Chapter 5

Contour Integration and Transform

Theory

5.1 Path Integrals

For an integral f; f(z)dz on the real line, there is only one way of
getting from @ to b. For an integral [ f(z)dz between two complex
points a and b we need to specify which path or contour C we will

use. As an example, consider

dz dz
Il = —_— and IQ = —_—
o * Cy *
where in both cases we integrate from z = —1 to z = +1 round a
unit semicircle: C; above, Cy below the real axis. Substitute z = e,
dz = ie?? db: .
0 4e? d6 4
I, = i = —im
but

2w

The result of a contour interaction may depend on the contour.

To formally define the integral, divide C' into small intervals,
separated at points z; (kK = 0,...,N) on C, where z; = a and
zy = b. Let 0z, = 2p1 — 2z and let A = L max |02x]. Then we

defpe 7
N-1
/C Fle)dz= im 3 flee) b2

where, as A — 0, N — oo. Note that if C lies along the real axis

then this definition is exactly the normal definition of a real integral.

77

© R. E. Hunt, 2002



Elementary properties

If C7 is a contour from w; to we in C, and Cy a contour from wo
to ws, and C'is the combined contour from w1 to ws following first
C then C5, we have that fc z)dz = fc z)dz + fc z)dz.
(Obvious from definition; compare Wlth the equlvalent result on the
real line, [* f(x)dx = fabf( dz + [, f(z)dz.)

If C* is a contour from w; to wy, and C'~ is exactly the same con-

tour traversed backwards, then clearly [, f(z)dz = — [, f(2)dz.
(CE. [} f(x)do = — f}' f(x) da)
Integration by substitution and by parts work in C also.

If C has length L, then

z)dz

< Lunax |f(2)

because at each point on C, |f(z)| < max |f(2)]-

Closed contours

If C'is a closed curve, then it doesn’t matter where we start from on
C: §o z) dz means the same thing in any case. (The notation ¢
denotes an integral round a closed curve.) Note that if we traverse C'
in a negative sense (clockwise) we get negative the result we would

have obtained had we traversed it in a positive sense (anticlockwise).

5.2 Cauchy’s Theorem

A simply-connected domain is a region R of the complex plane with-
out any holes; formally, it is a region in which any closed curve en-
circles only points which are also in R. By a simple closed curve we
mean one which is continuous, of finite length and does not intersect
itself.

Cauchy’s Theorem states simply that if f(z) is analytic in a simply-connected domain

R, then for any simple closed curve C' in R,

7{] f(z)dz =
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The proof is simple and follows from the Cauchy-Riemann equations and the Divergence
Theorem in 2D:

fcf(z) dz = Y{C(u+iv)(dx+idy)

:ji(udx—vdy)—l—i%(vdx—i—udy)

c
ov  Ou . ou Ov
- [ (55 s [ (5 - 5 ) o
s s

by applying the Divergence Theorem, where S is the region enclosed by C. But the
Cauchy—Riemann equations show that both brackets vanish, since f is analytic through-
out S. The result follows.

This result is, of course, not true if C' encircles a singularity (we could not then use

the Cauchy-Riemann equations throughout S).

Changing the Contour

Suppose that C; and C5 are two contours from a to b and that
there are no singularities of f on or between the contours. Let
C be the contour consisting of C; followed by the reverse of

C5. C'is a simple closed contour, so

ﬁf(z)dz:o

(no singularities are enclosed). Hence

| sz [ a0

01 C12

B f(z)dz= [ f(2)d=.
Cl CQ

So if we have one contour, we can move it around so long as

we don’t cross any singularities as we move it.

If f has no singularities anywhere, then fab f(2) dz does not depend at all on the path

chosen.

The same idea of “moving the contour” applies to closed

contours; if C7 and Cy are closed contours as shown, then
f(z)dz= ¢ [f(z)dz
Cl C2
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so long as there are no singularities between € and C5. We prove this by considering

the closed contour C' shown: clearly
Osz(z)dz: f(z)dz— ¢ f(z2)dz
C C1 Ca

(the two integrals along the “joins” shown cancel).

5.3 The Integral of f'(2)

For a real function f(z), f; f'(x)dx = f(b) — f(a). This result extends immediately to
complex functions, so long as both f and f” are analytic in some simply-connected region

R and the integration contour C' lies entirely in R. Then

/ f(z)dz = £(b) — f(a)

for any complex points a, b in R.

Note that the specified conditions ensure that the integral on the LHS is independent
of exactly which path in R is used from a to b, using the results of §5.2.

Examples:

(i) fg zdz = 1(i* = 0%) = —%. (f and [’ are analytic in the whole of C, so the LHS is
path-independent.)

(ii) [, e*dz, where C' is the semicircular contour joining —1 to +1 along |z| = 1 above

the real axis, is equal to e — e~ 1.

lis not analytic everywhere, so we

(iii) fljrl;ri 271 dz via a straight contour. Note that 2~
do need to specify the contour; but we can define a simply-connected region R, given
by Im z > % say, in which it is analytic, and C' lies entirely in R. Let f(z) = log 2

with the standard branch cut, so that f(z) is also analytic in R; then
—1+4i

/ 2 'dz = log(—1 + 1) — log(1 + 1)
14

— log V2 + 3mi — (log V24 o)

_ 1
27'('2.
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iv) Now consider [[.""2=1dz via the contour shown. Define R as in the diagram; we cannot now
1+14 . X
choose the standard branch cut for log z (since C' would cross it), so we choose a cut along the
positive imaginary axis, and define logre?® = logr 4 i where —37” <60 < 5. Then

/ 2z~ tdz = log(—1+1) — log(1 + 1)
c

=log V2 + (—=37)i — (log V2 + 1mi)

= .

(V][V}

5.4 The Calculus of Residues

The Contour Integral of a Laurent Expansion

Consider a single term a,(z—zp)" of an expansion, integrated
round a closed curve C' which encircles zg in a positive sense
(i.e., anticlockwise) once. For n > 0, we can use Cauchy’s

Theorem to obtain immediately

f an(z — 29)"dz = 0.
c

For n < 0, first change the contour C' to C., a circle of radius
e about 2z, using the ideas of §5.2. On C., z = 2y + c€? and

SO

2w
j{ an(z — 29)"dz = / ans"e™ ice' A
c 0

27
:ian5”+1/ e 10 g9
0

, ci(n+1)0 2
jape™ || n#£ -1
_ ), 7
ia,e" T (2m) n=-1
0 n# —1
2mia_; n=-—1

We deduce that for a function f(z) with a singularity at zo, and a contour C' encircling

the singularity in a positive sense,

z=2z0

dz = (2 — 20)"dz = 2mia_, = 2mi .
%Cf(z) z Z}éa(z 20)" dz = 2mia_4 i res f(2)

n=—oo
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We can also obtain the result as follows, using the method of §5.3:

an
[(z = 20)" "], n#-1
%an(Z—Zo)ndZ:{n+1 e}
¢ an [log(z — zo)]c n=-1
o n# —1 (because (z — 29)""! is single-valued)
| 2mia_y n=—1 (because 6 changes by 2r)

The Residue Theorem

Suppose that f(z) is analytic in a simply-connected region
R except for a finite number of poles at z1, 29, ..., 2,; and
that a simple closed curve C' encircles the poles anticlockwise.
Then

7{ f(z)dz = 2m’i res f(z).
¢ 1 "

(We have just proved this in the case of a single pole.)

Proof: Consider the curve C shown. C encircles no poles,

fa f(z)dz =

by Cauchy’s Theorem. But we can also work out the integral

SO

round C by adding together several contributions: the large
outer curve (which is the same as C'), the small circles around
each pole, and the contributions from the lines joining the outer curve to the inner circles.
For each k, the contribution from the small circle round z; is —2mires,—,, f(z) because
the small circle goes clockwise round z;. Also, the contribution from the line joining the

outer curve to the small circle cancels exactly with the contribution from the line going

back. Hence
O—j{f dz-jgf dz—i—Z 27Tzresf ))

from which the result follows.
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5.5 Cauchy’s Formula for f(z)

Suppose that f(z) is analytic in a region R and that zy lies in R. Then Cauchy’s formula
states that

floo) = —— 4 LB g,

2wt Jo 2 — 2

where C' is any closed contour in R encircling 2z, once anticlockwise.

Proof: f(z)/(z — z0) is analytic except for a simple pole at zy, where it has residue
f(20). Using the Residue Theorem,

S dz = 2mif(20)
c* %0

as required.

Note: Cauchy’s formula says that if we know f on C' then we know it at all points
within C'. We can see that this must be so by the uniqueness theorem of Chapter 2: u
and v, the real and imaginary parts of f, are harmonic, so if they are specified on C

(Dirichlet boundary conditions), then there is a unique solution for v and v inside C.

Exercise: show that if instead f is analytic except for a singularity at zy, and has a

[e.o]
m=—0Q

am(z — z0)™, then the coefficients of the expansion are given

1 f(z)
@n—%ﬁmdz.

If we differentiate Cauchy’s formula with respect to z (differentiating under the §
sign on the RHS), we see that

f'(20) = Ljlé(fidz

- 2mi z— 29)?

Laurent expansion )
by

So f'(zp) is known for all z; inside C. Continuing this process,

) = g f T

C2mi Jo (2 — z)ntt

and f(™(z) is known. So at any point where f is analytic, i.e. differentiable once, all its

derivatives exist; hence it is differentiable infinitely many times.

5.6 Applications of the Residue Calculus

Suppose we wish to evaluate
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(which we can already do using trigonometric substitutions).

Consider

?{ dz
C']-+ZQ

where C' is the contour shown: from —R to R along the real axis (Cp) then returning
to —R via a semicircle of radius R in the upper half-plane (Cr). Now (1 + 2%)7! =
(z +14)7*(z — i)™}, so the only singularity enclosed by C'is a simple pole at z = i, where
the residue is lim, _;(z +¢)~' = 1/2i. Hence

/ dz +/ dz 7{ dz 5 1
= = 2T — = T.
oo 1+ 22 op 1+ 22 cl+22 2i

d |
/ 22:/ x2—>2l as R — oo.
001+Z _R1+ZE

Consider [, dz/(1+2%): the integrand (1 + 2?)~" is of order R™* on the semicircle, but
the length of the contour is mR. Hence

/ dz
Cr 1"— 22

Combining all these results and taking the limit as R — oo,

Now

<TRxOR?*H=0(R")—0 as R— oc.

21 +0 =,
ie. I =m/2.

This example is not in itself impressive. But the power of the method is clear when
we see how easily it adapts to other such integrals (for which it would not be easy, or

would be impossible, to use substitutions). Examples:

(i) We wish to calculate
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(i)

(iii)

(iv)

where a > 0 is a real constant. We consider §,dz/(z* + a®)%; most of the above
analysis is unchanged. The poles now occur at z = +ia, and they both have order
2; only the pole at +ia is enclosed by C. The residue there is

d 1 . -2 -2 . _3

D e ———— = = 1
S GTar MG g s 1Y

The integral round the semicircle still vanishes as R — o0, since now
/ dz
o (22 +a?)?

21 = 2mi(—%ia™®) = 7/2a°,

<7Rx O(R™) =O(R™).

Therefore

ie., I =m/4a>.

For I = [;°dxz/(1+ #*), the (simple) poles are at e™/*, ¢*™/4 e~™/* and ¢~3m/4,

Only the first two poles are enclosed. The residue at e™/4 is

P e7ri/4 . 1

im - - %16_3WZ/4 _ _iewz/4
Zz—emi/4 1 + z z—emi/4 4Z
3mi/4 —7i/4

using L’Hopital’s Rule, and at e it is (similarly) e . Hence
21 = 27Ti(—%em/4 + %6_”/4) =2mi(—1)(2isin %) = wsin §,

ie., I =m/2V2.

For I = [;°x*dz/(1 + z*), the poles are as in (i) but with residues +ie™™/* and

—ie”/ 4 respectively (check for yourself). So the value of the integral is unchanged.

For I = [ dx/(1+ 2*) again, an alternative to the method used in example (ii)
above (and similarly in example (iii) above) is to use a contour which is just a

quarter-circle, as shown.
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Let C' consist of the real axis from 0 to R (Cp); the arc of circle from R to iR (C});
and the imaginary axis from iR to 0 (C). Now fCo dz/(1+ 2%) — I as R — oc;

and, along C5, we substitute z = iy to obtain

dz 0 dy [t dy .
— = = i 4—>—z[ as R — oo.
o1 +2 r 1+ (iy) o 1ty

The integral along C) vanishes as R — oo, using the same argument as for Cgr

above, but this time we only enclose one pole, which makes the calculation easier.

Hence
I —il =2mi(—1e™*) = —Line®™/t =  I=1/2V2

as before.

Jordan’s Lemma

For many applications (in particular, ones involving Fourier

transforms) we need to show that

(2)e™*dz — 0
Cr

as R — oo, where A > 0 is some real constant and f is
an analytic function (except possibly for a finite number of
poles). Jordan’s Lemma states that this is true so long as
f(z) — 0 as |z| — oo. For A < 0, the same conclusion holds

for the semicircular contour C}, in the lower half-plane.

Note that this result is obvious if f(z) = O(]z|72) as |z| — oo —i.e., if f(2) = O(R™?)
on Cg — by the following argument. First note that ¢* = A @+W) = ¢=WeAr and ¢ > 0

on Cp, so [e??] = e < 1 on Ck. Hence

(2)e™ dz
Cr

< mRmax|f(z)]
Cr

=7RxO(R?) —0 as R— oc.

Jordan’s Lemma simply extends the result from functions satisfying f(z) = O(|z|7?) to

any function satisfying f(z) — 0 as |z| — oco. Examples:

eQiz e—iz
/ dz — 0 as R — o0; / 7 dz—0 as R— oo
Cr < cl <

/
R

86 © R. E. Hunt, 2002



The proof of Jordan’s Lemma stems from the fact that for 0 < 6 < 7/2,
sin@ > 20 /w. Now

f(z)e** dz
Cr

< max |f(2)| / 62| |Re™?| do
Cr 0

= Rmax |f(z)] / e AEsint qg
0
[using y = Rsind)

/o )
= 2Rmax |f(z)] / e ARsinG qg
0

Ty
< 2Rmax |f(z)|/ e 2RO/ 49
0

= D1 ) ma |£(2)

— 0 as R— oo.

A similar proof holds on C}, for A < 0.

5.7 Laplace Transforms

The Fourier transform is a powerful technique for solving differential equations and for
investigating many physical problems, but not all functions have a Fourier transform:
the integral defining the transform does not converge unless the function tends to zero at

infinity.

To get around this restriction, we can use another kind of transform known as the
Laplace transform. The price we pay is a different restriction: it is only defined for
functions which are zero for t < 0 (by convention). From now on, we shall make this

assumption, so that if we refer to the function f(t) = €' for instance, we really mean the

0 t<0,

function f(t) =
et t>0.

The Laplace transform of a function f(t) is defined by

) = / T fedt

where p may be complex. The notation Z[f] or Z[f(t)] is also used for f(p); and the
symbol s is often used instead of p. Many functions — for instance, ¢ and e’ — which do not

have Fourier transforms do have Laplace transforms; however, there are still exceptions
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(e.g., etz). Laplace transforms are particularly useful in initial value problems, where we

are given the state of a system at ¢ = 0 and desire to find its state for ¢t > 0.

Examples:

/Oo Pt =
0

o0 1 1 [ 1
/ te Pt dt = {——te_pt} + = / e Pldt = —.
0 p 0 P Jo p

(iii) Z[eM] = / PP = ——
0

: o L B A N S N
(iv) Z[smt]—f{zi(e e )]_2i<p—i p+i)_p2+1'

Note that, strictly speaking, in example (iii), the integral only converges for Rep > Re A (otherwise the
integrand, e Pt diverges as t — c0). However, once we have calculated the integral for Rep > Re A we
can consider f(p) to exist everywhere in the complex p-plane (except for singularities such as at p = A
in this example). This process of extending a complex function which is initially only defined in some
part of the complex plane to the whole of the plane is known as analytic continuation.

It is useful to have a “library” of Laplace transforms to hand; some common ones are
listed below.

f(t) f(p) f(t) f(p)
1 n!
1 ]; t pn+1
1 n!
A\t tn At
‘ p—A ‘ (p— A+t
sin wt QL cos wt _P
p* +w? p*+w?
. A P
SlIlh )\t m COSh )\t m
YT W At p— A
t -_— t -_—
e sin w (p—)\)2+w2 e cosw (p—/\)2+w2
5(t) 1 3(t — to) P

Elementary Properties of the Laplace Transform

(i) Linearity: Z[af(t) + Bg(t)] = af(p) + Bg(p).
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(ii) Change of scale: using the substitution ¢’ =

21 = /Ooofw)e-f’tdt /f oy = f (7))

(iii) Shifting theorem: Z[e*f(t)] = f(p — A). (Easy to check.)

(iv) Derivative of a Laplace transform:

L[tft)] = —=f(p).

Proof:
o0 o d - _
/0 F(t)e ™ dt — —dpf(p) = —/0 tf(t)e P dt.

By repeating this trick n times, we see that the Laplace transform of t"f(t) is

(=1)"F™ (p).

Examples:

o.od 1 2p n _ (_1yn i 1 _nl

f[ts1nt]——d—pp2+1—(p2+1)2, Z[t") = (1) ap p
(v) Laplace transform of a derivative:
d _
2 || =it - 1)
Proof:
4F o gy — [F(t)e P + p/oo ft)e ™ dt = pf(p) — f(0)

0 dt 0 0 '

We can deduce that
d? d : 5 :
2 |5 =02 |5F] - 50 = 700) - ps0) - fO

and so on.

(vi) Asymptotic limits: pf(p) — f(0) as p — oo, and pf(p) — limy . f(t) as p — 0.

Proofs: from (v) above,
_ B > f ot
pfw) =50+ [ Grean

so as p — oo (and therefore e — 0 for all t > 0), pf(p) — f(0). Similarly, as

p— 0, e " — 1 so that

pF) = £0)+ [ 5 dt = F0) + LF05 = Jim 10,
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Solving Differential Equations using Laplace Transforms

The Laplace transform is particularly suited to the solution of initial value problems.
Example: solve

y+5y+6y=0
for y(t) subject to y(0) = 1, y(0) = —4. Taking Laplace transforms, and using the results

for the Laplace transform of a derivative, we see that

(P*5(p) — p+4) +5(py(p) — 1) + 63(p) = 0,
which we may solve for y(p):

pH+l p+l 21
pPP+o5p+6  (p+2)(p+3) p+3 p+2

y(p)

using partial fractions. We now need to invert y(p) to find y(¢); in general we must
use the inversion formula described below, but in many cases (such as this one) it is
possible to “spot” the answer using the “library” of transforms given above (and taking
advantage of the fact that inverse Laplace transforms are unique). Here, we know that
Z[eM =1/(p — A); hence

y(t) =2e73 — e,

The Convolution Theorem for Laplace Transforms
The convolution of two functions f(¢) and g(t) is
(Fe9t) = [ sie-tyglt)ar.
We are dealing here with functions which vanish for ¢ < 0, so this reduces to
¢
(Fe)) = [ 1t~ g(t)a
0

since g(t') = 0 for ' < 0 and f(t—t') =0 for ¢’ > t. The convolution theorem for Laplace

transforms then states that

Proof:

2lred = [ { [ se-ourarfera
_ /OOO {/Otf(t — g(t)e ™ dt’} dt.
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From the diagram, we see that we can change the order of integration in the (¢,t')-

LU gl = /OOO {/:o £t — )g(H)e ™ dt} a

= /0 N { /O h ft"e P e dt”} g(t")dt’

[substituting t” =t — ']

plane, giving

as required.

The Inverse Laplace Transform

Inverting Laplace transforms is more difficult than inverting Fourier transforms because
it is always necessary to perform a contour integration. Given f(p), we can calculate f(t)

using the Bromwich inversion formula

1 y+ico
0= [ foeap
v

—100

Here v is a real constant, and the Bromwich inversion
contour I' runs from v — ico to v 4 100 along a straight line.
' must lie to the right of all the singularities of f(p).
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Note that it is possible to derive the Bromwich inversion formula from the inverse Fourier transform by
substituting p = ¢k and noting that f(p) = f(—ip) where f(k) is the Fourier transform of f(¢). The only
difference is in the detail of the inversion contour.

Suppose that f(p) has only poles, and no other singu-
larities; all these poles lie to the left of I When ¢ < 0,
consider the integral round the contour C' shown consisting

of Cy followed by C%. C' encloses no poles, so

ﬁ F(p)er dp = 0.

Now on C%, Rep > v, so Re(pt) < ~t (since t < 0) and hence
|ePt| < et Therefore if f(p) = O(|p|~2) as |p| — oo — i.e., if
f(p) = O(R™%) on C} — then

f(p)et dp‘ <R x O(R™%) — 0
Ok

as R — oo. In fact the same is true even if we only have f(p) — 0 as |p| — oo, by a

slight modification of Jordan’s Lemma. So in either case,

R—o0

= Jim (f roan— [ seran)

0-0=0,

/F F(p)er dp = lim /C Fwerdp

and therefore for ¢t < 0 the inversion formula gives

1) = 5 [ Fwerdp =0

(as it must do, since f(t) = 0 for ¢ < 0 by our initial assumption).

When t > 0, we close the contour to the left instead, and

once again we can show that
f(p)e’ dp — 0
Cr

as R — oo, so long as f(p) — 0 as |p| — oo. Hence in the
limit R — oo we obtain

n

/Ff(p)ept dp = 271 Z res (f(p)ept)

P=Pk
k=1
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by the Residue Theorem, where py, ..., p, are the poles of f(p). We deduce that

n

f(t) = Z res (f(p)ept)

P=Pk
k=1

for t > 0, so long as f(p) — 0 as [p| — oo,
Examples:
(i) f(p) =1/(p—1). This has a pole at p = 1, so we must use v > 1. We have f(p) — 0

as |p| — oo, so Jordan’s Lemma applies as above. For ¢ < 0, therefore, f(t) = 0,
and for ¢t > 0,

This agrees with our earlier result for the Laplace transform of e* when \ = 1.

(i) f(p) = p~™. Here we need v > 0, because there is a pole of order n at p = 0. For
t <0, f(t) =0 as usual. For t > 0,

ept 1 dn—l
— _ = 1 pt
10 =15 (55) = { G e

i { e}

here, as p — —oo on the real axis, f(p) — 0o. We need to calculate

1 e P
t)=— [ —e"d

but Jordan’s Lemma does not immediately apply. Note, however, that e Peft =

(t—1)

!
eP = el where t’ =t —1; so

1 ept'

f(t):2—m. F?dp-
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Now we can use Jordan’s Lemma: when ¢’ < 0, close to the right, and when ¢’ > 0,

close to the left, picking up the residue from the pole at p = 0. Hence

0 t' <0,
ft) =

1 >0

0 t<1,

1 ¢t>1.

What function f(t) has Laplace transform f(p) = p~72? We need to find

1 y+ioco 3y
O =5 [ 0
Y

21t S o

For ¢t > 0 we can close the contour to the right as usual and obtain f(¢) = 0. For ¢ < 0, however, the
branch cut gets in the way.

Use a contour as shown, with a small circle of radius € round the origin and two large quarter-circles of
radius R. Substituting p = e on the small circle gives a contribution of

/ e e 10/265¢ el 4 — O("?) -0 ase—0.

Similarly, the integrals round the two large quarter-circles vanish as R — oo, using the method used to
prove Jordan’s Lemma. Hence the required integral is equal to the sum of the integrals on either side of
the branch cut: i.e., for ¢ > 0,

1 0 , o0 ,
fit)=— {—/ r_l/"’e_”r/Qe_”(—dr) —/ r_l/Qe“r/Qe—”(—dr)}
2mi oo 0

[substituting p = re™ and p = re~" respectively]

= 1. {21/ Tl/zertdr}
27 0

2 o0
= f/ et ds
™ Jo

[substituting r = s?]
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- =

So Z[t~2] = \/mp~>. This is a generalisation of the result that Z[t"] = n!/p"*! to Z[t*] = T(a +

1)/p**! where the Gamma function is defined by

F(a):/ e dg
0

and can easily be shown to be equal to (a — 1)! when « is a positive integer.
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