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Lagrangian transport by ciliary arrays
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In many biological systems, from sinuses to airways, ciliary arrays are essential for transporting particles
and bacteria. Challenging long-held assumptions, we show that the classical Eulerian view of cilia-induced flow
overlooks a key feature of time-averaged transport. Using theoretical modeling and numerical simulations, we
demonstrate that the drift generated by ciliary motion is not uniform, as previously predicted, but varies with
distance from the ciliary surface in unexpected ways. This variation reveals drift stagnation points, offering a
potential means to distinguish healthy from impaired ciliary beating and refines our understanding of fluid-driven
transport.
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I. INTRODUCTION

Cilia are hairlike flexible appendages, two to tens of mi-
crons in length, that protrude from eukaryotic cells [1]. Their
deformation, beating at frequencies of ∼10–30 Hz, generates
a flow in the surrounding fluid [2,3]. This flow enables arrays
of densely packed cilia to perform a variety of functions in
many biological contexts [4] such as locomotion [5–7]. Of
particular biological importance is the role of cilia in enabling
fluid transport along biological tissues [8], be that tracheo-
bronchial mucus in the respiratory tract (so-called mucociliary
clearance) [2,9,10], ovulatory mucus and ovum in the female
reproductive tract [11], epididymal fluid in the male reproduc-
tive tract [12], or cerebrospinal fluid in the brain [13]. Since
insufficient fluid transport leads to illness [14], it is crucial to
investigate the relationship between ciliary beating and fluid
transport.

Our theoretical understanding of ciliary flows, pioneered
by Taylor [15] and Blake [16], exploits the fact that cilia
are densely packed in arrays and deform in a coordinated
manner as metachronal waves. The individual motion of the
many cilia may thus be replaced by the dynamics of an
“envelope” [see the sketch in Fig. 1(a)], resulting in a con-
tinuous surface that undergoes waving deformation with both
transverse and longitudinal motions [6]. This classical model
was originally studied for small-amplitude waving and was
extended in subsequent years in a variety of settings, includ-
ing large-amplitude motion [17], the role of inertial effects
[18–20], finite sheet length [21,22], sheet curvature [23],
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three-dimensional sheet deformation [23], or non-Newtonian
fluids [8,24–27]. Placing a second envelope above the first
also allows peristaltic pumping to be tackled [28,29].

One of the striking features of the envelope model for
ciliary flows is the theoretical prediction that, in the small-
amplitude limit relevant in the majority of experimental
settings (typically, the metachronal wavelength is one to two
orders of magnitude bigger than the sheet deformation ampli-
tude), the time-averaged (Eulerian) flow induced by traveling
waves in the envelope is predicted to be uniform throughout
the fluid (at leading order). When the cilia undergo arbitrary
surface waving, the fluid thus undergoes a time-periodic and
spatially periodic motion superimposed with a uniform drift.

This prediction has served as the foundation for a substan-
tial body of subsequent work in the literature, both theoretical
and experimental. Taking the uniform drift as the quantity to
be optimized, the parameter values of the waving motion that
lead to the largest induced flow for a fixed amount of energy
expended by the cilia can thus be derived [2,30].

With a ciliated organism seen effectively as a ciliary
carpet, changing reference frames to one in which the far
field is at rest, the uniform drift becomes precisely the swim-
ming speed of the organism. Hence, this prediction can also
be used to probe a large variety of swimming optimization
questions [31], e.g., the geometric shape of an axisymmetric
microswimmer that maximizes its swimming speed [32] or the
density of cilia that optimizes propulsion efficiency [33].

In mucociliary transport, the key measurable quantity is
mucus transport velocity, typically obtained by tracking the
time a tracer takes to move a fixed horizontal distance (a time-
averaged drift velocity) [34–37]. For this to be well defined,
tracers must drift horizontally at a constant speed, independent
of position. This assumption (implicitly) comes from theory,
which predicts a constant horizontal Eulerian drift velocity.
However, experiments measure not the Eulerian but the La-
grangian drift velocity, which can differ; in particular, the
latter can have a value that depends on the vertical distance
to the cilia. Experimentally, three different types of tracers
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FIG. 1. Envelope of ciliary arrays. (a) Photograph of the
ciliary envelope on an acoel, the plant-animal worm Symsagit-
tifera roscoffensis (image credit George T. Fortune and Goldstein
Laboratory). (b) Schematic of a particle, instantaneously moving at
an angle θ relative to a beating ciliary carpet, whose tips can be
represented as a waving sheet of wavelength 2π/k, frequency ω, and
wave speed ω/k that generates a fluid flow (U,V ). Considering a
reference frame in which the carpet centerline is stationary, x and y
are the laboratory frame coordinates of the particle, while xs and ys

denote the material points on the carpet.

have been used: fine colloids (e.g., India ink [34]), powders
(e.g., charcoal [35] or polymer beads [36]), or floating debris
tracked on the mucus surface [37]. Each probes a different
quantity, yielding different mucus transport velocities for the
same system. To our knowledge, Lagrangian transport in cil-
iary arrays has received little study, a gap this manuscript aims
to fill.

In this paper, we thus go back to first principles and show
that applying the classical Eulerian prediction to the trans-
port of suspended bodies in the cilia-driven fluid flow, such
as passive particles or nonmotile bacteria, leads to incor-
rect predictions for the time-averaged transport. Combining
numerical simulations with multiple-scale asymptotics, we
reveal that the Lagrangian transport of suspended particles
is indeed not uniform in the fluid, but instead depends on
the distance to the ciliary envelope in unexpected ways. This
discovery reveals drift stagnation points, providing a way to
distinguish healthy from impaired ciliary beating patterns,
which we show is directly applicable to experimental data,
and refines our understanding of fluid-driven transport.

II. MODELING CILIA FLOWS: TAYLOR’S WAVING SHEET

A. Continuum model: Ciliary array and flow

In this section, we outline the canonical Taylor waving
sheet model that we will investigate in the rest of the paper
[15]. Consider a continuous array of cilia beating in the x−y
plane. As illustrated in Fig. 1(b), material points on the ciliary
envelope (xs, ys) are assumed to undergo a prescribed sinu-
soidal waving motion characterized through the relation

xs = x + A cos (kx − ωt − φ),

ys = B sin (kx − ωt ), (1)

with wavelength 2π/k, frequency ω, and wave speed ω/k.
Note that with this formulation, the trajectories of material
points are ellipses in (x, y) space . The transverse and lon-
gitudinal motions of points on this carpet have amplitudes

A and B, respectively, with relative phase difference φ. We
scale length scales with k−1, scale timescales with ω−1, and
set a = Ak/ε and b = Bk/ε, where the nondimensional am-
plitude ε satisfies

ε =
√

A2 + B2/k−1 � 1. (2)

The nondimensionalized coordinates of points on the ciliary
carpet are thus given by

xs = x + εa cos (x − t − φ),

ys = εb sin (x − t ), (3)

with a2 + b2 = 1. This ciliary beating induces a velocity field
in the fluid. The evolution equations for this velocity field are
too mathematically complex to admit closed analytic solutions
for general ε. We follow the classical approach by restricting
to the cases where ε is small [16]. Order of magnitude esti-
mates for k−1, ω, A, and B for typical epithelial cilia carpets
are given by

k−1 ≈ 10 µm, A, B ≈ 1 µm, ω ≈ 102 s−1. (4)

With these values, we obtain ε = O(10−1); i.e., experimen-
tally, we are indeed in the regime where ε � 1. In this limit,
through an expansion of the governing equations in terms of
ε, we may derive expressions prescribing the evolution of a
material point (x(t ), y(t )) in the flow up to and including the
O(ε2) terms. In particular, define the streamfunction ψ as
satisfying U = ∂ψ/∂y and V = −∂ψ/∂x. From Refs. [6,8],
ψ can be expressed as a series expansion in terms of ε as

ψ = ε[aye−y sin (x − t − φ) + b(1 + y)e−y sin (x − t )]

+ ε2

[
− ye−2y(ab sin φ + a2 cos φ sin φ) sin 2(x − t )

+ ye−2y

2
(a2 sin2 φ − a2 cos2 φ − 2ab cos φ − b2)

× cos 2(x − t )

+ y

2
(b2 + 2ab cos φ − a2)

]
+ O(ε3). (5)

Hence, U and V become

U = εa(1 − y)e−y sin (x − t − φ) − εbye−y sin (x − t )

+ ε2(1 − 2y)e−2y

2
cos 2(x − t )

× (a2 sin2 φ − a2 cos2 φ − 2ab cos φ − b2)

− ε2(1 − 2y)e−2y(ab sin φ + a2 cos φ sin φ) sin 2(x − t )

+ ε2

2
(b2 + 2ab cos φ − a2) + O(ε3) (6)

and

V = −εb(1 + y)e−y cos (x − t ) − εaye−y cos (x − t − φ)

+ 2ε2ye−2y(ab sin φ + a2 cos φ sin φ) cos 2(x − t )

+ ε2ye−2y sin 2(x − t )

× (a2 sin2 φ − a2 cos2 φ − 2ab cos φ − b2) + O(ε3).

(7)
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FIG. 2. Lagrangian trajectories of particles transported by ciliary arrays. Numerical solutions (solid curves) and asymptotic approximations
for the drift (dashed lines), plotting x and y as a function of time t for y(0) ∈ (0.01, 0.05, 0.12, 0.2, 0.7, 1, 1.2, 3) and a range of values for
(a, φ) with x(0) = 0 and ε = 0.1. Darker blue indicates larger y(0). All quantities (x, y, t ) have been nondimensionalized with respect to the
scalings given in Sec. II. (a), (d), (g) a = 1, φ = 0. (b), (e), (h) a = 1/

√
2, φ = 0. (c), (f), (i) a = 1/

√
2, φ = π/3. (g), (h), (i) The normalized

drift velocity vD/v0D as a function of y(0) (red line), where v0D is the Eulerian prediction from Eq. (8). The y(0) values used in the other
figures are indicated by colored blue dots.

This is typically where the standard modeling approach
ends, with the calculation of the induced Eulerian flow, or
Eulerian drift. It occurs only in the x direction and can be
obtained either by computing the time average of Eqs. (6) and
(7) or by calculating the instantaneous Eulerian velocity in the
far field (y → ∞), both of which lead to a steady uniform drift
velocity v0D along x with

v0D = ε2

2
(b2 + 2ab cos φ − a2). (8)

B. Lagrangian transport: Model

If instead we are interested in the time-varying transport of
a particle, its position (x, y) evolves according to the govern-
ing equations

∂x

∂t
= εa(1 − y)e−y sin (x − t − φ)

− εbye−y sin (x − t ) + ε2

2
(b2 + 2ab cos φ − a2)

− ε2(1 − 2y)e−2y(ab sin φ + a2 cos φ sin φ)

× sin 2(x − t ) + ε2e−2y

2
(1 − 2y) cos 2(x − t )

× (a2 sin2 φ − a2 cos2 φ − 2ab cos φ − b2)

+O(ε3), (9a)

∂y

∂t
= −εb(1 + y)e−y cos (x − t ) − εaye−y cos (x − t − φ)

+ 2ε2ye−2y(ab sin φ + a2 cos φ sin φ) cos 2(x − t )

+ ε2ye−2y sin 2(x − t )

× (a2 sin2 φ − a2 cos2 φ − 2ab cos φ − b2) + O(ε3).

(9b)

C. Lagrangian transport: Computational results

This Lagrangian system of equations in Eq. (9) is straight-
forward to solve numerically for a range of initial conditions
and parameter values for ε, for example, using matlab [38].
In Fig. 2, we present results for three representative points
in the (a, θ ) phase plane: the base case with only transverse
motion a = 1, φ = 0 in the left column of Fig. 2 [i.e., panels
(a), (d), and (g)], both transverse and longitudinal motions but
no phase difference a = 1/

√
2, φ = 0 in the middle column of

Fig. 2 [panels (b), (e), and (h)], and both transverse and longi-
tudinal motions with a phase difference a = 1/

√
2, φ = π/3

in the right column of Fig. 2 [panels (c), (f), and (i)].
In all these cases, we plot the evolution of both the horizon-

tal displacement x(t ) [first row, i.e., Figs. 2(a)–2(c)] and the
vertical displacement y(t ) [second row, i.e., Figs. 2(d)–2(f)] as
functions of time t for ε = 0.1, shown as solid lines starting
from x(0) = 0 and a range of initial heights y(0) above the
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beating cilia envelope. Here, darker blue corresponds to larger
values of y(0).

It is evident from these plots that the transported parti-
cles follow trajectories characterized by a superposition of a
high-frequency periodic orbit and a slower drift in the hor-
izontal x direction. We therefore plot in the third row, i.e.,
Figs. 2(g)–2(i), the net drift velocity in the x direction, de-
fined as the time-averaged velocity of the transported particle,
normalized by the Eulerian value v0D from Eq. (8).

Strikingly, we obtain the result that the net drift experi-
enced by the particles is nonmonotonic in the initial distance
y(0) from the ciliary array. This stands in contrast to the clas-
sical Eulerian picture in the literature, which predicts uniform
drift [Eq. (8)]. Moreover, we observe from Figs. 2(g)–2(i) that
the drift can unexpectedly change sign. Suitable choices of
the waving amplitudes and phases (a, φ) can therefore induce
recirculation; i.e., there exist values of y(0) for which the drift
is negative, and others for which it is positive.

The nonmonotonicity and possibility of recirculation in the
Lagrangian drift reveal an intriguing set of dynamics, which
we now proceed to explore mathematically.

III. LAGRANGIAN TRANSPORT: METHOD
OF MULTIPLE SCALES

Why are the Lagrangian trajectories so different from the
average flow? Fundamentally, the time-averaged transport by
the unsteady flow is not the same as the transport by the
time-averaged flow (which is uniform), due to the nonlinear
nature of the transport equations. We can rationalize this quan-
titatively by noting that the system is clearly characterized
by two different timescales: a fast scale responsible for the
oscillations (which is O(1) in the dimensionless problem)
and a slow timescale governing the horizontal drift (which

is O(ε2)). The presence of two timescales is evident in the
time-varying plots of Fig. 2 (top two rows).

We propose here that the system may be analyzed using the
method of multiple scales [39] to derive asymptotic approxi-
mations for these trajectories valid in the limit ε � 1. This
general method is applicable to a wide range of problems that
have two physical processes, each with their own scales and
with the two processes acting simultaneously. Originally, it
was applied to classic dynamical systems such as the Van der
Pol oscillator [40,41] and the Mathieu equation [39]. More
recently, it has been employed very successfully to make
analytical progress in a large variety of problems in biological
physics concerning microswimmers where rapid oscillatory
motion over short timescales gives way to larger-scale emer-
gent trajectories over long timescales [42–47].

A. Asymptotic calculation at small amplitude, ε � 1

To compute the trajectories using the method of multiple
scales, we formally express x and y as functions of both t and
the slow timescale T = ε2t , so that

d

dt
→ ∂

∂t
+ ε2 ∂

∂T
. (10)

We then expand x, y as series expansions in powers of ε as

x = x0 + εx1 + ε2x2 + · · · , (11a)
y = y0 + εy1 + ε2y2 + · · · (11b)

and proceed to solve the system order by order.
At O(1), Eq. (9) becomes

∂x0

∂t
= ∂y0

∂t
= 0, (12)

i.e., x0 and y0 are functions of the slow timescale T only. Next,
taking Eq. (9) at O(ε) and then integrating with respect to t
gives

x1 = a(1 − y0)e−y0 cos (x0 − t − φ) − by0e−y0 cos (x0 − t ) + g1(T ), (13a)

y1 = ay0e−y0 sin (x0 − t − φ) + b(1 + y0)e−y0 sin (x0 − t ) + g2(T ), (13b)

where g1 and g2 are independent of t , i.e., just functions of T .
At O(ε2), Eq. (9) becomes

∂x2

∂t
+ ∂x0

∂T
= ax1(1 − y0)e−y0 cos (x0 − t − φ) − ay1e−y0 (2 − y0) sin (x0 − t − φ) − by1e−y0 (1 − y0) sin (x0 − t )

− by0x1e−y0 cos (x0 − t ) + 1

2
(b2 + 2ab cos φ − a2) + 1

2
e−2y0 (1 − 2y0) cos 2(x0 − t )

× (a2 sin2 φ − a2 cos2 φ − 2ab cos φ − b2) − (1 − 2y0)e−2y0 sin 2(x0 − t )(ab sin φ + a2 cos φ sin φ), (14a)

∂y2

∂t
+ ∂y0

∂T
= ay0x1e−y0 sin (x0 − t − φ) − ay1(1 − y0)e−y0 cos (x0 − t − φ)

+ by0y1e−y0 cos (x0 − t ) + bx1(1 + y0)e−y0 sin (x0 − t ) + y0e−2y0 sin 2(x0 − t )

×(a2 sin2 φ − a2 cos2 φ − 2ab cos φ − b2) + 2y0e−2y0 cos 2(x0 − t )(ab sin φ + a2 cos φ sin φ). (14b)

Now, note that x1 and y1 are periodic in a 2π interval of t . To ensure the asymptotic consistency of the expansions for x and
y when T = O(1), we further assume periodicity in a 2π interval of t of x2 and y2. Hence, integrating between 0 and 2π with
respect to t gives
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∂x0

∂T
= e−2y0

2
((a2 − b2 − 2ab cos φ) − 4y0(a2 + ab cos φ) + 2y2

0(a2 + b2 + 2ab cos φ)) − 1

2
(a2 − b2 − 2ab cos φ). (15a)

∂y0

∂T
= 0, 	⇒ y0 is constant. (15b)

Putting this all together, we thus obtain fast oscillations on
a timescale t coupled with a slower drift with velocity vD on a
timescale T , where vD satisfies

vD = ε2e−2y0

2
[(a2 − b2 − 2ab cos φ) − 4y0(a2 + ab cos φ)

+ 2y2
0(a2 + b2 + 2ab cos φ)]

− ε2

2
(a2 − b2 − 2ab cos φ), (16)

recalling that by definition a2 + b2 = 1. Note that the La-
grangian drift in Eq. (16) is given by the Eulerian drift plus
a term that exponentially decays with the distance away from
the cilia carpet y0.

B. Comparison with computational results

The asymptotic predictions for the drift in Eq. (16) are
plotted in Fig. 2 as dashed lines (darker blue corresponds to
larger values of y(0)), showing an excellent agreement with
the computational results from Sec. II C. We further show in
Figs. 2(g)–2(i) the theoretical asymptotic prediction for vD

as a function of y(0), normalized by the Eulerian prediction
(v0D), as red solid lines. Here, also we obtain strong agreement
with the drift computed numerically, confirming in particular
that the Lagrangian drift is not monotonic and is asymptot-
ically equal to the Eulerian prediction only in the far field
(y � 1, vD/v0D → 1).

C. Error estimates for asymptotic results

The asymptotic calculations that culminate in Eq. (16) are
only strictly valid in the asymptotic limit ε � 1, so we next
seek to evaluate quantitatively how well the agreement seen
in Fig. 2 extends on a wide range of parameter values. It is
readily apparent that the error is not just a function of ε but
depends on all parameters (a, φ, y0); indeed, the time-varying
curves in Fig. 2(e) show more deviation from the theory than
those in Fig. 2(a).

Mathematically, the asymptotic results are the leading-
order O(ε2) contribution to the Lagrangian transport, with
subsequent correction terms being O(ε3). To investigate the
magnitude of the actual error, for given values of (a, φ, ε) we
define the quantity 	vD as the maximum error across a range
of values for y0, i.e.,

	vD = max
{y0∈Y }

|vDasymp − vDnum|, (17)

where vDasymp = vDasymp(a, φ, ε, y0) and vDnum =
vDnum(a, φ, ε, y0) are, respectively, the asymptotic and
numerical approximations for the drift velocity, while
Y = [0.1, 0.3, 0.5, 0.7, 0.9] is a representative set of y(0)
values. We then plot in Fig. 3 the dimensionless value

	vD/ε3 as a function of ε for a = b = 1/
√

2 and a range of
phases φ.

We note first that all curves flatten out as ε becomes small;
i.e., the absolute error does indeed decay like ε3 leading to
a relative error of O(ε) . Next, even for ε up to 0.5, the
absolute error is still O(ε3). Furthermore, perhaps surpris-
ingly, the prefactor remains below 0.1 when a priori we would
expect it to be O(1). Hence, the asymptotic analysis remains
quantitatively accurate with a relative error of O(ε) up to the
experimental limit with ε = O(0.1).

IV. LAGRANGIAN DRIFT: STAGNATION POINTS

At the end of Sec. II C, we noted that the nonmonotonic-
ity of the Lagrangian drift seen in Fig. 2 (bottom) can be
interpreted as the existence of recirculation. In other words,
there exist stagnation points in the transport: spatial locations
y0 > 0, at which there is zero drift, vD(a, φ, y0) = 0, for suit-
able choices of the waving sheet parameters (a, φ). In this
section, we further quantify this numerical observation by
exploring our asymptotic results.

A. Illustration of drift velocity stagnation points

Equating our asymptotic expression for the drift velocity
given in Eq. (16) to zero gives an implicit equation for y0 as

(e2y0 − 1)(a2 − b2 − 2ab cos φ)

= 2y2
0(a2 + b2 + 2ab cos φ) − 4y0(a2 + ab cos φ), (18)

where we recall that due to nondimensionlization
a2 + b2 = 1. We plot in Fig. 4(a) the numerically calculated
values for y0 in Eq. (18) as a function of φ for three values
of a: when transverse motion dominates longitudinal motion
(a = 0.8, b = 0.6), when transverse and longitudinal motions

FIG. 3. Drift error estimates. The error metric 	vD scaled by ε3

is plotted as a function of ε for a range of values of φ of the form
φ = n/20, where n is a positive integer less than 20 and a = 1/

√
2.

Darker blue curves indicate smaller values of φ.
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FIG. 4. Drift velocity stagnation points. (a) The vertical location
of the drift stagnation point y0 (i.e., vD(y0) = 0 when we are in a
regime where such a unique y0 exists) plotted as a function of φ for
a ∈ (0.6, 1/

√
2, 0.8). Darker blue curves denote smaller values of a.

(b) Phase diagram plotting the regions of (a, φ) space where there
are two (blue), one (red), or no location (white) in the fluid where the
horizontal drift velocity is zero. Green (healthy cilia: Volvox carteri
and healthy nasal cilia) and yellow regions (unhealthy cilia: nasal
cilia with a mutation in either the HYDIN or DNAH11 protein)
indicate the estimated locations of real ciliated systems. Inset: C


plotted as a function of D.

are equal (a = b = 1/
√

2), and when longitudinal motion
dominates transverse motion (a = 0.6, b = 0.8).

Recalling from Eq. (4) that lengths have been nondimen-
sionlized by k−1 (which is on the order of 10 µm for typical
epithelial cilia carpets, while the transverse and longitudinal
amplitudes of points on the carpet A and B are on the order
of 1 µm), we see that, reassuringly, the stagnation points are
always away from the near-envelope region.

B. Wave parameters with stagnation points

In order to mathematically locate the parameters (a, φ) in
phase plane where Eq. (18) has solutions, we see that the
equation is equivalent to requiring that y > 0 satisfies

ey − 1 = Dy + Cy2, (19)

where we have defined y = 2y0 and where C and D are given
by

C = 1 + 2ab cos φ

2(a2 − b2 − 2ab cos φ)
, (20a)

D = −2(a2 + ab cos φ)

a2 − b2 − 2ab cos φ
. (20b)

This reformulation recasts this problem as finding in-
tersection points between a quadratic (Dy + Cy2) and an
exponential (ey − 1). Both curves pass through the origin. If
the quadratic grows initially faster than the exponential, even-
tually the exponential catches up and then keeps on growing
faster, resulting in a single intersection point. Since Taylor
expanding yields ey − 1 = y + y2/2 + · · · , this is equivalent
to mathematically imposing that D > 1, i.e.,

4a2 − 1

1 − 2a2 + 2a
√

1 − a2 cos φ
> 0. (21)

Hence, the region corresponding to there being a unique
stagnation point is bounded between the curves a = 1/2 and
φ = arccos (1 − 2a2)/(2a

√
1 − a2).

Alternatively, if the quadratic does not grow initially faster
than the exponential (D < 1), there are two possible cases.
For fixed D, if C < C
 for some critical value C
 = C
(D),
the exponential always grows faster than the quadratic leading
to no intersection points. Alternatively, when C > C
, the
quadratic overtakes the exponential and then the exponential
reovertakes the quadratic, leading to exactly two intersection
points. Mathematically, at the critical point C = C
(D), the
two curves are tangent at their intersection point. Hence, there
exists a yD = yD(D) > 0, where{

eyD − 1 = DyD + C
(yD)2,

eyD = D + 2C
yD,

}
	⇒

eyD

(
2

yD
− 1

)
− 2

yD
− D = 0, 	⇒

eyD + D = (2 + 2D)

(
1

2 − yD

)
. (22)

However, since Eq. (22) can be formulated as locating the
intersection points yD of an exponential and a hyperbola, this
cannot be solved analytically. Instead, for any given D, we
may numerically solve Eq. (22) using matlab [38].

We plot in Fig. 4(b) the complete phase portrait in (a, φ)
space with the regions with zero, one, and two stagnation
points colored in white, red, and blue, respectively. We also
include, as an inset, the dependence of C
 with D. In the
next section, we investigate the biological relevance of these
stagnation points in ciliary flows.

V. COMPARISON WITH EXPERIMENTAL CILIARY
BEATING PATTERNS

A natural next step in biological fluid mechanics, once
theoretical modeling progress has been made, is to gain bio-
logical insight through comparison with experimental data. In
this section, we perform this comparison by defining the cil-
iary envelope of the Taylor beating sheet model as the surface
produced by coarse graining the set of cilia centers of mass,

043209-6



LAGRANGIAN TRANSPORT BY CILIARY ARRAYS PHYSICAL REVIEW RESEARCH 7, 043209 (2025)

approximating the trajectory of the center of mass of a cilium
as an ellipse. This allows us to then estimate values for the
Taylor beating sheet parameters a and φ for four experimental
ciliated systems. By identifying where these experimental sys-
tems sit on the phase diagram in Fig. 4, we can then propose a
link between the existence of stagnation points and unhealthy
ciliary beating patterns.

A. Ciliary envelope approximation

Fundamentally, Taylor’s beating sheet model is an approx-
imation, reducing the combined flow of many deformable
cilia to a single ciliary envelope. Here, we explore how this
envelope should be positioned when analyzing real ciliated
systems.

The standard canonical method is to draw the continuous
surface of the envelope across the tips of the cilia [6], follow-
ing the approach of Blake, who first applied Taylor’s beating
sheet to a planar ciliary array [16]. However, not in that work,
or to the best of our knowledge anywhere in the literature, has
it been quantitatively justified why taking the ciliary tips is
the most accurate approximation compared to taking another
point on the cilia, such as the center of mass.

Clearly, this question merits careful further study in its own
right, which is beyond the scope of this paper. Here, we would
like to argue that fitting through the centers of mass ought to
give at least as accurate a fit as fitting through the tips, and
probably even a better one. Thinking of cilia as chains of point
forces, it is physically intuitive for the effective average effect
of the chain in the far field to arise from the center of the
cilium rather than from its tip. Indeed, past investigations of
a single cilium beating in isolation have concluded that the
best point-force approximation for the flow field is to place the
force at the center of mass of the cilium [48–51]. Recently, a
study of the ciliated embryo of the amphibian Xenopus laevis,
which has a sparse mosaic pattern of dense cilia bundles
surrounded by nonciliated goblet cells, found that the flow
generated by any particular bundle can be represented by a
single Stokeslet positioned below the ciliary tips inside the
bundle [52]. Further, numerical work modeling ciliary arrays
often utilize the method of regularized singularities, approx-
imating the flow generated by each cilium by that of a point
force placed somewhere between the base and the tips; for
example, work in Ref. [53] places the point forces at a height
0.7L above the base, where L is the length of a cilium.

Hence, in what follows, we fit the ciliary envelope to
centers of mass rather than to tips. It is worth noting that,
by definition, the way the Taylor beating sheet is constructed
through sinusoidal functions in Eq. (1) implies that points on
the envelope move in elliptical trajectories. Experimental data
show that cilia centers of mass fit elliptical paths more closely
than cilia tips, leading to a more accurate mapping and thus a
better approximation.

B. Trajectory of cilium center of mass

We now model the trajectory of the center of mass of a
cilium. We illustrate in Fig. 5(a) the beating of a single cilium
from a somatic cell of Volvox carteri, showing the character-
istic two-stroke motion described in Ref. [48]. In particular,

FIG. 5. Beating of a single cilium. (a) Diagram of a single cilium
(flagellum) from a somatic cell of Volvox carteri deforming in a two-
stroke motion. Arrows show the instantaneous velocity distribution
along the flagellum, indexed by frame number with frame rate 1000
fps. Adapted from Ref. [48], with permission. (b) Schematic of a
model of the motion of the center of mass of a cilium, utilizing an
elliptical trajectory with minor axis l2 and major axis l1 inclined by
an angle θ in the (x, y) plane.

note that the forward stroke is faster than the recovery stroke.
As illustrated in Fig. 5(b), we next utilize the classical approx-
imation from the literature [48–51], modeling the trajectory
as traveling along an ellipse of minor and major axes l2 and
l1 > l2 inclined at an angle θ to the vertical.

For completeness, we note that the cited examples from the
literature concern healthy ciliary beating patterns. We make
below the further assumption that this elliptical orbit model
also holds as a leading-order approximation for unhealthy
beating patterns. We are not aware of past studies examining
trajectories for unhealthy cilia, so we view this assumption as
a reasonable first step. A more detailed investigation into such
cases would represent a possible direction for future work.

Mathematically, coordinates for the center of mass of the
cilium (xs, ys) can be written as(

xs

ys

)
=

(
x
0

)
+

(
cos θ − sin θ

sin θ cos θ

)(
l2 cos (kx − ωt )
l1 sin (kx − ωt )

)

=
(

x + l2 cos θ cos (kx − ωt ) − l1 sin θ sin (kx − ωt )
l2 sin θ cos (kx − ωt ) + l1 cos θ sin (kx − ωt )

)
.

(23)

We recall that Eq. (1) describes the dimensional kinematics of
the ciliary carpet as(

xs

ys

)
=

(
x + A cos (kx − ωt − φ − kx0)

B sin (kx − ωt − kx0)

)
. (24)

Hence, equating Eqs. (23) and (24) and expanding to separate
the cos (kx − ωt ) and sin (kx − ωt ) terms yields

A cos (kx0 + φ) = l2 cos θ, (25a)

A sin (kx0 + φ) = −l1 sin θ, (25b)

B cos kx0 = l1 cos θ, (25c)

−B sin kx0 = l2 sin θ. (25d)

Eliminating x0, these equations can be rearranged to give

ρl = cos φ + l tan θ sin φ, (26a)

−ρ tan θ = sin θ − l tan θ cos φ, (26b)
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TABLE I. Fitting cilia data to elliptical trajectories: estimations
for the parameters {θe, le} and their corresponding uncertainties
{	θ, 	l} from experimental data for four different ciliated systems:
Volvox carteri [48] and nasal cilia that are either healthy or diseased,
caused by mutations in either the HYDIN or the DNAH11 protein
[54].

Ciliated system θe (◦) 	θ (◦) le 	l

Volvox carteri [48] 73.7 10 0.443 0.2
Healthy nasal cilia [54] 45 10 0.5 0.2
HYDIN [54] 5.73 5 0.5 0.05
DNAH11 [54] −45 10 0.5 0.2

where l = l2/l1 and ρ = B/A = b/a = √
1 − a2/a. Hence,

we can express (ρ, φ) in terms of (l, θ ) through

φ = arctan

(
tan θ (l2 − 1)

l (1 + tan2 θ )

)
, (27a)

ρ = tan θ sin φ + cos φ/l. (27b)

C. Experimental data

Obtaining estimates for l and θ from experimental data in
the form l = le ± 	l and θ = θe ± 	θ , we can then use this
mapping to get estimates for a and φ as a region of (a, φ)
space for which l (a, φ) is in the interval [le − 	l, le + 	l]
and θ (a, φ) is in the interval [θe − 	θ, θe + 	θ ].

In this paper, we consider four experimental systems for
which data are available: two healthy ciliated carpets (Volvox
carteri [48] and healthy nasal cilia [54]) and two diseased
nasal ciliated systems (primary ciliary dyskinesia caused by
mutations in either the HYDIN or the DNAH11 protein [54]).
We have estimated l = le ± 	l and θ = θe ± 	θ by taking
graphical plots of the location of the center of mass of a
cilia across a full stroke (Fig. 4(c) of Ref. [48] for the Volvox
carteri cilium and Fig. 4(f) of Ref. [54] for the nasal cilia) and
then fitting ellipses using the open-source image processing
package fiji [55,56]. We state in Table I the resulting fits
for the four experimental systems along with our estimated
uncertainties.

D. Biological implications of stagnation regions

In Sec. IV, we identified theoretically that certain cil-
iary beating patterns can produce Lagrangian transport with
zero, one, or two stagnation points. Here, we explore how
these stagnation regions correlate with known health condi-
tions, highlighting the biological relevance of our theoretical
findings.

We postulate that the potential presence of stagnation re-
gions may play a key biological role given the role of cilia in
mucus clearance, for example, in the airways [9]. It is known
that bacterial infection can alter the beating of cilia carpets
[57,58], and thus if stagnation regions exist (i.e., regions with
little flow), they could lead to increased residence time of
bacteria and other suspended particles, resulting in clogging
and increased bacterial infections.

How can we test this prediction quantitatively? We have
already computed a full (a, φ) phase portrait in Fig. 4(b)

showing the regions where stagnation points are present. By
taking estimated values for a and φ from real biological sys-
tems, as carried out in Sec. V C, we can test whether healthy or
unhealthy ciliary beating patterns correlate with no stagnation
points or stagnation points, respectively.

These estimates for the regions in the model parameter
space where real ciliated systems lie are superimposed onto
Fig. 4, with green and yellow representing healthy and un-
healthy cilia, respectively. Remarkably, both healthy cilia fall
in white regions with no stagnation points, while both dis-
eased cilia fall in red regions with one drift stagnation point.
This suggests a potential relationship between the presence
of drift stagnation points and the effectiveness of the ciliary
beating pattern.

VI. CILIARY TRANSPORT OF ELONGATED PARTICLES

In the considerations above, we have focused on La-
grangian transport by ciliary flows of spherical particles
(hence, we only needed to focus on the time evolution of
their positions). However, in the case of nonspherical parti-
cles, the flow is also expected to change their orientations.
In this section, for completeness we then extend our results
to elongated particles. Specifically, we use Jeffery’s classical
equation [59] to characterize the dynamics of the orientation
of an ellipsoidal particle in the flow created by the cilia carpet.

A. Model

For a flow of vorticity ω and symmetric rate of strain tensor
E, the z component of the induced rate of rotation � of a
prolate ellipsoid of aspect ratio re satisfies

� = ωz

2
+ B̃ sin (2θ )

2
(Eyy − Exx ) + B̃ cos 2θExy, (28)

where the shape factor of the particle B̃ is given by [59]

B̃ =
(

r2
e − 1

r2
e + 1

)
. (29)

Given Eqs. (6) and (7), the rotational dynamics in Eq. (28) can
be expanded to become

∂θ

∂t
= � = εbe−y sin (x − t ) + εae−y sin (x − t − φ)

+ εB̃ae−y(y − 1) sin (x − t − φ + 2θ )

+ εB̃ybe−y sin (x − t + 2θ ) + ε2gθ1 + O(ε3),

(30)

where gθ1 is O(1) and 2π periodic in t .

B. Trajectories from multiple-scale analysis

Since the orientation of the passive particle is decoupled
from its position, we can now employ a similar multiple-scale
approach to characterize the time evolution of the orientation.
Expressing θ as a function of t and T = ε2t , we expand θ as
a series expansion in powers of ε, i.e.,

θ = θ0 + εθ1 + ε2θ2 + · · · . (31)
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At O(1), Eq. (30) becomes

∂θ0

∂t
= 0, (32)

i.e., as expected θ0 is also only a function of T .
At O(ε), taking Eq. (30) and integrating with respect to t

yields

θ1 = be−y0 cos (x0 − t ) + ae−y0 cos (x0 − t − φ)

+ B̃ae−y0 (y0 − 1) cos (x0 − t − φ + 2θ0)

+ B̃y0be−y0 cos (x0 − t + 2θ0) + gθ2(T ), (33)

where gθ2 is independent of t , i.e., just a function of T .
At O(ε2), Eq. (30) becomes

∂θ2

∂t
+ ∂θ0

∂T

= −by1e−y0 sin (x0 − t )

+ bx1e−y0 cos (x0 − t ) − ay1e−y0 sin (x0 − t − φ)

+ ax1e−y0 cos (x0 − t − φ)

+ B̃by1(1 − y0)e−y0 sin (x0 − t + 2θ0)

+ B̃by0(x1 + 2θ1)e−y0 cos (x0 − t + 2θ0)

+ B̃a(y0 − 1)(x1 + 2θ1)e−y0 cos (x0 − t + 2θ0 − φ)

+ B̃ay1(2 − y0)e−y0 sin (x0 − t − φ + 2θ0) + gθ1. (34)

As above, assuming periodicity in a 2π interval of t of θ2 and
integrating between 0 and 2π with respect to t gives

∂θ0

∂T
= a2e−2y0

2

(
1 − 2y0 + B̃ cos 2θ0

(
6y0 − 3 − 2y2

0

)

+ 2B̃2(1 − y0)2
) + b2e−2y0

2

( − 1 − 2y0

+ B̃ cos 2θ0
(
2y0 + 1 − 2y2

0

) + 2B̃2y2
0

)
+ 2aby0e−2y0 cos φ

( − 1 + B̃ cos 2θ0(2 − y0)

+ B̃2(y0 − 1)
)
. (35)

C. Comparison with numerical results

Following the approach applied above for spatial posi-
tion (x, y), we compare in Fig. 6 the numerical solutions of
Eq. (33) (solid curves) with asymptotic approximations for the
drift obtained from Eq. (35) (dashed curves), plotting θ as a
function of time t for a range of values for (θ (0), φ, B̃) with
a = b = 1/

√
2, x(0) = 0, y(0) = 0.3, and ε = 0.05. Darker

blue indicates smaller θ (0).
Inspecting in particular the insets of Fig. 6, and similarly to

the particle position in Fig. 2, we obtain very good agreement
between theoretical predictions and the numerical results.
The dynamics in Fig. 6(a) is representative of the results for
near-spherical particles (B̃ = 0.2). Since all θ0 dependence in
Eq. (35) is O(B̃) with respect to B̃, a small value of B̃ leads
to the leading-order contribution to the Lagrangian drift being
independent of θ , i.e., straight lines. Furthermore, as can be
seen in the inset of Fig. 6(a), the amplitude of the oscillatory
terms is also independent of θ .

In contrast, for more elongated particles where B̃ is larger
[see Figs. 6(b) and 6(c), in the case B̃ = 0.8], the drift

FIG. 6. Lagrangian trajectories of the orientation of elon-
gated particles: numerical solutions (solid curves) and asymp-
totic approximations for the drift (dashed curves), plotting θ

as a function of time t for θ (0) ∈ (−π/2,−5π/12, −π/3,

−π/4, −π/6,−π/12, 0, π/12, π/6, π/4, π/3, 5π/12, π/2) and a
range of values for (φ, B̃) with a = 1/

√
2, x(0) = 0, y(0) = 0.3, and

ε = 0.05. Darker blue indicates smaller θ (0). (a) φ = π/3, B̃ = 0.2.
(b) φ = π/3, B̃ = 0.8. (c) φ = 2π/3, B̃ = 0.8. Insets provide en-
larged views.

becomes nonlinear in θ0. Depending on where we are in the
(a, φ, y(0)) phase space, we approach either a limit cycle [see
Fig. 6(b) where all gradients are negative] or a stagnation
point [see Fig. 6(c) where the gradients are both positive and
negative]. The insets of Figs. 6(b) and 6(c) also clearly convey
that the the amplitude of oscillation varies nonlinearly with θ0.

VII. CONCLUSIONS

In summary, motivated by the desire to understand trans-
port by ciliary arrays, we have shown theoretically and
computationally that the classical Eulerian view on cilia-
induced flow misses a key aspect of time-averaged Lagrangian
transport. Specifically, using Taylor’s classical waving model,
we exploited the separation of timescales between the fast
periodic trajectories and the slower time horizontal drift and
uncovered that the time-averaged drift generated by the time-
varying motion of the cilia is not uniform (as predicted by
classical studies) but instead varies with the distance from the
ciliary surface, in a nonmonotonic way. This result reveals a
rich set of transport behaviors, including flow recirculation
and drift stagnation points.

In particular, the existence of stagnation points was shown
to correlate with two known types of unhealthy cilia tis-
sues, potentially providing a way to distinguish healthy from
impaired ciliary beating patterns. This correlation was demon-
strated using a reduced elliptical model to capture the motion
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of a single cilium and map experimental ciliary trajectories
to the corresponding Taylor’s beating sheet parameter values
(a, φ). Further work will be required to fully evaluate the va-
lidity of this ellipse approximation, particularly for unhealthy
ciliary beating patterns.

A logical next step will be to build on this framework
by adding biological complexity, for example, by consider-
ing more realistic, nonsmooth waving shapes for the cilia
envelope [60] or by coupling the cilia-induced flow with the
swimming of flagellated bacteria [6]. The multiple-scale ap-
proach used here will also be applicable beyond cilia-induced
flow to other systems driven by oscillatory deformation, such
as peristaltic pumping [28,29].
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