” %), X~ = a(—1 — ge™****') can be handled
similarly, this time making the x component of velocity odd in x and the z component of velocity
even in x. A similar calculation as above then yields

St

— -2
Re(s) = 2#‘/56 (D11)

for the varicose perturbation. The sheet is therefore unstable for pullers, for which S > 0.

APPENDIX E: EVOLUTION OF PULLER CLUSTERS

In this Appendix, we derive exact solutions for the long-term evolution of 3D and 2D clusters of
pullers. We show that such solutions exist under the assumption that the cluster is initially a sphere
(in 3D) or a circle (in 2D). We then specialize our solutions to the limit of a thin cluster. This is
the most experimentally significant regime, as the initial shape of the cluster is forgotten and the
dynamics is self-similar, with the rate of spreading set purely by the active stresses and the initial
cluster volume (area).

1. Analytical solution for the spreading of a spherical cluster

Assuming that the initial cluster is spherical with constant volume fraction ¢, and that the swim-
ming direction is fixed to be p = e,, the subsequent evolution in the limit of a sharp concentration
drop outside the cluster is governed by Eq. (14a) through (16c). These equations may be solved
exactly by noting that, at any point during the shape evolution, the active stress S¢(e, - n)e,/V
on the boundary of the cluster is of the same form (up to an isotropic part) as the stress exerted
by an axisymmetric straining flow, u = E - x = E(re, — 2ze,), inside the cluster. Assuming that
this is indeed the internal flow at each point in time, we expect the initially spherical cluster to
progressively deform into an oblate ellipsoid with semimajor axis R(t).

In order to compute the shape evolution, we need to determine the time-dependent straining rate
E = E(t) and internal pressure py = po(¢) by imposing that the internal viscous and active stresses
balance the external viscous stresses at the cluster boundary. To this end, we note that the external
flow u is driven by the boundary condition u = u on the boundary of the cluster. The external flow
therefore corresponds to the opposite of the perturbation flow induced by a (fictitious) rigid ellipsoid
in strain flow. Therefore, the internal active stresses —pon + S¢(e, - n)e,/V must be equal to the
force exerted by a rigid ellipsoid in strain flow, given by

1 G(x)] nE
n-+
3F(x)  3F(x) F(x)

for known functions F', G of the ellipsoid’s aspect ratio x (0 < x < 1) [47]. Stress continuity allows
us to determine the constant internal pressure pg and the stain rate, given by

s
E=3%50. (E2)
uv

o-n= —/,LE|: (e; - n)e,, (El)
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We thus obtain that the semimajor axis satisfies the evolution equation

dR _ S¢o
@ = REOO (E3a)
1 2, x(A+2x%)
R e e | e
R(0) = Ry. (E3¢)

Since the cluster is deformed by incompressible flow, the volume has to be conserved. Expressing
therefore x = RS /R3 (Ry being the initial radius), and choosing units in which Ry = 1, Eq. (E3) may
be recast into Egs. (30a) and (30b) from the main text.

Thin limit of a stretching 3D cluster

As the cluster becomes more and more elongated, the initial shape is forgotten and a self-similar
solution is reached, dependent only on the initial cluster volume. The stresses on the cluster
boundary may be found in this limit by noting that the unit normal and radially tangent vectors
n and t on the top surface z = x (R* — r2)"/? take the form

Xr

n= me,—i—ez—}-(’)(xz), (E4)
Xr
t=e, — mez + O(XZ) (ES)

Considering the normal and tangential components of Eq. (E1), by virtue of the asymptotic behav-
iors F ~ /8 4+ O(x%), G ~ 2+ O(x) for x — 0 [47], we find

n-o-n~ const, (E6)
t- 8 __pEr E7
-0 -Nn _;(RZ_rZ)l/Z' ( )

These expressions correspond to the normal and tangential tractions exerted by a thin rigid disk in
axisymmetric straining flow. To compute the long-term evolution of the cluster, we take x — 0 in
Egs. (E3a) and (E3b), obtaining

drR  S¢y 3V,
= ﬁ 0 . (E8)
dr uV 32R?
Integrating Eq. (E8), and substituting the result into Eq. (E2), we find
9 SeoVo\'"’
R~ 259V 113, (E9a)
32 uv
1
E~ gt_l. (E9b)

Note that the results in Egs. (E9a) and (E9b) are valid for R > VOI/ 3, corresponding to the limit
[7A%
>, (E10)
Séo

i.e., long after the initial instability.

2. Analytical solution for spreading of a 2D circular cluster

A similar calculation may be carried out for a 2D cluster. Focusing on the deformation of a single
2D slice, similar arguments as in the 3D case show that the flow inside the cluster is a pure strain, of
the formu = E - x = E(x, —z). We therefore expect the slice to deform into an ellipse of semimajor
axis R(t). In order to determine the time-dependent rate of strain E(¢) and internal pressure pg(t),
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we impose stress continuity at the boundary of the ellipse. Much like in 3D, the external flow is
the negative of the perturbation flow experienced by a (fictitious) rigid ellipse in strain flow. The
corresponding external stress exerted by the ellipse is [54]

1 2
a.n:_ME.
X

where 0 < x < 1 is the aspect ratio. Imposing that this stress balances the internal stresses —pon +
S¢p(e, - n)e,/V determines the straining rate to be

_ Seo X
2uV (1 + x)?*°

Expressing x = R% /R? from area conservation (since the cluster is deformed by incompressible
flow), we obtain the evolution equation in the 2D case:

dR  S¢y xR
dr — VvV 2(1 4 x)*’
R(0) = R,. (E14)

n, (E11)

(E12)

(E13)

After choosing units in which Ry = 1, this may be recast into Egs. (31a) and (31b) in the main text.

Thin limit of a stretching 2D cluster

As the cluster becomes more and more elongated, the initial shape is forgotten and a self-similar
solution is reached, dependent only on the initial cluster volume. The stresses on the cluster
boundary may be found in this limit by noting that the unit normal and tangent vectors n and ¢t
on the top surface z = x (R? — x*)!/? take the form

XX

n= mex +e. 4+ O, (E15)
XX
t=e — mez + O(XZ) (E16)
Considering the normal and tangential components of Eq. (E11), we obtain
n-o-n~ const, (E17)
_ 2uEx

These expressions correspond to the normal and tangential tractions exerted by a rigid rod in
2D strain flow. To compute the long-term evolution of the cluster, we take x — 0 in Eq. (E13),
obtaining

dR S¢p A
= = ﬁ_o. (E19)
dr uV 2nR
Integrating Eq. (E19), and substituting the result into Eq. (E12), we find
Schnda\ /2
R~ (M) 172, (E20)
TuV
E lt_l (E21)
5
Equations (E20) and (E21) are again valid in the limit
uv
t> —, (E22)
Séo

i.e., long after the initial instability.
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3. Interactions between clusters

In our previous analysis (Appendixes E 1 and E2), we neglected interactions between clusters.
We may now use the previously determined external flows to recover leading-order cluster-cluster
interactions, in the limit where clusters only interact in the far field (i.e., the typical cluster size is
much smaller than the typical separation length). In this case, because the leading-order external
flow is the same as the (negative) perturbation flow of a rigid oblate ellipsoid (3D) or an ellipse
(2D) in a strain flow, clusters interact primarily as stresslets. We now determine the strength of the
stresslets in each of the 3D and the 2D cases.

a. Flow outside a 3D cluster

The flow outside a 3D cluster is, at leading order, the same as the negative of the perturbation
flow created by an equivalent rigid oblate ellipsoid in the strain flow u = E - x, where E is the same
as for the internal strain flow. Such a perturbation flow may be approximated by its leading-order,
corresponding to a stresslet flow [47]

» 3(x-S-x)x

W=+ 0¢) (E23)
8mur

where, by Eq. (2) and the divergence theorem,

S 1 1
Sij = 50 / =[xj(e,)i(e )br + xi(e;) (e )b ] — = [xr(e;)i(e,)b18;;dA
v )2 3
SV,
_ "’V" 0 [( e )i(e); — ,,] (E24)

Recognizing ¢oVp/V as the total number of swimmers, §;; is thus simply the sum of all internal
stresslets.

b. Flow outside a 2D cluster

Likewise, for the 2D cluster, the external flow is at leading order [44]
(xt-S-xh)xt

u=——"""" 410>, (E25)
27 ppt

where x* is the component of x perpendicular to the axis of the cluster, p = ||x|, and the stresslet
(per unit extent in the y direction) is

S 1 1
5= =20 / SPui(e(e e + e (bl = 3 lule (e b3 ds
S¢0Ao |:( ei(e.) — 8(2)i| (E26)

where 6( ) is the identity tensor in R? and s is arclength. Once again, ¢pAy/V is the number of
sw1mmers per unit length, so that S;; is the sum of the internal stresslets. In light of the far-field
flows in both 3D and 2D, we expect puller clusters to interact like a line of stresslets (see Sec. V C).

4. Analytical solution for a tilted puller cluster

In this section, we derive the analytical solution for the flow inside a tilted puller cluster, as
summarized in Sec. VD of the main text. We are going to assume (and later verify) that tilted
clusters deform exactly as ellipses of semimajor axis a(t) and semiminor axis b(t). We denote the
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FIG. 14. Notation for dynamics of a tilted puller cluster. The deformed cluster is at every instant an ellipse
of semimajor axis a(t) and minor semiaxis b(¢). The flow is described in the x’, 7’ coordinate system, rotated
by an angle « relative to the laboratory coordinates x, z. The outwards unit normal to the cluster is denoted by
n and the vertical direction (along which stresslets are aligned) by e;.

angle with the x axis by «(¢), and work in the rotated coordinate systems (x, z’) [see Fig. 14 for a
sketch with notation].
In order to match the viscous stress jump at the cluster’s boundary, given explicitly by

S S S S
%ez(ez ‘n) = % sin?(a)n + % cos(2)e, (€, - m) + 2%) sin(a)(ele, +ele)-n, (E27)
we assume that the flow insider the cluster takes the form
/N /N x/ / Z/ / /N /N4
u=FE('e, —zez)+521<a—2eZ — b—zex> + 2 (x'e, —zZ'€)), (E28)

with constant pressure pg. The first term (proportional to E) represents a straining flow aligned with
the cluster. The second term (proportional to €2;) can be viewed as a rotational (“treadmilling”)
flow, corresponding to a stretched solid-body rotation matching the elliptical cluster shape. Finally,
the third term (proportional to €2;) corresponds to a rigid rotation of the whole cluster. Notice
that, because the treadmilling term proportional to €2; satisfies the no-penetration condition (as
n « x'e,/a* + 7'¢,/b?), the flow u does indeed exactly deform ellipses into ellipses.

By continuity of velocity, the external flow can be written as

u= _u;tr - u{r + Uror. (E29)

In Eq. (E29), u/,, is the perturbation flow induced by a (fictitious) rigid ellipse x?/a*> + y*/b* = 1
immersed in the background straining flow ug, = E(xe} — z'e]), while uj, is the perturbation flow
induced by the same rigid ellipse immersed in the treadmilling flow ul® = Q;(x'e,/a* — Z'e/b%).
Finally, u, is the flow induced by the same rigid ellipse when rotating in a fluid at rest. By
construction, the flow in Eq. (E29) matches u on the ellipse’s boundary and decays as ||x’|| — oo,
so it must indeed be the external flow. Denoting by o, 0y, 01y the stresses produced by the
corresponding flows outside the fictitious ellipse, continuity of stress then takes the form

Sco

—pon+ 0y -N+ 0y -N+ Tez(eZ ‘M) = Oy - N (E30)
Following the procedure laid out in Ref. [54], these stresses are found to be
UE(a+b)?  2uE(a+b)?
— n—

Oy N = - s e (e, -m), (E31a)
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ZMQ ’ / M(az - bz)Q ’ /

Oy N = > : (ele, —e.e) -n— T‘(e;ez +ele)-n, (E31b)
2ub2 2ual2

G n = 2 (el ) — E 2l (¢l ). (E31c)

b
Stress-balance can thus be recast into
wE(a + b)? 2uE(a+b)
n— e
ab ab <
wa® — bR
Bl a’b?
S¢0 : N N 2/11792 ! ral ZMQQZ N
+ v sin2a)(e.e, +e.€) -n= P e(e,-n)— b e (e, -n). (E32)
Matching corresponding terms, we obtain the following simultaneous linear equations for p;, E,
2, and €2, in terms of the stresslet strength S:

212
Zb : (ele, —e.e) - n+

—pon+ (e, -n)+

S N
(e.e, +ee) n+ % sin®(@)n 4+ % cos(2ar)e (e - m)

E b? S
o — REMTON (C:zlj_ ) = % sin?(a), (E33a)
2UE b} S
2HE@HDY S0 o), (E33b)
ab \%
2Q 2_pHQ 2uas2 S
e pla” — D) 2uaS 590 G o), (E33c)
ab a’bh? b 2V
2 @ =) 2ubQ Séo .
= " sinQa). E33d
ab * a’b? a 2V sin(2e) ( )

Solving, we recover the expressions given in Egs. (34) of the main text.

5. Numerical simulations of stretching puller clusters
a. Evolution of a 3D cluster

In this section, we present the details of the numerical scheme used to solve for the evolution
of a 3D cluster in Sec. V of the main text. Because of the strong-alignment assumption (p = e,),
the flow inside and outside the cluster obeys the Stokes equation, with the active stresses only
appearing in the boundary condition [o])\" - n = S¢)oe;(e; - n)/V . In order to simulate the stretching
of a three-dimensional cluster of pullers (initially a sphere), we may therefore exploit the integral
solution of the Stokes equations [45,46] to write

. S e X—y)(Xx—
y = ﬂ% R E=y&E-y) -e, |(dSy - e,), (E34)
8 MV vy LT r3
where y is a point on the boundary 9V, dSy is the inwards-pointing area vector, and r := ||x — y||.

In order to integrate Eq. (E34) numerically, we notice that the solution must be axisymmetric, and
thus convert Eq. (E34) into a one-dimensional integral by performing the azimuthal integration
analytically. To this end, we parametrize the axisymmetric surface at a given time point by {x =
R(z)e, +ze; : 0 < 0 < 2w, —L < z < L} in cylindrical polars (p, 8, z). We expect the range of z
to be symmetrical about z = 0 by reflectional symmetry. In order to determine the evolution of the
half-height L and the shape outline R(z), we may limit our attention to the motion of points in the
xz plane (by rotational symmetry). The velocity at any other point on the surface may thereafter be
obtained by a suitable rotation. Suppose therefore that, in Eq. (E34), y = Rope, + zpe, with Ry > 0,
where Ry := R(zp). We may evaluate the various geometrical quantities in Eq. (E34) as

dSx = —Re, + RR'e,, (E35a)
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1 = R* — 2RyRcos 0 + R} + (z — 2)%, (E35b)
(x—y)-e =z—2, (E35¢)
(x—y)-e, =Rcost —Ry. (E35d)

By reflectional symmetry, the velocity at each point cannot have any azimuthal component. As
for the remaining components, taking the components of Eq. (E34) along e, and e, we obtain

S L( * Rcos® —R
e §= 2 / f 2287 = 0401z — 20)RR'dz, (E362)
8wV J_i | Jo r
S L 2 1 _ 2
e j= 00 / / LRt D P e (E36b)
8wV J_p lJo Lr r

The integrals in curly brackets are functions of z only, and may be evaluated in terms of elliptic
integrals. To this end, we define

P@) = [(R = Ro)* + (z = 20)"1"?, (E37a)
0(z) = [(R+ Ro)” + (z — 20)"1'?, (E37b)
and simplify Eqs. (E36a) and (E36b) by means of the identities
Ao 4 (PP—Q?
/ — = 1_3’C< P2Q ), (E38a)
0 r
do 4 _(PP-Q?
| w =t (5) (E350)

2 cos 6 8 P2 —Q? 4 8 P2 —Q?
do = K —— £ . (E38
/0 R e < P ) <PQ2+P3—PQ2) ( P ) (35
In Egs. (E38a) through (E38c), we defined

/2
K(m) = / 4 (E392)
0

(1 — msin® ¢)1/2’
/2
E(m) = f (1 — msin® ¢)"/?d¢, (E39b)
0

with m < 1, to be the complete elliptic integrals of the first and second kind, respectively. Substitut-
ing into Egs. (E36a) and (E36b), we finally obtain

. S¢o [ ’
e -y= (z — 20)K1RR dz, (E40a)
87TMV L
S L
6.y = %o / K,RR'dz, (E40b)
8V J_ o

where the integration kernels /C; and /C, take the forms

_ 8R P2 — Q? 4R 8R P2 —Q? 4Ry _(P* - Q?
K“PLPQZ’C( P2 )_<PQ2+P3—PQ2)5( P? >_P_Q25< P >

(E41a)
_ A4 (P =0\ 4e-n) (PP
K, = I—)IC( = ) g 5( = ) (E41b)

The results in Eqs. (E40a) and (E40b) are now amenable to numerical integration. To this end,
we focus on the slice of the boundary in the xz plane, with x > 0. Because the cluster is initially
spherical, such a slice initially corresponds to a half-circle. We thereafter parametrize it via a cubic
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spline and evolve the location of the nodes via the explicit second-order Adams-Bashforth method.
We use the numerical cluster volume as a gauge for accuracy, ensuring that it never deviates by
more that 1% from the initial value, as expected from incompressibility.

b. Evolution of a 2D cluster

In this section we present the details of the numerical scheme used to solve for the evolution of
a 2D cluster in Sec. V of the main text. Similarly to the 3D case, we may express the velocity of
points on the boundary as

)
y=—¢ [y —x) e]n-e)ds, (E42)
uv I'(r)
where I is the corresponding horizontal slice of the cylinder, n is the unit normal pointing into the
cluster, and J is the two-dimensional Green’s function given by

1
Jr) = [ Tog ||| + T ”2} (E43)

We numerically integrate Eq. (E42) by discretizing the interface as a collection of N points, initially
uniformly spaced around the unit circle, and stepping forward with the explicit second-order
Adams-Bashforth method. The unit normal and arclength element at every point are evaluated
with symmetric differences, while the integrable singularity in the kernel (E43) is regularized by
approximating the Green’s function with [55]

e(/|Ir]|% + &2 + 2¢)
Je(r) = In(y/[Ir)|> + &2 + &) — I
|: WIrl? + &2+ ¢)y ||l‘||2+82i|
Vell? 4+ &% +2¢
47{(\/ )2 + &2 + &)2/|Ir||? + 82

We took the regularization parameter to be ¢ = 0.25 x 27w /N. We gauged the accuracy of the
method by ensuring that the area of the deformed cluster never dropped below 95% of the initial
area at each step, as expected from incompressibility.

(E44)

APPENDIX F: SLENDER-BODY THEORY FOR 3D PUSHER JET

In this Appendix, we provide the derivation of Eqgs. (41a) and (41b) in the main text. To this
end, we must solve the jet equations (14a) through (16¢), where P is an elliptical cylinder with axis
x(s) = x(s9) + st;(s9) (—oo0 < s < 00) and constant cross section C(sg), given by

C(s) = {x(s) 4+ a(s) cos(n)t (s) + b(s) sin(n)tz(s) : 0 < n < 27} (F1)

Defining local Cartesian coordinates X — X(sg) = x|t; 4+ x2tp + x3t3, the local flow inside the jet
associated with this configuration is assumed to be a combination of axial shear and cross-sectional
strain:

u=yxt; + E(xt —xt), (F2a)
0 = —pol + yu(tits + t3t;) + 2uE(tt) — toty), (F2b)

where pg is a constant. Letting n be the local outwards unit normal to this cylinder, the flow is
determined by continuity of velocity and the requirement that, on the boundary,

S
o-n+ %(ez -n)e, =c' . n. (F3)
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1. Outer velocity field
The external flow, driven by the no-slip condition, is the negative of the perturbation flow created
by a rigid elliptical cylinder in the unbounded flow u*® = yxt; 4+ E(x;t; — xot;). Equating the
boundary stresses, we obtain that
~ S¢o

o -n= —T(ez -n)e, (F4)

were ¢ - n is the traction on the rigid elliptical cylinder of cross section C(sp) immersed in the
flow u®. Expressing e, = t3sin{ — t; cos ¢ in terms of the local material frame, and noting that
n - t3 = 0, we can equivalently write

¢® . -n= %(tl ~n)<%t3 sin2¢ — t; cos? ;). (F5)

In Appendix F 2, we show that

E(1 + x)? E(1 + x)? +1
o™ .n=—pmn+ %(n-tl)tl—u(n-tz)tﬁ%(n‘tl)tg, (F6)

where p; is a constant. Assuming that Eq. (F6) is true, and writing —pn = —p;(n - t))t; — p;(n -
t))ty, Eq. (FS) yields the simultaneous equations

_BE(+xP _ Shocos’s

) F7
D1 X v F7)
E(1+ x)?
p1+¥=07 (F8)
1 S in2
ny( +x): ¢o sin K’ (F9)
X 2V

which can be solved to yield Egs. (41a) and (41b) in the main text.

2. Determining the stress

To conclude, we need to show that the stress on a rigid cylinder in the flow u® indeed takes the
form (F6). The first term in Eq. (F6) corresponds to an isotropic pressure contribution, while the
second and third term are obtained from (E11). The final term, as we will now show, is the traction
on the elliptical cylinder exerted by an external shearing flow yx;t;. To compute this traction, notice
that the flow in the presence of the rigid cylinder must remain purely axial, with u = w(x, x3)t3. In
the absence of any axial pressure gradients, we deduce that w satisfies

Viw =0 outside C, (F10a)
w=20 x eC, (F10b)
w~ yx; Xi4x3 — oo. (F10c)

Egs. (F10a) through (F10c) may be solved in elliptic coordinates (z, 6), defined as
x; = ccoshtcosf, (Fl1a)
X, = csinh T sin6, (F11b)

with 0 < 6 < 27, 0 < 7 < 00. The elliptical boundary C corresponds to the level curve t = 1,
where tanh(ty) = x (the aspect ratio) and ¢ = a(1 — x?)'/2. Furthermore, in elliptic coordinates,
Laplace’s equation takes the simple form
Pw  w
—+ —=0. F12
at2 + 902 F12)
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The solution to Egs. (F10a) through (F10c) may now be determined from separation of variables,
after noting that w ~ %ycer cos 6 for T — oco. We find

w = Jyc(e” —e*™ ") cos, (F13)
with associated boundary stress
| % Jw
O -€r|,—, = -
TIPS T c(cosh? Ty — cos?6)1/2 AT — ’
_ uye® cos6
™ (cosh? 7y — cos29)1/2
To
= I.We (n-t))t3
sinh 1,
1
— M(n St (F14)
X

This is precisely the final term in Eq. (F6), completing our analysis.
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