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An Introduction to the Generalized Lagrangian-Mean 
Description of Wave, Mean-Flow Interaction' 

By M. E. MCINTYRE z'3) 

Abstract-The generalized Lagrangian-mean description is motivated a n d  illustrated by 
means of some simple examples of interactions between waves and mean flows, confining attention 
for the most part to waves of infinitesimal amplitude. The direct manner in which the theoretical 
description leads to the wave-action concept and related results, and also to the various 'non- 
interaction' theorems, more accurately non-acceleration theorems, is brought out as simply as 
possible. Variational formulations are not needed in the analysis, which uses elementary principles 
only. 

The significance of the generalized Eliassen-Palm relations as conservation equations for 
wave activity is discussed briefly, as is the significance of the temporal nonuniformity of the 
generalized Lagrangian-mean description for dissipating disturbances. 
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1. Introduction 

A topic  which has fascinated me for  a number  o f  years now (so much so that  I 

have rashly  under taken  to write a b o o k  on it!) is the interact ion of  waves and mean 

flows seen bo th  f rom a general  v iewpoint  and  also in connect ion  with specific appl ica-  

t ions  including those in s t ra tospher ic  meteorology.  Phenomena  associated with wave 

t r anspor t  processes and nonl inear  rectif ication have long been famil iar  in s impler  

contexts  such as a c o u s t i c s - e . g ,  r ad ia t ion  stress (BRILLOUIN, 1925, 1936), acoust ic  

s t reaming (LIc~nTHILL, 1978) - but  the subject  has been revital ized by recent evidence 

tha t  wave- induced  s t reaming  effects take  place on a very large scale in the 

middle  a tmosphere  (e.g. HOLTON, 1975). These do not  merely per turb  its general  

c irculat ion,  but  represent  gross features which would otherwise be absent .  The clearest  

example  so far  documented  is the quasi-biennial  osci l lat ion of  the equator ia l  zonal  

wind, he rea f t e r '  QBO' .  Ano the r  is the sudden warming.  There has also been the realiza- 

1) This review article is based on material prepared for a summer colloquium on 'The General 
Circulation: Theory, Modeling, and Observations' held at the National Center for Atmospheric 
Research in July 1978 and sponsored by the Advanced Study Program. 

2) National Center for Atmospheric Research, Boulder, Colorado 80307, USA. The National 
Center for Atmospheric Research is sponsored by the National Science Foundation. 

a) Present affiliation: Department of Applied Mathematics and Theoretical Physics, University 
of Cambridge, Cambridge, England. 
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tion that wave transport effects might maintain the four-day rotation of Venus' outer 

atmosphere (FELs and LI~DZEN, 1974; PLUMb, 1975) and probably play a role in the 

history of the Sun's differential rotation (E. A. SPIEGEL, personal communication) 
and in the acceleration of the solar wind (HOLLWEG, 1978 and refs. therein). 

Quite independently of those developments, there has been a revival in the literature 
of some long-standing controversies on theoretical aspects of the subject of wave 
transport, particularly the celebrated 'Abraham-Minkowski controversy' on elec- 
tromagnetic wave 'momentum'  in fluid or Solid media. This controversy and its 
less-publicized relatives in acoustics and geophysical fluid dynamics typify certain 
misconceptions concerning the generalities of the subject, which despite clarifications 
now available (e.g. PEIERLS, 1976) are still widely perpetuated as the scientific literature 
proliferates with less and less interdisciplinary communication. (In Section 5 we shall 
catch a glimpse of how these generalities relate to the fluid-dynamical problems which 
are of more immediate concern to us here.) 

It has become increasingly evident in recent years that the underlying theoretical 
structure of the subject becomes immeasurably clearer if one describes wave dis- 
turbances in terms of particle displacements about the mean flow, in place of the 
more usual eddy velocity fields. There are deep reasons for this, associated for in- 
stance with the connection between symmetries and conservation relations (e.g. 
BRETHERTON, 1979; ANDREWS and MCINTYRE, 1978c). How best to define a dis- 
turbance-associated particle displacement for arbitrary, finite-amplitude waves on an 
arbitrary mean flow is not a trivial question; and it is linked to the equally nontrivial 
question of how to define the notion of Lagrangian-mean flow in a general manner. 
However, significant progress has recently been made towards answering these 

questions, as a result of several lines of work traceable back at least as far as that of 
FRIEMAN and ROTENBERG (1960) and ECKART (1963), and developed by DEWAR 
(1970), BRETHERTON (1971, 1979), who was perhaps the first to see the importance of 
the ideas for geophysical fluid dynamics, SOWARD (1972) (in MHD dynamo theory), 
GRIMSHAW (1975), and culminating in a very general theory developed and discussed 
by ANDREWS and MCINTYRE (1978b, hereafter AM; see MCINTYRE, 1979 for further 
discussion). This theory may be called the GLM ('generalized Lagrangian-mean') 
theory of wave, mean-flow interaction. It draws together a number of threads in the 
subject which seem unconnected when viewed more conventionally; and in particular 
it shows where the Eulerian-mean results of ELIASSEN and PALM (1961), CHARNEY 
and DRAZIN (1961), DICKINSON (1969), F'EES and L1NDZEN (1974), PLUMB (1975), 
HOLTON (1974), BOYD (1976) and ANDREWS and M CINTYRE (1976a, 1978a) really come 
from, and how they are connected with such things as the wave-action concept and the 
energy-momentum-tensor formalism of theoretical physics (HAYES, 1970; ANDREWS 
and MCINTYRE, 1978c). Many of these general results emerge in an analytically very 
simple way. 

On a more practical level, the GLM theory may help us toward a better under- 
standing of the general circulation of the middle a tmosphe re -one  in which the 
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theoretical description of planetary waves and other departures from the zonal-mean 
state fits more naturally with observations of tracer motions. Some of the ideas 
involved are discussed by DUNKERTON (1978) and also in the paper by MATSUNO 
(1980) in this issue; they have important precedents in the work of RIEHL and FULTZ 
(1957), KRISHNAMURTI (1961), DANIELSEY (1968), MAHLMAN (1969) and others. Our 
understanding of how to use the theory in this context is far from complete, however; 
a discussion of some of the difficulties yet to be overcome is attempted in MCINTYRE 

(1979). 
In this review I shall concentrate on some prototypical idealized problems con- 

cerning the interaction of waves and mean flows, with a view to bringing out the 
simplicity and intuitive appeal of the ideas which originally led to the GLM theory. 
I shall also try to show by example why such problems are intriguing for the fluid 
dynamicist as well as the meteorologist. The two sub-problems comprising the 
problem of wave, mean-flow interaction, namely 

(i) How the waves create or change the mean flow, and 
(ii) How mean-flow profiles react back on the waves, 

are both well illustrated by the simple example of two-dimensional internal gravity 
waves, as was illuminatingly brought out in a recent paper by PLUMB (1977). We use 
this special example in Sections 2 and 3 in order to motivate a discussion of the more 

general case of waves involving Coriolis forces - and the power of the GLM theory 
in dealing with t h e m -  which follows in Sections 4 and 5. A closely related topic, 
discussed briefly in Section 6, is the use of 'generalized Eliassen-Palm relations' in 
sub-problem (ii); this in turn suggests diagnostics which are likely to prove important 
for interpreting observational data on planetary waves in the middle atmosphere. 
Finally, in Section 7 we indicate briefly the ideas involved in the GLM description 
offinite-amplitude disturbances, and its possible application to the middle atmosphere. 

2. Two-dimensional internal gravity waves 

One class of problems of special meteorological (and astrophysical) interest is 

that of 'longitudinally symmetric' mean flow, independent of a coordinate x which 
is either longitude or its cartesian 'channel '  equivalent. A special feature of such 
problem s is that there is no longitudinal mean pressure gradient ~p/~x; thus the fluid 
is free to accelerate in the x direction in response to the wave effects (sub-problem 
(i)). The simplest model example is that of two-dimensional internal gravity waves 
being generated by a slippery, corrugated boundary moving parallel to itself with 
constant velocity c, as suggested in Fig. 1. It is well known that, if the waves are 
transient or are being dissipated in some layer oL~ a at the top of the picture, then the 
mean flow accelerates there. The wave-drag force which the boundary exerts on the 
fluid is not felt at the boundary, as far as the mean flow is concerned; it is felt at 5r 
This illustrates the well-known ability of waves to set up a mean stress, whereby the 
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i Z/./ 
Figure 1 

Internal gravity waves, being generated in a resting, stably-stratified fluid by a rigidly-moving 
boundary. The sloping lines are lines of constant phase; the disturbance particle paths are parallel 
to those lines. The buoyancy frequency N is assumed constant. The dotted line L represents an 

isentropic surface approximately, and Lo is a fixed, horizontal surface. 

effect of a mean force (in this case the horizontal force exerted by the boundary) 

can be transferred over considerable distances (in this case vertically, up to the 

layer 5O), 

In this particular case the mean stress involved is simply the Reynolds stress 

- pu 'w '  associated with the waves. Its divergence appears as the wave-induced contribu- 

tion to the mean-flow acceleration 

~ / ~ t  = - ~(u' w') /~z - X ,  (2.1 a) 

where - )( (the sign is chosen for later convenience) is any mean force per unit mass 

which might also be present (such as a mean viscous force oc ~2~/~z2). The overbars 

and primes denote the usual zonal or longitudinal Eulerian average with respect to x, 

and fluctuations about it. We have assumed a Boussinesq fluid with constant density 

p. Clearly u'w' > 0 below ~o in the picture (the disturbance velocity being directed 

parallel to the sloping lines of constant phase because the motion is incompressible), 

and u'w' = 0 above 5 ~ if there is no disturbance there. Then O(u'w')/Oz has to be 

nonzero somewhere in between, which is why the mean flow must accelerate there, 

apart from any additional effect from )(. 

I f  the waves were generated not at a boundary but by a moving system of heat 

sources and sinks in some layer in the interior of the fluid, then total momentum 

integrated over the whole depth of the fluid would have to be constant, and the mean 

acceleration at 5O would be accompanied by a corresponding deceleration where the 

waves are generated. The latter effect has been proposed as a mechanism for maintain- 

ing the fast zonal flow observed in Venus' outer atmosphere (FELS and LINDZEN 
1974; PLUMB 1975, and refs. therein). 
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If  we had used the GLM description instead of the conventional one, the analogue 

of equation (2.1a) would have been 

b~./~t = p - t  O(~'~p')/~z - X~" (2.1b) 

for small amplitude, almost-plane waves in the same Boussinesq fluid. (This involves 
some approximation; the corresponding exact equation is (8.7a) of AM, or rather the 
specialization of that equation to two-dimensional motion with constant gravity and 
zero rotation; see also AM (8.12).) Here ( )L denotes a mean along a line of fluid 
particles distorted by the waves, such as the wavy dotted line L in Fig. 1 ; if the motion 
were exactly adiabatic, L would exactly coincide with an isentropic surface corrugated 
by the wave motion. The vertical displacement of the fluid particles about their mean 
position L0 is the quantity ~', whose x-derivative appears, correlated with the dis- 
turbance pressure p', on the right of equation (2.1b). In Section 7 I shall say more 

precisely how the GLM theory defines ( )L and the disturbance-associated particle- 
displacement vector, of which ~' is the vertical component; the definition will in 
fact apply to finite-amplitude, arbitrary waves. Note that equation (2.1b) makes 
immediate physical sense: just as equation (2.1a) can be obtained by considering the 
mean stress across fixed, horizontal control surfaces like L0, so can equation (2. tb) be 
obtained by considering the mean horizontal stress - ~xP' exerted by the fluid below 
the wavy, material surface L upon the fluid above it, via the correlation between 
negative slope -~x  and positive pressure anomaly. (This is exactly the same thing 
as the wave drag of the boundary itself; the boundary can be regarded as a particular 
case of a material surface L.) Equation (2.1b) and its generalizations turn out, as we 

shall see in Section 5, to lead to the easiest way of expressing the connection between 
mean flow changes and wave dissipation, forcing or transience, in cases more general 
than that of Fig. 1, for instance when a nontrivial mean flow ~(z) is present. The 

connection is then somewhat less obvious. But first we digress to look a little more 
closely at some specific phenomena described by equations (2.1a) and (2.1b). These 
show in yet another way that there is more to the subject of wave, mean-flow interaction 

than meets the eye! 

3. The simplest example of vacillation due to wave, mean-flow interaction." 
Plumb and McEwan's laboratory analogue of the QBO 

If  the waves in Fig. 1 are dissipating throughout the depth of the fluid, then  the 
height scale D for wave attenuation tends to be proportional to the vertical component 
wo of the group velocity. For  uniform dissipation the mean flow will initially develop 
as in Fig. 2a [~ oc exp (-z /D)],  with the biggest change near the boundary *) z = 0. 

4) It should be pointed out here that a contrasting situation can occur in the non-Boussinesq 
case where the density scale height is comparable with D or smaller: the greatest mean-velocity 
change may then occur far above the boundary. This point has been made by DUNKERTON (1979a), 
and by URvu (1980) in this issue. 
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Figure 2 
(a), (b): Effect on the mean-flow profile tV(z) of a single internal gravity wave with phase 
speed +c at two successive times. (c)-(f): effect of two waves with phase speeds _+_ c, after 

PLUMB (1977). 

But now sub-problem (ii) comes in: the feedback of  the mean-flow change onto the 

waves affects D. When the intrinsic phase speed e - ff gets small enough, w~ becomes 

small too  (a fact which we shall use again, and which is easily verified from the 

dispersion properties o f  plane internal gravity waves); therefore D decreases and 

also becomes a function o f  z - we may  still speak of  it as the local height scale for 

wave d i s s i p a t i o n - a n d  it is smallest o f  all near z = 0. Clearly this cannot  go on 

forever since there is a limiting situation, shown schematically in Fig. 2b, in which 

= c at z = 0, and no more waves are generated and no more  wave-induced mean- 

flow change takes place. Actually, linear theory must break down near z = 0 before 

this situation is reached, but the idea is qualitatively right. We are tacitly assuming 

that  viscosity has a negligible effect on the mean flow, especially near z = 0. 

I f  we now add to the input o f  waves at z = 0 a component  travelling with equal 

and opposite phase speed - e ,  something very interesting happens. (The first theory 

demonstrat ing the effect was that  of  HOLTON and LINDZEN (1972), and our  under- 

standing of  it has been greatly improved by the recent work of  PLUMB (1977).) Suppose 

for simplicity that  the two waves, with phase speeds + c, have equal amplitudes so 

that  the boundary  is now executing a standing wave 

z = h(x, t) =- a sin k (x  - ct) + as in  k ( x  + ct) 

= 2a sin k x  cos kct; (3.1) 

and suppose moreover  that 2kc is less than 0.816 times the buoyancy  frequency N 
of  the stratification. Then not  only can the leftward-travelling component  propagate  

even if ff = + c, but it can also be shown that  the relation between wg and intrinsic 
horizontal  phase speed is strictly monotonic,  so that  wg and therefore D for the left- 

ward-travelling component  is necessarily larger, for all values of  z, than it was for the 

rightward-travelling component  before the mean flow developed. Thus, it is easy 

to see that  the leftward-travelling wave will now induce a negative acceleration 

~ / O t  th roughout  a comparatively deep layer, leading to the appearance o f  a 
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downward-moving zero in the mean velocity profile as shown in Figs. 2c-e. In Fig. 2e, 
D for the leftward-travelling wave has become small just above the narrow shear layer 
at the bottom; however, the leftward-travelling wave cannot by itself quite destroy 
the shear layer because if ~ were to become slightly different from + c at z = 0 the 
effect of the rightward-travelling wave would reassert itself in a very shallow layer 
near z = 0. The shear layer must nevertheless get destroyed sooner or later, either 
because mean viscous effects become dominant (PLUMB, 1977) or, more likely in a 
real fluid, because the Richardson number becomes small and the shear layer goes 
turbulent. This will quickly wipe out the shear layer and leave us all of  a sudden 
with something like the profile of Fig. 2 f -  i.e. qualitatively like Fig. 2b, but with the 
sign changed. PLUMB (op. cit.) refers to this transition between the profiles of Figs. 
2e and 2f as 'switching'. At this point, we can see that the same sequence of events 
will take place all over again, with the signs changed. The double feedback loop, 
sub-problems (i) and (ii), between the mean flow and the dissipating waves, has led 

to a vacillation cycle in which the mean flow reverses again and again, entirely because 
of the constant input of waves. Figures 2b-2f qualitatively depict just half this 

vacillation cycle. 
That such phenomena unquestionably occur in real fluids has recently been most 

beautifuUy demonstrated in the laboratory by PLUMB and MCEWAN (1978). They 
took an annulus of salt-stratified fluid (not rotating) and introduced a standing wave 
via the motion of a rubber membrane at the bottom, so that equal amounts of clock- 
wise and anticlockwise-travelling waves with periods of a fraction of a minute were 
generated. The initial conditions involved no mean f low-  an almost completely 
symmetrical s i tuat ion-  yet sooner or later substantial mean flows would appear, 
going through a vacillation cycle just as in Figs. 2b-2f. The initial state is unstable 
to the vacillation cycle (PLUMB, 1977). The period of the cycle depended of course 
on the wave amplitude a, but was typically an hour or so. No mean flow developed 
if the wave amplitude a was too small, owing to the stabilizing effect of mean viscous 
forces. PLUMB and MCEWAN (personal communication) have produced a moving 
picture dramatically showing the existence of the mean flow evolving just as suggested 
in Fig. 2, together with the constant-amplitude standing wave on the boundary which 

causes the whole sequence of events. 
As is well known by now (e.g. HOLTON, 1975), there is good evidence that a 

precisely similar mechanism underlies the quasi-biennial reversal, every 26 months 
or so, of the zonal mean wind in the equatorial lower stratosphere. (The 26 months 
(or so!) is thus to do with the amplitudes which the relevant (tropospherically- 
generated) waves happen to have - and nothing to do with any 'obvious '  periodicity 
such as the annual cycle as was thought at one time.) Plumb and McEwan's finding 
that the mechanism is rather easily killed off by viscous diffusion of the mean flow 
immediately suggests one of the reasons why general circulation models, which tend 
to have rather large artificial viscosities (as well as resolutions too coarse to describe 
the waves very well), have not yet succeeded in producing a QBO. 
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Other, less simple, examples of vacillation cycles due to wave, mean-flow inter- 
action have recently been noted by HOLTON and MASS (1976) and HOLTON and 
DUNKERTON (1978). The waves involved are extratropical planetary waves. In those 
examples, which model aspects of the behavior of the wintertime stratosphere in 
high latitudes, wave transience plays an important role in the vacillation dynamics. 

4. Waves involving Coriolis forces  

The waves involved in the equatorial Q B O -  mainly the equatorial planetary 
waves, but possibly stationary planetary waves from mid-latitudes as well (ANDREWS 
and MClNTYRE, t976a, w and refs. therein)- involve Coriolis forces and are 
structurally more complicated than pure internal gravity waves. It is characteristic 
of such problems that a description of wave-induced momentum transfer of the 
type given by equation (2 .1b)-a  Lagrangian-mean descripti0n-turns out to be 
more direct than that given by equation (2.1a). The Lagrangian-mean description 
gives by far the simplest route, for instance, to computing the striking effect of 
different wave dissipation mechanisms on the latitudinal profiles of ~ / ~ t  for equatorial 
waves (ANDREWS and MCINTYRE, op. cit.), an effect which is really quite arduous to 
compute, even to leading order, by conventional methods (ibid., 1976b). 

I shall not repeat the analysis for equatorial waves here, since three different 
versions are already given elsewhere (in the papers just cited, together with AM 
w Rather, I want to illustrate and compare both types of description (Eulerian-mean 
and Lagrangian-mean) by means of the simplest relevant problem, namely that of 
Fig. 1, but with a Coriolis force added whose x, y and z components are (2~2v, - 2~)u, 
0) when the velocity components are u, v, w): ~2 is assumed constant for the moment. 
In the Boussinesq approximation the linearized disturbance equations may be written, 
now allowing for three-dimensional motion, and setting the constant reference 
density p equal to unity, as 

p 

Dtu' + ( ~  - 2f2)v' + ~w'  + Px = - X '  (4.1) 

D t v ' +  2f2u' + p~ = - Y' (4.2) 

D,w' - O' + p'~ = - Z '  (4.3) 

DtO' + O~v' + O~w' = - Q '  (4.4) 

t t t ux + v~ + w, = O, (4.5) 

where 0 is the buoyancy acceleration, Dt - ~/Ot + ~ ~/ax the rate of change following 
the mean flow, the latter being assumed to be of the form (if(y, z), O, O} + O(a2), 

i.e. directed almost parallel to x. Just as we allowed for a mean viscous or other 
'extra'  force - . ~  in equation (2.1a), here we permit a correspondingly arbitrary 
O(a) force - X '  on the right of equation (4.1), together with corresponding 
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components Y'  and Z '  in equations (4.2), (4.3), and an arbitrary heating rate - Q' in 
the buoyancy equation (4.4). As with all other primed quantities we have X'  = Y' = 
Z '  Q' = --- 0. The buoyancy frequency N is equal to ~i2 in the present notation. 

To obtain a physically well-posed problem for the mean flow it is simplest to 
suppose that the flow is bounded laterally by a pair of vertical walls y = 0, b on 
which the normal component of velocity vanishes (see Fig. 4 below) implying that 

= ~' --- 0 on y = 0, b. (4.6) 

Since the bottom boundary is a rigid surface which is impermeable to the fluid, it is 
plausible (and in fact true for steady waves) that the Lagrangian-mean vertical 

velocity is zero there also: 

~L = 0 on z = 0. (4.7) 

We must beware, however, of assuming that the Eulerian-mean velocity ,~ vanishes 
at z = 0; in fact, for a rigidly-translating, corrugated boundary whose shape is 
described by a given function z = h'(x - ct, y), where h' = O(a), ~r = 0, and c is 

a (real) constant as before, it can be shown (for more detail see the accompanying 
paper ANDREWS, 1980) that 

= ~(v'h')/~y + O(a 3) on z = 0. (4.8) 

This is one of the ways in which the conventional Eulerian-mean description is more 

complicated than a Lagrangian-mean description. The Eulerian-mean velocity ~, 
which is an average along a horizontal line such as I in Fig. 3, is associated with a 

vertical mass flux, into or out of the thin region between l and the actual boundary. 
That flux must satisfy continuity with a horizontal, O(a 2) mass flux within that region, 
associated with any tendency for the disturbance velocity to be one way along troughs 

and the other way along ridges in the boundary (Fig. 3). 
In fact, such a tendency turns out to be the rule rather than the exception when 

Coriolis effects matter; for instance if h' is of the form a sin k (x  - ct) then the 

C 
Figure  3 

1 

g 

T h e  r eason  why  ~ ~ 0 at  z = 0 in the  ro ta t ing  p rob lem.  (The fo rward  s lope o f  the  wave  crests  
is correct  when  N f f  = 0z) > 4f22.) 
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disturbance y-velocity v' for conservative, plane inertio-gravity waves on a uniformly 
stratified basic state of rest turns out to be in quadrature with the z-velocity w' and 
therefore in phase with h' at z = 0 (ignoring signs). This can easily be verified (once 
again I forlfurtherldetaillsee the/accompanyinglpaper) Iby!setting N 2 = 8~ = constant, 
z7 = 0u = 0, and X' = 0, Q' = 0, and calculating the structure of elementary plane- 
wave solutions ~ exp i(kx + m z -  oz) of the linearized disturbance equations 
(4.t)-(4.5). Other pertinent features of such plane-wave solutions are that O', the 
disturbance buoyancy acceleration, beingproportional to the vertical displacement 
~' through the basic stable stratification tT~, is (like h' at z = 0) in quadrature with the 
vertical velocity w'; also incompressibility dictates that u' is in phase with w' since 
equation (4.5) implies that iku' + imw' = 0. Note therefore that u'w', v'O' are non- 
zero, and u'v', w'O' zero, in a plane inertio-gravity wave. The frequency of such a 
wave, ~ (=  kc), satisfies the well-known dispersion relation 

02 = (N2k 2 + 4~'12m2)/(k 2 + rn 2) (4.9) 

when ~ = 0. (It should be noted that this implies that c 2 must lie between 4~2/k 2 
and N2/k ~ for the inertio-gravity waves to be generated.) 

Coming back to the mean-flow problem, and still assuming that fi = (if, 0, 0) + 
O(a2), I shall write the mean-flow equations for both the conventional and Lagrangian- 
mean descriptions correct to O(a 2) next to each other for easy comparison, starting 
with the counterparts to equations (2.1a) and (2.1b): 

I O ~ t +  fi. Vz7 - 2 ~ +  ,,V= - (u ' v ' )~ - (u :w ' )~  (4.10a) 

L./ = 07xP )~ + (~xP )~ (4.10b) LO~ ~t + ilL.Vr/L _ 2f2~L + ~, , , 

I ~V/~t + 2raFt + flu + Y = O(a 2) forcing (4.11a) 

O~L/Ot + 2f~t~ + (~L)y + FL O(a 2) forcing (4.tlb) 

O~/~t - 0 + ~ + Z = O(a 2) forcing (4.12a) 

O~"/~t - 0,'" + (~:)~ + Z L O(a 2) forcing (4.12b) 

00/0t + ~0~ + ~0~ + 0 = -(v'O')~ - (w'O')~ (4.13a) 

36L/~t + ~L(OL)u + ~L(6L)z + 0L = ZERO (4.13b) 

G + ~ = 0 (4.14a) 

--Tw + = + + (4 .14b)  

The explicit form of the O(a ~) forcing on the right of equations (4.11) and (4.12) 
will not be needed. The terms distinguished by asterisks are those which survive in the 
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case of almost-plane inertio-gravity waves on a mean flow that is sufficiently slowly- 
varying in space and time. This turns out to imply that the mean flow is approximately 
geostrophic and hydrostatic, and in particular that the forcing terms on the right of 
equations (4.11) and (4.12) can be neglected. Time scales for the mean flow must be 
long compared with both (~)-112 and (2f2) -1. The vertical particle displacement ~' 
appears as before, and there is now also a particle displacement -q' in the y-direction; 
equation (4.10b) can be seen at once to be a plausible generalization of equation 
(2.1b). The Eulerian-mean ' a '  equations are familiar and require no comment; the 
Lagrangian-mean ' b '  equations are derived succinctly in AM w alternatively it is 
straightforward (although somewhat tedious) to derive them from the Eulerian-mean 
or ' a '  equations by applying the formula for the 'Stokes corrections' which are 
defined as ~s _ ~L _ ~,/~s =/SL _ if, etc., and are given correct to O(a ~) by 

17 s = ~'. Vu' + �89 + ~ ,~ ,~  + !r,2;;2~ ,-~, (4.15) 

and similarly for ps or any other Stokes correction, where ~' = (~:, ~7, ~) is the vector 
particle displacement defined in Section 5 below. Note that the Stokes corrections 
are O(a 2) wave properties (i.e. can be evaluated to O(a 2) from a linearized wave 
solution). As explained further in MclNTYRE (1979, w the terms in equation (4.15) 
involving the second derivatives of ff are not usually mentioned in classical accounts 
of Stokes corrections; note that in evaluating those terms it is immaterial whether 

or ~" ( =  ~ + O(a2)) appears. Note also that, for consistency with our assumptions 
that ~ and ~ are O(a 2) (and thus ~L and V~ L also), it is expedient to assume that X, 

Y, Z and O are O(a 2) (and thus X~', yr, and Or~ also). 
A particularly crucial difference between the two descriptions of mean-flow 

evolution is the difference between the right-hand sides of equations (4.13a) and 
(4.13b). The Lagrangian-mean equation (4.13b) has zero wave-induced forcing on the 
right; and this, incidentally, remains exactly true at finite amplitude. For  adiabatic 
motion (Q = 0) the Lagrangian-mean description says very naturally that the mean 
buoyancy field /~L(y, Z, t) is simply advected by the Lagrangian-mean flow. This is 
not so in the Eulerian-mean description; the 'eddy heat flux' terms on the right of 
equation (4.13a) are not generally zero. So even when the motion is completely 
adiabatic the equations say (if we are using the Eulerian-mean description) that the 

mean flow feels a wave-induced heating or cooling! 
The simplest illustration of this artificiality of the Eulerian-mean description is 

our model example, in which the waves are supposed to have propagated upwards 
as far as the layer &P in Fig. 4, either because they are being dissipated there, or 
because a finite time has elapsed since the bottom boundary started moving. Well 
below ~ we shall take the waves to have reached a steady state and the motion to be 

s) Equations (4.10b) through (4.13b) are simply the result of applying the operator ( )L to the 
corresponding equations for the total flow, using (4.15) with Vp in place of u, and using the basic 
(exact) result that (Off~St + u. V4,) L = 8~L/Ot + fiL'VqgL for any ~b(x, t) (AM eq. (2.15)); see also 
MclrqTYR~, 1979, {}3. 
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Figure 4 
Left: end view (looking along the x axis) of the inertio-gravity-wave problem. Right: typical 
profile of the mean acceleration in the longitudinal or x direction. The left-hand picture indicates 
how the Eulerian-mean meridional circulation f, �9 is closed by a mass flux 'within' the bottom 
boundary, as suggested in Fig. 3. HR is the Rossby height f2b/N. The time scale for mean-flow 
changes is assumed much longer than both 1/Q and 1/N. The longitudinal Stokes drift ffL _ ff 

is negligible in this problem, but not the meridional and vertical Stokes drifts. 

conservative, as we originally did in Section 2 -  we assume that X '  and Q'  are zero 

there, and also X ~ and Q. To keep life as simple as possible we shall assume that  

= 0 initially, again as in Section 2. We also take the buoyancy  frequency N = (0z) 1/2 

= constant  + O(a 2) for the moment.  The simplest kind of  mathematical  analysis for 

the waves (again see the accompanying  paper for details) makes the usual kind of  

' s lowly-varying '  approximation,  in which the plane-wave solution is assumed locally 

valid. This involves inter alia an assumption that  the layer ~ is deep compared with 

a vertical wavelength and also that s is deep compared to the Rossby height HR = 

f2b/N. We take h to be of  the form a. f (y ) ,  sin k(x - ct), where f (y )  is a slowly-varying 

function which vanishes at the side wall y = 0, b. Then it follows f rom the properties 

o f  plane inertio-gravity waves already noted that the most  important  term on the 

right o f  the x-component  o f  the Eulerian-mean equation (4.10a) is --(u'w')z and 
that  on the right o f  equation (4.13a) is -(v'O')u. The remaining terms are not  exactly 

zero, because plane waves represent only the leading approximat ion;  but in fact it is 

consistent to neglect them. The response o f  the mean flow to the forcing -(v'O')~ 
together with the forcing represented by the inhomogeneous boundary  condit ion 

(4.8) involves an Eulerian-mean ' secondary  circulat ion'  indicated schematically by 

the arrows in Fig. 4. The picture assumes that  the wave amplitude is a maximum 
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near y = �89 and falls monotonically to zero on either side, so that (v'O')y changes 

sign once, near y = �89 The mean flow feels an apparent 'heating'  on one side of 
the channel, and 'cooling'  on the other. This gives rise to an O(a 2) mean vertical 

velocity ~ (the asterisked terms in equation (4.13a) are in balance, with Q = 0); 
moreover this same ~ just satisfies the boundary condition (4.8). By continuity there 
must then be a mean motion across the channel, i.e. a contribution to g, in the vicinity 
of the layer ~ where the wave amplitude goes to zero with height. The Coriolis force 
associated with this O(a 2) contribution to ~ produces a contribution to 8~/8t which 
is generally comparable with that from the Reynolds stress divergence -(u'w')~ in 
equation (4.10a). Thus the 'heating'  and 'cooling'  on the right of equation (4.13a) 
turns out to be vital to a correct Eulerian description of the vertical momentum 
transport in this problem, just as in MATSUNO (1971). 

The problem for the Lagrangian-mean flow is simpler in significant respects; for 
one thing, there is no Lagrangian-mean flow across any of the boundaries, including 

the bottom one. This, together with the fact that there is also no forcing on the right 
of equation (4.13b), means that the Lagrangian-mean vertical velocity is negligible 
sufficiently far below ~. In a region of steady waves, when Q = 0, the fluid particles 
merely oscillate about a constant mean level, and have no systematic tendency to 
migrate up or down. This is no more than might be expected for adiabatic motion in 
stable stratification; and the Lagrangian-mean description expresses this fact more 
directly and naturally. Since there is no Lagrangian-mean vertical circulation linking 
the regions of wave generation and dissipation, and thus no 'Coriolis '  contribution 
to the net wave-induced transport of momentum from one region to the other, the 

analogue, in the Lagrangian-mean momentum equation (4.10b), of the Reynolds 
stress in the Eulerian-mean momentum equation (4.10a), gives a more direct descrip- 
tion of the momentum transport. This important fact was recognized intuitively by 
BRETHERTON (1969), and the extent to which the result carries over into exact theory 

is discussed in AM w 
It has often been assumed in the literature, for instance in connection with thermo- 

dynamical, 'heat-engine versus refrigerator' arguments, that the nonzero value of 
v'O' signifies a tendency for the waves to transport heat across the channel. It is clear 
from the foregoing that while this is true, in the sense that equation (4.13a) holds, 
it is also misleading. For  a start, (4.13a) is not the only way of describing the heat 
budget. B u t  more important than the theoretical description chosen is the fact, 
deducible by solving the problem in any correct description, that there is no tendency 
at all for  the mean temperature actually to rise on one side and fall on the other if we 
are sufficiently far below ~. In the Eulerian-mean description, the adiabatic heating 
or cooling associated with ~ compensates the divergence of v'O'. This compensation 
is intrinsic to the nature of the wave motion, as is underlined by the already-mentioned 
consideration that individual fluid particles are not being heated or cooled below ~q' 
because the motion was assumed adiabatic there. In this sense, v'O' and ~ are purely 
artifacts of the Eulerian-mean description. (Similarly, there is nothing in the slightest 



Vol. 118, 1980) Lagrangian-Mean Description of Wave, Mean-Flow Interaction 165 

remarkable about v'O' in the lower stratosphere being 'countergradient' .  Rather, as 
was noted earlier, the sign of v'O' for wave-like disturbances depends on the phase 
relations of the disturbance fields, i.e. on the shapes of particle trajectories, which in 
turn are determined by the wave dynamics and by which way the waves are propagat- 
ing - not by local gradients I) 

The right-hand half of Fig. 4 schematically indicates the profile of the mean 
acceleration O~/gt. If the layer ~ is shallower than the Rossby height HR, then addi- 
tional contributions dR, ~R to the mean meridional circulation arise in a layer of 
depth HR centered on ~.  These adjust the values of 90/~t and ~/g t  in such a way as 
to keep the thermal-wind equation satisfied; there is ' room'  for such a circulation 
only in a layer of depth HR. The vertical integral of 2 ~ R  is zero; therefore the vertical 
integral of $g/Ot is unaffected. Further detail concerning the Eulerian-mean problem 
can be found in ANDREWS (1980) and in MCINTYRE (1977, w Incidentally, if we were 
to relax our assumption that mean time scales are long compared with (2~) -1, as 
might sometimes be appropriate in the transient case where the layer ~ moves 
upwards with velocity wg, then the ~/~t terms would become important in equations 
(4.11) and the mean response would no longer be confined to within a Rossby height 

below ~ .  In such a case the response would take the form of a pattern of zonally 
symmetric inertio-gravity waves trailing beneath the moving layer ~.  

One point we have glossed over so far is the role of the right-hand side of the 

Lagrangian-mean continuity equation (4.14b). Being in the form of a time derivative, 
it is zero for the steady, conservative waves below ~ ;  but in any case it turns out to 
be negligible everywhere in our simple problem, e ) This is by no means true, however, 
in all problems of interest: one example is that of equatorial planetary waves. The 
latitudinal waveguide structure involved makes some of the derivatives on the right 
of equation (4.14b) important (AM w the same is true of the second derivatives on 
the right of the expression (4.15) for the Stokes drift, a point to be watched when 
checking directly that the Eulerian and Lagrangian-mean descriptions do, indeed, 
give equivalent answers (ibid.). Some further examples where the right-hand side of 
(4.14b) is impor tan t -  we call this the 'divergence e f f ec t ' - a r e  discussed in McIntyre 

(1973, 1979). 
A more subtle point is that it is generally necessary for the waves to be conservative 

as well as steady, in order for the right-hand side of equation (4.14b) to vanish exactly. 
If the waves are being dissipated by radiative heating and cooling, for example, the 
wavy material line L in Fig. 1 must be expected to become gradually less and less 
related to the shapes of nearby isentropic surfaces. Such temporally nonuniform 
behavior, which is in fact characteristic of any Lagrangian description of real fluid 
motion, can lead to quantities like the right-hand side of (4.14b) differing from zero 
even for statistically steady waves; therefore if wave dissipation and transience are 
both strong the theory does not unequivocally distinguish between the two. In Section 

6) The assumption that wave amplitude varies slowly in y as well as z is used here. 



166 M.E. McIntyre (Pageoph, 

7 we shall mention one way of overcoming the temporally nonuniform behavior of 
( )L which might prove to be of some practical importance in studies of planetary waves 
in the stratosphere. The nonuniformity reflects an important physical reality, being 
intimately bound up with the effects of the waves on the apparent large-scale diffusion 
of chemical tracers about the Lagrangian-mean motion (e.g. RmNES, 1977; RHIrCES and 
HOLLAND, 1979; MCINTYRE, 1979). 

5. Conservation relations for  wave activity: wave-action and its relatives 

We are now almost in a position to see the connection between mean-flow evolu- 
tion and wave dissipation, forcing or transience, in a far more general way than 
before-  not depending on any special approximations or mean-flow profiles. This 
can be done (to the present accuracy, O(aZ)) via either the Eulerian-mean equations 
(4.10a)-(4.14a) or the Lagrangian-mean equations (4.10b)-(4.14b); but the latter 
route is a good deal quicker, and appears to be the only feasible route if we want to 
derive the further generalization to finite amplitude derived and discussed in AM and 
in MCINTYRE (1979). Either route depends on a fundamental conservation relation 
whose derivation and general significance I shall now indicate. 

We shall need all three components ~:', r/', ~' of the disturbance particle displace- 
ment ~'(x, t). Correct to O(a), they satisfy ~ = 0 and (with Dt = ~/~t + ~8/~x as 
before) 

together with 

Dt~' = v '  

D~'  = w' 

Dt~' = u ~ = u' + ~ ' .V~  = u' + n ' ~  + ~'u~, 

(5.1a) 

(5.1b) 

(5.1c) 

v . ~ '  = 0 (5.2) 

if the fluid is incompressible. The manipulations to get the conservation equation are 
quite simple, and reminiscent of those involved in the familiar operation of forming 
a kinetic energy equation. However, instead of taking the scalar product of the 
momentum equation with velocity, we multiply it scalarly by - ~ ' / ~ x  and average 
(with respect to x). 

It is convenient first to recast the linearized momentum equations (4.1), (4.2), 
(4.3) in terms of the quantity u z, which is the longitudinal disturbance velocity for 
the displaced fluid particle, as evidenced by the correction term ~'-V~ in equation 
(5.1c). We may call u z the Lagrangian disturbance velocity, correct to O(a). In 
vector notation with u ~ - (u z, v', w') we have, after a little manipulation in which 
(4.1), (4.2), (4.3) are added to g'. V{(4.10), (4.11), (4.12)} with O(a 2) terms neglected 
in the latter three equations, 

Dt ul + 2~2 x u ~ + ~q' + Vp' + ~', V(Vff) + X ~ = 0 (5.3) 



Vol. 118, 1980) Lagrangian-Mean Description of Wave, Mean-Flow Interaction 167 

where ~ is a unit vertical vector, and 

q' - - 0 ~ - - 0' - ~'0~ - ~'0,. (5.4a) 

The quanti ty q' is a measure of  the departure f rom adiabatic motion,  because it is 
easy to see f rom equat ion (4.4) and g'.  V (4.13) that it satisfies 

D t q ' =  Q~ (5.4b) 

correct  to O(a); we have defined 

X ~ -  X' + ~ ' .VX and Q~ =- Q' + g' .vO..  

N o w  

~, ) ~ '  
~ '  Dtu z = Dt - -~x  ut + uzDt -~x' 
Ox 

and the last term is u z Ou~/~x by (5.1c), = ~(�89 = 0. Similarly 

&q'ox Dry '=  D ~ ( - ~ x  v ' ) ,  

~[ ~' ) 
e~'Ox 1)~w' = L,t~--~ w' �9 

Finally 

( -2O~"a3x x u Z = - 2 ~ g ' - ~ x  x Dtg' = 2 g ' . ~  x Dt Ox] 

(since ~ (~ ' .~  x Dtg')/Ox = O) 

= - 2  Dt cox] "~'~ X = D t 

(the end result being half  the sum of  the second and fourth expressions). Therefore  
(recalling (5.2)) the result of  scalarly multiplying (5.3) by -0~'/c3x and averaging 

with respect to x is simply 

0 '  ) 
, o~ x' ~ '  D t p +  V . - - ~  p = -~x " + -5--fx q ' ' (5.5) 

correct  to O(a2), where 

0g' ( u l +  ~ • g,). (5.6) 
P -= Ox 

Of  course Dt can be replaced by 0/~t in equat ion (5.5), V.{ } by -O07'~p')/ay - 
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O(~'~p')/Oz, and 1~.~2 x ~' by -2~q~:~7/ (as in ANDREWS and MCINTYRE 1976a, 

equation (A15)); but I wanted to exhibit both equation (5.5), and its derivation, in a 
form suggestive of  generalizations for other kinds of averaging. For instance if ( ) 

were a time average we would have scalarly multiplied equation (5.3) by O~'/Ot, and 

if ( ) were an ensemble average over some ensemble label a - for instance the phase 
of the waves if we are using either the ' r andom phase '  idea or the slowly-varying, 

' two-t iming'  i d e a - t h e n  we would have multiplied equation (5.3) by O~'/ba. In all 

these cases the foregoing derivation goes through almost word for word. In ANDREWS 
and MCINTYRE (1978C) it is shown that equation (5.5), with a in place of x and with 

right-hand side zero, reduces to BRETHERTON and GARRETT'S (1968) form of the wave- 
action equation under their assumption of slowly-varying, conservative waves. (This 

incidentally provides a simple yet general derivation of Bretherton and Garrett 's  
equation which does not depend on using a variational pr inc ip le -  it was previously 

thought that the variational approach is not only illuminating, but essential.) 

Thus the wave property p is closely related to the wave-action. However, since 

p itself arises from spatial, rather than ensemble or phase, averaging - so that con- 

servation of p is associated with translational invariance of  the mean flow - p should 
strictly speaking be called the pseudomomentum, following the usage established in 

solid-state physics. 7) In the case of slowly-varying waves, it is easy to see (ANDREWS 

and MCINTYRE, 1978C) that p reduces to Bretherton and Garret t 's  wave-action times 
the x component of  the wavenumber, k. 

Coming back now to our problem of wave, mean-flow interaction with its two 

sub-problems (i) (waves changing mean flow), and (ii) (mean flow influencing waves), 
we can now see how equation (5.5) plays a role in both. For sub-problem (ii) it 

evidently comprises a useful tool for both calculating and describing the generation, 

propagation and dissipation of waves in a given mean zonal flow with arbitrary 

profiles ~(y, z), O(y, z). (Clearly one wants for this purpose a measure of  wave activity 

which is conserved when the waves are not being dissipated or generated; one could 

then d r a w '  ar row'  pictures of the flux, for instance - perhaps superposed on contours 

of its divergence - and thus get a direct feel for where (in the meridional (yz) domain) 
the waves are piling up, or being dissipated. By contrast, the divergence of the usual 

wave-energy flux p'v', p'w' does not indicate any such thing.) 
Second, equation (5.5) reveals the basic structure of  the mean-flow-evolution 

sub-problem (i). Putting it together with the Lagrangian-mean-flow equation (4.10b) 

7) The distinction between pseudomomentum and momentum, whose conservation is associated 
with translational invariance of the total problem, mean flow plus waves, has long been recognized 
in solid-state physics, and has recently proved to be the main key to unravelling the Abraham- 
Minkowski controversy mentioned in the introduction (PEtERLS, 1976). Surprising as it may seem, 
the controversy stemmed partly from a failure to recognize that translational invariance of the 
propagating medium is logically not the same thing as translational invariance of the total problem. 
Another source of confusion has been the fact that in certain special examples p turns out to be 
numerically equal to the mean momentum; it happens that the problem of Section 2 is one such 
example, in the purely transient, conservative case. 
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we see at once that the right-hand side of  that equation can be written (correct, as 

always, to O(a2)) 

e ~ '  XZ ~ '  ~-7 p - -b-~-" - ~-~ q'' (5.7) 

showing the dependence of the wave-induced forcing upon wave transience, dissipa- 
tion, or generation (the remarks at the end of Section 4 should be borne in mind). 
The reason why the results come out this way is again to do with the connection 

between conservation relations and symmetries, as has been clearly brought out by 
BRETHERTON (1979) and further discussed in ANDREWS and MCINTYRE (1978C). It 
turns out that the result of putting equations (4.10b) and (5.5) together can, in the 

case of conservative waves (X, Q, q' all zero), be derived more directly by applying 
Kelvin's circulation theorem to a wavy line like L in Fig. 1. The most general form 
of this idea appears to be that expressed by Theorem I of AM for finite-amplitude 

waves. 
However, the argument is not complete without considering the complete set of 

mean-flow equations (after all, if we have naively forgotten about the right-hand 
side of equation (4.13a) in the Eulerian-mean problem - not to mention the boundary 
condition (4.8)-  we would have got a completely wrong answer for the effective 
transfer of mean momentum from the boundary to the layer ~e in Fig. 4!). Neverthe- 
less, there is not much more that need be said, because the right-hand side of equation 
(4.13b) is zero; and so we have to worry only about the right-hand sides of (4.11b), 
(4.12b), and (4.14b). The last of these is already in the form of a time derivative. The 
precise form of the forcing in (4.11b) and (4.12b) is not critical, because those two 
equations enter the problem for the rate of change of ~ and 0 only in time-differentiated 
form (cf. ANDREWS and MCINTYRE, 1976a, equations (5.7-8)). That is, since we are 
interested in solving for the mean-flow tendency at a given moment we may regard 

{8~L/~t, 80L/St, ~ffL/Ot, gL, ~L} (5.8) 

as our basic set of dependent variables and take, as our basic complete set of equations, 
(4.10b), (4.13b) and (4.14b) together with the time derivatives of (4.1 l b) and (4.12b). 
The right-hand sides of the latter must necessarily take the form of time derivatives ! 
The foregoing arguments do not depend on any approximations based on almost- 

plane waves or special mean-flow profiles, and demonstrate rather generally how 
mean-flow acceleration is linked to wave dissipation, generation, and transience, 
in the sense that all wave-induced forcing terms are either time derivatives, like the 
first term in (5.7), or explicitly involve departures from conservative motion, like the 
second and third terms in (5.7). 

A corollary of the analysis is that for steady, conservative waves there is no mean 
acceleration, as first shown by CHARNEY and DRAZIN (1961) for quasi-geostrophic 
waves; and this is sometimes called a 'noninteraction theorem'. Fundamentally 
speaking it should really be called a 'nonacceleration theorem', however: there is an 
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interaction inasmuch as the right-hand sides of equations (4.11b) and (4.12b) are 
not zero when steady waves are present, and this upsets thermal-wind balance statically 
by O(a2). Such interactions, while not always negligible in a description of the mean 
flow correct to O(a2), are probably not very important in most meteorological ex- 
amples; but there are other examples, such as the radiation pressure of sound waves 
in a box (BR~LLOUrN, 1925), the acceleration of the solar wind by Alfv6n waves 
(e.g. HOLLWE6, 1978), and 'parametric '  transmitters in underwater acoustics, (e.g. 

MOFF~TT et aL, 1971), where analogous interactions are extremely important. [Note 
added in proof: Langmuir vortices in the oceanic mixed layer may be another such 
example, according to a note by S. Leibovich to appear in J. Fluid Mech.] 

6. Conservation relations for wave activity: 
the generalized Eliassen-Palm relation 

The foregoing results (and various others similarly revealing basic structure in 

the theory of acoustic and surface gravity waves on nontrivial mean flows; see AM 
w leave one in no doubt that the description in terms of disturbance-associated 
particle displacements and Lagrangian means is absolutely fundamental from a 
theoretical point of  view. However, it might still be asked whether the basic conserva- 
tion relation, equation (5.5), could be manipulated into a form not involving the 
disturbance particle displacements; this would be convenient for observational 
studies of stratospheric wave activity, for instance. The answer appears to be ' no ' ;  
however one can find a conservation relation, equation (5.5a) of ANDREWS and 
MCINTYRE (1976a), in which the flux, at least, does not depend on the disturbance 
displacements. The derivation is given in Appendix A of the same reference, in which 
the present equation (5.5) appears as equation (A15). The result has the form 

--~ + -Zy u'v' - u~ - ~  f + u' w ' + ( ffy - 2 f2 ) ~ } = D. (6.1) 

Here A is a wave property equal to 19 plus a number of extra terms s) involving ~', 
and D is another expression involving ~' which, like the right-hand side of the present 
equation (5.5), is zero for conservative motion (X, Q, q' zero). The flux whose 
divergence appears in this equation does not involve ~'; it is the fundamental entity 
arising in the analysis of ELIASSEN and PALM (1961). Equation (6.1) and its generaliza- 
tions to spherical geometry (ANDREWS and MclNTYRE, 1976a, 1978a) may appro- 
priately be called 'generalized Eliassen-Palm relations'. They play a role in the 
theory of  the Eulerian-mean flow comparable to that of equation (5.5) for the 
Lagrangian-mean flow; and like equation (5.5) can also be used as conservation 
relations for wave activity. This dual role, in sub-problems (i) and (ii), of the Eliassen- 

a) A is minus the lengthy expression within heavy square brackets in equation (5.5a) of 
ANDREWS and MCINTYRE (1976a), with nonhydrostatic terms added; see p. 2034 of same reference. 
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Palm flux {u'v '-~v'O'/O~, u 'w '+  ( f l y -  2~)v'O'/O~), suggests that it should be 
regarded for at least some purposes as a more fundamental diagnostic than the 

associated' wave-energy fluxes' also discussed by Eliassen and Palm. Meridional cross- 
sections of the Eliassen-Palm flux and its divergence calculated from general circulation 
statistics are presented and discussed by EDMON et al. (1980). One question which such 
observational cross-sections should help to answer is the question of whether a singular 
(zero-wind) line for topography-linked planetary waves behaves more like an absorber 
(as predicted by linear theory and numerical experiment) or a reflector (as predicted by 
a certain class of  idealized non-linear theories, e.g. STEWARTSON (1978), WARN and 
WARN (1978), B~LAND (1978), TVNG (1979)). 

Eliassen and Palm pointed out that their flux reduces to {u'v', -2~)v'O'/O~} for 
quasi-geostrophic waves, and it is interesting to note that in the same approximation 
it can be shown (e.g. from (5.5a), (5.3b) and (6.24) of ANDREWS and MCINTYRE, 
1976a) that 

A -- ~'~'  + �89 _ ~ ~ ,  (6.2) 

where 3 is the quasi-geostrophic potential vorticity. 9) The ambiguity between 'tran- 
sience' and '  dissipation' again shows itself in the last term. For the conservative case 
2 '  = - ~yV' and so equation (6.2) reduces still further to 

A -'- _�89 (6.3) 

A significant consequence is that the rate of change of density A of wave activity, 
in the generalized Eliassen-Palm relation, becomes the f lux of quasi-geostrophic 
potential vorticity in the y-direction (DIr 1969; BRETnERa'ON and HAIDVOGEL, 
1976), because from (6.3) and (5.1a) 

~A/Ot = -.~yV'v' = v'~'. 

7. The finite-amplitude theory and the temporal nonuniformity 

The Lagrangian-mean theory becomes even more powerful when extended to 
finite amplitude, and leads to what appear to be the most general forms both of the 
theorems on mean-flow evolution (sub-problem (i)) and of the conservation relation 
for wave activity (sub-problem (ii)). The most fundamental question is how to define 
the idea of Lagrangian-mean flow fiL and disturbance particle displacement l~'(x, t) 
at finite amplitude. At first sight there appears to be an infinite number of choices; 
but it turns out that the following definition is the one which appears to lead to the 
simplest general theoretical structure for finite-amplitude waves, in some ways just 
as simple as the O(a 2) Lagrangian-mean theory of Sections 4 and 5. 

Suppose that there is no disturbance anywhere at some initial time t = to. In 

9) An interesting parallel can be found in equation (3.3) of MCINTYRE and WEISSMAN (1978), 
which applies to the two-dimensional problem of Section 2 above. 
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Figure 5 
Ways of visualizing the generalized Lagrangian-mean velocity and disturbance particle displace- 

ment for disturbances of finite amplitude (see text), after AM. 

Fig. 5a, let R0 be a line parallel to the x axis. Fix attention on a row of marked particles 
which are initially spaced at equal distances Ax along R0, and then watch these 
particles as they follow the fluid motion. We now refer to a mechanical analogy (which 

has no dynamical connection with the fluid motion) in which we imagine that a thin, 
light, rigid rod R initially coincides with R0, but is subsequently free to move while 
remaining parallel to the x-axis. The position P of a typical particle of fluid whose 
initial position was P0 is joined to the point PR on R which initially coincided with 
Po ; the ligaments joining the marked particles to R consist of identical ' elastic bands' 
such that PR is pulled towards P with a force proportional to the distance PaP, and 
similarly for the other points. The rod R is imagined to be in static equilibrium under 
the pull of all the ligaments. Then, in the limit Ax --~ 0, the velocity with which the 
rod moves is defined to be fiT,; and if x is the current position of P~, g'(x, t) is defined 

to be the 'elastic-band vector '  ps 
It turns out (see (7.1) below) that fiL is exactly equal to the velocity of the center 

of mass of a thin tube of fluid initially lying in the x-direction (Fig. 5b). This result 
was conjectured by MATSUNO (personal communication) on the basis of a calculation 
for small disturbance amplitude. A corollary of Matsuno's remark is that the vertical 
Stokes drift ~L _ ~ gives a direct measure of the rate of change of disturbance 
available potential energy; and this too, is given the status of an exact result by the 

finite-amplitude theory. 
The foregoing gives the generalized Lagrangian-mean operator ( )L corresponding 

to a spatial (longitudinal or zonal) Eulerian mean; the GLM operators corresponding 
to the time, ensemble or two-timing varieties of Eulerian averaging operators are 
defined in AM, where the theory is developed in a form which covers all these cases 

lo) For the corresponding analogy for zonal averaging on the sphere, see MCINTYRE, 1979, w 
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at once. Once we possess definitions of ~'(x, t) and fi~'(x, t), we can easily derive 
finite-amplitude analogues of equation (5.5) which are analytically almost as simple, 

and lead to much the same consequences, as before. (Full details are given in ANDREWS 
and MCINTYRE, 1978c.) 

It should be noted that although the operator ( )L involves averaging along the 
curve C the average is not uniformly weighted with respect to arc length s along C. 
The weighting of the average along C can be expressed in terms of the non-uniform 
thickness of the tube corresponding to C in Fig. 5b, or more accurately in terms of 
the mass per unit length of  the tube, if we want to include the case of fully compressible 
flow. This is because mass per unit length of C in Fig. 5b is just proportional to 
number of particles per unit length of C in Fig. 5a, in the limit Ax --~ 0. Thus if dV 

is an element of volume of the tube C, so that p dV is an element of mass, then the 
GLM of any quantity ~b(x, t) may be defined as 

= fc +p dv/fc p dV, (7.1) 

in the limit of small tube cross-section (AM w As MATSUNO (1980) and MCINTYRE 
(1979) both explain, the nonuniform weighting is essential if ( )L is to correspond to 
Stokes' original concept of Lagrangian averaging when the latter is approximately 
applicable. 

The definition (7.1) can be used as it stands for taking averages on a sphere, 
provided that the quantity q~ being averaged is a scalar. When it is a vector or a 
tensor, further discussion is needed (MCINTYRE, 1979, w 

The relation (7.1) is also very suggestive of how to define a 'modified G L M '  
independent of initial conditions and therefore not subject to the temporally non- 
uniform behavior noted at the end of Section 4. This could be a matter of the greatest 
importance for using the theory to describe the long-term behavior of pollutants 

and planetary-wave activity in the stratosphere. The idea arose during conversations 
with T. Dunkerton. Consider a hypothetical motion in which X and Q are zero, for 
all time, so that the motion is conservative (and has been ever since the initial state 
of no disturbance). Then, since entropy S and potential vorticity P are both constant 
following this hypothetical motion, we could have defined our thin material tube C 
to be a tube bounded by surfaces of constant S and S + AS, and P and P + Ap. 
(The tube would then have a cross-section approximately in the form of a parallelo- 
gram, as suggested in Fig. 5 c -  except in the singular case where S and P surfaces 
coincide.) Now in the real stratosphere S and P are not constant following the motion, 
because of radiative-photochemical effects and turbulent dissipation; but we could 
still define a 'modified GLM operator '  by (7.1) with the tube C still marked out by 
the S and P surfaces, 'knowing that the modified GLM theory would have the same 
mathematical structure as the theory described in AM, apart from the dissipative 
effects. This effectively provides a continuous re-initialization which eliminates the 
temporal nonuniformity and expresses the distinction between wave transience and 
dissipation in an intuitively more satisfactory way. 
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On the other hand the topology of such ' S P  tubes' could become complicated 

during strong disturbances. In studies of individual disturbed episodes it may prove 

better to use the S P  tubes to initialize the (unmodified) GLM theory, during a less 

disturbed state preceding the episode in question (DUNKERTON, 1979). Whatever 

procedure is adopted, it will necessarily have to cope in one way or another with 

the fact that nonuniform behavior in time is a basic feature, in practice, of a descrip- 

tion of real fluid motion using Lagrangian ideas in any form. The detailed study of 

this temporal nonuniformity, and the associated dispersal of fluid particles, is sure 

to play a key role in understanding exactly how the various 'nonacceleration' and 

'nontransport '  constraints are broken by real, large-amplitude stratospheric motions. 
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