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What on earth is a Koopman operator?

* Compact metric space (X, d) — the state space

| Dynamics (geometry)

e x € X —the state 19th century

cts F: X —» X —the dynamics: x,,.1 = F(x,)



What on earth is a Koopman operator?

* Compact metric space (X, d) — the state space

| Dynamics (geometry)

e x € X —the state 19th century

cts F: X —» X —the dynamics: x,,.1 = F(x,)

e Borel measure w on X

Analysis
* Function space L? = L?(X, w) (elements g called “observables”)[” 20t centur
y

» Koopman operator Kr: L? - L% |[Krg](x) = g(F(x))

NB: Pointwise definition of X needs F#w <« w — this will hold throughout.
NB: K bounded equivalent to dF#w/dw € L™ — this will hold throughout (can be dropped).



What on earth is a Koopman operator?

* Compact metric space (X, d) — the state space

| Dynamics (geometry)

e x € X —the state 19th century

* Unknown cts F: X — X —the dynamics: x,,.1 = F(x,)

e Borel measure w on X

Analysis
* Function space L? = L?(X, w) (elements g called “observables”)[” 20t centur
y

» Koopman operator Kr: L? - L?; [Krg](x) = g(F(x))

—_—

215t century

 Available snapshot data: {(x(m),y(m) — F(x(m))) m=1, ..., M}} Data

NB: Pointwise definition of X needs F#w <« w — this will hold throughout.
NB: K bounded equivalent to dF#w/dw € L™ — this will hold throughout (can be dropped).



Why should you care?

Fundamental in ergodic theory

Peter Walters

An Introduction
to Ergodic Theory

“6* Springer

E.g., key to ergodic theorems of
Birkhoff and von Neumann.



Why should you care?

Fundamental in ergodic theory Can provide a diagonalization of a nonlinear system.

continuous
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Peter Walters
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An Introduction
to Ergodic Theory

Spectral properties encode: geometric features,
invariant measures, transient behavior, long-time
behavior, coherent structures, quasiperiodicity, etc.

E.g., key to ergodic theorems of
Birkhoff and von Neumann.
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Open question: When can we learn spectral properties of Koopman
operators from trajectory data, and when can we not?
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Outline

Open question: When can we learn spectral properties of Koopman
operators from trajectory data, and when can we not?

e Constructing adversaries — impossibility theorem
* Towers of algorithms — possibility theorem
* The Solvability Complexity Index Hierarchy — classifications

e Where does this leave us?

11
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Example: Theorem A (impossibility)

Implies K is unitary

—

Qp = {F:D - D | F cts, measure preserving, invertible}.

Data an algorithm can use: 7z = {(x, y,,,)|x € D, ||F(x) — y,,, || < 27™}.

There does not exist any sequence of deterministic algorithms {I},} using
Jr such that lim [, (F) = Sp(Kr) VF € Qp.
Nn—>00

NB: Impossibility extends to random algorithms converging with probability > 1/2.



Proof idea

F,: rotation by , Sp(?CFO) = {1+1}

Lemma: Let X = {xq, ..., xx},Y = {y1, ..., Yy} be distinct points in annulus
A={xeD0<R<|x|]]<r<1} with XNY =0. There exists a
measure-preserving homeomorphism H such that H acts as the identity on

D\A and H(y;) = Fy(H(x;)),j =1, ..., N.
Conjugacy of data (x; — y;) with F

Idea: Use lemma to trick any algorithm into oscillating between spectra.

13

* Brown and Halperin. “On certain area-preserving maps.” Annals of Mathematics, 1935.



Proof idea T = {06, Ym) | IF(x) — yll < 27™)

Suppose (for contradiction) {I’,,} uses Tz, lim [, (F) = Sp(Kz) VF € Qp.
Nn—>00
Build an adversarial F...

14



Proof idea

Suppose (for contradiction) {I’,,} uses 7z, lim [, (F)
Nn—>00
Build an adversarial F...

Fi(r,0) = (1,0 + T+ ¢(r)), supp(¢p) < [1/4, 3/4]
Sp(Kz) = T (unit circle).

Tr ={0Cym) | IIF(x) =yl < 277}

15



Proof idea T = {6, Ym) | IF (%) — yll < 273

Suppose (for contradiction) {I’,,} uses Tz, lim [, (F) = Sp(Kz) VF € Qp.
Nn—>00
Build an adversarial F...

Fi(r,0) = (1,0 + T+ ¢(r)), supp(¢p) < [1/4, 3/4]
Sp(Kz) = T (unit circle).

lim [, (Fy) = Sp(Kx) = Iny st dist(i, I, (Fy)) < 1.

n—00

BUT [}, uses finite amount of info to output I3, (E)
Let X, Y correspond to these snapshots.

16
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Proof idea Te = {Ct,ym) | IF(2) — yll < 27™)
Suppose (for contradiction) {I’,,} uses Tz, lim [, (F) = Sp(Kz) VF € Qp.
Nn—>00

Build an adversarial F...

Fi(r,0) = (1,0 + T+ ¢(r)), supp(¢p) < [1/4, 3/4]
Sp(Kz) = T (unit circle).

lim I (Fl) = Sp(Kg;) = 3Any s.t. dist(i, [, (Fl)) < 1.

n—00

BUT [}, uses finite amount of info to output I3, (Fl).
Let X, Y correspond to these snapshots.

Rotation by i

i Mm\\\\\

Lemma: F; = H;! o Fy o H; on annulus A;.
Consistent data = I, (F;) = [}, (F7), dist(i, [, (F)) <1
BUT Sp(Kp,) = Sp(Kf,) = {£1} Sp(X) = {+1}




Proof idea (deterministic case)

Inductive step: Repeat on annuli, F;, = Hi* o Fy o Hy, on Ay. F = lim F,,

k— o0

Consistent data = T, (F) = I, (Fy), dist(i, Iy (F)) < 1, nj, = o0
BUT Sp(KFr) = Sp(Xp,) = {£1} CANNOT CONVERGE

A

&
o™

Cascade of disks

18
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Proof idea (deterministic case)

Inductive step: Repeat on annuli, F;, = Hi* o Fy o Hy, on Ay. F = lim F,,

k— o0

Consistent data = T, (F) = I, (Fy), dist(i, Iy (F)) < 1, nj, = o0

BUT Sp(Xf) = Sp(Kg,) = {£1} CANNOT CONVERGE

Sp(K) = {z:1z| = 1} Sp(¥) = {1} Cascade of disks



Example: Theorem B (possibility)

Q% ={F:X — X | F cts, measure preserving}.
Tr =100 ym)|x € X |F(x) —yll < 274

There exists deterministic algorithms {Fnz,nl} using input data Jr such
that lim lim I3, , (F) = Sp(Xf) VF € Q.

nz—)00n1—>00

Note the double limit lim lim

nz—)OOnl—)OO

20



Proof sketch
‘ I\IIi_r)IgoA}Ii_r)IgoVN,M(F» z) = |(Kp —zD7H| .

N = size of basis, M = number of snapshots (quadrature).

21



Proof sketch
‘ I\lli_r)lgonlli_r}go)’N,M(F» z) = |(Kp —zD7H||7.
N = size of basis, M = number of snapshots (quadrature).
* Measure-preserving = ||[(Kr — zI)~||71 = dist(z, Sp(Kr)).

22



Proof sketch
‘ I\lli_r}gonlli_r)rgo)’N,M(F» z) = |(Kp —zD7H||7.
N = size of basis, M = number of snapshots (quadrature).
* Measure-preserving = ||[(Kr — zI)~||71 = dist(z, Sp(Kr)).
* Local N-adaptive minimisation of y »,(F, z) to approximate Sp(Xr)
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Proof sketch
‘ I\IIi_Ifgonlli_I}go)’N,M(F» z) = |(Kp —zD7H||7.
N = size of basis, M = number of snapshots (quadrature).
* Measure-preserving = ||[(Kr — zI)~||71 = dist(z, Sp(Kr)).
* Local N-adaptive minimisation of yy »(F, z) to approximate Sp(Xr)

Compute Sp,, local adaptive controlone | 0

“Extended Dynamic [ m.p. system dissipative system \ Approximation error
15———————— |

1o (c) ) EDMD dpgs not converge

Mode Decomposition” spurious

D
........

EDMD evals
is essentially the finite

section method. R R A (N

Y, ) /
y“ "ﬂ;”‘ . S é%q%‘
‘£ pe CONtour
® EDMD evals

-1.5"

© N O S H NS0 MNP O e A

N ¢

Dictionary size

Spe(Kp) ={z € C| [|(Kp —zD) 7M™ < e} [Re() Re(A)




Towers of algorithms

Def: {Fnk nl} with lim ... lim I3, ., convergent a tower of algorithms.
b " i e

\

First appeared in dynamical systems theory: algorithm
“Yes for cubic, no for higher
degree. Quartic and quintic can
rational map for be solved using towers of
polynomial zero algorithms. Sextic cannot be
Steve Smale  finding?” CuisMcMullen  solved in any number of limits.’

“Is there any purely
iterative convergent

)

25

Smale, “On the efficiency of algorithms of analysis.” Bull. Am. Math. Soc., 1985.

McMullen, “Families of rational maps and iterative root-finding algorithms.” Annals Math., 1987.
McMullen, “Braiding of the attractor and the failure of iterative algorithms.” Invent. Math. 1988.
Doyle, McMullen, “Solving the quintic by iteration.” Acta Math., 1989.
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Classifications: Solvability Complexity Index (SCl)

SCI: Fewest number of limits needed to solve a computational problem.

Hansen, “On the solvability complexity index, the n-pseudospectrum and approximations of spectra of operators.” J. Am. Math. Soc., 2011.
C., “The foundations of infinite-dimensional spectral computations,” PhD diss., University of Cambridge, 2020.

C., Hansen, “The foundations of spectral computations via the solvability complexity index hierarchy,” J. Eur. Math. Soc., 2022.

C., Antun, Hansen, "The difficulty of computing stable and accurate neural networks," Proc. Natl. Acad. Sci. USA, 2022.

Ben-Artzi, C., Hansen, Nevanlinna, Seidel, “On the solvability complexity index hierarchy and towers of algorithms,” arXiv, 2020.
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Classifications: Solvability Complexity Index (SCl)

SCI: Fewest number of limits needed to solve a computational problem.

Theorem A:SCI > 1
combine SCl =2

Theorem B: SCI < 2

Hansen, “On the solvability complexity index, the n-pseudospectrum and approximations of spectra of operators.” J. Am. Math. Soc., 2011.
C., “The foundations of infinite-dimensional spectral computations,” PhD diss., University of Cambridge, 2020.

C., Hansen, “The foundations of spectral computations via the solvability complexity index hierarchy,” J. Eur. Math. Soc., 2022.

C., Antun, Hansen, "The difficulty of computing stable and accurate neural networks," Proc. Natl. Acad. Sci. USA, 2022.

Ben-Artzi, C., Hansen, Nevanlinna, Seidel, “On the solvability complexity index hierarchy and towers of algorithms,” arXiv, 2020.
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Classifications: Solvability Complexity Index (SCl)

SCI: Fewest number of limits needed to solve a computational problem.

Theorem A:SCI > 1
combine SCl =2

Theorem B: SCI < 2

So far literature has only
proven upper bounds,
that need not be sharp...

Hansen, “On the solvability complexity index, the n-pseudospectrum and approximations of spectra of operators.” J. Am. Math. Soc., 2011.
C., “The foundations of infinite-dimensional spectral computations,” PhD diss., University of Cambridge, 2020.

C., Hansen, “The foundations of spectral computations via the solvability complexity index hierarchy,” J. Eur. Math. Soc., 2022.

C., Antun, Hansen, "The difficulty of computing stable and accurate neural networks," Proc. Natl. Acad. Sci. USA, 2022.

Ben-Artzi, C., Hansen, Nevanlinna, Seidel, “On the solvability complexity index hierarchy and towers of algorithms,” arXiv, 2020.



Classifications: Solvability Complexity Index (SCl)

SCI: Fewest number of limits needed to solve a computational problem.

Spectral Problem’s Corresponding SCI Upper Bound

29

Algorithm Comments/Assumptions KMD | Spectrum| Spectral Measure (if m.p.) Spectral Type (if m.p.)
Extended DMD[47] | . general L” spaces | SCIL < 2" IN/C IN/C 0z
: o < o < g < o varies, see [84]
Residual DMD4 general L7spaces  SCL=2mSAl=amsel=2n e.g., a.c. density: SCI < 2*
) : SCI < 2% (general)
Measure-preserving EDMDI45] ) - mp.systems SAI=1INVE lscr < 1 delay-embedding)™*
HankelDMD([85] | . m.p. ergodic systems | SCT < 2% IN/C NG A
Periodic approximations [86] | m.p. +wac | SCI<2 IN/C ~ |SCI<2(see[87]) | a.c. density: SCI <3
Christoffel-Darboux kernel [40] | m.p. ergodicsystems ~ |SCI <3 |n/a | SCTL <2 @ i e.g., a.c. density: SCI < 2
cts.-time, samples V F'
< <
Generator EDMDISS] = (otherwise additional limity |71 =2 [N/ |SCL=2(seel®) - nja
Compactification [42] | cts.-time, m.p. ergodic systems|SCI < 4 |[N/C ~ |SCI <4 ~ ~  nfa
Resolvent compactification [43] |cts.-time, m.p. ergodic systems|SCI <5 IN/C ~ |SCI<5 ~~ ~~ ~ ~ nfa
Diffusion maps [90] (see also [10])|cts.-time, m.p. ergodic systems|SCI < 3 [n/a n/a r
] ] ( Are these sharp\?]

Previous techniques prove upper bounds on SCI.

“N/C”: method need not converge. “n/a”: algorithm not applicable to problem.

Also in Ulam’s method for Markov processes, SRB measure computation, control,...



30

Classifications: Solvability Complexity Index (SCl)

SCI: Fewest number of limits needed to solve a computational problem.

* A;: One limit, full error control. E.g., d(I},,(F), Sp(Kr)) < 27",
e A ..:SCI<m.

* Xm: SCI < m, final limit from below.

E.g., 2:I,(F) c Sp(Kx) + B,-n(0).
* [1,,,: SCI < m, final limit from above.

E.g., H]_: Sp(?(p) C Fn(F) + Bz—n(O).

Hansen, “On the solvability complexity index, the n-pseudospectrum and approximations of spectra of operators.” J. Am. Math. Soc., 2011.
C., “The foundations of infinite-dimensional spectral computations,” PhD diss., University of Cambridge, 2020.

C., Hansen, “The foundations of spectral computations via the solvability complexity index hierarchy,” J. Eur. Math. Soc., 2022.

C., Antun, Hansen, "The difficulty of computing stable and accurate neural networks," Proc. Natl. Acad. Sci. USA, 2022.

Ben-Artzi, C., Hansen, Nevanlinna, Seidel, “On the solvability complexity index hierarchy and towers of algorithms,” arXiv, 2020.
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Classifications: Solvability Complexity Index (SCl)

SCI: Fewest number of limits needed to solve a computational problem.

* A;: One limit, full error control. E.g., d(I},,(F), Sp(Kr)) < 27",
e A ..:SCI<m.

* Xm: SCI < m, final limit from below.

E.g., 2:I,(F) c Sp(Kx) + B,-n(0).
inal limit from above.

E.g., H]_: Sp(:}(‘p) C Fn(F) + Bz—n(O). L

trust output \ covers spectrum

= verification

* [1,,,: SCI <

Hansen, “On the solvability complexity index, the n-pseudospectrum and approximations of spectra of operators.” J. Am. Math. Soc., 2011.
C., “The foundations of infinite-dimensional spectral computations,” PhD diss., University of Cambridge, 2020.

C., Hansen, “The foundations of spectral computations via the solvability complexity index hierarchy,” J. Eur. Math. Soc., 2022.

C., Antun, Hansen, "The difficulty of computing stable and accurate neural networks," Proc. Natl. Acad. Sci. USA, 2022.

Ben-Artzi, C., Hansen, Nevanlinna, Seidel, “On the solvability complexity index hierarchy and towers of algorithms,” arXiv, 2020.



Theorems A+ B

Increasing difficulty

SCI hierarchy of computing the spectrum

Key 1|
| ]1scl=1[_|noexampleclass K

15

[ ]SCl=2 > strictinclusion | .
\:I SCI = 3 .'.‘4 C—

A

)] |r : —.)I I,
: | Q'}: Measure- "o,’ .".. Q% Uniform mod. of cty. |
I | preserving systems , : B St A

‘,oﬂ Az T’ .....
A —

Zl k ....... P e b 4 Hl
. Q% N Q): Measure- A.
. . preserving and uniform 1

5 mod. of cty. :

SCI for Koopman | 3 limits needed
N

in general!

Different classes:

Qy ={F: X - X | F cts}

Q¥ ={F:X - X | F cts,m.p.}
O ={F:X - X | F mod.cty.a}
[dx (F(x), F(¥)) < a(dx(x,y))]

Optimal algorithms and
classifications of
dynamical systems.

32



SCI for Koopman |l

-

Increasing difficulty

N NN NN R NN NN EEEEEEEEEEEEEEEEEEEEEEEEEEEEEEED)

SCI hierarchy of computing spectral types N

Key

23

[ 1sCl=1[_]noexampleclass
|| SCl=2 > strictinclusion

S.C. spectrum

¥ [ ]SCI=3 = example

Quantum .
walk %,
0‘1 A3 F’.
/.“' o7 .-.'\. s
S . » I
7 SR 2 2
Yilis
: . P.P. spectrum S.C. part of measure
L T P.P.part of measure [ Isitergodic?
Limit cycle A.C. spectrum I \
/A.C. part of measure W H\ iz
Is it weakly mixing? ‘:;,: ‘:;_, —
- ""-‘-—d- 2 ;:\\\‘\\
Hyperbolic A High Re Ergodic partition
manifold : chaotic flow || of standard map
Lorenz attractor | &
o'ﬂ Az k’o..
o".‘. A ."’oo
2q : I
?."o,. i _..‘7

A]_ e

Full spectral measure

33



4 SCI hierarchy of computing spectral types N

SCI for Koopman || 97
: N 3 | 1scl=1[_ ]noexampleclass
. 5 | 3 [ ] SCl=2 3 strictinclusion
- [ " S.C. spectrum "'.‘ [ ]SCl=3 = example
Example: Theorem C P | Quantum
For smooth, m.p. on a torus, ’ Z\ -
. .- . . . b/ 3 3
learning non-trivial eigenfunctions | _
o o . = s )
or even determining if there are |3 == — t”fz
. B _ .P. spectrum .C. part of measure
any has SCI — 2 (even |f we can "'% . ’ P,PApCart(;fn’leasure II Isitergg{c?
. . Limit cycle | -L. Spectrum
Q0 art of measure
sample derivatives). S 1 T sty mn N
. . . . . . . S . = =0 e
Finding flnlte-dlmens!onaI. coorglmate i e W A | hghse | Exoctcparttion
systems and embeddings in which the F el | ety |} Lootcfow f|orrendard map
dynamics are linear (e.g., ] A i
autoencoders, latent space P I
representation) is very hard! N I,
: <., : 7
Tea, ) A e
NB: Constant is trivial efun, others “non-trivial”! :

\ - Full spectral measure :




SCl is everywhere, here is a shameless plug...

Search...

{1\ > math > arXiv-2407.20353

Mathematics > Spectral Theory

[Submitted on 29 Jul 2024]
Optimal Algorithms for Quantifying Spectral Size with Applications to Quasicrystals

Matthew J. Colbrook, Mark Embree, Jake Fillman

We introduce computational strategies for measuring the ““size" of the spectrum of bounded self-adjoint operators using various metrics such as the
Lebesgue measure, fractal dimensions, the number of connected components (or gaps), and other spectral characteristics. Our motivation comes from
the study of almost-periodic operators, particularly those that arise as models of quasicrystals. Such operators are known for intricate hierarchical
patterns and often display delicate spectral properties, such as Cantor spectra, which are significant in studying quantum mechanical systems and
materials science. We propose a series of algorithms that compute these properties under different assumptions and explore their theoretical implications
through the Solvability Complexity Index (SCI) hierarchy. This approach provides a rigorous framework for understanding the computational feasibility of
these problems, proving algorithmic optimality, and enhancing the precision of spectral analysis in practical settings. For example, we show that our
methods are optimal by proving certain lower bounds (impossibility results) for the class of limit-periodic Schrédinger operators. We demonstrate our
methods through state-of-the-art computations for aperiodic systems in one and two dimensions, effectively capturing these complex spectral
characteristics. The results contribute significantly to connecting theoretical and computational aspects of spectral theory, offering insights that bridge the
gap between abstract mathematical concepts and their practical applications in physical sciences and engineering. Based on our work, we conclude with
conjectures and open problems regarding the spectral properties of specific models.
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Where does this leave us?

* Many problems NECESSARILY require multiple limits.
* New tools for lower bounds (impossibility results) for Koopman learning.

 Combine with upper bounds (algorithms)
= classify difficulty of problems + prove optimality of algorithms.

* Ergodic theory + approximation theory + computational analysis
= started to map out this terrain.

36



Where does this leave us?
* Many problems NECESSARILY require multiple limits.

* New tools for lower bounds (impossibility results) for Koopman learning.

 Combine with upper bounds (algorithms)
= classify difficulty of problems + prove optimality of algorithms.

* Ergodic theory + approximation theory + computational analysis
= started to map out this terrain.

Lightyear

was right!
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Where does this leave us?

* Many problems NECESSARILY require multiple limits.
* New tools for lower bounds (impossibility results) for Koopman learning.

 Combine with upper bounds (algorithms)
= classify difficulty of problems + prove optimality of algorithms.

* Ergodic theory + approximation theory + computational analysis
= started to map out this terrain.

* Future work:
e Other function spaces. Lightyear
* Partial observations, continuous-time.
e Control and uses of Koopman.
e Other data-driven dynamical system methods.

was right!

38



Where does this leave us?
* Many problems NECESSARILY require multiple limits.

* New tools for lower bounds (impossibility results) for Koopman learning.

 Combine with upper bounds (algorithms)
= classify difficulty of problems + prove optimality of algorithms.

* Ergodic theory + approximation theory + computational analysis
= started to map out this terrain.

* Future work:
e Other function spaces. Lightyear
* Partial observations, continuous-time.
e Control and uses of Koopman.
e Other data-driven dynamical system methods.

was right!

Where does your problem/method fit into the SCI hierarchy? Is it optimal?
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Two definitions

Computational problem: =2Q->M
A: set of maps from () to a metric space (info algorithms can read).

E.g., & = Sp,  class of dynamical systems, M the Hausdorff metric, A
training set

Don’t need this slide
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