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The Root Radius and the Root Abscissa

Let p denote the root radius of a polynomial:

p(p) = max{|z| : p(z) =0, z € C}.

In discrete-time linear dynamical systems, p(p) < 1 is the
stability condition.

Let v denote the root abscissa:
a(p) = max{Re(z) : p(z) =0, z € C}.

In continuous-time linear dynamical systems, a(p) < 0 is the
stability condition.
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As functions of the polynomial coefficients, the radius p and
abscissa « are

B not convex
m not Lipschitz near polynomials with a multiple root

So, in general, global minimization of the radius or abscissa over
an affine family of monic polynomials, pushing the roots as far as

possible towards the origin or left in the complex plane, seems
hard.
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family contains one that is stable (has roots inside the unit circle
or in the left-half plane) have been studied for decades.

But if an affine family of monic polynomials of degree n has
n — 1 free parameters, this question can be answered efficiently.

Equivalently, there is just one affine constraint on the
coefficients.
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= in]fjoz(p).
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Furthermore, the optimal value o™ is attained by a minimizing
polynomial p* if and only if —a* is a root of h (as opposed to
one of its derivatives), and in this case we can take

p(z)=(—-7)"eP

with v = a*.
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optimal value may not be attained.
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scalar M, for which
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where m =/ or ¢+ 1, and M, — —o0 as € — 0.

10 / 63



Part |

Globally Optimizing
the Roots of a
Monic Polynomial
subject to One
Affine Constraint
with

V. Blondel (Louvain)
M. Gurbtzbalaban
(NYU)

A. Megretski (MIT)

The Root Radius
and the Root
Abscissa

Stability
Optimization over a
Polynomial Family
Optimizing the Root
Radius, Real Case
Algorithm to Find ~
and k

Optimizing the Root
Radius: Complex
Case

Optimizing the Root
Abscissa: Real Case

Continuation
When the Optimal

Abscissa Value is
not Attained
Optimizing the
Abscissa: Real vs.
Complex Case
Optimizing the Root
Abscissa: Complex

When the Optimal Abscissa Value is not Attained

Theorem RAR2. Assume that —a™ is not a root of h. Let ¢ be
the smallest integer i € {1,...,k — 1} for which —a™* is a root of
h(). Then, for all sufficiently small € > 0 there exists a real
scalar M, for which

pe(2) == (2= M)"(z — (" +e)"™eP

where m =/ or ¢+ 1, and M, — —o0 as € — 0.

In other words, as in the real radius case, two roots play a role,
but only one is finite.

10 / 63



Part |

Globally Optimizing
the Roots of a
Monic Polynomial
subject to One
Affine Constraint
with

V. Blondel (Louvain)
M. Gurbtzbalaban
(NYU)

A. Megretski (MIT)

The Root Radius
and the Root
Abscissa

Stability
Optimization over a
Polynomial Family
Optimizing the Root
Radius, Real Case
Algorithm to Find ~
and k

Optimizing the Root
Radius: Complex
Case

Optimizing the Root
Abscissa: Real Case

Continuation
When the Optimal

Abscissa Value is
not Attained
Optimizing the
Abscissa: Real vs.
Complex Case
Optimizing the Root
Abscissa: Complex

When the Optimal Abscissa Value is not Attained

Theorem RAR2. Assume that —a™ is not a root of h. Let ¢ be
the smallest integer i € {1,...,k — 1} for which —a™* is a root of
h(). Then, for all sufficiently small € > 0 there exists a real
scalar M, for which

pe(2) == (2= M)"(z — (" +e)"™eP

where m =/ or ¢+ 1, and M, — —o0 as € — 0.

In other words, as in the real radius case, two roots play a role,
but only one is finite.

There is a formula for M., but it is a little complicated and
depends on whether m =/ orm = ¢ + 1.

10 / 63



Part |

Globally Optimizing
the Roots of a
Monic Polynomial
subject to One
Affine Constraint
with

V. Blondel (Louvain)
M. Gurbtzbalaban
(NYU)

A. Megretski (MIT)

The Root Radius
and the Root
Abscissa

Stability
Optimization over a
Polynomial Family
Optimizing the Root
Radius, Real Case
Algorithm to Find ~
and k

Optimizing the Root
Radius: Complex
Case

Optimizing the Root
Abscissa: Real Case

Continuation
When the Optimal

Abscissa Value is
not Attained
Optimizing the
Abscissa: Real vs.
Complex Case
Optimizing the Root
Abscissa: Complex

When the Optimal Abscissa Value is not Attained

Theorem RAR2. Assume that —a™ is not a root of h. Let ¢ be
the smallest integer i € {1,...,k — 1} for which —a™* is a root of
h(). Then, for all sufficiently small € > 0 there exists a real
scalar M, for which

pe(2) == (2= M)"(z — (" +e)"™eP

where m =/ or ¢+ 1, and M, — —o0 as € — 0.

In other words, as in the real radius case, two roots play a role,
but only one is finite.

There is a formula for M., but it is a little complicated and
depends on whether m =/ orm = ¢ + 1.

In practice, bad idea to make € too small: then |M.| becomes
large.
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attained when one of the derivatives of h has a real root to the

right of the rightmost real root of h.
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We observed that, in the real case, the optimal value is not
attained when one of the derivatives of h has a real root to the
right of the rightmost real root of h.

However, it is not possible that a derivative of h has a complex
root to the right of the rightmost complex root of h. This
follows immediately from the Gauss-Lucas theorem.

This suggests the optimal abscissa value might always be
attained in the complex case.

Indeed, this is the case...

11 / 63



Part |

Globally Optimizing
the Roots of a
Monic Polynomial
subject to One
Affine Constraint
with

V. Blondel (Louvain)
M. Gurbtzbalaban
(NYU)

A. Megretski (MIT)

e

< Optimizing the Root Abscissa: Complex Case

=

The Root Radius
and the Root
Abscissa

Stability
Optimization over a
Polynomial Family
Optimizing the Root
Radius, Real Case
Algorithm to Find ~
and k

Optimizing the Root
Radius: Complex
Case

Optimizing the Root
Abscissa: Real Case

Continuation
When the Optimal
Abscissa Value is
not Attained
Optimizing the
Abscissa: Real vs.
Complex Case

Optimizing the Root
Abscissa: Complex

Theorem RAC. Let By, By, ..., B, be complex scalars (with

Bi,..., By not all zero) and consider the affine family
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P = {zn+alzn_1—|—. cotap—_12+ay Bo—FZ Bjaj =0,a; € C}

j=1
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Theorem RAC. Let By, By, ..., B, be complex scalars (with
Bi,..., By not all zero) and consider the affine family

n
P = {zn+alzn_1—|—. cotap—_12+ay Bo—FZ Bjaj =0,a; € C}
j=1
The optimization problem

o = inf «
Inf ()

has an optimal solution of the form
p*(2) = (z—7)" € P
with —~ given by a root with largest real part of the polynomial

h(z) :an”+Bn_1< " 1>z”‘1+...+B1< )z+BO.
n_

n
1
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Theorem RAC. Let By, By, ..., B, be complex scalars (with
Bi,..., By not all zero) and consider the affine family

n
P = {zn+alzn_1—|—. cotap—_12+ay Bo—FZ Bjaj =0,a; € C}
j=1

The optimization problem

o = inf «
Inf ()

has an optimal solution of the form
p*(2) = (z—7)" € P
with —~ given by a root with largest real part of the polynomial

h(z) :an”+Bn_1< " l)z”‘1+...+Bl< )z+BO.
n_

n
1

Proof: follows (with some work) from Theorem RRC.
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A Simple Example

Minimize the root abscissa over the set of polynomials

P={"+ a2V Va2 24+ . 4a, 1z+a, : ag+as = 0}.
We have
h(z) = V2= (" z(z + . )
-\ 2 -\ 2 n—1"
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The roots of h are 0 and —5 and the only root of A’ is n_——11 o)
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A Simple Example

Minimize the root abscissa over the set of polynomials

P={"+ a2V P a2 4. 4 a,_ 12+ a,

(g)zumz (g)z<z+n§1>.

=2

The roots of h are 0 and —5 and the only root of A’ is n_——11 o)
o = 0 and 2" is a global optimizer.

a1 + a9 = 0}

We have

Theorem RAR proves global optimality over a; € R and
Theorem RAC proves global optimality over a; € C.
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Randomly generated family with coefficients depending affinely on two
real parameters x1, x9. Above left: contour plot in parameter space.
Note the steep contours! '*' marks a global minimizer (z — )3 and
‘0" a local minimizer marks a local minimizer (2 — 73)? where

—v1 ~ —0.541 and —v, ~ 0.567 are both roots of gy (defined in
Corllary RRR).
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Static Output Feedback Stabilization

Given the dynamical system

r=Fr+ Gu, y=Hzx
where FF € R, G € R"*P, H € R™*".
SOF: find a controller K € RP*™ so that, setting u = Ky
t=(F+GKH)x

is stable, that is all eigenvalues of F' + GK H are in the left
half-plane, or prove that this is not possible.
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SOF: find a controller K € RP*"™ so that, setting u = Ky
t=(F+GKH)x

is stable, that is all eigenvalues of F' + GK H are in the left
half-plane, or prove that this is not possible.

A major open problem in control.
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Static Output Feedback Stabilization

Given the dynamical system
r=Fr+ Gu, y=Hzx
where FF € R, G € R"*P, H € R™*".
SOF: find a controller K € RP*"™ so that, setting u = Ky
t=(F+GKH)x

is stable, that is all eigenvalues of F' + GK H are in the left
half-plane, or prove that this is not possible.

A major open problem in control.

But, if p=1and m =n — 1 (one input and n — 1 outputs)
det(\ — F — GKH) = det(\ — F) + K Hadj(\M — F)G.

This is a monic polynomial with affine dependence on the n — 1
entries of K € R (™=1) 5o the SOF problem can be solved
explicitly using Theorem RAR.
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Frequency Domain Stabilization

Another set of classical problems in control that, in a certain
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case, can be solved using the theorems given above.

An example: stabilizing the two-mass-spring dynamical system
by a second-order controller.

Then, maximizing the closed-loop asymptotic decay rate is
equivalent to solving the optimization problem

p(z) =0}

minmax {Re z
peP zeC

where
P = {(z"4+22%) (wo+x124+2%)+yo+y124122° : 0, 21, %0, Y1, Y2 € R}

We can minimize the root abscissa explicitly using Theorem RAR
as P is a set of monic polynomials with degree 6 whose
coefficients depend affinely on 5 real parameters.
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by O(e'/*).

In practice, might want to locally optimize a more robust
measure of stability.

Independently of this, the monomial basis is a poor choice
numerically unless the polynomial has very small degree.

Nonetheless, the optimal value can be computed accurately even
if n is fairly large.
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case, we conjecture that there always exists an optimal
polynomial with at most x — 1 inactive roots.

However, there does not seem to be a useful bound on the
number of possible distinct active roots. Thus, computing global
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Let's look at some randomly generated radius optimization
examples with kK = n — 2, hence parametrized by two real
parameters: the conjecture says that at least n — x4+ 1 = 3 roots
are active.
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optimizers appears to be difficult.
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parameters: the conjecture says that at least n — x4+ 1 = 3 roots
are active.

Previous picture was n = 3,k = 1, triple root.
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Let's define active roots as those whose modulus or real part
equals p* or o™ respectively: the others are inactive.

Consider minimizing the radius subject to x constraints. In this
case, we conjecture that there always exists an optimal
polynomial with at most x — 1 inactive roots.

However, there does not seem to be a useful bound on the
number of possible distinct active roots. Thus, computing global
optimizers appears to be difficult.

Let's look at some randomly generated radius optimization
examples with kK = n — 2, hence parametrized by two real
parameters: the conjecture says that at least n — x4+ 1 = 3 roots
are active.

Previous picture was n = 3,k = 1, triple root.

Since there are only two variables, use grid search to approximate
global minimizer and then local optimization to refine this.
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Now let p : C"*" — R denote spectral radius:

p(X)=max{|z| : det(X —2[)=0, z € C}.
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Let o : C™*™ — R denote spectral abscissa:
a(X) =max{Re(z) : det(X —z2I) =0, z € C}.

An eigenvalue is active if its modulus (real part) equals the
spectral radius (abscissa).

The spectral functions p and « are not convex and are not
Lipschitz near a matrix with an active multiple eigenvalue.

An eigenvalue is nonderogatory if it is associated with only one
right eigenvector, that is its geometric multiplicity is 1.
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The spectral functions p and « are not convex and are not
Lipschitz near a matrix with an active multiple eigenvalue.

An eigenvalue is nonderogatory if it is associated with only one
right eigenvector, that is its geometric multiplicity is 1.

Equivalently, it is associated with a single block in the Jordan
form, whose dimension is the (algebraic) multiplicity.
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The Spectral Radius and the Spectral Abscissa
Now let p : C"*" — R denote spectral radius:

p(X)=max{|z| : det(X —2[)=0, z € C}.
Let o : C™*™ — R denote spectral abscissa:

a(X) =max{Re(z) : det(X —z2I) =0, z € C}.

An eigenvalue is active if its modulus (real part) equals the
spectral radius (abscissa).

The spectral functions p and « are not convex and are not
Lipschitz near a matrix with an active multiple eigenvalue.

An eigenvalue is nonderogatory if it is associated with only one
right eigenvector, that is its geometric multiplicity is 1.

Equivalently, it is associated with a single block in the Jordan
form, whose dimension is the (algebraic) multiplicity.

Hermitian matrices: completely different story!
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The spectral radius and abscissa are the radius and abscissa of

the characteristic polynomial of a matrix, but the results of

Part | do not extend to the more general case of an affine family

of n X n matrices depending on n — 1 parameters.
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Part | do not extend to the more general case of an affine family
of n X n matrices depending on n — 1 parameters.

For example, consider the matrix family
&1
ao-1 5 ¢
This matrix depends affinely on a single parameter &, but its

characteristic polynomial, a monic polynomial of degree 2, does
not, so the results of Part | do not apply.
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The spectral radius and abscissa are the radius and abscissa of
the characteristic polynomial of a matrix, but the results of

Part | do not extend to the more general case of an affine family
of n X n matrices depending on n — 1 parameters.

For example, consider the matrix family
&1
ao-1 5 ¢

This matrix depends affinely on a single parameter &, but its
characteristic polynomial, a monic polynomial of degree 2, does
not, so the results of Part | do not apply.

The minimal spectral radius of A(§) is attained by £ = 0, for
which the eigenvalues are +i.
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The Diaconis-Holmes-Neal Sampler

A nonreversable Markov chain for Monte Carlo simulation. For

r € (0,1), the transition matrix is A(z) € R?"*?" is
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The Diaconis-Holmes-Neal Sampler

A nonreversable Markov chain for Monte Carlo simulation. For
r € (0,1), the transition matrix is A(z) € R?"*?" is

xT 1l —=x
1 —=x T

Diaconis et. al. showed that for x = 1/n, the corresponding
nonreversible chain reaches a stationary state in O(n) steps,
compared to O(n?) steps for a similar reversible chain.
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The rate of convergence is determined by

p(A(x)) =max{|z] : det(A(x) —2l)=0, z€ C,z # 1}.

It is easy to prove that this is minimized over x € [0, 1] by

Lopt —

sin(m/n)

1 + sin(7/n)

1

> —.

n

31/ 63



Part |

Globally Optimizing
the Roots of a
Monic Polynomial
subject to One
Affine Constraint
with

V. Blondel (Louvain)
M. Gurbtzbalaban
(NYU)

A. Megretski (MIT)

e

q-:-'-l

=

Part 1l
Optimization of
Eigenvalues

with

J.V. Burke (Wash.)
K.K. Gade (NYU)
S. Grundel (NYU)
A.S. Lewis (Cornell)

The Spectral Radius
and the Spectral
Abscissa

No Extension of
Part |

The Diaconis-
Holmes-Neal
Sampler

The Reduced
Spectral Radius

Eigenvalues of the
Transition Matrix,
n = 10

Eigenvalues of the
Transition Matrix,

1T N

The Reduced Spectral Radius

The rate of convergence is determined by
p(A(x)) =max{|z] : det(A(x) —2l)=0, z€ C,z # 1}.
It is easy to prove that this is minimized over x € [0, 1] by

sin(m/n) - 1
Topt = —.
P 7] Y sin(r/n) T n

For x < wpt, the active eigenvalues all occur in conjugate pairs.
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The Reduced Spectral Radius

The rate of convergence is determined by
p(A(x)) =max{|z] : det(A(x) —2l)=0, z€ C,z # 1}.
It is easy to prove that this is minimized over x € [0, 1] by

sin(m/n) - 1
Topt = —.
P 7] Y sin(r/n) T n

For x < wpt, the active eigenvalues all occur in conjugate pairs.

For x = xpt, one conjugate pair has coalesced to a double real
nonderogatory eigenvalue (with a 2 x 2 Jordan block).
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The Reduced Spectral Radius

The rate of convergence is determined by
p(A(x)) =max{|z] : det(A(x) —2l)=0, z€ C,z # 1}.
It is easy to prove that this is minimized over x € [0, 1] by

~ sin(7/n) 1
1 +sin(7r/n) -

Lopt

For x < wpt, the active eigenvalues all occur in conjugate pairs.

For x = xpt, one conjugate pair has coalesced to a double real
nonderogatory eigenvalue (with a 2 x 2 Jordan block).

For © > xqpt, this splits into two real eigenvalues, increasing p by
O(|lz — xopt|1/2)-
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Eigenvalues of the Transition Matrix, n = 10
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Much better to underestimate x,,¢ than overestimate. Similar plots
apply to optimal damping for one-dimensional wave equation, optimal
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Convergence rate deteriorates as n increases.
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Adding More Parameters

Not surprising that with one free parameter, we can only make

one pair of eigenvalues coalesce.
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Adding More Parameters

Not surprising that with one free parameter, we can only make

one pair of eigenvalues coalesce.

Let's change K (x) to have multiple parameters:

0 1—xq
1 — x5 T2
1l —xzp_1 In—1
Tn—1 1 —xn_1
o 1 — xo

0 T

Ln

_1 - mn

L1

1—xq

0

l— 2,
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Checking Local Optimality

Numerically: by running an optimization method suitable for

nonsmooth objectives at randomly generated points near Xqpt.

We used the “gradient sampling” method, and repeatedly
obtained convergence to Xqpt.
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Checking Local Optimality

Numerically: by running an optimization method suitable for
nonsmooth objectives at randomly generated points near Xqpt.
We used the “gradient sampling” method, and repeatedly
obtained convergence to Xqpt.

Theoretically: by subdifferential analysis. We found that
m X,pt Satisfies a necessary condition for local optimality

m if we remove some redundancy by setting z; = z,,_1_; for
i=1,2,..., L”T_lj and x,—1 = z,, we find X, satisfies a
sufficient condition for local optimality.
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nonsmooth objectives at randomly generated points near Xqpt.
We used the “gradient sampling” method, and repeatedly
obtained convergence to Xqpt.

Theoretically: by subdifferential analysis. We found that
m X,pt Satisfies a necessary condition for local optimality

m if we remove some redundancy by setting z; = z,,_1_; for
i=1,2,..., L”T_lj and x,—1 = z,, we find X, satisfies a
sufficient condition for local optimality.

Because the analysis of this example is complicated, we explain
the concepts on a much simpler example.
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Subdifferential Analysis

Given a Euclidean space E and a continuous function
[+ E— R, the regular subdifferential of f at a point x in E,
denoted Of(x), is

{fyeE: f(x+2)— f(x) > (y,z) +0o(]|z]|) for small z € E}.
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Given a Euclidean space E and a continuous function
[+ E— R, the regular subdifferential of f at a point x in E,
denoted Of(x), is

{yeE: f(x+2)— f(x) > (y,z) +o(]|z||) for small z € E}.
The subdifferential O f(x) is

{y cE:dz,,yp €c Ewithoy -2, yp > vy, yi € 5f(:ck)}

The horizon subdifferential 0> f(x) is
{y cE:dty e Rz, ype € Ewithti | 0,2 — 2, 6oy — vy, Y € 5f(£13k)}

Clearly, d(z) D f(x) and 0 € O f ().
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Subdifferential Analysis

Given a Euclidean space E and a continuous function
[+ E— R, the regular subdifferential of f at a point x in E,
denoted Of(x), is

{yeE: f(x+2)— f(x) > (y,z) +o(]|z||) for small z € E}.
The subdifferential O f(x) is
{y cE:dz,,yp €c Ewithoy -2, yp > vy, yi € 5f(:ck)}

The horizon subdifferential 0> f(x) is
{y cE:dty e Rz, ype € Ewithti | 0,2 — 2, 6oy — vy, Y € éf(:l?k)}
Clearly, d(z) D f(x) and 0 € O f ().

We say [ is subdifferentially regular at x if 0f(x) = (if(a:) and
0% f(x) is the recession cone of df(x), hence {0} if Of(x) is
compact.
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The Subdifferential of the Spectral Abscissa

Theorem SSA. The spectral abscissa oo : C"*"™ — R is

subdifferentially regular at X € C™*"™ if and only if all the active

eigenvalues are nonderogatory. When this is the case, let
X = PJPt, where J = Diag(J1, ..., Jis Jutt1s---),

(mixmi), t=1...,k

1
Ai

with Re \; = a(X),i=1,...,
mu/tip/icity m;). Then:

k (the active eigenvalues, with

da(X) ={P*WP*: W = Diag(W1,..., W,0,...,0),
0}
0
W; = . ,
0h, 1 05 0
9 c R, mif; +---mpf¥ =1, Re 6’%20}.
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When All Active Eigenvalues are Simple

Then X = PJP~!, where J = Diag(\1, ..., A\r, Jii1,...) with
Re \; = a(X),i=1,...,k (the active eigenvalues),

P=v,...,ve,...], P =up,...,up,...]

with v; and u;,2 = 1,..., k, the corresponding right and left
eigenvectors, normalized so u;v; = 1.
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When All Active Eigenvalues are Simple

Then X = PJP~! where J = Diag(\y,..
Re >\z =

D VAR | AT T ) with

(X),i=1,...,k (the active eigenvalues),

P=v,...,ve,...], P =up,...,up,...]

with v; and u;,2 = 1,..., k, the corresponding right and left
eigenvectors, normalized so u;v; = 1.
Then

Jda(X) = {P_*WP* : W = Diag(61,...,0k,0,...,0),

(97;€R+, 91+---+«9k:1}
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Then X = PJP~! where J = Diag(\y,..
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D VAR | AT T ) with

(X),i=1,...,k (the active eigenvalues),

],

with v; and u;,2 = 1,..., k, the corresponding right and left
eigenvectors, normalized so u;v; = 1.
Then

da(X) = {P*WP*: W = Diag(b, ..
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Then X = PJP~! where J = Diag(\y,..
Re >\z =

D VAR | AT T ) with

(X),i=1,...,k (the active eigenvalues),

P=v,...,ve,...], P =up,...,up,...]

with v; and u;,2 = 1,..., k, the corresponding right and left
eigenvectors, normalized so u;v; = 1.
Then

Jda(X) = {P_*WP* : W = Diag(61,...,0k,0,...,0),

(97;€R+, 91+---+0k:1}

k k
= quzv* . 0; € R+, 0;, =1
Db, )3

If k=1, we have

Oa(X) ={uvi} ={Va(X)}.
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Optimality Conditions for a Matrix Family

Let A: C"™ — C"*™ be a smooth map satisfying the regularity

condition

forx € C™,

N ((DA(z))") N o™ a(A(z))

0,
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Optimality Conditions for a Matrix Family

Let A: C"™ — C"*™ be a smooth map satisfying the regularity
condition

N ((DA(z))) N 0%a(A(z)) =0,

forx € C™.

By a standard chain rule of nonsmooth analysis, a necessary
condition for T to minimize a(A(x)) is, if all active eigenvalues
are nonderogatory

0 € (a0 A)(F) = (DA da(A(%)),
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Optimality Conditions for a Matrix Family

Let A: C"™ — C"*™ be a smooth map satisfying the regularity
condition

N ((DA(z))) N 0%a(A(z)) =0,

forx € C™.

By a standard chain rule of nonsmooth analysis, a necessary
condition for T to minimize a(A(x)) is, if all active eigenvalues
are nonderogatory

0€d(aoA)(z)=(DA)"0a(A(T)),
and a sufficient condition is

0 €int d(ao A)(Z) =int (DA)*0a(A(T)).
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Optimality Conditions for a Matrix Family

Let A: C"™ — C"*™ be a smooth map satisfying the regularity
condition

N ((DA(z))) N 0%a(A(z)) =0,

forx € C™.

By a standard chain rule of nonsmooth analysis, a necessary
condition for T to minimize a(A(x)) is, if all active eigenvalues
are nonderogatory

0€d(aoA)(z)=(DA)"0a(A(T)),
and a sufficient condition is
0 €int d(ao A)(Z) =int (DA)*0a(A(T)).

Furthermore, if the last condition holds, small perturbations to
the data make only small perturbations in the minimizer.
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Define the affine map A : C*"~1 — C™"*" by

—x1 1 0 0
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z,_1 0 0 0

The adjoint of the derivative is (DA)* : C"*" — C"!, given by

(yrs) c C"" (y21 — Y11, Y31, Y41, - - - 7yn1)T-

So, by Theorem SSA and the chain rule,

A

H(ao A)(0) = d(a o A)(0) = (DA)*Ja(A(0))

— {(‘92 - 1/n,93,¢94,...,9n)T :

and since the interior of this set contains 0, we see T = 0 is a sharp
local minimizer of the spectral abscissa of A(x).
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analysis applies.

An example from surface approximation: several fixed
eigenvalues, want to reduce modulus of others: after much
numerical computation, found that all can be reduced to zero

m triangular mesh case: verified analytically, with the derogatory
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Numerical Optimization Methods

Steepest descent (gradient) method with line search: fails.

Gradient sampling with line search: nice convergence theory but
computationally intensive.

BFGS quasi-Newton method with line search: very effective in
practice.

In both cases, make no attempt to predict active eigenvalues and
their multiplicities: simply use gradients which exist a.e.:

V(ao A)(z) = (DA(z)) Va(A(z)) = (DA(z)) viuj

(V(@o A)@), = (5o (@) oruf) = wi g ()

where u1 and vp are left and right eigenvectors for the dominant
eigenvalue \j.
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= Same, with Critical Value for ¢, n =5
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The Pseudospectrum is not Lipschitz

The set-valued map A((A) is not Lipschitz continuous w.r.t.
either A or € near critical values of e.
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Pseudospectral Max Functions are Locally Lipschitz

Theorem PMFLL. The pseudospectral abscissa and radius

functions o and p. are locally Lipschitz at all matrices A and at

all e > 0.
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Pseudospectral Max Functions are Locally Lipschitz

Theorem PMFLL. The pseudospectral abscissa and radius
functions o and p. are locally Lipschitz at all matrices A and at
all e > 0.

Proof: surprisingly complex, as one must allow for the possibility

that the pseudospectral max function is attained at a point
z € A(A) where o,_1(A — 2I) = 0, (A — 21).
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Proof: surprisingly complex, as one must allow for the possibility
that the pseudospectral max function is attained at a point

z € A(A) where o,_1(A — 2I) = 0, (A — 21).

Computing a. and p¢: requires solving nonconvex global
optimization problem in two real variables. Specialized
algorithms are based on computing eigenvalues of Hamiltonian
matrices and checking whether any are imaginary.
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Proof: surprisingly complex, as one must allow for the possibility

that the pseudospectral max function is attained at a point
z € A(A) where o,_1(A — 2I) = 0, (A — 21).

Computing a. and p¢: requires solving nonconvex global
optimization problem in two real variables. Specialized
algorithms are based on computing eigenvalues of Hamiltonian
matrices and checking whether any are imaginary.

Well known related quantity: the Distance to Instability. For a
matrix whose eigenvalues are in the left-half plane: d.i(A) is the
largest € such that A¢(A) is in the left-half plane.
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Theorem PMFLL. The pseudospectral abscissa and radius
functions o and p. are locally Lipschitz at all matrices A and at
all e > 0.

Proof: surprisingly complex, as one must allow for the possibility

that the pseudospectral max function is attained at a point
z € A(A) where o,_1(A — 2I) = 0, (A — 21).

Computing a. and p¢: requires solving nonconvex global
optimization problem in two real variables. Specialized
algorithms are based on computing eigenvalues of Hamiltonian
matrices and checking whether any are imaginary.

Well known related quantity: the Distance to Instability. For a
matrix whose eigenvalues are in the left-half plane: d.i(A) is the
largest € such that A¢(A) is in the left-half plane.

Numerical optimization using gradients: now left and right
singular vectors appear instead of left and right eigenvectors.

57 / 63



=

i

Part |

Globally Optimizing
the Roots of a
Monic Polynomial
subject to One
Affine Constraint
with

V. Blondel (Louvain)
M. Gurbtzbalaban
(NYU)

A. Megretski (MIT)

Part 1l
Optimization of
Eigenvalues

with

J.V. Burke (Wash.)
K.K. Gade (NYU)
S. Grundel (NYU)
A.S. Lewis (Cornell)

Part 111
Optimization of
Pseudospectra

with

M. Girbuzbalaban
(NYU)

A.S. Lewis (Cornell)

Pseudospectra

A Randomly
Generated Example,
n =25

Same, with Critical
Value for e, n = 5
Same, Close-up

—

Pseudospectra for Turbo—Generator with No Feedback
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Turbo Generator with Optimized Eigenvalues

Pseudospectra for Turbo—Generator when Pure Spectrum is Optimized
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