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Abstract

We investigate two parabolic contact geometries: Legendrean contact structures
and G2 contact structures. The methods used are mostly independent of the
general theory of parabolic geometry.

Building on the work of Eastwood and Nurowski we present a new method of
generating G2 contact structures from five-dimensional Legendrean contact struc-
tures. This construction requires some input data, a choice of sections, and we
calculate the minimal partial torsion, the obstruction to flatness of the G2 contact
geometry, in terms of this input data. We show that in fact every G2 contact
structure arises (locally) via this construction.

Separately, inspired by the prolongation of the conformal-to-Einstein equation,
we construct the standard tractor bundle for five-dimensional integrable Legen-
drean contact structures via prolongation of an invariantly defined partial differ-
ential equation. We compute the partial curvature of the invariant partial connec-
tion on this bundle and show, by constructing an explicit isomorphism, that the
geometry is locally isomorphic to the homogeneous model if and only if the partial
curvature vanishes. We outline a similar prolongation procedure for G2 contact
structures.

There is a detailed review of relevant facts about contact manifolds, including
the construction of the Rumin complex. We work out the required theory of partial
connections on contact manifolds. We explain how to write many of the natural
differential operators on a contact manifold, for example, the Rumin complex, in
terms of a suitably adapted partial connection.
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Introduction

History

In differential geometry the most famous tensor invariant of them all is the Rieman-
nian curvature tensor. On a Riemannian manifold (M, g) for which this vanishes,
one can construct a local diffeomorphism on a neighbourhood of each point to
R™ such that the geometric structure of interest, the Riemannian metric, pulls
back to the Euclidean metric on R™. On the other hand, the non-vanishing of the
Riemannian curvature tensor is the obstruction to the existence of such a local
diffeomorphism.

The desire to generalise this idea to other geometries has been a driving mo-
tivation in differential geometry. In particular it shows up in the development of
Cartan geometries. These are families (G, H) of spaces “modelled” on the homoge-
neous space G/H where G is a Lie group and H is a closed subgroup. Abstractly
they are defined to be principal-H bundles P — M with some extra structure
called a Cartan connection, though often these geometries have descriptions in
terms of more elementary geometric data. The curvature of the Cartan connec-
tion is precisely the obstruction to the existence of a local isomorphism to the
canonical model G/H, and therefore this invariant generalises the Riemannian
curvature tensor.

Long before the terms “principal bundle” or “Cartan geometry” were invented,
Elie Cartan, in his 1910 article [Carl0], colloquially known as the “five vari-
ables” paper, investigated smoothly varying, generic configurations of planes in
5-dimensional space. In the article he wrote down a complete set of invariant
quantities, in the sense that the configuration was locally isomorphic to the canon-
ical model if and only if these quantities vanished. The canonical model had been
noticed by Cartan [Car93] and Engel [Eng93], independently, yet simultaneously
some years earlier, as a space with the surprising symmetry algebra, the excep-
tional Lie algebra go. In the language of Cartan geometries introduced above,
modern geometers, for example [LNS17], would view the 1910 article as having
solved the problem of finding the local invariants of Cartan geometries of type
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(Go, Py) where Gy is defined as the stabiliser, as in [Bry87],
Gy = stab(e!® — M5 — 107 _ o246 4 257 4 o347 4 356) (0.0.1)

where we write e“* for e’ A e/ A eF where €’ is the ith standard basis vector for
(R™)*, and P, is the closed subgroup defined as the stabiliser of a line that is
null with respect to the standard signature (3,4) metric on R” (which it turns
out is automatically preserved by G, that is Gy — SO(3,4)). At this point it
is worth mentioning that there are three Lie groups commonly called G,, each
with the (complexified) Lie algebra g,. For the purposes of this thesis, Gy is the
“split-form” of G5 defined above.

P, is a subgroup of a special type called a parabolic subgroup. Cartan ge-
ometries of type (G, P), where P is a parabolic subgroup are called parabolic
geometries and turn out to be particularly amenable to study. The reason for this
is that their study is very much a generalisation of the study of flag manifolds,
which are configuration spaces of nested subspaces in a vector space. This allows
a vast array of tools from representation theory to be applied to the setting. Many
seemingly unrelated structures being studied in their own right, for example pro-
jective, conformal, and CR structures, were discovered to fall under the umbrella
of parabolic geometry. This led to a confluence of ideas that led to the general
theory being worked out and presented in [CS09], the main reference in the field.

There is another parabolic subgroup P of G5 such that G5/ P, is a 5-dimensional
space. The canonical model was again found by Cartan and Engel, in the same
publications as cited above. The group G5 turns out to act transitively on 2-planes
null with respect to the signature (3,4) metric on R, and P, is defined as the sta-
biliser of a plane that is null with respect to this metric as well as null with respect
to the 3-form [0.0.1 above, and so the canonical model can be thought of as the
space of such planes. The tangent bundle of G5/ P, has a canonical codimension-1
subbundle that is a special type of non-integrable subbundle called a contact dis-
tribution. Accordingly, parabolic geometries of type (Go, P») are called G5 contact
structures. There is scant literature that explicitly deals with G5 contact geome-
tries beyond the canonical model. The literature that does is recent, see [CS09)]
for a definition, and [LNS17], [EN20a], [EN20D].

A more well known parabolic geometry coming equipped with a contact distri-
bution is a Legendrean contact structure. Their description in terms of familiar
geometric data are contact manifolds for which the contact distribution H splits
as H = P ® V such that P, V are of equal rank and the canonical skew-form,
defined up to scale, vanishes on each of the subbundles. From the perspective
of parabolic geometries, much is explained in [CS09] and a classification of such
structures in 5 dimensions, with the subbundles P and V', both integrable, and
satisfying a type of transitivity condition, is given in [DMT19]. Also of interest
will be the construction in [Tak94].
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References and further reading for the historical information in this section are
[Agr0g|, [BMO06], and [Bry00] for Cartan, Engel and G, and |[Cap| for parabolic
geometry.

Content and structure of the thesis

This thesis is an exploration of two seemingly unrelated parabolic geometries,
Legendrean and G5 contact structures. The main results of interest are as follows:
In Chapter [6] we give a simplification of the construction in [EN20b] to get a
method of generating G5 contact structures starting from a Legendrean contact
structure. The only extra input data this construction requires basically amounts
to a choice of appropriate non-vanishing sections from each of the subbundles P
and V. Then, in Section [6.2) we calculate a formula for the fundamental invariant
of a (G5 contact structure, the minimal partial torsion, written in terms of this
input data. Next, via a simple argument we show Theorem that locally, all
G5 contact structures in fact arise as this construction.

In the setting of Legendrean contact structures, we show in Chapter [7| that, in
the 5-dimensional integrable case, via prolongation of an invariant partial differ-
ential equation, one can obtain the standard tractor bundle, a type of canonical
vector bundle on a parabolic geometry coming equipped with an invariant connec-
tion. We use this construction to explicitly calculate curvature invariants of the
contact Legendrean structure. As is understood by the general theory of parabolic
geometry, this connection’s curvature is the obstruction to the existence of an
isomorphism to the flat model. In Section we explicitly construct this isomor-
phism in a relatively elementary fashion, in the sense it can be understood without
knowledge of the general theory.

Concluding with Chapter 8, we prolong another invariant differential equation,
this time on a G5 contact structure, and outline why the resulting rank-7 bundle
and invariant connection is the standard tractor bundle with canonical connection
corresponding to a Go contact structure. Specifically, we obtain an invariantly
defined signature-(3, 4) metric and 3-form on this bundle, and the bundle is filtered
in such a way that there is an invariantly defined rank-2 subbundle that inserts
trivially into these two objects.

First however, Chapter [I|and Chapter [2|spend time setting up calculus on con-
tact manifolds. We do this with varying levels of generality so there may be some
new formulae of interest beyond the applications in later chapters. In particular,
in Chapter we introduce the Rumin complex from [Rum90], an important canon-
ical differential complex on contact manifolds. Chapter [2| works out the necessary
theory for partial connections on vector bundles, generalisations of connections on
vector bundles in the usual sense, but as we will see, better adapted to the study
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of contact manifolds. Importantly, we show Theorem [2.2.25] that a partial con-
nection on a vector bundle over a contact manifold of dimension 2n + 1 > 5 with
vanishing partial curvature, an analogue of curvature, promotes canonically to a
flat connection . Throughout Chapter [2| we calculate many differential operators
in terms of partial connections that respect the contact structure and for which
the partial torsion, an analogue of torsion, vanishes.

Chapter |3|introduces G, contact geometries and a calculus on them reminiscent
of the “spin calculus” from [PR84], [PR86]. The crucial construction is of the
preferred partial connection for a G5 contact structure in the presence of a contact
form. Chapter d|recounts the construction of Legendrean contact structures on the
projectivised cotangent bundle of a projective manifold from [Tak94] and building
on that, the construction of G contact geometries in [EN20b]. Chapter [5|examines
Legendrean contact structures in more detail. Once again, the crucial construction
is of the adapted partial connection for this structure, given a contact form.

While parabolic geometry plays a prominent role in motivating the work in
this thesis, the general theory itself is applied very little. Instead, we take a more
bottom-up approach, starting with descriptions of parabolic geometries in terms
of more familiar geometric data, and only later recover the usual machinery of
parabolic geometries, for example tractor bundles.

Future directions

Legendrean and G5 contact structures are just two of a plethora of examples of
parabolic contact structures for which definitions in terms of elementary geometric
data are given in [CSOQ]. For instance, there are contact parabolic geometries cor-
responding to various real forms of the other exceptional Lie groups: Fy, Eg, Er, Es.
These exceptional contact structures do not appear elsewhere in the literature as
far as we know. In both the Legendrean and G5 examples we employed the idea of
setting up a calculus in terms of a preferred partial connection associated with a
choice of contact form. Doing explicit computations for these higher-dimensional
geometries may be difficult though, as the reduction of the structure group of the
contact distribution H to GL(2,R) in the case of a Gy contact structure was in-
valuable. In the case of the other contact parabolics, the structure group of H is
reduced to a Lie group with a more complicated representation theory. In practice
this makes decomposing tensor bundles into irreducible components hard. In prin-
ciple however, we can see a use for some of the results in Chapter [2in this setting.
In particular, from [CS09] it is known that the other parabolic contact structures

1T could not find a reference for this very useful fact even though I suspect it is well understood.
I asked on StackExchange to no avail. See: math.stackexchange.com/questions/3881334/
does—-a-flat-partial-connection-promote-to-a-flat-connection


math.stackexchange.com/questions/3881334/does-a-flat-partial-connection-promote-to-a-flat-connection
math.stackexchange.com/questions/3881334/does-a-flat-partial-connection-promote-to-a-flat-connection
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corresponding to the exceptional Lie groups, just like in the G5 case, have precisely
one obstruction to local flatness, a torsion. In Chapter [2| we write the Rumin com-
plex in terms of a contact partial torsion free partial connection. So in the flat
case these formulae should allow the Rumin complex to be written down in terms
of a partial connection adapted to the exceptional contact structure. One could
then couple these operators with flat tractor connections to obtain canonical com-
plexes of invariant differential operators on these flat parabolic contact geometries.
One might hope to obtain explicit expressions for the Bernstein-Gelfand-Gelfand
sequences (see [CSS01], [CDO1]) in the flat case this way. Furthermore, many of
the formulae in Chapter [2| could conceivably be carefully adapted to incorporate
non-vanishing torsion.
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Preliminaries and Notation

The aim is that this thesis will be accessible to someone with working knowledge of
abstract algebra at the undergraduate level, smooth manifolds, differential forms
and vector bundles. We will also need some basic facts about Lie groups, Lie
algebras. When they appear, more advanced notions will either be introduced in
the text, or the reader will be directed to standard references.

0.1 Notation for differential operators

As appears in the literature, see for example [BEGN19|, we will write a linear
differential operator between vector bundles E, F' like D : E — F. We could also
have written D : I'(E) — I'(F') but omitting the “sections” symbol I' emphasises
that these operators are well-defined for sections defined on an arbitrarily small
neighbourhood of any point, and this choice also tidies notation. In the same vein,
we will sometimes write s € E for a section, local or otherwise, of E. Whether
s € E refers to a point or a section will either be unimportant (for example,
sometimes when dealing with linear maps between vector bundles) or clear from
the context (for example if we apply a differential operator to s).

0.2 Abstract index notation

One of the crucial tools that this thesis will bring to bear is Penrose’s abstract
index notation. We will give a working overview here and point the reader to
[PR84] and [PR&6] for a precise presentation of the formalism.

Abstract index notation is a tool that combines the computational efficiency
of concrete index notation with the basis independent nature of coordinate-free
notation. In concrete index notation, when working with a vector bundle E over
a manifold M (all manifolds are taken to be smooth), we may write o’ for the
1th component function in the expansion of the section o € E with respect to a
particular local trivialisation {e,}. That is, summing over repeated indices

o=o'e (0.2.1)

(%
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so that, for example, if some section of the endomorphism bundle has components
Aij with respect to the induced trivialisation for End(E), the image of ¢ under
this endomorphism has components A’;07.

Superficially, abstract index notation looks similar to concrete index notation.
However, instead of a symbol adorned with an index representing a component
function, one writes 0% for the section. The index should be considered just to
be a label, with the number of indices and their placement indicating the type of
tensor for sections of the bundle, its dual and tensor powers thereof. For instance,
a section of £* may be written like w, while a section of ®?E may be written like
T,

While the index itself could be an arbitrary symbol, it is desirable to adorn
sections of different bundles with indices from a different alphabet. For example
if we have different vector bundle F' we may choose to write its sections like £,
using lower-case indices drawn from the Greek alphabet. We reserve lower-case
Latin indices for sections of E so then X# should be recognised as a section of
the tensor product ®?FE ® F.

Abstract index notation is helpful for cleanly writing down operations involving
tensor powers. For example the natural pairing £ @ E* — R is written

(0% wy) = 0w,. (0.2.2)

For another example, given 1., € ®*E*, the interior product ®*E*® F — ®3E*
given by pairing F with the third factor is given by

(N’abcd? Xe) = Xcuabcd' (023)
The identity endomorphism, a section of E* ® FE, is denoted
5,0 or 4&°. (0.2.4)

0.3 Tensor symmetries

Let V be a vector space. Picking a basis identifies V' = R™ and thus we get a
representation of GL(n,R) on V. We also get an induced representation on ®"V
defined on simple tensors by

g(v1 @ Vg... RUE) = gU1 ® gUa @ ... ® gug, v; €V, (0.3.1)
and extending by linearity.

Lemma 0.3.2. Given @™V for some vector space V of dimension k, for each
permutation o € S, the braiding map

€ay @ €ay @ -.€a, > €ay ) @ €ay gy @ oo ® €q, (0.3.3)
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defined with reference to the induced basis for @V, where {e;}¥_, is a basis for
V', then extending by linearity, is independent of the choice of basis for V' and is
a homomorphism of GL(n,R) representations.

Proof. Let {f;}*_, be some other basis with f; = Ale; for { A7} an invertible &k x k
matrix and let p = o~ ! € S,,. We have
froy ® e ® fi oy = Al LA e ®..®¢,

io(1) " Mo(n)

_ Ade)  pde(m)

=ATVLA Ve, ®..® ey,

= Al Ale;  ®...Qe; (0.3.4)
i1 e Vo (1) Jo(n)? v

which shows that the map is independent of chosen basis. It also immediately
follows that the map commutes with the group action, since {A7} is an arbitrary
invertible matrix. O]

The above lemma means we have a well-defined notion of tensors which are
symmetric under transposition of any two indices, a subrepresentation which will
be denoted by ®"V. The subrepresentation consisting of tensors which are anti-
symmetric will be denoted A™V.

Furthermore, this lemma also means we get a well-defined notion of these
braiding maps for vector bundles. For this we need the following fact:

Lemma 0.3.5. Let U,V be representations of a Lie group G and ¢ : U — V be
a homomorphism of G-representations. Let E be a vector bundle with structure
group G and write F(E) for the G-frame bundle. Then there are vector bundle
homomorphisms between associated bundles

F(E)xoU — F(E) x, V. (0.3.6)

Proof. That ¢ commutes with the G-action means the vector bundle homomor-
phism [(f,u)] — [(f, #(u))] is well-defined. O

See [Lee09] for the background on associated bundles and frame bundles.
Let E be a rank n-vector bundle. We have an isomorphism

®"E = F(E) xo ®"R™. (0.3.7)

So the point is, the braiding maps on ®*R" give us braiding maps on ®*FE. We can
define these braiding maps with respect to any trivialisation, since the permutation
commutes with the transition functions of the bundle.

For example, the isomorphism £ ® £ = E ® E defined by

e X €; — €; X €, (038)
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in any trivialisation {e;}" ; will be denoted
T s T, (0.3.9)

We will continually use symmetrisation and antisymmetrisation operators. Define

n

1
T(al"'an) = Z mTao‘(l)"'ao’(n) (0310)

i=1
where we are taking our abstract indices from the set of symbols {ay, ...a, }. Next,
n

. sgn(o)
Ty an] = D T (0.3.11)

nl %))
1=1

where sgn(o) is the parity of the permutation.
Then by

T apjela) (0.3.12)

we mean to skip over symmetrising the index between the vertical bars, and so on.

The subbundle of ®"FE consisting of tensors which are symmetric under trans-
position of any two indices will be denoted by ®™FE while the subbundle which
consists of those tensors which are antisymmetric under any transposition will be
denoted A"E.

We have isomorphisms

OFE = F(E) x4 OFR" (0.3.13)
A*E =3 F(E) xo AFR™. (0.3.14)

0.4 Conventions for differential forms

Given a manifold M we will usually denote its tangent bundle by TM and its
cotangent bundle by Al. Vector fields will be written with their indices raised
like X and accordingly 1-forms with their indices lowered like w,. The bundle
of k-forms is denoted A*. Of particular importance is the wedge product. Given

a k-form w and a [-form g, which we will alternately denote w,, , and p,
respectively, the wedge product is
w /\ :u = w[al...ak:ubl...bl]' (041)

In particular we are adopting the normalisation convention of [KN63| rather than
[Spi65]. A consequence of this is that, the exterior derivative d : A¥ — AF*! s
normalised according to the former.
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Chapter 1

Calculus on contact manifolds

In this chapter we recall the basic local structure of contact geometry and provide
techniques to perform calculus on contact manifolds.

While Darboux’s theorem shows there are no local invariants in contact geom-
etry, it will be useful to define, and fix notation for the local machinery. Most
importantly, we will define a complex of differential operators present on every
contact manifold, the Rumin complex. This complex was first given by Rumin in
[Rum90], and is constructed from and retains the useful features of the de Rham
complex, for example, local exactness and self-adjointness.

We will also define the Reeb field, which is a distinguished vector field trans-
verse to the contact distribution, induced by a choice of contact form.

Lastly, we briefly discuss how contact manifolds fit into a broader family of
filtered manifolds with prescribed symbol algebras.

1.1 Local contact geometry

A symplectic manifold is a manifold M with a closed 2-form w € A? such that w
defines a non-degenerate bilinear form on T, M Vx € M. The elementary fact, that
for an n xn matrix A, det(—A) = (—1)" det(A), implies that non-degenerate, skew
bilinear forms, and hence symplectic manifolds, can exist only in even dimension.

The best one can hope for on an odd-dimensional manifold is a non-degenerate,
skew bilinear form on some smooth subbundle H C T'M of the tangent bundle
which is of even rank. The case where this subbundle is integrable, that is, corre-
sponds to the tangent spaces of a foliation of integral submanifolds, should reduce
to symplectic case. Then the interesting case is when H is non-integrable.

One characterisation of integrability for a smooth subbundle H is it being
involutive, which is to say [X,Y] € H VX,Y € I'(H). Locally at least, any
corank-1 vector subbundle of T'M is the kernel of a 1-form o € A'. There is a well
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known formula for the exterior derivative d : A1 — A?

du(X,Y) = %X(w(Y)) _ %Y(w(X)) _ %w([X, YY), (1.1.1)

Letting H = ker w we have da(X,Y) = —3a([X,Y]) for X,Y € H. So H is inte-
grable in a neighbourhood if and only if da|y is vanishing in that neighbourhood.

With the above considerations in mind, if one were to try to define an odd-
dimensional analogue of symplectic geometry, one might be led to the following
definition:

Definition 1.1.2 (Contact manifold). A contact manifold (M, H) is a manifold
M of dimension 2n + 1 > 5 equipped with a codimension-1 subbundle H of T'M,
such that there exists a (globally defined) 1-form o € A' such that H = ker«
and such that do|g a non-degenerate bilinear form on H, Yo € M. H is called

the contact distribution and is non-integrable. Such an o is non-vanishing and is
called a contact form for (M, H).

Since the focus will mostly be on local questions, unlike other authors we do
not give the usual, more general definition of a contact structure, and instead
just consider contact manifolds, for which their exists a globally defined contact
form. The point is that given a contact structure in the wider sense, it is always
possible to restrict to a sufficiently small neighbourhood around any point with a
well-defined contact form. We also restrict our consideration to contact manifolds
of dimension greater than 5 to avoid the somewhat degenerate behaviour in 3
dimensions. We may still mention the 3-dimensional case in passing. The other
possible difference is that the above definition does not distinguish a particular
contact form, rather, we emphasise the subbundle.

Note the condition on « is stronger than the non-integrability of its kernel,
hence the condition is sometimes called the maximal non-integrability of H. This
condition has a sometimes useful restatement, often taken as the base definition
of a contact form:

Lemma 1.1.3. An n-multilinear alternating map w on a n-dimensional vector
space V' is non-zero if and only if w(vy,...v,) # 0 for a basis {v;};.

Proof. From the linearity and the alternating property, given {u;}? , arbitrary
vectors in V| it is clear w(uyq, ..., u,) can be expanded as a sum in w(vy, ...v,). So
w is non-zero if and only if w(vy, ...v,) # 0. O

Proposition 1.1.4. Let a € A' with H :=kera. Then da|y is non-degenerate if
and only if the 2n + 1-form a A da A ... A da is non-vanishing on M.
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Proof. If da is non-degenerate on H, we can pick a basis {Uy, V4, ..., U,, V,,} for H,
such that da|y (U;, Vj) = 6;;. Extend to a basis {1, Uy, Vi, ..., Uy, Vi, } for T, M with
a(T) = 1. Then a simple calculation gives a Ada A ... ANda(T, Uy, V4, ..., Uy, V) =
(2" - nl)/(2n + 1)! # 0.

Conversely, let o A da A ... A da be non-vanishing. Take an arbitrary vector
V e H, \ {0}. Extend V to a basis {V,U,...,Us,_1} for H, and then a basis
{T7 ‘/, Ul, cery Ugn_l} for TIM

aNdaN..\Nda(T,V,Uy,....Usp1) = a(T)dae A\ ... Nde(V, Uy, ..., Usp—q) (1.1.5)

is non-zero. When expanding the right-hand side we get a sum in da(V,U;), so
da(V,U;) must be non-zero for some i. Thus da(V,-) is non-zero on H, for any
V € H, \ {0}. That is, it is a non-degenerate bilinear form on H,. O

The most important, and as we will see, in a local sense, only example of a
contact manifold is the following.

Example 1.1.6 (Contact geometry of R?"*1). Give R*"*! with n > 2 the global
coordinates (t,p1, ..., pn,q", ..., q") and define

o = dt — pidq'". (1.1.7)

Then da = —dp; Adq' and aANdaA...Nda = (—=1)"-n! dt Adpy Ndg* A ... Adp, Ndq"
is non-vanishing and hence (M, ker o) is a contact manifold.

We will come back to this example often.
The next theorem is the most important in contact geometry.

Theorem 1.1.8 (Darboux). Let (M, H) be a contact manifold with contact form
«. For each x € M, there exists a coordinate chart (U, (t,p1, ..., Pn, ¢, ..., q")) with
x € U such that o takes the form|[1.1.7.

Proof. Omitted. See [Ber00] for a detailed proof. It is originally due to Moser. [

The existence of such standard coordinates is a marked contrast to Riemannian
geometry, for example, where the obstruction to being locally isometric to R™ with
the Euclidean metric is the Riemannian curvature, a local invariant. All contact
manifolds are locally isomorphic to the standard example and hence there are
no local invariants in contact geometry. Nonetheless it will be useful to start by
studying the local model in preparation for adding more structure. In particular,
it will turn out that some of the invariants of more complicated structures can be
interpreted as obstructions (torsions) to writing the local contact machinery in a
way compatible with the added structure.
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Since a contact form « of a contact manifold is non-vanishing, we can use it to
trivialise a line subbundle of A! denoted L. By linearity, any contact form must
be a section of L. In the sequel we denote by A% the set of k-forms restricted as
linear maps to the distribution H. Restriction to H gives surjective vector bundle
homomorphisms A* — A%,

Definition 1.1.9 (Levi map). On a contact manifold (M, H) define the Levi map
L:L— A% as the composition L — A1 % A2 — A2,

A priori the Levi map looks like a first order differential operator, but it is in fact
a vector bundle homomorphism. Given f a smooth function, d(fa) = df Aa+ fda
so L(fa) = d(fa)|ln = fdaln.

Note that the Levi map has image consisting of non-degenerate 2-forms, since
da|y is non-degenerate. So non-vanishing sections of L are contact forms for
(M, H). We think of £ as an identification of some line-subbundle of A% with L
and decompose A% = A?, | & L where A%, := A% /L.

We will represent sections of AL, and its associated bundles using abstract index
notation. Unless otherwise stated, symbols adorned with lower case Latin indices
represent sections of these bundles. For example, ¢, should be interpreted as a
section of A}, and we write J,;, for da|y. By non-degeneracy there is a unique
J% € A2H such that J,, J® = §,°. We will also use J% and J, to raise and lower
indices respectively. That is ¢® := J%¢,.

Identifying L as a subbundle of A%, in this notation, we have the projection
A2, — L given by

1 C
Wap F %Jabwc . (1.1.10)

Then this implies there is a canonical identification of A%, with elements of A%
trace-free with respect to J%, with the projection A% — A% | given by

1
Wab = (wab)L =Wy _Jabwcc- (1111)
2n
These projections are independent of the chosen contact form « since if we replace

a by @ = fa for non-vanishing f we have jab = fJ, and Jab = %J“b.

Remark 1.1.12. Note this canonical identification uses the maximal non-integrability
condition, that is, J,, is non-degenerate. So this algebra does not work for arbi-
trary non-integrable codimension-1 distributions. Since some of the constructions
in the first few chapters still work in this setting, we will sometimes choose not to
employ the above identification even though it would sometimes tidy arguments.

We will continually need:
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Definition 1.1.13 (Induced Levi maps). The Levi map L : L @ A¥, — A% is
defined as the composition of the induced homomorphism followed by the wedge

product, that is: L ® A% "2 A2 @ Ak — ARF2,

In indices these induced homomorphisms are just J,we, o = JpWe, o
A well known fact about symplectic forms due to Lefshetz will come in handy.
The straightforward proof here is from [BGGO3]']

Lemma 1.1.14 (Lefshetz). The induced Levi map £ : LAY ™ — AR is injective
for k < n and surjective for k > n

Proof. If we pick a contact form a we get an isomorphism 7 : AY, — L ® A%, for
p =0,...,2n simply given by w — a ® w. Define [ = L o 7. We then get a map
™A™ — N for m =1, ..., n which is just

wi dalg A ... Ndalg A w (1.1.15)

-
m times

We show that {"™ isomorphism, which clearly implies the lemma. Firstly note that
rank A%™ = rank A’/ so we only need to show injectivity. The result is true for
m = n by the non-degeneracy of da|y. Assume [ : A}, 7 — A%P is injective. Let
wekerl: AP 5 AP then

dalg A ... Ndalg A w=0. (1.1.16)
pflitrimes
We have
da’H/\.../\dOé|H/\w:0 (1117)
ptzgles

and plugging in some X € H yields

2p
P Ao X, g Adalg A Adalg A w
w1 10l A daln e g
p—1 times
n—p+1
— = dalg A Adalg A w(X, -, .,) =0 1.1.18
n+p+ 1 L iy 1w ) ( )

p times

but the first term vanishes by the assumption on w so

dalg A ... Ndalg A w(X, -, ...,-) =0. (1.1.19)
pt?lrnes

! Bryant attributes it to Eugenio Calabi. See the interesting discussion at mathoverflow.
net/questions/316505/the-lefschetz-operator,


mathoverflow.net/questions/316505/the-lefschetz-operator
mathoverflow.net/questions/316505/the-lefschetz-operator
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Invoking the inductive hypothesis
w(X, .y )=0 (1.1.20)
and since X was arbitrary, w = 0. So the result holds for m =n, ..., 1. O

Define A%, = A% /L(L ® A5?) for k > 2. Just like for 2-forms there is
an identification of A% with forms in A% which are trace-free with respect to
J%. Proving this turns out to be somewhat cumbersome without invoking the
representation theory of the Lie algebra s[(2,R), which we will do here. This is
the approach taken by Tseng and Yau [TY12].

Lemma 1.1.21 (Trace-free k- forms). For 2 < k <n there is a canonical

isomorphism Njy | = {w,, o € N | Wy ap " = 0}

Proof. One can check that for 0 < k < 2n

(k+1)(k +2)Jjg,0, Way. a0 ] F 42
b
=4(n = k)wy, o, + 5k = 11010,y anipr - (1.1.22)
In particular if we define Ay := A% @ A}, @ ... ® A% and define r : Ay — Ay by
1

T(w(h...ak) = Zk(k - ]‘>wa1...ak_1bb (1123)

then [or —rol = h where [ is as in [1.1.14] so in indices is
Way..ak = J[a1a2 wa3...ak+2] (1124)

and h : Ay — Apg is defined by

h(wal...ak) = (n - k>wa1...ak : (1125)
Furthermore hor —roh = —2r and hol—1oh = 2l. So we recognise {h,l,r} as

a representation of the Lie algebra s[(2,R) on each fibre of Ay. See [HumT72| for
a detailed account of representations of this Lie algebra. Now w,, , being trace
free is the same as being in the kernel of r, which is to say that is a highest weight

vector in a root string of length n — k + 1 and this occurs if and only if we have

2n—k+2 o n—k+1
A% 51 Way..ay, = 0

Now given an arbitrary w € A 7, where 2 < k£ < n we know that [kt
Ak 2 A2 ¥2 i an isomorphism and so there is a unique p € A’;{_2 such that

R W) = 1R (). (1.1.26)
Accordingly, the map AY, — {w e Ak | w > = 0} defined by

ai...ag aj...ap_ob
w—w— () (1.1.27)
has kernel £(L ® Ak’Q) by uniqueness of p which therefore gives an identification
A];IL - {wa1 e € A ’ wal QA Qb - O} D
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Although we will not give formulae for the general case here, as the algebra is
clearly messy, the above lemma means we can write down canonical projections
A¥, — L(L® A%?) by iteratively taking traces with J®. For example, for contact
manifolds with 2n + 1 > 5 we have projections:

A, = L(L®AY):
3 d
Wabe > m‘][abwc]d (].].28)
Ay — L(L®AY):

6 cd
(4n — 4)(2n — 4) Tiab Jeqyeq"- (1.1.29)

Wabed 271—_4‘][(112(’0061]66 -

The kernels consist precisely of the trace-free forms.

Proposition 1.1.30. The short exact sequence
0—=L—=A —A;—0 (1.1.31)
of vector bundles induces short exact sequences

0= LA 5 AP 5 A% — 0 (1.1.32)

1k dk

for each k € N.

Proof. We proceed by induction. For k > 1 define 4, : L ® Af1 < AF by
a®w — aAw where © € A*! satisfies |y = w. This is well defined since
any two choices for @ will differ by something in the kernel of A*~! — A];I’l,
and hence, by the inductive hypothesis, the difference takes the form a A p for
p € A¥=2, which vanishes when wedged with a. If o ® w is non-zero pick linearly
independent {uy, ..., ux_1} in the contact distribution such that w(uy, ..., ux—1) # 0
and given a non-zero « € L pick v such that a(v) # 0 then a AO(v, uq, ..., ux_1) =
%a(v)w(ul, .., ug_1) # 0 which shows injectivity of 7.

Define q; : AF — A% to be the restriction, which is obviously a surjection.
Clearly g o i, = 0. Considerations on the ranks of the bundles show that in fact

im i, = ker ¢, so|1.1.32]is a short exact sequence. O
1.2 The Rumin complex
We now construct the Rumin complex, an analogue of the de Rham complex,

present on any contact manifold. In some sense, the Rumin complex is more effi-
cient, since it resolves the locally constant functions while only taking derivatives
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in contact directions, but we will find it retains many of the useful properties of
the de Rham complex.

The complex is due to Michel Rumin in [Rum90] and the treatment here basi-
cally follows that article, with some superficial changes as to how we identify the
bundles involved.

Definition 1.2.1 (Zeroth Rumin operator). The Rumin operator d, : A° — A}
is defined as the composition A° LA AL

Proposition 1.2.2. The kernel of the zeroth Rumin operator is the locally constant
functions.

Proof. The key idea is that the contact distribution is bracket generating. That
is, [H,H| = TM. We do not need the maximal non-integrability. If d, f(X) =
X(f) =0VX € I'(H) then taking Lie brackets we have [X,Y](f) = X(Y(f)) —
Y (X(f)) =0VX,Y e I'(H). From the standard identity da(X,Y) = 3 X (a(Y)) -
Y (a(X)) — 5a([X,Y]) we get da(X,Y) = —a([X,Y]) Va € L and X,Y € T'(H).
Since do is non-zero on H, for each x € M we can find X,Y € I'(H) such that
do(X |, YY) = —a([X,Y]|:) # 0 which is tosay [X,Y]|. ¢ H. Since [X,Y]].(f) =
0 and H is of codimension one we have shown any function f in the kernel of the
zeroth Rumin operator is annihilated by T, M for each x € M and hence is locally
constant. The converse is clear.

To extend this into a complex of differential operators we inspect the diagram.
Choosing a splitting A}, < A' and then composing with the exterior derivative we
get an obvious differential operator AL, — AZ%. To construct a canonical differential
operator, we need to quotient by the image of the Levi form to get d; : A}, — A% .

-
mhﬂ
-
4 mw

AN

7
h\\

AN

7

In the sequel, given a form w in A%, the same symbol with a tilde, @, will denote
a choice of some k-form in A* satisfying @|y = w. We will also usually denote
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sections of A¥ by a symbol with a tilde in order to avoid confusion between the
bundles A% and A*, where confusion may arise. Omission of the tilde then means
the restriction.

Definition 1.2.3 (First Rumin operator). The first Rumin operator is defined as
dy : Ay — A% given by

Proposition 1.2.5. The first Rumin operator is well defined.

Proof. The difference between two choices for @ in A' must be a contact form, and
by design, the definition quotients out by the image of such forms in A%,. O]

Proposition 1.2.6. d, od, = 0.

Proof. Given f € C*°(M), we may as well take c?;“ = df and then use the fact
dod=0. ]

The first Rumin operator defined above is the model for the next operators in
the Rumin complex, and how the sequence relates to the de Rham complex.

\
7
\
7

Definition 1.2.7 (kth Rumin operator for 2 < k < n). On a 2n+ 1 dimensional
contact manifold (M, H), for 2 < k < n define the kth Rumin operator d, :
A = AL by

di(w+ L(L®@A;?)) == dd|g + LL @A) (1.2.8)
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To check that this is well defined, fixing a representative w € A%, the image in
AR of the difference of two choices for @ lies in the image of £ : L& A5 — AR
by construction. Then, note that two representatives for w + £L(L ® A’}’{_Q) differ
by da|g A p for some p € A% 2 and this also lands in £(L @ A%™).

We may denote the kth Rumin operator by d(f) where necessary, to distinguish
between the operators in the complex.

Proposition 1.2.9. dﬂﬁﬂ) o df) =0forl1<k<n-—1

Proof. Given di|y + L(L @ A%71) € AR take CZD\’_[/{ = dw and then use dod = 0.

While in principle the operators defined this way continue to be well defined
for all k € N, for k > n, the Levi map £ : L ® A1 — AXF is surjective and
hence these differential operators vanish. So using the above construction we can
only replace the first n operators of the de Rham sequence, consisting of 2n + 1
non-trivial differential operators on a manifold of dimension 2n + 1. As we will
now see, it turns out it is similarly easy to construct adapted operators from the
final n operators of the de Rham sequence.

Given a vector bundle E we will write without comment, any section of L& E' as
a®e where e is a section of E and « is a choice of contact form, so is non-vanishing.

Define A% = {p € A% | dalg A p = 0}. Obviously A%, = A% for k > 2n —1,
but non-degeneracy of do|y also implies that A%, vanishes for k < n. In addition
we have A}, = A}, if we identify the latter bundle with trace-free forms.

The key observation is that if « ® p € L ® A% ! then d(a A p) lies in the kernel
of the restriction map and hence lies in the image of the canonical inclusion 7.
Write i,:l for the inverse of i, on its image.

Definition 1.2.10 (kth Rumin operator for n < k < 2n). On a 2n+1 dimensional
contact manifold (M, H), for n < k < 2n, define the kth Rumin operator d; :
LA — Lo Ay, as the composition i}, o d o iy.

It’s not immediately clear that the operator factors through L& A%, as opposed
to merely landing in L ® A%,. To see this, first note that if d, (a ® p) = a®@w €
L ® A% then

aANw=daNp—aAdp. (1.2.11)

Applying the exterior derivative shows that da|y A w = 0 and hence a ® w is a
section of AL,

Proposition 1.2.12. d""V o d? Lo Al 5 Lo A =0 forn <k <2n—1

Proof. We calculate de) o dﬂc) = ipyp0doi y 0igodoiy=0. u
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As it stands we have two complexes of differential operators.
o A AR e LOAL —— LA —

We now show there is an appropriate differential operator A%, | — L ® A%, that
will complete a differential complex analogous to the de Rham complex.

The key point of the following construction is the use of the Levi homomorphism
L:L® A?I_l — A?IH which by is an isomorphism.

The obvious thing to try is to map into A™ by taking some right inverse to the
projection A™ — A%, then apply the exterior derivative d : A" — A"*!. We want
to identify the result with a section of L ® A% but this isn’t possible since the
image of this composition does not in general lie in the kernel of the projection
A" — A That is, given w € A% |, d|g need not vanish. Note however, that
because L = ¢, o d o1, by definition, the section dw — (doi, o L7')(dw|g) lies in
the kernel of the projection g,1 : A — A% and can therefore be identified as a
section of L ® A%, by virtue of exactness.

Definition 1.2.13 (nth Rumin operator). On a contact manifold (M, H), define
the nth operator d, : N}, — L ® Ay,

di(w+ LL@AY?) =iy}, (do — (doidy o L71)(dd]y)). (1.2.14)
There are a few things to check.

Proposition 1.2.15. The nth Rumin operator is well defined.

Proof. Let @,&0 € A™ be two representatives of w + L(L ® A}7?) € A%, then
(@ —Q)|y lies in L(L® A} ). So & — @ =daAfi+aAD for some u € A% ? and
v € N%'. Applying the exterior derivative gives d(da A ji +a A D) = da A dji +
da Ao —aAdp. Now L7 ((doANdip+da A —aANdb)|y) = a® (du+ v) and
hence

O—@—(doi, o LN (dD|y — d|y)
=daNdi+daND—aANdv— (doi,)(a® (du+v))
=daNdi+daND—aANdv— (daANdi+daAND—aAdD)

_0 (1.2.16)

which shows independence from the choice of representative. O
Proposition 1.2.17. i}, (dw — (doi, 0 L7)(dwl|p)) is a section of L @ A%y,

Proof. d(d — (do g 0 £7)(d@])) = 050 if d& — (d 0 iy 0 L) (db]r) = @ A v
then da A7 — a A dv = 0 and hence da|y Av = 0. O



22 Chapter 1. Calculus on contact manifolds

Proposition 1.2.18. The nth Rumin operator completes a differential complex.
Proof. This follows from the definitions and d o d = 0. ]

So we have constructed the Rumin complex for a contact manifold of dimension
2n + 1 > 5. Following the above, it is easy enough to work out a complex in the
case n = 1 although this case is degenerate in the sense the operator on Al is
immediately second order, since the bundle A% vanishes.

Lastly for this section, there is a coordinate free expression for the first
Rumin operator d, : A}, — A% derived from the corresponding expression for
the exterior derivative d : A' — A2, which we will occasionally find useful.

Proposition 1.2.19. Let p € AL, then, identifying A% | with trace-free forms,

dLp(X,Y) = ZX (oY) = 5Y (X)) — 55— ~ Te(dpli)a) (X, Y])  (1.220)

where p € A is some lift of p € A} and X,Y are sections of H. Here Tr(dp|g)c
refers taking the trace with respect to the form H N H — R distinguished by «.

Proof. Let X,Y be sections of H then
1
d,p(X,)Y)=dp(X,Y) — 2—d04(X7 Y) Tr(dp|g)- (1.2.21)
n

Now we use the usual coordinate free formula for the exterior derivative of a 1-form.

1Lp(X,Y) =5 X (o) = 3¥ (p(X) — 571X, Y)
—% Tr(dp|s)da(X, V) (1.2.22)
Then da(X,Y) = —a([X,Y]) gives the result. O

1.3 Cohomology groups of the Rumin complex

That the nth Rumin operator is a second order differential operator is really the
only price one pays for greater efficiency compared to the de Rham complex. As
we will now see, it turns out that this complex computes the de Rham cohomology
groups of M.

Proposition 1.3.1. The cohomology groups of the Rumin complex are isomorphic
to the de Rham cohomology groups.
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Proof. This can be shown using a spectral sequence, converging quickly at the
E,-level, as is done in [BEGN19].

It is a very good exercise however, in navigating the Rumin complex to con-
struct explicit isomorphisms

ker d(f) . ker d®)

= ~ HE.(M,R 1.3.2
m df_l) im d®—1) dR( ) ) ( )

for k=0, ...,2n. Here we take im d(gl) :={0}.

Firstly, the statement that the kernel of the first Rumin operator is the sheaf
of locally constant functions makes it clear that the isomorphism is true for £ = 0.
That is, the zeroth cohomology is just R™ where m is the number of connected
components of M.

Then, the isomorphism is given by

[w] = [@ — (ix 0 L7 (dD|g)] (1.3.3)
for k =1, and
[w+ L(L &N = [@ — (i 0 L7 (dd| 1)) (1.3.4)

for k = 2,...,n. £7! makes sense in each of the above definitions since do|g €
L(L® A5, Next

[ ®@w] — [a A @ (1.3.5)

gives the isomorphism for £k = n + 1,...,2n. Note that this is just the canonical
inclusion pushed down to cohomology.

That these maps are well defined on cohomology, and are isomorphisms follows
from diagram chases which are in Appendix [A] O

1.4 The Reeb field

We now define the Reeb field, which will be an important object. This is a preferred
vector field transverse to the contact distribution that is defined in the presence
of a contact form.

Definition 1.4.1 (Reeb field). On a contact manifold (M, H), given a choice
of contact form «, the Reeb field T' is the vector field such that o(T) = 1 and
da(T,-) = 0.
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Proposition 1.4.2. Given a choice of contact form «, the Reeb field exists and is
UNLQUE.

Proof. Let T,T" be locally defined vector fields satisfying a(7") = a(7T) = 1 and
da(T,-) = da(T",-) = 0 on their common domain. The first condition implies
T'"—T € H, but use the non-degeneracy of da|y to see that the second condition
implies T" = T" on their common domain. Now cover the manifold with Darboux
coordinate patches {U;}ic; and define T = % on U;, which locally satisfies the
required conditions. The above argument shows both that T is a well-defined

vector field and is the unique vector field satisfying o(7") = 1 and do(7,-) = 0. O

Proposition 1.4.3. The Reeb field gives distinguished splittings of the short exact
sequences 0 — L @ A&t — AF — Ak — 0 for k € N,

Proof. The most important case is k = 1 where we define A' = L & AL by
w (w(T)a,w|y). (1.4.4)

(W] (T)e,w|g,) = (0,0) implies w|, = 0 since T', H generate T,,M so this is an iso-
morphism. Moreover this defines a splitting since the inclusion L < A! composes
with the isomorphism to get the natural inclusion L < L& AL, and the projection
L&A} — A} is precisely the inverse of [1.4.4 followed by the projection A — Al

More generally, splittings of 0 — L ® A5t — AF — A% — 0 for any k € N are
are given by the isomorphism A* = (L ® A%~ @ A%, defined by

we (a@w(T, - ..., ),wln) (1.4.5)
and the same argument works. ]

In particular a contact form gives a distinguished lift A¥, — A* which takes
p € A% to the unique p € A* such that p|g = p and p(T, -, ...,+) = 0.

Proposition 1.4.6. Let T be the Reeb field corresponding to a contact form a.
Then given a change of contact form & = Qa for some positive function €2, the
new Reeb field T is given by

L1 1
T = 5(T + 5F) (1.4.7)

where F' € H is the unique vector field in the contact direction satisfying

JpaF? = dy In . (1.4.8)



1.5. Integration and the Rumin complex 25

A

Proof. Clearly &(T") = 0 and then calculate

. 1 1 1 1
da(T, ) = Sda(F, ) + 5 d AT + S F)a — 5 =df. (1.4.9)

Now this expression vanishes when restricted to H thanks to the definition of F.
On the other hand plugging in 7' + 3 F

1 1 1 1 1 1 1
—da(F, T+ =F)+ —dQUT+ =F)a(T + =F) — —dQUT + = F
1 1 1 1
=—dQUT + =F) — —dQUT + =F) = 1.4.1
2€) (T+ 2 ) 2€) (T+ 2 ) =0 ( 0)
but H and T + %F span each tangent space and so d&(T, -) vanishes. O

1.5 Integration and the Rumin complex

We now briefly discuss integration. In particular we will recover the formal self
adjointness of the De Rham complex for the Rumin complex. See [Lee09] for the
background to integration on manifolds.

The first thing to note is that there is a canonical isomorphism L@AZ} = A1
given by o ® w — a A w. This isomorphism means it makes sense to integrate
sections of L ® A% (with compact support).

Definition 1.5.1 (Integrating sections of L ® A%"). For a section a @w of L& A%

with compact support define
/a@w:/a/\@ (1.5.2)
M M

Recall Stokes’” theorem for forms with compact support:

Theorem 1.5.3 (Stokes’). Let M be a manifold (without boundary) of dimension
2n + 1. Let w be a 2n-form with compact support, then

/M dw = 0. (1.5.4)

One gets integration by parts from the way d acts as an anti-derivation on
forms. For w € A¥ and p € A>"* with compact support

O:/Md(w/\u):/de/\qu(—l)k/ w A dp. (15.5)

M
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So if one defines pairings on forms of compact support A*¥ x A?"*1=%F 5 R by

(w, ) == / wA W, (1.5.6)
M
then we have the “self-adjoint” or “integration by parts” property

(dp. 1) = (—1)"* (p. dp). (L5.7)

for p € A*¥ ' and p € A% Moreover, d : A>"*1=F — A2"*+2-F i5 the unique
differential operator satisfying [1.5.7 for all sections for p € A¥' and pu € A2k,
with compact support. This follows from the non-degeneracy of the pairing, which
is the simple fact that if i € A?"*'=* with compact support satisfies

/Mw/\u:O (1.5.8)

for all w € A* with compact support, then p = 0.

Definition 1.5.9. For 0 < k < n, define pairings A%, x (L ® A7 *) — R on
sections of compact support by

([w],oz@u):/Ma/\Jj/\ﬂ (1.5.10)

To see that this is well defined first note that
(w,a@u)»—)/ aNDAf (1.5.11)
M

c is well defined. Next, two representatives in A% of [w] € A%, | differ by da|gz A p
but

aNdaNpAjii=0 (1.5.12)
by virtue of y € AZF.

Proposition 1.5.13. The Rumin complez is self-adjoint with respect to the pairing
above in the sense that for w € A% and a @ p € L ®@ A3p~'7F

(difw],a®p) = (=) ([w], di(e® p)) (1.5.14)
for 0 <k <n and

([w], d[u]) = (=1)"([u], d” (W) (1.5.15)
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Proof. For 0 < k < n,

(dL[w],,u):/Ma/\dd)/\ﬂ (1.5.16)

where we may as well take @(7T) = 0 and (7)) = 0, where T is the Reeb field
associated with a. By Stokes’ theorem

(dL[w],,u):/ a/\d@/\ﬂ:/ wAd(aA ). (1.5.17)
M M
Now A?"™!1 5 & Ada A i = 0 since it vanishes when plugging in 7. Thus

/cD/\d(a/\ﬁ):—/Cu/\a/\dﬁ:(—l)"”“/ a A& Adfi. (1.5.18)
M M M

which is just (=1)*([w], dp).
For k = n, using the definition of the nth Rumin operator

([w], d[u]) = (=1)" /M & A (dfi — d(a A D)) (1.5.19)

where v € A% with da A v = dji|y. Defining p € A% by daly A p = dw|y the
above is

(—1)"</M(¢D—a/\ﬁ)/\(dﬁ—d(a/\ﬁ))+a/\ﬁ/\(dﬁ—d(a/\ﬁ)) (1.5.20)

but the trailing term vanishes since dji — d(a A7) € L ® A}, by construction of
the nth Rumin operator, so is killed when wedged with o. Then Stokes’ theorem
allows us to rewrite the above as

—/Md(dz—oz/\ﬁ)/\(ﬂ—oz/\ﬂ)
:—/Md(w—aAﬁ)/\ﬁ
= /Mﬁ/\d(aj—a/\ﬁ)

= (=1)"([), d7[w)). (1.5.21)
L]

The above property could also be rephrased by introducing a “symplectic star”
operator analogous to the Hodge star of Riemannian geometry and defining pair-
ings on k-forms this way. This approach is taken by [TY12]. The presentation
above remains agnostic to the choice of contact form.
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1.6 Contact manifolds as filtered manifolds

There is another definition of a contact manifold which identifies a contact manifold
as a special case of a filtered manifold with prescribed symbol algebra.

Definition 1.6.1 (k-filtered manifold). A k-filtered manifold is a smooth manifold
M with tangent bundle T M, such that the tangent bundle has a filtration

TM=T" >T" 5 . >T'M (1.6.2)
satisfying [X,Y] € T"" M for sections X € T'M andY € T'M.

A consequence of the above definition is that the Lie bracket is well defined
on gr(TM) := TM/T*M @ T-*M/T*2M & ... ® T~'M and furthermore
preserves the grading. That is, [X,Y] € T M/T M for sections X €
T'M/THM and Y € TM /T M. Even better, this map is tensorial, which
follows from the usual identity [X, fY] = X (/)Y + f[X,Y].

Definition 1.6.3 (Levi bracket). Given a filtered manifold M, the tensorial
pairing on gr(T'M) induced by the Lie bracket is called the (generalised) Levi
bracket.

Definition 1.6.4 (Symbol Lie algebra). Given a filtered manifold M and x € M,
the vector space gr(T, M) equipped with the generalised Levi bracket is a Lie algebra,
called the symbol algebra of the filtered manifold at x.

Definition 1.6.5 (Heisenberg algebra). The (real) Heisenberg algebra of dimen-
sion 2n + 1 is the Lie algebra with basis X1, ...X,,Y1,...Y,, Z and commutation
relations

X:,Y}] = 6,2, [X:, 2] =0, [Y;, Z] =0, Vi,j=1,...,n (1.6.6)

For example when n = 1 the Heisenberg algebra is easily realised as the set of

matrices
0 = z
{ 0 0 y
0 0 O

equipped with the matrix commutator.

If M is a contact manifold, it is filtered with TM =: T=2M > T~ 'M := H.
The associated graded bundle is gr(T'M) := TM/H & H. Choosing a trivialisation
for T'M /H means the Levi bracket gives a non-degenerate skew form H, x H, — R
on each fibre. From the fact there is a unique non-degenerate skew form on a 2n-
dimensional vector space up to change of basis, it follows that the symbol algebra

x,y, 2 € R} (1.6.7)
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corresponding to a contact manifold of dimension 2n + 1 is isomorphic to the
Heisenberg algebra by, ;.

On the other hand, a k-filtered manifold with the symbol algebras gr(7T,M)
being isomorphic to b,, ; for each x € M implies that the manifold 2-filtered
by a rank-2n subbundle. If we also insist that T—2M/T~'M is orientable then
choosing a non-vanishing section 7" induces a globally defined one form o € A! by
X +— X € C*(M) such that A\T = X modT-'M. Then o annihilates H := T~ 'M
and da|g is non-degenerate on each fibre.

All this means we have definition of a contact manifold equivalent to [I.1.2:

Definition 1.6.8 (Contact manifold II). A contact manifold is a filtered manifold
of dimension 2n +1 > 5 with T=>M/T~*M orientable and gr(T,M) isomorphic
to By,q for each x € M.

The above definition leads to an obvious analogue of a contact manifold.

Definition 1.6.9 (Quaternions). Given the set R* write a for (a,0,0,0) € R* and
write i, j, k € R for the second, third and fourth standard basis vectors respectively.
Then the quaternions, denoted H, is the associative algebra defined as the set R*
equipped with the R-bilinear map HxH — H given by the relations 1-q = q Vq € H,
i?=32=k=—-1,ij = k.

We call quaternions in the span of {7, j, k} imaginary quaternions and denote
the set of these im(HH) which is a 3-dimensional subalgebra. We have a conjugation
operation given by ¢ = a+bi +c¢j +dk — a — bt — ¢j — dk =: ¢ and qq is real.
Define H™ to be the set of n-tuples of quaternions which, is a right H-module in
the obvious way. There is a canonical H-linear form (-,-) : H* x H" — H defined
exactly analogously to the canonical Hermitian form on C” and this is Hermitian
with respect to the notion of conjugation defined above.

Definition 1.6.10 (Quaternionic Heisenberg algebra). The quaternionic Heisen-
berg algebra of real dimension 4n+ 3 is the real Lie algebra defined as H™ @ im(H)
with Lie bracket

(%, q), (v, p)] = im(z, ) (1.6.11)
where (-,-) : H" x H" — H is the canonical Hermitian form.

Definition 1.6.12 (Quaternionic contact structure). A quaternionic contact struc-
ture on a 4n+3-dimensional manifold with n > 1 is a filtration such that the symbol

algebras gr(T, M) are isomorphic to the quaternionic Heisenberg algebra for each
x e M.

Such structures have been studied by Biquard [Biq00] and Duchemin [Duc06],
among others. It is an obvious direction for future investigation to see if one
can reconstruct the analogue of the Rumin complex for these manifolds using a
diagram chase similar to, but presumably more elaborate than the one given here.
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Chapter 2

Partial connections

In this chapter we investigate the notion of a partial connection on a vector bundle.
These are analogues of connections, except the directional derivative is defined only
in directions lying in some subbundle H C T'M. We begin in as much generality
as possible. In the first section we provide definitions of useful tensor invariants,
in particular an analogue of curvature, the partial curvature, and, in the case of a
partial connection on A}, an analogue of torsion, the partial torsion.

Next, we specialise to the case of a partial connection on a vector bundle over
a contact manifold where we take H to be the contact distribution. In the contact
setting, there is a canonical extension to a full connection of any partial connection,
and this extension satisfies some desirable properties. We explain this construction
and show that vanishing of the partial curvature implies vanishing of the curvature
of the promoted connection. We also prove symmetries, analogous to the algebraic
Bianchi identities, of the partial curvature of partial connections which respect the
contact structure and have vanishing partial torsion.

Just like how the de Rham complex can be written in terms of a torsion-free
affine connection, we will write the Rumin complex in terms of an affine partial
connection with vanishing partial torsion. In order to do this, we end up needing to
calculate many more differential operators in terms of abstract indices, including
an explicit formula for the canonical extension described above. Lastly, we attempt
to use a partial connection to write out the coupled Rumin sequence, analogous
to the coupled de Rham sequence (whose operators are sometimes called exterior
covariant derivatives), and show that there is a curvature obstruction to doing so.
We also give index formulae for differential identities for partial curvature derived
from the usual differential Bianchi identity.
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2.1 General partial connections
First we recall one of the many definitions of a connection on a vector bundle.

Definition 2.1.1 (Connection). Given a smooth manifold M and a smooth vector
bundle m : E — M a (linear) connection V : E — A ® E is a smooth map of local
sections which satisfies the Leibniz rule

Vfs=df ® s+ fVs (2.1.2)
for s € E a local section and f a smooth function.

In the case E = A! then we say V is an affine connection. (Usually an affine
connection is defined to be a connection on the tangent bundle, but we will see
these notions are equivalent.)

Let (z1,...w,) be local coordinates for M and let {e;}¥_; be a local trivialisa-
tion for the vector bundle F contained in the coordinate neighbourhood. In the
trivialising neighbourhood, we write, for any local section s of E, s = s'e; for some
smooth functions s*. In particular

Vs =ds' ®e; + s'Ve;, (2.1.3)

and if we write Ve,; = Fkijdxj ® ey, then the functions Fkij are called the connection
coefficients, or Christoffel symbols (in most texts, the latter name is reserved for
the Riemannian case).

It’s clear from the above that the value at a point of a connection applied to
a local section depends only on the first derivatives of the component functions at
that point. In other words, a connection is a first order differential operator.

A choice of local trivialisation then gives rise to a preferred connection over
that trivialisation by simply decreeing that the Christoffel symbols vanish. That
is, one defines

ds = ds' @ e;. (2.1.4)

From the Leibniz rule it is clear that the difference of two connections must be a

tensorial quantity and hence given two connections V, and V, on E (and using
abstract indices) we may write

Vst = Vos + T 1 s (2.1.5)

for some tensor I',*, € A' @ End(F). Indeed, the right-hand side is a connection
for arbitrary I'*,.
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Now given a connection on the bundle £ we get an induced connection on the
dual bundle E* by decreeing that for sections s € E and w € E* we get the Leibniz
rule

d(ws) = (Vw)s + w(Vs) (2.1.6)

where juxtaposition means to take the natural pairing between sections of the
bundles.

Next, given connections on E, F' one gets a connection on £ ® I’ by enforcing
the Leibniz rule. Decree on decomposable sections that

Vea f)=Vea f+exVf (2.1.7)

then extend to arbitrary sections by linearity. This construction respects the
associativity of the tensor product and furthermore one can see that we now get
an induced connection on End(F) = F ® E*.

There is an alternate construction, see [KMS93], for induced connections that
involves showing that a connection on E induces something called a principal
connection on F(FE), the frame bundle of E, which then induces connections on
all associated bundles of F(E), which include the dual and tensor powers of E.
The two constructions agree.

Finally, given a connection V : E — A!' ® F one gets a well-defined first order
differential operator dV : A¥ ® E — A*1 @ E given by

A (w®s)=dow®s+ (1) wA Vs (2.1.8)

on simple tensors and extending by R-linearity. Then it turns out the composition
dV oV :E®A? — E is a tensorial map which is called the curvature s of the
connection. If we think of x as a section of A> ® End(E) we have

dVk = 0. (2.1.9)

This fact is called the differential Bianchi identity.
For now let H C TM be an arbitrary subbundle (of constant rank). For a
smooth function f define d, f := df|y and write A%, := A*H*.

Definition 2.1.10 (Partial Connection). Given a smooth manifold M, distribution
H C TM and a smooth vector bundle m : E — M a partial connection (with respect
to H) is a smooth map V : E — AL, @ E of local sections which satisfies

Vis=d f®s+ fVs (2.1.11)
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Given coordinates (2!, ..., 2"), a local trivialisation {e; }/_; for F over that coor-
dinate patch and a section s = s'e;, any partial connection V satisfies (in concrete
index notation)

Vs=d, s ®e; + s"FkijdLa:j R ek (2.1.12)

where the I' kij are smooth functions defined in the trivialising neighbourhood.
Just as in the case of a full connection, for any two partial connections with
respect to H on E we may write

A

Vst = Vs + T 1 s (2.1.13)

for some tensor I' #, € AL; ®End(F) and the right-hand side is a partial connection
for arbitrary I' #,.

One gets induced partial connections on the dual and tensor powers by en-
forcing the Leibniz rule analogously to usual connections but with the obvious
modification that the induced partial connection on E* is determined by

dws)|lg = (Vw)s +w(Vs). (2.1.14)

We will call a partial connection V : A}, — AL, ® A}; an affine partial connection.
For a usual affine connection it is possible to define the torsion as the vector bundle
homomorphism A — A? defined as w, = (dw),,—V,w,- In the case of a 2-filtered
manifold, H C TM we have a rank-k subbundle V' < A!, (which we call L in
the case of a contact manifold) of 1-forms which annihilate H. The problem in
defining the torsion of an affine partial connection is that there is in general no
natural differential operator A}, — A% with the same symbol as A o V that we
can use to construct a tensorial quantity. However, we have the (generalised) Levi
map L : V — A% defined in exactly the same way as in the contact case. That is,

V3 awdoly. (2.1.15)

To avoid major complications, we will only consider 2-filtered manifolds such that
the Levi map £ : V' — A% is of constant rank. We get a canonical differential oper-
ator d, : Al — A% /L(V) =: A% | defined exactly analogously to, and generalising
the Rumin operator. Furthermore, d; od; : R — A% clearly vanishes, just as
in the contact case, although local exactness doesn’t follow in general. The result
of applying the partial connection, skew-symmetrising, and then projection onto
the quotient, is a differential operator with the same symbol as d; and hence the
difference between these first order differential operators defines a vector bundle
homomorphism A}, — A% .
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Remark 2.1.16. The assumption that L is of constant rank is called sometimes
reqularity and is true, for example, for contact structures, quaternionic contact
structures, or when V' admits local trivialisation by closed 1-forms, in which case
the rank of L is zero. In fact it is true for any filtered manifold with isomorphic
symbol algebras at each point (such structures were the subject of a programme of
study by Tanaka, and following him, Morimoto [Mor93]). This is easily seen if we
note the assumption is equivalent to [H, H| being of constant rank.

Definition 2.1.17 (Partial torsion). Let M be a 2-filtered manifold with subbundle
H C M. The partial torsion of a partial connection ¥V on AL is the vector bundle
homomorphism Ay — A% defined as dy — Ny oV, where A\, is the projection
Ay @AY — A%

For a general partial connection we also wish to recover some notion of curva-
ture. For this define a differential operator dY : AL, ® E — A%, ® E, a ‘twisted’
version of the Rumin operator, analogous to the exterior covariant derivative, by

AY(w®s)=dw®s— A (w®Vs), (2.1.18)

on simple tensors, extending by linearity, where by A we really mean the induced
homomorphism A}, @ AL, ® F — A% ® E with the identity in the E factor.
Alternatively, given e € AL, ® E, this operator can be defined as follows: pick a
full connection V extending V and then define dYe € A%, ® E as the image of
dVé € A> @ E under the usual projection A> @ E — A% | @ E where ¢ € A' @ E,
is some lift of e.

The Leibniz rule for multiplication by smooth functions can be checked in the
case of simple tensors, but then holds in general by linearity.

dY(fu®s)=difAwRs+ fdiw®s— AL (w® Vs) (2.1.19)
=dfANw®s+ fdY (w® s). (2.1.20)

Thus the composition d} o V is tensorial.
(dY o V) (fs) =dY(dLf @s+ fVs) = f(dY o V)(s). (2.1.21)

Definition 2.1.22 (Partial curvature). Let M be a 2-filtered manifold with sub-
bundle H C M. The partial curvature of a partial connection ¥V on a vector
bundle E — M 1is the vector bundle homomorphism k : E — A% | ® E defined by
k:=dY oV.

2.2 Partial connections on contact manifolds

We now specialise to the case of contact manifolds. In the sequel, let M be a
contact manifold with contact distribution H C M. As mentioned previously we
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have a natural identification of A% as those elements of A%, which are trace-free
with respect to a non-vanishing section J* of £(L) with projection .

We will give equivalent definitions of the partial torsion and partial curvature
in terms of indices.

Definition 2.2.1 (Partial torsion). Given a partial connection V : AL, — AL AL
the partial torsion is the vector bundle homomorphism Ak, — A% | defined by

Top W, = (d W)y — (V[awb])l' (2.2.2)

Note that by using the freedom as per [2.1.13, we can always find a partial
torsion free connection on A};. Then the Rumin operator d; : A}, — A% is just

a

1 (&

Next, given any partial connection V, : AL, — AL ® E, we want to calculate the
twisted Rumin operator dY : A}, ® E — A% ® E. To do this we need to pick an
auxiliary partial torsion free partial connection (which we will also denote V,) on
Aj;. Then on simple tensors we can translate the definition into indices:

1 1
W, s" = Vi wy st — %Jab V wsh —w, Vs + %Jabwcvcs“. (2.2.4)
So in general it is
1 C,
et = Vi — %Jabvce " (2.2.5)
In particular
(deS)ab“ = (v[avb])J_S#‘ (2.2.6)

In light of this we restate the definition of partial curvature.

Definition 2.2.7 (Partial curvature). Given a partial connectionV : E — AL QF
for a vector bundle E — M define the partial curvature R ", € A% @ End(E) by

R bHVSV = (V[avb])lsu - Tabcvm ¢,LL (228)

a

where, in order for the above expression to make sense, we need to choose some
auziliary partial connection A}, — A}, @ Aj; with partial torsion 7,,°.

We need to check this is independent of the auxiliary partial connection. Given
another partial connection V, on A}, with partial torsion 7, and labelling the
induced connection AL, ® E — A}, ® AL, @ E by V, we have

(@[avb})Lgbu - 7A-abcvc = (V[avb})Lgby + F[ab}cvcun - 7A_abcvc (229)
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where
Vawy = Vaw, + T ylw,, (2.2.10)

but then F[ab]c is just the difference in the partial torsions of the two partial con-
nections on A}; and so the above definition is independent of this choice. Picking
a partial connection with vanishing partial torsion and using [2.2.6 this definition
is then evidently equivalent to The reason we do not assume the auxil-
lary partial connection in [2.2.7 has vanishing partial torsion is that in some cases
we may be obliged to use a partial connection on Al with non-vanishing partial
torsion.

Example 2.2.11. In a Darbouz coordinate patch (t,p;,q") we have the canonical
partial connection V : Aj; — Aj; @ A}, defined by

V(wdipi+widiq) =dw @dip; +diw; @d.q". (2.2.12)
We claim this has vanishing partial torsion and partial curvature.
Proof. The Rumin operator satisfies
dy (wdipi +widiq") = N (dw' @dip; +diw; @diq) (2.2.13)

so this connection has vanishing partial torsion. Then from the definition of the
‘twisted” Rumin operator [2.1.18

dY o V(widei + wiqui) = dY(deZ Rdip; +diw; @ qui) (2214)
=— AL (d1w' @ Vdipi +diw; ®Vd, q') =0 (2.2.15)
so the connection has vanishing partial curvature. O]

Given a partial connection, an obvious question is whether there is a canonical
representative connection in the equivalence class of connections that restrict to
the given partial connection. It turns out that in the contact case the question can
be answered in the affirmative, as explained below, the proof from Eastwood and
Gover [EG11] Proposition 3.5. Since we will be dealing with both connections and
partial connections together, we will reserve the symbol V for a partial connection
for the rest of the section, and we will use V will denote a full connection.

Theorem 2.2.16 ([EG11]). Let V : E — AL ® E be a partial connection with
respect to a contact distribution H — M. Then there exists a unique connection
V:E — A ®F such that V is the composition E — A' ® E — AL, ® E and the
composition

ESNQFE—LL)®E (2.2.17)

vanishes, where i is the curvature of V, and A2 ® E — L(L)® E is the canonical
projection (the trace).
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Proof. Firstly, there is a V with V being the composition F YANQE — AL®E.
To see this, pick a connection V on E. Recall that the freedom for picking a new
connection is

s+ Vs +T(s) (2.2.18)

for an arbitrary I' € A'@End(F). Write I'| g for the image of T under the projection
to Al; ® End(FE). The difference between V and the restriction of V to H is a
homomorphism £ — A}, ® E and we can simply set I'|y to this homomorphism
to ensure that the new connection extends V. The remaining freedom lies in the
transverse subbundle L@End(E) — A'®@End(FE), so we need to inspect how such
a change effects the curvature. We calculate the curvature as the composition
f:=d" oV :E — A>® E. Given a change of connection by I' € A' ® End(E),
the new exterior covariant derivative A' @ £ — A2 ®@ E is

d¥ —IdA T (2.2.19)

where Id is taken to be the identity of 1-forms. Accordingly, the curvature of the
new connection is

s (dV —1d A T) (Vs +I(s))

= R(s) — F(?S) + (d¥T)(s) + T(Vs) — ([ AT)(s)
)+ (dVT)(s) — (T AT)(s). (2.2.20)

Now considering I" as a homomorphism E — A!' ® E, if we assume the range is in
L® FE then it follows that ' AT' = 0 and thus the curvature x of the new connection
is just

s> E&(s) + (dVT)(s). (2.2.21)

Now since I' € L ® End(E) we can write I' = a ® A for some a € L and some
A € End(E). Then d'T' = da®@ A—aAV A and (dVT)|y = da|g @ A. In particular
the part of the new curvature in A% ® End(FE) is

s R|u(s)+ dalg @ A(s). (2.2.22)

Now L(L)®End(FE) — A% ®@End(F) is spanned by elements of the form da|g ® A,
and so there is a unique I' = a ® A € L ® End(E) such that the component of the
curvature of V +I' in £(L) ® End(F) vanishes, which completes the proof. O
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Note that the columns of the following diagram are exact, where we are taking
the maps to be induced by the short exact sequences|(1.1.32] taking the identity in
the F factor.

AL ®FE A3, QF AL QFE
ELA1®Ed—6>A2®Ed—€>A3®E—>
L®FE LOALQF LA, QEFE

Also note that for any connection V extending V, the partial curvature x = dY oV
is the composition of d¥ o V followed by the projection A>® E — A%, ® E. Since
A3, = A% @ L, the unique extension is characterised by the fact &|y = k.

Lemma 2.2.23. Let V be the canonical representative of a partial connection V
as constructed above. Then for a section s € E we have Vs = 0 if and only if

Vs = 0.

Proof. If Vs = 0 then clearly Vs = 0. By exactness of LOE — A'®@F — A QF,
if Vs = 0, then Vs is in the image of L® E — A ® E so we can write Vs = a®e
for some non-vanishing o € L and e € E. Now

R(s) = d@(a®e) —da®e—aAVe (2.2.24)

but the component in £(L) ® E must vanish by the theorem [2.2.16| which is to say
do|g ® e = 0 which implies e = 0. O

The next obvious question to ask is if the curvature of the lifted connection
V vanishes if the partial curvature of V vanishes. This turns out to be true by a
similar argument. First, note that since the partial curvature is the composition
E 5 A2®FE — A%, ® E, the theorem [2.2.16 ensures that we can eliminate the
component of the curvature in A% ® End(F), given vanishing partial curvature.

Theorem 2.2.25. Let V : E — AL @ E be a partial connection with respect to
a contact distribution H <— M on a contact manifold (M, H). Suppose that the
partial curvature of NV vanishes. Then there is a unique flat connection V such
that V is the composition E = A' @ E — Aj; ® E.

Proof. Let & : E — A>® E be the curvature of the unique V from [2.2.16extending
V, such that the composition £ — A? ® E — A% @ E vanishes. Let r be the rank
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of E. By exactness of L@ AL, @ F — A2’®@ E — A% ® E, we can write (over a
suitable trivialising neighbourhood)

f(s)=aAp ®e; (2.2.26)

for s € E where {e;}I_, is some local trivialisation of F, « is a chosen contact form
and p' € A! are lifts of some p' € A},. We are summing over repeated indices.
Next we apply the exterior covariant derivative d¥ : A2® E — A3 ® E. The
left-hand side is d¥ (7(s)) = (dV&)(s) + #(V(s)) but the first term vanishes due to
the Bianchi identity. Hence

R(Vs)=daAp @e;—aNdp @e; +aAp AVe (2.2.27)

Note that the composition A! ® E % A3® E — A3, ® E vanishes since the induced
map 5 : A'® F — A*® E is just Id A% and &|g vanishes. Accordingly, projecting
AN ® E — A3 ® E, the left-hand side of [2.2.27| vanishes, and furthermore the
right-hand side simplifies since a|y = 0. This means (by the linear independence
of {e;}!_,), that

dalgAp'=0 Yi=1,.,r (2.2.28)

but non-degeneracy of da|y assures us that p’ = 0, since 2n + 1 > 5. So #(s) =0
and since s was arbitrary, the curvature vanishes as claimed. O]

Remark 2.2.29. Note the failure of [2.2.25 in the case of a 3-dimensional con-
tact manifold despite |2.2.16 and [2.2.23 still following. This is another case of
3-dimensional contact geometry being a degenerate case. In this case the partial
curvature is always 0 since L(L) = A%, and accordingly any partial connection on
a 3-dimensional contact manifold promotes to a full connection that is flat in the
contact directions, that is, with curvature contained in L @ AL @ End(FE).

Remark 2.2.30. It is interesting to consider how much can be recovered if H is not
a contact distribution. If H is merely non-integrable codimension-1 distribution,
and accordingly, do|y is non-vanishing then(2.2.16 and|2.2.23 still follow. However
2.2.25 relies on the non-degeneracy of da|y which is often called the mazimal non-
integrability condition. In the extreme case of an integrable distribution, L is the
zero map, and s0(2.2.16 does not follow and a partial connection on E with respect
to such a distribution gives rise to full connections on the bundle E pulled back
over integral submanifolds.

An important result for full connections is the following. The result follows from
interpreting a linear connection as a splitting of T'E into horizontal and vertical
subbundles as explained later in section[d.1], and showing that the horizontal bundle
is integrable precisely if the curvature vanishes. See |[Lee09] Theorem 12.25.
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Theorem 2.2.31 (Frobenius’ theorem for flat connections). Let V: E — A' @ E
be a flat connection on a rank-r vector bundle - — M. Then for any simply

connected open set U C M there exists r everywhere linearly independent sections
{e;}i_, of E such that Ve; =0Vi=1,....r.

Putting this together with [2.2.25] we get an important corollary.

Corollary 2.2.32. Let V : E — AL ®F be a partial connection on a vector bundle
E — M with respect to a contact distribution H — M on a contact manifold
(M, H) of dimension 2n + 1. Suppose that the partial curvature of V wvanishes,
then for any simply connected open set U C M there exists r everywhere linearly
independent sections {e;}i_, of E such that Ve; =0VYi=1,...,r.

2.3 Bianchi symmetry of partial connections

Let M be a smooth manifold with torsion-free affine connection V, : A — AT®@ AL,
and let f be a smooth function. It is simple to check that

vav[bvc}f + ch[avb}f + vbv[cva}f
== V[avb]vcf + V[CVQ]be + V[bVC]Vaf. (231)

Then, writing R, for the curvature tensor and noting that the first line vanishes
due to vanishing torsion we have

R[ab}cdvdf + R[ca}bdvdf + R[bc}advdf =0
—> Ry 'Vaf = 0. (2.3.2)

By picking an appropriate f, V,f can take any value we wish at a point on M
and so we conclude R[abc]d = (. This is called the Bianchi symmetry, or sometimes
the algebraic Bianchi identity.

Unfortunately, letting V, : AL, — AL ®A}; be a partial connection with respect
to a contact distribution H with vanishing partial torsion, no such slick proof of
a similar symmetry for the partial connection seems to be available. It turns
out however, that if we restrict our consideration to partial connections which
are somehow compatible with the contact structure, something analogous can be
recovered.

Definition 2.3.3 (Contact partial connection). Let H C T'M be a contact distri-
bution and o € L. Then we say a partial connection V : A}, — AL @ A} is a
contact partial connection (associated with o) if Vda|g = 0.
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Recall that the Levi-Civita connection on a Riemannian manifold (M, g) is a
torsion-free connection with Vg = 0. Just like the Riemann curvature tensor, the
partial curvature of a contact partial connection with vanishing partial torsion has
an obvious symmetry of its endomorphism indices.

Proposition 2.3.4. Let V, be a contact partial connection with vanishing partial
torsion and partial curvature R, @ then R, = Ropeay-

Proof. Write J,, for the non-degenerate skew-form da|, which we will use to raise
and lower indices. Since V, is contact

1
V[avb]:]cd - %(]abvevech - O

= Rabce ed + RabdeJce =0

Unlike the Levi-Civita connection a contact partial connection with vanishing
torsion is not unique. We will exploit this freedom to prove an analogue of the
Bianchi symmetry.

Proposition 2.3.6 (Bianchi symmetry of contact connections). Let V, : Al —
AL ®AL; be a contact partial connection on a contact manifold of dimension 2n+1,
with vanishing partial torsion, then

R[abc]d = J[abEc]d (2.3.7)
for some E_, € ©@*A}; and hence
Rya® = 0. (2.3.8)
Proof. Suppose that V, and V, are partial connections on A}, Then
Vb = Vady + L0, (2:3.9)

for some I',° € Al; ® End(AL). Now suppose that V, and V, both satisfy the
hypotheses of the proposition. The skew form J, associated with the choice of
contact form must be parallel for both connections. Accordingly,

r,J, +1,%9,,=0 = T,.—T,,=0. (2.3.10)

Then the torsion free condition gives

1
T pe — %Jabrddc = 0. (2.3.11)
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Next, antisymmetrising gives
JaTia’q = 0, (2.3.12)
but then, since 2n + 1> 5

rt =0. (2.3.13)

[

Putting it all together we see that I',,. is symmetric on its first two and last two
indices and so I';,. = I, is the difference between two connections satisfying
the hypotheses. Now we investigate the change in partial curvature. One gets

@aﬁbgbc = Vavb(bc + va(rbcd(bd) + 2Fa(b\dvd¢|c) + 2Fa(b\dFd|c)e¢e‘ (2314>

We antisymmetrise to get

~

V[a@b] ch = v[a,vb] ¢c + v[a(rb]cd¢d) + Fc[advb} ¢d + Fc[adrb]deée

= V. Vibe + Vil b + T Tiyi .- (2.3.15)
Taking the trace free part gives the partial curvature.
. 1
Rabcd = Rabcd + v[an]cd - %Jabvercde (2316)
e 1 e f
+ Fc[a Fb}ed - %Jabrcf Fed :
Antisymmetrising gives
> 1 e 1 e f
R[abc]d = R[abc]d - %J[ab| Ve]‘—w|c]d - %J[abrc]f Fed : (2317>
Now if R, " = J, 24" for some E,, € ©*A} for one connection satisfying

the hypotheses, the above implies that the curvature takes such a form for all
such connections, and this argument can be made locally. In particular, over any
Darboux coordinate neighbourhood, we can take the canonical flat connection,
which satisfies the hypotheses, and has curvature which takes the form J[ab Ec]d (of
course, with Z_, = 0).

In the process we have also shown

Proposition 2.3.18. Let V, : A}, = AL @ AL and V, : A}, — AL @ AL be
contact partial connections on a contact manifold of dimension 2n + 1, each with
vanishing partial torsion, then

@a¢b = Va¢b + Fabcgbc (2319)

for all sections ¢, of A}{ for some ', = F(abc).
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Remark 2.3.20. That the space of contact partial connections with vanishing par-
tial torsion is an affine space diffeomorphic to the space of symmetric tensors ©>A};
is exactly analogous to a well known fact from symplectic geometry regarding the
space of symplectic connections, which are torsion free connections on a symplectic
manifold for which the symplectic form is parallel. See for instance [BCGT06].

2.4 The Rumin complex in terms of a partial
connection

On a smooth manifold M, the de Rham complex can be written in terms of a
torsion-free affine connection V,,. The exterior derivative d : A¥ — AFF1 is

Way.ap F V[aow (2.4.1)

al...dk] ‘

We would like to have similar formulae for the operators of the Rumin complex.
The motivation is that a contact manifold endowed with additional structure may
have a distinguished, or class of distinguished partial connections with which one
would want to perform differential calculus. These formulae will then allow one
to write down the machinery intrinsic to the contact manifold in terms of these
partial connections.

Firstly however, we need to write down some differential operators that arise
in the presence of a chosen contact form. These are of course, not intrinsic to a
contact manifold, but will serve as stepping stones along the way to our goal.

Given a choice of contact form « € L we get an obvious differential operator
AL, — A% given by

w i dd| g (2.4.2)

where the lift @ is uniquely determined by @(7') = 0 and @|y = w, where T is the
Reeb field associated with a. We have, for any contact partial connection with
vanishing partial torsion, locally

vawb — Dawb + Fabcwm (243)

where D, is the canonical flat connection [2.2.11| associated with a Darboux coor-
dinate patch, for some tensor I' ,, » = I';;,.. In particular

V[awb] = D[awb] (244)
but

Dygwy = (d| ) ap (2.4.5)
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as can be easily verified: For w = wid p; + wjquj we have @ = widp; + w;dq'.
Then
Dw=d w®dp+dwxdq
= (Ao D)(w)=d, w' ANd, pi+d,w; ANd, q" = dd|y. (2.4.6)
What about dw where w € A¥ for k > 1?7 We can use the same strategy. It is easy
to verify that locally

(dD|8) ay...aps = DiayWas...ap 1] (2.4.7)

and

V w :D w —i—kral[@fw

a1 " az...0k41 a1 a2...0k41

(2.4.8)

clas...ap+1]
and so we have shown:

Proposition 2.4.9. A contact partial connection V, on a contact manifold of
dimension 2n + 1 with vanishing partial torsion satisfies

Vi@ | = (d0l1)a,...a,, (2.4.10)

a1%as...aj 41
for k > 0 and where & is the lift of w uniquely determined by ©(T) = 0 and
Olg = w.
Next, it will turn out to be important to examine the differential operator
A% — R given by:
f= V.V, (2.4.11)

where again V, is a contact partial connection with vanishing partial torsion. A
simple calculation shows

V. Vfg = fV. .V + fV.V. (2.4.12)

That is, this operator is actually a first order differential operator. Now [2.3.18
immediately implies that V. .V¢f = D_D°f, so we can simply compute this in
Darboux coordinates.

Df -+ of 5y b (g{ +pjg{)qu (2.4.13)
(DoD)f = ap Qg dipi®d p; + (a 2(;] +p Ja 2£t>duoz®mq
+ %dipi ®diq + ( aq;é; St t{;ij)qui ® d, p;
+(gadp * P o 2410

2

0 : 0 .
(/\ODOD)f = 8—{de¢/\qu1+ij£th_% /\dJ_q]. (2415)
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Recalling that da|g = d1¢' A dyp; we then have the following:

Proposition 2.4.16. A contact partial connection V, on a contact manifold of
dimension 2n + 1 with vanishing partial torsion satisfies

V. Vef ==2nT(f). (2.4.17)
Another formula we need before embarking is the following:

Proposition 2.4.18. A contact partial connection V, on a contact manifold of
dimension 2n + 1 with vanishing partial torsion satisfies

1
[T, X]* = —5 Ve VX + lR“deb. (2.4.19)

n —

Proof. First examine the case for the canonical connection in a Darboux neighbour-
hooﬁ where we have T = 2. For X € H write (locally) X = Xia%i +Xi(£i +pid)
so that

[T7X] =

ot o o o) + X [ 5] + X [ 5+ i
oX' 9 9X,, 0 0

= ot op T ot \og )
— —QL(D DCXZ)a(; _ %(D DCXi)<i +piﬁ>

1
=—-—D DX. 2.4.20
2n ( )

So there is the temptation the write
? 1
T, X]* = —2—VCVCX“ (2.4.21)
n

but the left-hand side is evidently independent of the choice of torsion free partial
connection satisfying V,.J,. = 0, whereas the right-hand side is not. We can easily
fix this by adding an appropriate curvature correction. Firstly, given a change of
connection by

V. X% =V, X*-T,°X"° (2.4.22)
we have

VeX® =V, VeX® — VI X0 + T T4 X0, (2.4.23)

<

C
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On the other hand contracting |2.3.16| gives

A

1 1
Radcd :Radcd - §vdracd + %Vef‘me (2424)

1 1
— =TT+ =TT,/
2 cd — ae +27’L cf *ea

Thus, both sides of

1 1
[T, X]* = —5 VoVeX“ + mRac,fxb (2.4.25)

are independent of the choice of contact torsion free partial connection. So since
the equality holds for the canonical flat partial connection given by a Darboux
coordinate neighbourhood as demonstrated by [2.4.20]it is true for any other contact
partial torsion free connection. O]

Later, when constructing the coupled Rumin complex we will need a useful
alternate characterisation of the canonical extension.

Proposition 2.4.26. Let V,: E — AL @ E (using abstract index notation) be a
partial connection with respect to a contact distribution H — M where (M, H) is
a contact manifold of dimension 2n +1. Let V : E — A' @ E be the canonical
extension as in[2.2.16. Then for a section e € E we have

V.V = —2nV e (2.4.27)

where T is the Reeb field corresponding to some o € L, and the auxiliary torsion
free affine partial connection (which we need in order for the left-hand side makes
sense) satisfies V,J,. = 0, where J,. = do|y.

Proof. As usual pick coordinates such that o = dt — p;dq*. Let e € E. Then the

point of [2.2.16|is that we know the full curvature is trace free with respect to the

non-degenerate skew-form. To abuse notation, J% = —4(8%_ A ( a?f + pi%)), since

this gives the identity when paired with J,, = —d p; Ad . q". So

e, 0 0
H(ﬁpi A +Pige) e) —0 (2.4.28)

where we are interpreting the curvature kof Vas a map k: HANH x E — R and
summing ¢ = 1,...,n. Interpreting the curvature this way, and using that

[8 0 8} 0

A 9.4.2
o o0 Vol T o (2:4.29)



48 Chapter 2. Partial connections

as well as the definition of § as

1 1 1
/%(X A\ K 6) = §VXVY€ — §vaX6 — §V[X,Y}e7 (2430)
we have
Vs V a Vi_"_ oV o €= ane (2431)
Bpl Pige op;

and abusing notation as before

0 (8+
a 87’ pl

) g Ve). (2.4.32)

V,(JV,e) = —4V< -

Then, taking the natural pairing, we compute

vavce:—2v<a OV o e (aal-l—pZ;)@Vae)

Ipi op;
- 2{6?% (Vaaqim&e) - (aaw +p288t> ® V(%‘Zi ‘)
+v£% ®v£i+pi§te—v(aaz +pl(§t> ®v£ie}. (2.4.33)
This time take the natural pairing AL, ® H ® E — E to get
che——Q{VpVaJ”ae Vamé’tvie} (2.4.34)

We have used that —2V ‘Z_ vanishes under the pairing A}, ® H — R. To see
this note that by “lowering an index”, the image under the pairing is proportional
to the trace of —2Vd  ¢; but this trace vanishes since the trace vanishes for the
canonical connection D in the Darboux coordinate neighbourhood, and V and D
are each contact and partial torsion free, so differ by a symmetric tensor. Similarly

for —QV(a%i —I—pi%) Finally [2.4.34] put together with |2.4.31| gives the result. [

We are now ready to compute the Rumin complex with respect to a contact
torsion free partial connection. We will continue to take @ to satisfy @(T, -, ..., ) =
0 for w € A%,

We know the first Rumin operator R — Al is

f= V. f (2.4.35)

and because of the vanishing partial torsion, the Rumin operator A}, — A% is

1
—J V. (2.4.36)
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If we are in the n > 2 case we have more operators A¥, | — A% until k+ 1 = n.
By definition, each is just the composition AL — Al;é;rl — A’I?ll where the first
map is as in [2.4.9 and the second is the projection which removes the trace. For
instance when n = 3 (so we are on a 7-dimensional contact manifold) the operator
A% — A3 s

1

1
Iaﬁ@vhwf——aﬁwvﬂw¢, (2.4.37)

Wap = v[awbc} -

The only complication here is finding the projection A%, — A% | onto totally trace-

free tensors. As explained in Chapter [} while this is possible, notationally this
will quickly get out of hand, so we will not give a general formula.

The nth Rumin operator is more interesting. In index free notation, and for

the moment identifying L ® A%, — A" we have d : A}, — L ® A%, given by

wi— do —d(a A p) (2.4.38)

Where p is defined by da|g A p = do|y. Since we are identifying L @ A%, — A"
we can write

aANfi=do—dlaNp)=do—daNp+aNdp (2.4.39)
for some p which we would like to solve for. Inserting the Reeb field T gives

1 1 n
= do(T. )+ ——dj — AdH(T, - ... 2.4.40
e w(>,,)+n+1p =1 (T, ...y) ( )

Now we restrict to H to get
w=(n+1)do(T, ... )|y +dpla. (2.4.41)
Remember that
dalg A\ p = do|y. (2.4.42)
In abstract indices this is just the statement
JiabPe) = ViaWhe - (2.4.43)

We continue only in the n = 2 case to avoid the notation getting out of hand,
but it should clear how to adapt these calculations for dimension greater than 5.
Contracting with J% gives

1
%:évwf+vwﬁszﬁ, (2.4.44)
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where we have used the fact w,, is trace free. Thus
(dplsr)ap = V[avdwb]d' (2.4.45)

Now we have to deal with do(T, -, ). We use the index free formula for the exterior
derivative. Let X,Y € H then

di(T, X, Y) :%T(w(X, Y)) - %X(@(T, Y)) + %Y((I;(T,X))
—%@([T, X1,Y) + %J)([T, Y], X) — %@([X, YI,T)  (2.4.46)
—%T(w(X, Y)) — % (T.X],Y) + %qu, YIX)  (2.447)

which is, in indices, using |2.4.18

1 C a 1 C a 1 C a
= VeV @ XV F 0oy 15 (V VXY — w5 (V. VY )X
1 1
- gwabR“cchdYb + gwabRacdcxbyd (2.4.48)
1 1 1
=— E(vcvcwab)xayb - gwabR“CdCXdYb + gwabR“CchbYd. (2.4.49)
So we see
~ 1 c 2 de
dCL)(T, ‘y '>|H — _EVCV wab + gwd[aRb}c (2450)

and obtain a new formula for the nth Rumin operator d; : A%, — L® A% on a
contact manifold with n = 2. It is

1
Wy = Top (Vi Vowge = 7V Vg + 2w Ry.” ). (2.4.51)

Lastly, we write down the Rumin operators L @ A% 2 — L ® A% ! for k > n + 1.
These are defined by including L ® A% ? < A*~! and then applying the exterior
derivative. We write

aQwi—raANw—daNO—aANdo=aA (2.4.52)

and want to solve for u € A'}}_Xl. Plug in the Reeb field to the above equation to
get

1 k—1 1
Hence p = —d®|g. So in terms of the partial connection the Rumin operator is
Jabwcl...ck_g = _Jabv[clw02...ck_1]‘ (2454)
If J[ pW | = 0 then so does J[ p Ve, W since V. is a contact connection.
ab™ecy...c_o a c1ea..cp—1] c1

So the range of the above operator lies in L ® A%-! as it should.
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We summarise our results for the n = 2 case:

H Rumin operator: Formula: H
R — AL f=Vaf
AL — A% W, = V,wy — oV w°
Ay = LAY | wy = Iy (Vi Vo, — 1V, Vo0, + 20, Ry )
Loy, — Loy JabWed = —Jap V(W)
LAy — LeAy JabWede = —Jap V(W

2.5 The coupled Rumin sequence

Recall[2.1.9 for a full connection V with curvature & we have the Bianchi identity:
dVi = 0. (2.5.1)

We will write down what this means for partial curvature. First we will attempt
to construct the coupled analogue of the Rumin complex. For a vector bundle
E we previously defined dY : AL, ® E — A%, ® E and the pattern works for
dY : A% @ B — AM @ E for 0 < k < n.

Definition 2.5.2 (kth coupled Rumin operator for 0 < k < n). On a 2n +
1 dimensional contact manifold (M, H), for 0 < k < n, with vector bundle E
equipped with a partial connection V : E — A}, @ E, define the kth Rumin coupled
operator d; : A%, @ E — AST' @ E by

N(w®s)=dw®s+ (—1)" AL (w® Vs) (2.5.3)
on simple tensors, extending by linearity.

Equivalently, these can be defined analogously to the Rumin operators. Given
e € A ® E, take a full connection V extending V and then define dYe as the
projection to A¥'! @ E of dVé € A" ® E where € is in the preimage of e under
the projection A*®@ E — AY, | @ E.

If we use V, to indicate both the partial connection on £ and a auxiliary
affine partial connection with vanishing partial torsion then in abstract indices the
operator is simply

e e (V)

ai...ay

(2.5.4)

i
ai eaQ...ak+l] )J-'

It is similarly easy to define the coupled versions of the operators of second half
of the Rumin complex.
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Definition 2.5.5 (kth coupled Rumin operator for n < k < 2n). On a 2n + 1
dimensional contact manifold (M, H), for n < k < 2n, with vector bundle E
equipped with a partial connection V : E — AL, @ E, define the kth coupled Rumin
operator d, : L@ A @ E - L@ Ay, @ F by

N(w®s)=dw®s+ (—1)*w A Vs (2.5.6)
on simple tensors, extending by linearity.

As with the first half of the sequence, there is a useful equivalent definition of
this operator. Given e € L ® A% ! ® E, take a full connection V extending V and
then define dYe as i, ,(dVige) € L ® A}, @ E where iy, is the canonical inclusion.
In indices the operator is

Jaras Cagoany —Jalwv[asewmakﬂ]“. (2.5.7)

Based on the above pattern we may hope to define the nth coupled Rumin operator
ANy ®@FE - LAy, ®F like

F(Wwes)=dw®s+ (—1)"wAVs (2.5.8)

but the problem is that the second term does not in general lie in L @ A% @ E
let alone L ® A% ® E. There are a few complications in construction such an
operator, which was noticed by Calderbank in the PhD thesis [Cal96].

We will proceed by attempting to define the operator by mimicking the defini-
tion of the nth Rumin operator. That is, we try

dY(e) = it (d¥E = (d¥ 0y 0 L7)(dVEln)). (2.5.9)

Where ¢ € A" ® E is any lift of e € A}, ® E and V is any proper connection
extending V. First note that the expression inside the argument of 4.}, really lies
in the image of L ® A% — A, since the expression vanishes when restricted to
H. Let e =w®s for s € E. Two lifts of w ® s differ by a A i ® s for some
pe AL So @ is independent of this choice if

dlaAf) @ s+ (—1)"aAjiAVs— (d@ oino LN (daly Ap®s)=0 (2.5.10)

but this follows from £ (da|g Ap®s) = a®@ u®s. So[2.5.9 is well-defined given
a fixed connection V extending V.

Now we consider whether or not [2.5.9 is independent of the choice of extension
of this extension. Consider instead choosing the extension V + I with arbitrary

I' e L ® End(FE), which is the freedom available, as explained in [2.2.16
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Writing e = w ® s the formula [2.5.9 is independent of the chosen extension if
and only if

(—1)"@AT(s) — (dVF —d¥) oipo L) (dO|r®s—wAVs)=0  (2.5.11)

for all ' € L ® End(E). We can write do|g ® s —w A Vs = dalg A f for some
feNT®E sothat L71(do|gp ® s —wAVs) =a® f. Then we calculate

@) a A ) = (@) aA f) = (=1)""a A (IdAD)(f) =0, (2.5.12)

where the last equality follows because Id A" has range in L, hence vanishes when
wedged with a. So[2.5.9 is independent of the chosen extension if and only if

(—1)"@ AT(s) = 0 (2.5.13)

for all ' € L&End(E). This is manifestly not true, so the expression[2.5.9 depends
on what extension of V we pick.

We do however, have a canonical extension, so we get a well-defined differential
operator if we insist we take the canonical extension of V. The trade-off is one has
less flexibility in calculating this operator compared to the other coupled Rumin
operators.

As defined, the codomain of the operator is not quite as we hope. That is,
we cannot employ the same proof that showed the codomain of the nth Rumin
operator was L @ A%, ® E, which used the fact d o d = 0. Nonetheless we define:

Definition 2.5.14 (nth coupled Rumin operator). On a 2n+ 1 dimensional con-
tact manifold (M, H) with vector bundle E equipped with a partial connection V :
E — Ay, ® E, define the nth Rumin coupled operator dy : A%, @ E - LA, QF

by
dY (e) = it (d¥E — (d¥ 0y 0 L71)(dVE|y)) (2.5.15)

where € € A" @ E is any lift of e € A}, @ E and V is the canonical extension of

V from|2.2.16

To calculate the operator in abstract indices (in the n = 2 case) we imitate the
derivation for the uncoupled Rumin operator. We will need to take an auxiliary
contact partial torsion free partial connection on A}, which we will also denote V..
Denote its curvature by R, %

Forw® s € A%, ® B, suppose dY (w® s) = a ® g so that

M (@®@s)— (d 0ino LN (@D s)|y)=ag (2.5.16)
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and we would like to solve for g. We can write do|y ® s + w A Vs = daly A f
for some f € AL ® E so that (d¥ o, o £L7)(dV (@ ® s)|g) = d¥(a A f). Making
this substitution then inserting the Reeb field into [2.5.16] before restricting to H
we can solve for g as

g =3d(T, ) n®s+w® Vs +d° flu. (2.5.17)

Where, as usual we have taken f € A' ® E to be the lift of f satisfying f(T) =
The first term can be calculated exactly analogously to[2.4.50} It is

——(V V)8 + 201, Ry " + wyy (2.5.18)
The second term is
1
_Zwabvcvcsl‘, (2.5.19)

where we’ve used the characterisation of the canonical extension [2.4.261 Then
since f is defined by

J[ab C]‘LL - v[awa] st + w[abvc]su7 (2520)
we have f.* =V (w? s*) and so
d¥ flu = Vi Va(wys"). (2.5.21)
All in all we see the coupled middle Rumin operator in the n = 2 case is
e 1 e e
el = Ju (ViVeey — 7V Vo, + 2 i R (2.5.22)

in terms of an auxiliary contact partial torsion free connection V,,.

Proposition 2.5.23. Let (M, H) be a contact manifold of dimension 2n+ 1, then
the nth coupled Rumin operator dY : A%, ® E — L ® A}, @ E factors through
L® A% ®F if and only if V : E — A}, ® E has vanishing partial curvature.

Proof. As before write dY (w ® s) = a ® g so that
AV (@®s)— (d¥ oino LYY (@ ®s)|g) =aAd. (2.5.24)

Again take f such that a® f = E‘l(d@(@@)s)\@) s0 (dV oino L7 (dV (0@ s)|y) =
dV(a A f). Make the substitution and apply d¥ to both sides of [2.5.24] to get

O AR(s) —aANR(f) —dang—andy. (2.5.25)
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Restricting to H, and recalling that %|g = & for the canonical extension, gives
wAK(s) =dalg Ng. (2.5.26)

Now, the operator factors through L ® A}, ® E = L ® A}, ® E if and only if
the right-hand side always vanishes, but this occurs if and only if xk = 0 since w,
is arbitrary. O]

We can also obtain this result in the n = 2 case from [2.5.22| Contracting with
Je yields (after some computation)

I (2.5.27)

a

which vanishes for all e;” € A% | ® F if and only if x,", = 0.

So we conclude the coupled Rumin operators fit together into a complex if and
only if the partial curvature of the coupled connection vanishes.

We now write down the consequences of the differential Bianchi identity for
partial curvature.

Proposition 2.5.28 (Bianchi identity for partial curvature). Let (M, H) be a
contact manifold and V be a partial connection with partial curvature k, then
dYr = 0.

Proof. Take the canonical extension V, and by construction its curvature & satisfies
klg = k. Let 2n+1 > 5. We have r € A2, ® E. Then dYk is just the projection
of ¥k = 0 to A% | ® E. So we have df/ﬁz 0. In the case n = 2, this follows
immediately from the formula [2.5.15/ and dV& = 0. O

In the 2n+1 > 5 case, taking an auxiliary affine contact partial connection V,
with vanishing partial torsion we have

1 1
w dp d [
Vi v = g g Vara s = g T ViRga, =0
1
— 7w Vg, = 0. (2:5.29)

v

o
— v[a,{bc

] v

Note that this holds as a trivial index identity in the 2n + 1 = 5 case. The reason
being A%, = {0}.

Also in the 2n+1 = 5 case using our formula and the above proposition
2.5.28 produces

ab v

c 1 e fe

where R, is the partial curvature of the auxiliary contact partial torsion free
partial connection A}, — AL ® AL. There is no reason to suspect this contains
any non-trivial differential information. That is, this can likely alternatively be
derived by differentiating a known trivial index identity. Nonetheless it happens
to be a useful thing to write down for later use.
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Chapter 3

(Go contact geometry

In this chapter we introduce G5 contact geometries. After a review of some facts
about the representation theory of GL(2,R), we outline how the definition of a G5
contact geometry in terms of an auxiliary rank-2 “spin” vector bundle is related to
the canonical model. Starting from this definition we set up a calculus by showing
the existence of a canonical partial connection in the presence of a contact form.
We derive useful formulae regarding the partial curvature of this partial connection.
Lastly, we show there is an equivalent definition of a G5 contact geometry in terms
of a field of twisted cubic curves in the contact distribution.

3.1 GL(2,R) and rank-2 vector bundles

In this section we review some facts about the representation theory of GL(2,R)
that will be of use, particularly in regard to decompositions of tensor powers of
rank-2 vector bundles.

Let R™ be the standard (matrix) representation of GL(n,R). Recall we get a
representation on the n*-dimensional vector space ®*R"™ by defining

g(v] @ V... @) = gu1 ® gUa ® ... ® gug, v; € R" (3.1.1)
one simple tensors then extending by linearity. ®*R™ and A*R" are subrepresen-
tations. We are interested in n = 2. In this case ©®*R? is of dimension k + 1 while
A’R? is a 1-dimensional representation given by g(e; A e2) > det(g)e; A ey, AFR?

vanishes for & > 2.

Proposition 3.1.2. ©FR? is an irreducible representation of GL(2,R).

Proof. For fun, we present a novel proof without any representation theory.
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We have a basis {ef, ef ey, ...,e5}. Let V < ®FR? be a non-zero subrepresen-

tation. We will start by showing that e € V. Suppose that
V= Qp_peleh T b ap_ el e b agel €V (3.1.3)

where ay_, # 0 and 0 < n < k. Note that if we cannot find such a v, then 6’5 eV.
Otherwise we claim that efes ™" € V.
To see this consider the action of the matrix

(k-m)/n
r
G oty
for r > 0, on v. We get

V> Qe My et ek TR ek (3.1.5)

Since V' is a subrepresentation, these images must lie in V. Since V' is closed (in

the topology induced, for example, by the Euclidean norm), the limit as r — oo

must also lie in V', hence ag_nefes ™ € V. In other words (block matrix notation)

07 01
0

x| eV,e#0, = |[1| V. (3.1.6)
*

[ * 0]

Now suppose that efes™™ € V, where V is as above. Then we claim e € V.

Counsider the action of the matrix

Hr ﬂ (3.1.7)

on eles™ we get

eleh™ i (rter o) ek = reeh T 4 nr et eb. (3.1.8)
Of course, the full expansion involves some binomial coefficients, but we are not
concerned with this since it is clear the limit as 7 — oo is €. So we have shown a
subrepresentation of ®*R? contains 5. Now we will use this to generate a spanning
set.



3.1. GL(2,R) and rank-2 vector bundles 59

First note that

B ﬂ (3.1.9)

for  # 0 maps e — (e; +zea)". So (e1 +zez)k € V for  # 0. Assume u € OFR?
is orthogonal to V' with respect to the Euclidean inner product taken with respect
to the basis {ef, ef ey, ..., ek}, We can write u = 32F_ c,ef™ef for ¢, € R.

k
(Z cneh el (e + xen)") =0 Vo #£ 0 (3.1.10)

n=0
[k
— ;(n>cnx —0Vz#£0 (3.1.11)

The above expression is then a polynomial in x vanishing on R\ {0}. Thus ¢, =0
for each n = 0,...,k and we have shown the orthogonal complement to V is {0}
and hence V = ®*R2?, which completes the proof. O

Lemma 3.1.12 (Clebsch-Gordan). Let k,l € N with k > 1. There is a canonical
direct sum decomposition into irreducible representations

O R?2 @ (OMPRZ AR @ ... @ (OF R @ A’R? ® ... @ A’R?).  (3.1.13)

Proof. We use abstract index notation. For each n = 0, ..., [ define a map into the
nth summand, ©*R? @ O'R? — (OF72"R? @ A’R? @ ... ® A’R?) by

qbal...alqvbbl...bk = ¢(a1.,.al,n|c1...cnl/}‘bl__bk_n)qmcngalinﬂbkinﬂufalbk- (3114)
Firstly, we can think of this map as a linear combination of braiding maps and
hence it is a homomorphism of GL(2,R) representations.

. kA1—2n7p2 212 212

Take p := Po,  arri onCar nirbemir-Cape € (ORI @ AR® ® ... @ AR?),
which represents an arbitrary element of the nth summand. We claim that this is in
the image of the above homomorphism. Even without doing a tedious calculation
to determine the constant of proportionality (usually called the Clebsch-Gordan
coefficient in angular momentum calculations in quantum mechanics) it is clear
that the image of
€ O'R* @ ©'R? (3.1.15)

Plat...ai—nlbr.bp—nClains1lbr—ni1 "~ Elag)b

in (OM2"R2@ A2R2®...® A’R?) is non-zero and proportional to p as desired.
Therefore the map is surjective. Finally it is a matter of using the rank theorem to

see that the isomorphism [3.1.21]is given by the using |3.1.14| to project onto each
summand. ]
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If we set k = [ and suppose that 7, € O*R? ® ©*R? satisfies

1...Qf QAk41..-Q2k

T, =T (3.1.16)

at...0p Qp41-.-Q2k ag41-.-a2k Aa1...aL
the projection [3.1.14] vanishes for odd n since then

c1...Cn
ai...ag—plci...cnlb...bg_pn)

en (3.1.17)

T( = T(by...bj—n| la1...ak_p)c1...Cn
C1...Cn

Cl...Cn

= _T(bl...bk_n|01...cn|a1...ak_n) _T(al...ak_n|cl...cn\bl...bk_n)

Similarly if 7, ., ax,1..a0 1S antisymmetric on exchange of its first and last &
indices, then [3.1.14] vanishes for even n. So we have:

Lemma 3.1.18. Let k € N. Then there is a canonical direct sum decomposition
into irreducible representations

A2(®kR2) ~ (®2k—2R2 ® AQRQ) D (®2k—6R2 ® A2R2 ® AQRQ ® AQRQ) D ...
O} OFR?) = 0*R2 @ (O* 'R @ AR? @ A’R?) @ ... (3.1.19)

where @°R := R and ©'R := {0} for1 < 0.

It is important to note that for odd and even k respectively, A%(©*R?) and
©?(®*R?) have canonical skew-forms defined up to scale by the 1-dimensional
representation A’R? ®@ ... ® A2R? appearing in the terminating summands above.

Now suppose that S is a rank-2 vector bundle. and along with
[0.3.5 means we have:

Lemma 3.1.20 (Clebsch-Gordan for vector bundles). Let k,l € N with k > 1
and let S be a rank-2 vector bundle. There are canonical decompositions of vector
bundles

OF S® oS
O S @ (28 AX) @ .. @ (IS AZS ® ... ® A2S) (3.1.21)
and
A (OFS) =2 (02 @ A2S) @ (O* S @ A2S @ A2S @ A%S) @ ... (3.1.22)
@*(OFS) 2 oS (0* 1S A2S @ A%S) @ ... (3.1.23)

The ease with which one can decompose tensor powers of rank-2 vector bundles
will be an important computational tool.



3.2. Motivating the definition 61

3.2 Motivating the definition

Without going into much detail, or the general theory, we will try to motivate the
definition of a G5 contact geometry. We want to define “curved analogues” of the
space Gi9/ Py where Gy and P are defined as in the introduction. So we should
look at the geometric structure on this space.

From |LNS17] we have the following realisation of the Lie algebra go of the Lie
group Ga:

—cl - —263 —124> 248 d* —6e 0
ict -2 6dt  —6d> 1d3 0 6e
— b b3 —c! 3 0 —id3  —at o
go = 2 Lt 2t 0 —c3 6d? 243 a,b', ' d' e e R 3 (3.2.1)
3,0 4 1 1 o | T TTTY
—b! —2b 0 —2c c —6d 12d
1 212 114 1;3 2 3
a 01 §b glb _1§b 1c 2c
0 —§a bl f§b2 ﬁb‘l 504 et + 2

which stabilises the split signature metric —2e'e” — 2e2e6 — 2e3e® — e*e? and

the 3-form 2e'7 4 156 4 8e237T — 26246 _ 2345 which are related to the standard
metric and the 3-form |0.0.1 given in the introduction by a change of basis. P, can
therefore be defined as the stabiliser of the null-plane span{e;, e;} and so

—cl -2 2% —12d> 243 d* —6e 0
1ct - 6d'  —6d> 3d* 0 6e
0 0 —c! e 0 —zd3 —d? o
p= 0 0 2t 0 - 6> 2 | ,c,d,eeR (3.2.2)
0 0 0 —2¢t b —6dt 1242
0 0 0 0 0 c? 2¢3
0 0 0 0 0 it d4e?

is the (evidently 9-dimensional) Lie subalgebra corresponding of Ps.
We have a decomposition go = g_17Dg_1DgoDg; Dgrr- This is best illustrated
schematically:

* * * * *
g-11 = y Y1 =0 o y 9o = oo
* * * * * *
* * * * *
* * * *
* * *
* *

Then p = go @ g; D g7 and g/p = g_;7 @ g_;. Now given a homogeneous space
G /P we get a canonical isomorphism T(G/P) = G xp g/p where the representa-
tion on g/p is given by the adjoint representation. See [CS09] Example 1.4.3 for a
construction of this isomorphism. In particular, this means there is a canonically
defined rank 4-subbundle of T'(Gy/P;) corresponding to g ; and furthermore by
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playing with the above realisation for g, it is possible to show g_;; & g_; is isomor-
phic to the Heisenberg algebra of dimension 5. This means that G5/ P; is (locally)
a contact manifold.

Lastly, go is isomorphic to gl(2, R) and again from the above realisation one can
check this acts irreducibly on g_; via the adjoint action (that is, acting via matrix
commutation). Exponentiating the adjoint action, this induces a 4-dimensional
irreducible representation of GL(2,R) on g_;, which is the subspace corresponding
to the contact distribution.

In [CS09] it is shown that the correct generalisation of the flat model to a
family (G, P2) of parabolic geometries is the following:

Definition 3.2.4 (G, contact structure, [CS09] pg. 425). A Gy contact structure
is a contact manifold (M, H) of dimension 5 equipped with a rank-2 vector bundle
S — M, and an isomorphism, A} = @3S which preserves the Levi-form. By this

we mean that L : L — A%, has range in the second summand of the decomposition
A2 2 (1S @ A2S) @ (A%S ® A2S @ A%S).

We will denote a G5 contact structure like S — M.

Definition 3.2.5 (Isomorphism of G contact structures). Let S — M,T — N be
G contact geometries. An isomorphism of Gy contact geometries is a diffeomor-
phism f: M — N and an isomorphism S = f*T such that the following diagram
commutes

@35 SN f*(®3T)

J |

Ap(M) «—— f*Ap(N)

where the bottom map is the vector bundle isomorphism induced by the pull-back
of forms by a diffeomorphism. That is (w,x) — f*w.

Remark 3.2.6. In particular an isomorphism of Gy contact structures on M over
the identity is a vector bundle isomorphism S = T such that

s 3T

@39
Ay

commutes, where ®3S — @3T is the map induced by S — T. These are the
“trivial” isomorphisms of Go contact geometries on M in the same sense that
(M, cg) and (M, g) are isomorphic Riemannian structures when ¢ € R.
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3.3 (G, contact geometry and spinor indices

On a G contact structure we will alternately denote an element ¢, of A}, & ®*S
like @450, with a triplet of uppercase symmetric Latin “spinor” indices corre-
sponding to a single lower case Latin index.

The Levi bracket gives an isomorphism L = A2S ® A2S ® A2S. So L'/3 = A2S.
Importantly, a choice of contact form « € L distinguishes non-vanishing section
g4 of A%S defined by (abusing notation)

Jap = €apepipiEcir) € A (@°S) (3.3.1)

and conversely, a choice of non-vanishing section of A%S gives a contact form.
If we define €8 € A2S* by epoel” = §5* then it is easy to calculate that

EA(G’SBIHIEC\I)gD(G%E‘HIgFU) =0,"05"5," (3.3.2)

but the right-hand side is precisely how we would write §,” in spinor indices and
SO

J® = ADBIEILCIF) ¢ A2(538%) (3.3.3)

and everything is consistent. Since we would like the calculations in the following
section to be manifestly invariant from now on, unless otherwise stated, we will
denote the canonical section of A2S®A2S* by ¢ , 5 or e4P depending on the context,
and use this to raise and lower indices. In order to then declutter notation, we
will often omit indices corresponding to tensor powers of the line bundle A2S. For
example given ¢, € S we have

¢t =Py, € S* @ A%S. (3.3.4)
and given 1,5 € ®2S we have.
Ye© € A%S (3.3.5)

On a Gy contact geometry it makes sense to denote a partial connection £ —
@3S ® E by V 4pc-

Given an affine partial connection on a G5 contact geometry, the partial torsion
A}, — A% defines a vector bundle homomorphism ®2S — ©*S ® A?S. So the
partial torsion is a section of ®*S ® ®35* @ A2S .

Using the projection A2S(®3S) — ®15 ® A%S we write

Tapep ' Cpra = (dLd) apep — VK(AB¢CD)K € 'S ®A®S. (3.3.6)
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Now lower indices to get a section
Tapoprre € 'S ® @S @ A*S* ® A%S*. (3.3.7)
We have a decomposition of bundles

®4S® ®3 S@AQS* ® A2S* ~
(0TS @ A25* @ A25*) @ (0°S @ A25*) @ (0°S) @ (S @ A%S)  (3.3.8)

In particular, we will now see the component T(apcpEFG) 1 OTSRA2S*®@A%2S*
is an invariant of the GGy contact structure. That is, it is independent of the chosen
partial connection, and depends only on the isomorphism AL = @3S which defines
the structure.

We now state a theorem analogous to the existence and uniqueness of the
Levi-Civita connection on a Riemannian manifold.

Theorem 3.3.9 (Minimal partial torsion). Given a non-vanishing section (scale)
eap € N2S, or equivalently a choice of contact form o € L, there is a unique
partial connection V 4g~ on S such that V yg-cprp = 0 and such that the induced
partial connection on ©*S has Topcpera = Tapcpere) - Furthermore, the tensor
Tapcpera 8 independent of the chosen contact form, and thus is an invariant of
the Gy contact structure.

Proof. The freedom in choosing a partial connection on S is

ﬁABC(bD = Vapc?p + Tapep” dp (3.3.10)

where I' g pP € ©®3S ® End(S) is arbitrary. Changing connection and using|3.3.6
the new torsion is

TABCD EFG¢EFG = TABCD EFG¢EFG - FE(ABEF¢CD)F + QFE(ABCFCbD)EF (3.3.11)

Since ¢ 4 is arbitrary

) H(E G E P G
Tapep” " = Tapep” " = Than ( ¢ 0p) ) 4 ort Bc Op) . (3.3.12)

In particular, lowering all indices and symmetrising gives T(ABCDEFG) = T(ABCDEFG) -

On A%S, for a non-vanishing ¢, € A%S

Vuscepe = Vapctps + Lascs' €pr + Lasep' €rE
= Vapcepr T 2l apops)- (3.3.13)

So clearly we can arrange that V apc€pe = 0. The remaining freedom lies in
T sopm € ©°S ® @S @ A*S*,
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We consider the kernel of the map ®3S ® ©25 ® A2S* — ©4S @ @35* ® A2S
H(E G E F¢ G

The domain breaks up like ©3S ® ©®?S ® A2S* = (O°S @ A2S*) & O3S @ (S @ A2S)
and we will check that for I',z-pp in the kernel, each of its irreducible parts
vanishes. Contract over indices to verify that

— Ty 0670, +20% o0, =0

(aBC D)
HE. F) 1 HDs (Eg F) | ((E F)
= — Ly 9o _EFHD(A 0" O +6F (ABC)
loe s m 1pp Es F
+ I D(AB 50) + =T (AB|D| 50) =0. (3.3.15)
3 6
Lowering all unpaired indices and symmetrising yields L apcpr) = 0. Contract
again to get
7 HE | °pE o 2 HC§ E
_EFHAB + §F H(AB) - ngC(A 63) — 0 (3316)

and lowering all indices and symmetrising yields I' B(A BC)E = (. Contracting a final

time yields I' yp"F = 0 and hence T 4z-pp = 0 so that the map ®3S ® ©?S ®
A2S* — 'S ® ®35* ® A%S is injective. The target bundle breaks up like

o' ® ®*S* ® A*S
~ (TS @ A%S* @ A2S*) @ (O°S @ A2S*) @ @3S @ (S @ A%S)  (3.3.17)
and the range is contained in the trailing bundles. The sum of the ranks of the these
bundles is 12 which is exactly the rank of ®3S ® ©®25 ® A%2S* and hence the map is

a bijection onto these bundles. In particular there is a unique I' y 5 to eliminate
all of the partial torsion except for the component in ®7S ® A2S* @ A2S*. O]

From the general theory of parabolic geometries it is known:

Theorem 3.3.18 ([EN20a] Theorem 5). A Gy contact geometry S — M is locally
isomorphic to Go/ Py as a Gy contact geometry if and only if Togcppre vanishes.

Proposition 3.3.19 (Change of scale). Replacing € ,5 = Q%EAB the partial con-
nection on S corresponding to the scale € 45 with minimal partial torsion is given
by the formula

~ 1
VABC¢D = VABC¢D + gTABC¢D — TD(AB¢C)' (3320)

where Y ype =V apcf2.
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Proof. First we check that the torsion is invariant under a change of partial con-
nection as given by the above formula. We have

Vasctper = Vasctper + L apcbppr — 3T APy EF)- (3.3.21)

Contracting with 47 and then symmetrising yields

~

VK(AB¢CD)K = VK(ABCbCD)K- (3.3.22)

Then we check that the new connection annihilates €.

3 1
Vapc¥epp
1 2 1 1 1
= Vapc(Q3epp) + gTABCngDE — Tpupeoys + LYo
= gTABnggDE + gTABCQSEDE — Ypuseoys + Tpapecp.  (3.3.23)

The above vanishes after contraction with eP” which implies V ,3oépp = 0. O

Now on the line bundle A2S the connection changes like

Vascepe = Vapcepe + gTABCgDE — Ypustoye + TrmpEo)p- (3.3.24)

Contracting yields

Vascepe = VapcEps — gTABCgDE‘ (3.3.25)

So if we say ¢, € S ® (A25*)3¥ has weight w then, for future reference

N 1
Vapc®p = Vapc®p + (g + w) T apc®p — YpapPe):- (3.3.26)

Enforcing the Leibniz rule gives the connection applied to ¥4 € S* @ (A25*)3

S 2
VABC¢D = vABCWD + (5 + w> TABC’(/)D - TD(AB¢C). (3.3.27)

Now that we have formulae for how the preferred partial connection changes, we
can use these to construct quantities that are intrinsic to the G5 contact structure.
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3.4 Partial curvature on a G, contact geometry

We now investigate the partial curvature of the preferred partial connections on
G5 contact geometries.

Translating [2.2.7 into spinor indices means we write the partial curvature of a
partial connection V 4o : S — @3S @ S like R pops’ € ©1S ® End(S) @ A%S |
which is defined by

Rypeps’ 0F = VK(ABVCD)K¢E +Tapop " Vi e (3.4.1)

We first examine its symmetries. Firstly, applying the Leibniz rule on simple
tensors then extending by linearity gives

ViwsVeny Te,.m, =

RABCDElKTK...E,L +.ot+ RABCDENKTEl...K — TABCD IJKVIJKTEl...En (342)

for any T, . asection of ®"S. In particular, applying this identity to the section
eap of A%2S gives the first useful symmetry.

Proposition 3.4.3. For the preferred partial connection V 450+ S — 35 ® S
annihilating € 45 on a Gy contact geometry we have Rypeppp = Ropoper)-

Proof. Vapcepr = 0 with [3.4.2 gives R, popg’ exr + Rapopr: eex = 0 which is
to say Rapcppr = Rapopre-

Proposition 3.4.4. If the preferred partial connection V 450 : S — @3S ® S is
partial torsion free, then R(ABC‘K‘KD) =0.

Proof. Firstly we write down the curvature of the partial connection on A}; & 35
in spinor indices. The Leibniz rule implies

VK(ABVCD)K¢EFG = 3RABCD(EH¢FG)H = SRABCD(EH(SFI(SG)ngHIJ' (3.4.5)

This is a consequence of the Bianchi symmetry [2.3.6, but it is not immediately
obvious how to translate the symmetry operations in [2.3.6 to this situation. In
order to make it clearer we will use the inclusion ®*S ® A2S ® @3S ® E35* —
@3S NS ® @3S ® ®3S* and then raise indices to write the partial curvature as
a section of ®3S A @3S ® @3S ® @3S*. Given w,po ppr € @S A ©3S we can
uniquely write

WaBC DEF = MNADIEBIEIECIF) — P(AB(DEOR)|C) (3.4.6)
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for papcp € @*S®@A2S and A € A2S®@A?2S®A%S. So the inclusion ®1S ® A%S —
O3S AN @3S is

PaBpE ©* —PAB|(DEOF)|C)- (3.4.7)

Accordingly, if we apply this to the curvature and raise indices, the expression

D EF J L
36, " Ryey " V040, " (3.4.8)

)
represents R’ @ with each lower case Latin index corresponding to a triple of upper
case Latin indices (arranged in alphabetical order so that a corresponds to ABC
and so on). We contract over triples to get the spinor expression for R,’.%.

36 PR

EF) J¢ K¢ L (DE F)¢ K¢ L (D EF) J
(J KL) (G 5H 51) _RKL (G 5H 51) +25((; RH|J| I

)
- (DE F) (D EF) J
= R(GH 1 +25(G RH|J| n - (3.4.9)

So Rd[bc]d is given by lowering indices then antisymmetrising on exchange of sym-
metric triplets. The first term vanishes and so the identity Rd[ab]d = 0 from [2.3.6

implies

A BC) G A BCO)G
R T e (3.4.10)

( E|G|

Contract over indices C, F' to get
Rep*? 5% + Rapp ™% = 0. (3.4.11)
In particular, lowering all indices then symmetrising gives the desired result. [

So we have obtained a necessary condition on a G5 contact geometry being
locally isomorphic to the flat model.
We also want a formula for the change of partial curvature.

Proposition 3.4.12 (Change of partial curvature). Given a change of scale by
o = Qo, the partial curvature of the distinguished connection changes according to
the formula:

F 2

A B
Rapep™ = Rapep™ + V(AB( Tepy ' — §V(ABCTD)EF

1 E F 2 IJ(E~nF
+ _T(AB( T(JD) ) _T(ABCTD)EF — TABCD (Ey )”. (3.4.13)

3 3

Proof. Omitted. This is a simple but tedious calculation that may take a few
pages. O
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From [3.4.3 we have that R, zcppr € ©*S @ ©25 ® A%S decomposes according
to like

O ® @S2 S @ (0'S @ A%S) & (%S ® A*S @ A%S). (3.4.14)
Before giving labels to each of these irreducible parts, it’s convenient to work out
how they change under change of scale and normalise accordingly. Firstly

. 1 1
R(ABCDEF) = R(ABCDEF) + gv(ABCTDEF) - gT(ABCTDEF)

_T(ABCDEIJTF)IJ' (3.4.15)

So define Z,peppr = 3R apcprr) € ©5S. Next, contracting over D,E we have

. 1 1
RABC\E|EF = RABC|E\EF + ZVE(ABTC)FE + ZVEF(ATBC)E
1 1 1 1
—§VE(ABTC)FE + ETE(ABTC)FE - §TE(ABTC)FE + §TABCF”KT1JK- (3.4.16)

Hence, using the definition of the partial torsion, and noting that the terms
quadratic in upsilon vanish under symmetrisation.

A

R(ABcquD) = R(ABC|K|KD) + TABCFIJKTIJK (3.4.17)

So define Wypop = R(ABC|K|KD) € ©'S ® A%S. Note that this formula shows
invariance under change of scale in the torsion free case, which is consistent with
the earlier result that this vanishes with the torsion. In fact W,z-p lies in the
same bundle as

VIR T eapop € O'S @ A%S (3.4.18)

and so we conjecture that if one were to repeat the proof of [2.3.6 while carefully
handling the invariant partial torsion it would be possible to show that W, z~p is
proportional to the above.

Lastly
A EF pr 2 pr 4 EF
Rappr ™ = Rappr = — gVEF(ATB) — §TEF(ATB) . (3.4.19)
So define Y5 := —3R, 5,/ € @35 @ A?S ® A%S.

3.5 Twisted cubics and G5 contact geometry

We will now present an equivalent definition for a G5 contact geometry in terms of
some basic algebraic geometry. A well known analogue of this alternate definition
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is the equivalence between a field of quadratic cones in the tangent bundle of
a manifold M and a Lorentzian metric defined up to scale, hence a conformal
structure (M, [g]). For example, the equivalence is explained in [MT13].

Recall the definition [3.2.4 in terms of an identification ®*S = A}, where S is
some rank-2 vector bundle. Of course once we choose a contact form o € L the
Levi form da|g identifies AL, = H and hence we might as well instead consider
isomorphisms ®3S = H. By rescaling S is easy to verify that the resulting Gy
contact geometry is independent of the choice of contact form up to isomorphism in
the sense of [3.2.6. For an isomorphism ©3S = H to induce a Gy contact geometry
we require that the Levi form H A H — R must vanish on the subbundle in H A H
identified with ®*S ® A%S.

Given a rank-2 vector bundle S over M there is an obvious smooth map ¢ :

S — @3S defined by
l:s—>sOsOs. (3.5.1)

Pick locally trivialising sections ej,es for S then in the fibre over p € M this
gives a map R? — &3S,

(N, 7) =(Xer 4+ Tea) © (Aeg + Tey) © (Aey + Tea)
= (N, N7, A7%, 70, (3.5.2)

where we are writing elements of ®3S, with respect to the basis {e3, 3e?el, 3eje2, €3}
If we take the projectivisation RP' — P(®3S,) = RP? of this curve, using homo-
geneous coordinates it is, to borrow

7] = [1:7:7%: 7% (3.5.3)

and in the corresponding coordinate chart of RP? looks like the blue curve below.
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Let U,V be vector spaces of dimension 2 and 4 respectively. We will say a curve
U — V is called a twisted cubic if it can be written like (A, 7) > (A3, \27, A\r2, 73)
with respect to some bases for U and V. Usually, the term “twisted cubic” would be
reserved for the projectivisation, but we take the above definition for convenience.
An isomorphism ®3S = H defines a twisted cubic in each fibre of H.

Recall the compatibility condition that the Levi form vanish on ©®*S®A2S. The
projection of t(\, 7) At(A, 7) = (A3, X7, A7, 73) A (A3, A27, A2, 73) € @3S, A ©°S,,
onto A2S,®A%S,®A2S, is proportional (A7 —A7)? and thus the Levi form restricted
to the twisted cubic must be given by t(\,7) A t(X,7) — ¢(AF — A1)? for some
constant ¢ € R # 0.

Now we show the data above gives a (G5 contact geometry. Suppose we have
rank-2 vector bundle S — M and a smooth map ¢t : S — H over M which
gives a twisted cubic in each fibre. We will say this is a field of twisted cubics.
Furthermore, we suppose the existence of local trivialisations for S such that the
Levi form is written t(\, 7) At()\, 7) — ¢(A\7 — A7) on the twisted cubic. If this is
the case, we will say the curve is compatible with the Levi form. Starting with this
data, take a local trivialisation {e1,es} for S. Given a point p in this trivialising
neighbourhood U it is simple to check, using the fact points on the twisted cubic
span R*, that the basis for H,, such that ¢ : S, — H, takes the form

t(A, 1) = (N, N2 072, 70) (3.5.4)

is unique. Then, the smoothness of ¢ implies there is a unique trivialisation
{s1, 82, 83,54} of H such that the ¢ takes this form as a bundle map over that
trivialisation.

Define a local isomorphism H|y — @3S|y by

51> €3, 59 > 3e2eq, s3> 3ej€a, sS4+ €b. (3.5.5)

It is not immediately clear that we get a well defined vector bundle homomorphism
H — @3S by defining the map as above in each such trivialisation. However, we
will show that [3.5.5 is invariantly defined as long as the change of trivialisation
occurs in such a way ¢ takes the form [3.5.4 in the new trivialisation. To see this
suppose we take a differential trivialisation {é;,é2}. Then at a point we have
Aé1 + Téy = (aX + bT)ey + (A + dr)ey where we define:

A= {‘Z Z} € GL(2,R). (3.5.6)

The twisted cubic ¢ is then written
t<)‘> 7_) =
<(a)\ 4 b1)3, (ah + b)2(eA + dr), () + br)(ch + dr)2, (eA + d7)3> (3.5.7)
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with respect to trivialisations {é1,é;} and {si, s2,3,84}. Inspecting the right-
hand side we see that the updated trivialisation for H which we are obliged to
take in order to return ¢ to the form [3.5.4 is gotten by acting by the matrix which
is the representation of A on ®3R? = R*, but this is precisely how the trivialisation
{e3,3e3e}, 3e1€3, €3} transforms. All this means that the map

51+ &3 39 > 36769, 83 36165, 84+ 6. (3.5.8)

agrees with [3.5.5.

Lastly that the Levi form is written (X, 7)AL(X, 7) — ¢(AF—A7)? on the twisted
cubic, implies that the Levi form H A H — R depends only on the component in
the subspace identified with A2S ® A2S ® A%2S, and hence vanishes on the subspace
identified with ®*S ® A2S, again using the fact points on the twisted cubic span
the space. So the isomorphism H — S preserves the Levi form.

Thus we have an alternate characterisation of a G contact geometry.

Definition 3.5.9 (G, contact structure II). A Gy contact structure on a contact
manifold M is a field of twisted cubic curves in H such that the curve is compatible
with the Levi form.

The abstract way of interpreting this equivalence, is that the presence of
the field of twisted cubic reduces the structure group of the distribution H to
GL(2,R) — GL(4,R) acting irreducibly, and furthermore this reduction is done
in such a way as to factor GL(2,R) — CSp(4,R) — GL(4,R) where C'Sp(4,R)
is the conformal symplectic group defined as the subgroup of GL(4,R) which pre-
serves the canonical symplectic form up to scale.

Note that the above argument does not really use the fact (M, H) is a contact
manifold, aside for the fact we have a symplectic form up to scale on H. Without
the compatibility condition the above argument shows that a field of twisted cubics
S — F reduces the structure group of a rank-4 vector bundle £ to GL(2,R) acting
irreducibly.

In [Bry91], Bryant investigates the geometry associated with such reductions
of the structure group of the tangent bundle of 4-manifolds. He gives the alternate
definition as a field of twisted cubic curves. It may be a good direction for future
investigation to see if the development in that article can be adapted to the study
of G5 contact geometries.
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Chapter 4

Flying saucers

In this chapter we investigate the problem of constructing a G5 contact geome-
try. The construction follows Eastwood and Nurowski’s pair of articles [EN20a]
[EN20b]. One starts with a projective structure on a 3-dimensional manifold M.
The Grassmannian of oriented planes in the tangent bundle forms a fibre bundle
m: C — M and it is a 5-dimensional contact manifold. It was an observation
of Takeuchi [Tak94] that the projective structure on M induces a splitting of the
contact distribution into a pair of rank-2 subbundles. Given a choice of two lin-
early independent 1-forms on M, the authors construct a GGy contact geometry in
a neighbourhood of any point on C. The construction involves the notion of an
Ehresmann connection on a vector bundle, which is an interpretation of a linear
connection as a splitting of the tangent bundle of the total space of a vector bundle,
so we introduce these first. We also define projective structures.

4.1 Ehresmann connections

Firstly, we need a notion of those vectors tangent to the total space of a fibre
bundle, which are velocities of curves lying in a fixed fibre.

Definition 4.1.1 (Vertical bundle). Let pr : F — M be a smooth fibre bundle.
We have the tangent map dpr : TF — TM. The subbundle VF := kerdpr is
called the vertical bundle of F.

At the heart of the general theory of connections on fibre bundles is the prob-
lem of defining what it means for a curve to be “constant” with respect to fibre
coordinates. See [KMS93] for a more comprehensive, technical treatment of this
matter. We briefly summarise the story for vector bundles here.

Let pr: £ — M be a vector bundle. We have a canonical inclusion VE — TE
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and projection TE — TE/V E which gives a short exact sequence

00—+ VE——»TE —— TE/VE — 0. (4.1.2)

By writing out a linear connection V in local coordinates as in [2.1.3 one can
show that for each z € M and y € FE, there exists a unique 1-jet at = with
target y (equivalence class of sections of £ with s(x) = y under the equivalence
relation s ~ s if s and s’ have the same partial derivatives to first order with
respect to any coordinates) such that Vs|, = 0. Define H, F = ds(T,M). We have
d(pros) = idry and so H,E must be of dimension dim(M) and be complemen-
tary to V, . Since the first order differential equation defined by Vs = 0 varies
smoothly across £ these subspaces Hy,FE, pointwise tangent to £, together form
a subbundle denoted HFE, called the horizontal bundle of E. The linearity of V
also enforces that H,,FE = du(H,E) where 1 E — E is fibrewise multiplication
by the real number pu.

In [KMS93] it is shown that such data defines a connection on E. So we give
a second definition of a linear connection.

Definition 4.1.3 (Connection II). Let pr: E — M be a vector bundle. A (linear)
connection on E is a choice of complementary subbundle HE to V' E satisfying
H, E =du(H,E).

So a linear connection defines a splitting of the short exact sequence [4.1.2,
alternatively a projection TE — V E called the vertical projection.

There are some convenient identifications for the bundles in this exact sequence
that we will use. In particular we have canonical isomorphisms

TE/VE = pr* TM
[v] = (p(v), dpr(v)) (4.1.4)

where p : TE — F is the projection, and
pr'E = VE

(u,v) — i(u—i—tv)’

o (4.1.5)

t=0"
Note the first identification works for an arbitrary fibre bundle, whereas the second
only works for vector bundles and is a consequence of the fact the tangent spaces
of a vector space can be canonically identified with that vector space.

So we see a linear connection defines a splitting TE = pr* TM & pr* E. Also
note that the identification pr* £ = V E defines a tautological section t7 of V E
whose value at f € E is the image of (f, f) € pr* E'in VE.
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Recall that the most general change of connection is given by
Vs’ =V,s" +T,,75° (4.1.6)
where T',;” € A' ® End(E).

Proposition 4.1.7. Giwen such a change of connections, the splitting TE -
pr*TM @& pr* E changes according to

x| X
[rﬁ} _ [rﬁ —X“Fmﬁﬂ} (4.1.8)

Proof. Over a coordinate chart (z',...,2™) and trivialisation (ey,...,e,), we get
induced coordinates (z',...,2", €1, ...,¢,) for E. Writing our connection

Vs =ds' @e; + Fijksjdxi ® ey, (4.1.9)

for a local section s = s'e;, one sees that the 1-jet with s(x) = f = fle;(x) € F
annihilated by the connection has differential T, M — T} E given by
0 .0

) o
ds|$<X’%> _ —rijkaXZ@ X

(4.1.10)

and the image of this map is H;E. The vertical projection of v € T E' is given by
v = v —ds|(dr|f(v)). (4.1.11)

Given a new connection with connection matrix Fijk the change is captured by

81l (0) = dsluldn] () — (4 — T, X (4.1.12)

Here we write v = r'-2; + X'2% so dr(v) = X'5%. Finally since the difference
between two connections is a tensorial quantity, {fzjk — Fijk } gives a well-defined

tensor field Faf, so we can write everything in abstract indices as in [4.1.8.

4.2 Projective differential geometry

We briefly introduce some of the fundamentals of projective differential geometry.
A projective structure is an equivalence class of torsion free connections with the
same unparametrised geodesics. It turns out, see [Eas08] that the precise freedom
that should be allowed is as follows:
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Definition 4.2.1 (Projective structure). Let M be an oriented smooth manifold
of dimension n with cotangent bundle AAl. A projective structure is an equivalence
class of connections [V,] on A where V, ~ ¥V, if and only if

Vot = Vady — Yoty — Ty0, (4.2.2)

where T, is some 1-form.

Note that the formula for the change of connection on A" is

Vawb1...bn = Vaujblmbn - nTawanbn - Tblwa...bn e T Tbnwbl...a' (423)

If w is non-zero, there is a unique w®°* such that w wtbn-1 = § €
bl...bn ? abl...bn_l a

Contracting with w®*» defines an isomorphism A' ® A™ — A' so one can check
Vo by = Vi by — (n+ 1)L wh b, (4.2.4)

Thus, noting that A™ is a line bundle, there is a unique V, in the projective
class such that w, , is parallel. So a non-vanishing section of A" distinguishes a
connection in the projective class.

In light of this, it is useful to define projective densities, which allow calculus on
a projective manifold to be written in a more manifestly invariant manner. Just like
for a G contact geometry, where one has the canonical section ¢ ,5 € A%2S @ A2S*
to play the role of the skew form while remaining agnostic to the choice of contact
form, the machinery of projective densities allows one to have a canonical section
€ay.a, € A" @ A" to play the role of the volume form.

ai...a

Definition 4.2.5 (Projective densities). Define e(w) := (A™) 741, called the bun-
dle of densities of weight w. This root of the (trivial) determinant bundle is conve-
niently realised as the bundle whose sections are functions on A’ of homogeneity

—q Where A" is the set of positively oriented points, (excluding zero) in the de-

terminant bundle. That is f : A, — R is a section if
flew) =ciTf(w) weA?, ¢>0 (4.2.6)

Then we call A* @ e(w) the bundle of k-forms of weight w and we write its sections
like pg,  q, -

There is an isomorphism

AN"=¢e(—n—1)
D(A") 5 ¢ f defined by ¢ = f()ib, Vb € T(A") (4.2.7)
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and isomorphisms

®"Y e(n) = e(nw)
[1 @@ fu = [ fu (4.2.8)

These isomorphisms show that the projective densities of weight w are an asso-
ciated bundle of M and accordingly, given a V, in the projective class, we get a
unique connection on the projective densities of weight w, computed by enforcing
the Leibniz rule with respect to tensor products.

Now for f € e(—n—1) we get, given a change of in connection in the projective
class by the one form T,

Vof = Vaf — (n4+1)T,f. (4.2.9)
The change of induced connection on e(w) must then be
Vof = Vaof +wT,f (4.2.10)
and hence for sections of A' ® e(w)
Vatty = Vapty + (0 = 1)T 6, — Ty, (4.2.11)
Note that the Killing equation for 1-forms,
Via®y =0, (4.2.12)

is projectively invariant for 1-forms of weight 2.

See [CG18] for another treatment of densities, in the conformal case.

4.3 The configuration space C' of a flying saucer

Let M be an oriented 3-dimensional manifold. Construct a smooth fibre bundle
with typical fibre R3/{0} by taking the cotangent bundle pr : 7*M — M then
deleting the zero section. Call this bundle 7*M \ {0}. Next, there is a smooth,
free, proper R* action, given by multiplication of cotangent vectors, and taking

the quotient by this action, we get a bundle over M
"M\ {0}

We briefly note that the total space is a good model for the configuration space
of an alien ‘flying saucer’, with cockpit, as traditionally depicted in science-fiction.



78 Chapter 4. Flying saucers

A configuration is precisely the choice of a point x € M for the centre of mass,
along with a choice of oriented plane (in which the saucer lies in) in 7, M. Such
a choice of oriented plane is equivalent to a choice of ray in the cotangent space,
by the right-hand rule. Informed by this novel observation we use the notation
7w C — M for the above bundle.

It is well known that there is a contact structure on C, and we will show that
here. The authors of [EN20a], [EN20b] point out that the contact distribution
on C'is given by the velocities of a flying saucer, as traditionally depicted. The
velocity of the centre of mass is usually shown parallel to the oriented plane in
which the saucer lies, while the orientation of that plane can change freely. See,
for example, the Millennium Falcon’s daring manoeuvres in Return of the Jedi
[Mar83|. So this constraint may define a rank four distribution in 7T'C'.

Proposition 4.3.2. There is a canonical filtration V. C H C TC' of the tangent
bundle with V = kerdn and H a rank 4 subbundle.

Proof. Consider the pull-back bundle 7*T'M. The elements are (p, v) for p € C' and
v € T'M which lie above the same base point x € M. There is a canonical bundle
map TC — 7*TM given by T,C' > u — (p,dn(u)). A point p € C' annihilates a
plane in the tangent space of M. So there is a subbundle of 7*T'M defined as those
(p,v) where v lies in the plane annihilated by p. Define H to be the preimage in
TC' of this rank two subbundle. H is a rank four subbundle since the kernel of
TC — n*TM is the vertical bundle V' C H which is of rank two.

H here corresponds precisely to the velocity constraint explained above. One
can interpret the vertical bundle V' as velocities changing the orientation of the of
the saucer, leaving the centre of mass (a point in M) stationary.

Before we show H is a contact form we need to define a distinguished 1-form
on the cotangent bundle. In what follows in this chapter reserve the notation
pr: T*M — M for the cotangent bundle of a manifold M. Letting (z!,...,2™) be
local coordinates on M then (¢, ..,q", pi,...,pn) give coordinates on T*M where
¢' = ' opr and if w = w;dz" then p;(wl,) = w;(p) for p € M.

Definition 4.3.3 (Tautological 1-form). Writing u € T*M define
0], = pru. (4.3.4)
Then 6 € AY(T*M) is the globally defined tautological 1-form.

More conveniently over a coordinate patch (z, ..., z"), given u € Ty M one can
write u = p;(u)dx'|,. Now pr*dz'|, = dz'|, o dpr |, = dq'|,, so

Ol = pi(u)dq',. (4.3.5)
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So over this coordinate patch the tautological one form is 6 = p;dq’.
The kernel of 6 at u € T*M consists of those v € T,,(T* M) such that d pr |, (v) €
ker u. So

0 . 0 ,
X'— € kerd X' =0. 4.3.6
O + o7 ckerf < p ( )

Note that 6 annihilates the vertical bundle of T(T*M) — T*M.

v=Y

Proposition 4.3.7. C is a contact manifold as defined in|1.1.2.

Proof. Given local coordinates (z*, 2%, 2%) on M and accordingly local coordinates
(', 4%, @3, p1, p2, p3) for T*M, on a suitably small neighbourhood U around each
point we get induced homogeneous coordinates (¢!, ¢?, ¢*, a,b) for C so that the
map sending each point to its ray r : 7*M \ {0} — C has coordinate expression

(@', 4% &, p1.p2.p3) = (¢', 4% ¢, p2/p1. D3 /D1). (4.3.8)

It is evident that H = drker § where 6 is the tautological one-form [4.3.3 but we
need to construct a contact form on C', at least locally. Take a section of r, that
is, a smooth embedding ¢ : C' — T*M \ {0} with r o+ = ide and this implies
prot=mx:C — M. In U the map must have the coordinate expression

v (@ ¢ ab) = (¢ d 8 f af bf). (4.3.9)

for some non-vanishing smooth function f on U. Let us pull back § = p;dq’ by
this embedding. We have 1*dq’ = dg’ and so

O = (piot)dq' = fdq' + fadq® + fbdg® = f(dq" + adg" + bdg®)  (4.3.10)

So ¢*6 is obviously a contact form defining some contact distribution. Next, if
m:C —> M is the projection then dﬂ(Xla%i + Aé% + B%) = Xza?ci' In particular
v = X’a% + A% + B% € T,C is in H if and only if its image under dr is in the

plane annihilated by p, which is precisely when

X' +aX?+0X? =0, (4.3.11)
which occurs if and only if v € ker t*0. So H = ker ¢*6. m

Note that since there is no canonical choice of embedding ¢ there is no canonical
contact form on C.

Next, reformulating the above construction in the language of Ehresmann con-
nections reveals more structure. Pick a connection V for pr: T*M — M, so that
we split

T(T*M\ {0}) = pr* TM & pr* T* M, (4.3.12)
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where we are abusing notation slightly and writing pr for the map T*M\ {0} — M.
Pulling back by our embedding ¢ and using 7* = ¢* o pr* splits

CT(T*M N\ {0}) = 7*TM & 7*T* M. (4.3.13)

We will write elements like

[Xa} . (4.3.14)

Wq
There is an obvious vector bundle map *T(T*M \ {0}) — T'C over C given by
(p,v) — dr(v) (4.3.15)

and the kernel in the fibre above p consists precisely of elements of the form
0 telR (4.3.16)
| ) 3.

where, we denote by p, the tautological section of pr* T*M pulled back over C'
by ¢. The condition r o+ = id¢ ensures is p, independent of ¢ up to scale, and
accordingly we have a splitting

TC=71"TM & (7"T*M/{ws ~ wa + tpa}) (4.3.17)

and this splitting is independent of . The contact distribution H is

(]

We therefore have a contact form

H= { [Xb} eTC ‘ Xbpy = o}. (4.3.18)

[y 0] € T*C. (4.3.19)

Taking coordinates as before, given v = Xia% + Aa% + B% € TC we have
*0(v) = 0(de(v)) = p; X" and so the above contact form is precisely (*0 that
we used previously.

Choosing any other connection Vowp = Vawp — I',,‘w. would mean changing
the splitting of T'C' by

—

[[f:]} B wa - )i'(jrabcpc]] (4.3.20)
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In particular, pick a connection in a projective structure on M. Changing connec-
tion in the projective class means we have I' ;¢ = Y0, + 1,0, as per |4.2.2. Then
for elements of H

—

Lf:]] - [[wb —Xarj;: — Xarbpad = [[f:]] : (4.3.21)

So we have shown the first part of the following, due to Takeuchi in [Tak94] as
recently as 1994.

Proposition 4.3.22. A projective structure on M defines a splitting of the contact
distribution H = P &'V where

P:{ﬁéﬂ eTC‘Xbpbzo}

V= { LOJ c Tc} (4.3.23)

Wh
and the Leuvi form restricts to 0 on P and V.

Proof. All that is left to show is that the Levi form restricts to 0 on P and V.
After picking coordinates on M, and using the induced coordinates on T*M we
can write df = dp; A dg¢'. To rephrase this in the notation introduced above,

taking the locally defined flat connection in our coordinate chart, hence splitting
T(T*M \ {0}) = pr* TM & pr* T*M over that chart, df is written

X' [y? ) b b
, = X — Y wy. 4.3.24
(5] Fa]) = = v (4.3.24)
Over each such coordinate chart, any connection in our projective class will differ
from the flat connection by some locally defined tensor field I',,¢, but since the
locally defined flat connection and the connection in our projective class are torsion
free, I' ;¢ is symmetric. Then

Xy — YT 3 pe) — Y2 (wy — X, pe) = XPpy — Y. (4.3.25)

So df is written like with respect to the splitting defined by the connection
in our projective class.

Now the Levi form is d(¢*0)|g = (¢*df)|g. Note that V is just the vertical
bundle of 7 : C' -+ M and using the fact pro « = 7 we have dprodit = dr which
shows that du(V) C V(T*M\{0}) = {0} ®pr* T*M. So from [£.3.24]it is clear .*df
restricts to 0 on V. Finding du(P) is a little more complicated. Using r o = id¢
we get dr o dv = idpe. So for vectors in P

dr(de ﬁgﬂ ) = ﬁéﬂ e TC. (4.3.26)
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We claim that this implies

d ﬁéﬂ . [f;j tER (4.3.27)

To see this, first note that dv : TC — T(T*M \ {0}) has image in the image
of the map pry : *T(T*M \ {0}) — T(T*M \ {0}) and pr, obviously preserves
the splitting. Next, dr o pro which is the map [4.3.15| preserves the splitting, by
definition of the splitting induced on T'C. So dr preserves the splitting on the

image of dv and so [4.3.26| only makes sense if [4.3.27 holds. Then, looking at [4.3.24
and using the fact X°®p, = 0 shows that ¢*df restricts to 0 on P. m

A splitting H = P @& V such that P,V are of equal rank and the Levi form
is null on P and V is called a Legendrean contact structure. We will study such
structures in generality in the next chapter.

4.4 The (G5 contact structure on C

We now follow [EN20b|] in constructing the Gy contact structure on C. We start
with a projective structure on M, and two 1-forms ¢ € T*M®e(2), ¢ € T*M ®¢e(1)
on M which are linearly independent on some neighbourhood (linear independence
makes sense since we can choose a volume form to map A' ® (k) = A'). Define
eo(w) = m*e(w), the bundle of projective weights pulled back over C. A section
is precisely a function 7*A} — R with homogeneity -%5. We can pull a weight
f € e(w) back to 7 f € e(w) by defining 7* f(p,w) = f(w).

There is a canonical injection P < 7T M. Accordingly we have surjections
AR(m*T* M) = 7 A*T*M — A¥P* given by restriction of linear maps to the image
of P in m*TM. For some w, a section of A*T*M define 7m'w € A*P* to be this
surjection applied to the pullback m*w. If w is a section of A*T*M ® e(w) then
define m'w as the obvious section of A*P* @ ec(w), having also pulled back the
density.

We have the exact sequence

0 > P s T M s L* > 0

where the second map sends a vector v € 7*T'M — TC' to its evaluation map
L —R.
Dually we have the exact sequence

0 s L s T T* M > P* > 0

where the second map is the restriction. In particular, as per [1.1.30, we get short
exact sequences
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0 —— LQANP — 5 m*AFT*M —— AFP* —— 0

which for k£ = 3 yields a (canonical) isomorphism L ® A?P* = 7*A3T*M and this
last bundle can be canonically identified with ¢, (—4) as per @ Thus we have
found an important relation between projective weights on M and contact weights
on C. Without choosing a contact form we get P®V — L*, which is the Levi form
defined up to scale. We will write this J , , where we denote sections of P,V with a
barred and unbarred indices from the lower-case of the Greek alphabet respectively.
So we will write and 7'¢,, for 7'¢ et cetera. We also have J% € P®V ® L defined
as the unique section with J%7.J By = 55‘5.
Next, define

O 1= Tos ANTU; € NP @ e0(3). (4.4.1)
Lemma 4.4.2. © is non-vanishing on an open subset U of C'.

Proof. We just need to show it is non-vanishing at a point. Suppressing indices,
(m* o AT )|, = (p, (P AY)|,) Vp with w(p) = x. Now P, consists of those (p, X) €
7T, M such that X is in the plane annihilated by p. In particular given X € T, M
there exists p with w(p) = x such that (p, X) € P,. This is because each fibre of C
above x contains all oriented planes in T, M. So if (7*¢ A 7%¢)|, = 0 Vp, m(p) = x
then pAY(X,Y) =0VX,Y € T, M which is a contradiction since ¢, are linearly
independent.

‘We will now construct a Gy contact geometry on U. On U we can define
On U let us define non-vanishing
s1= —07n; € Peq(-2)
Sg = @aBW!qu € PRes(—1)
ty = J*Og 7, €V
ty = J*O5. 1, €V @en(1). (4.4.3)
Now define a smooth map S :=¢,(2/3) & e-(—1/3) = H by
ec(2/3) ®e(=1/3) 3 (f,9) = [Ps1+ [Pgsa = 3fg°ti + g*ta € H.  (4.4.4)

Proposition 4.4.5. The above smooth map defines a field of twisted cubic curves
compatible with the Levi form and hence a Gy contact geometry.

Proof. Note that each of terms end up in the right bundle. The reason for the mys-
terious choice of constants will soon become clear. Pick some locally non-vanishing
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h € ec(1/3) which gives trivialisations h* and h™! for ,(2/3),e-(—1/3) respec-
tively. Then with respect to the trivialisations {h?, h='}, and {h%sy, h3sy, —3t1, h =3t}
for S and H|y respectively, the above smooth map is

(A7) = ()\3, N7, AT, 73) (4.4.6)

as a map R? — R* in each fibre, as required to define a field of twisted cubics.
To check the compatibility, we need to compute, given a choice of contact form:
da(NhSsy + NrhPsy — BAT?ty + 7207 ty, NhOsy + NFh%sy — 3APty + 70 1)
=373 — X373 da(hbsy, h3ty) — (BA2T AT — 3AT2N2F ) da(hP sy, )
— (3NN = 3NN da(hSsy, 1) + (V2772 — N277°)da(h3s,, h3ty) (4.4.7)

where we’ve used the fact da restricts to 0 on P,V to eliminate some terms. In
indices

_J&V @d’fvﬂ,!w’nguﬂ_!wg — _@B:Yﬂ'!w:ng -0 (448)

so da(h®sy,ty) = 0. Similarly da(h3ss, h=3t) = 0. On the other hand a similar
calculations checks that da(h3sy,t;) = da(h®sy, h=3ty) =: ¢ so [4.4.7 factorises as

(AT = A7)? (4.4.9)
as required for compatibility. O

This is the construction as in [EN20b].

The reason for carefully handling the densities is as follows. Recalling, [4.2.12]
since ¢ is a section of T*M ® €(2) there is a well-defined notion of it being a
solution to the Killing equation. Given this assumption that ¢ is a solution, the
authors go on to show, using Cartan’s method of equivalence (see [IL16]), that the
G, contact structure defined above is locally isomorphic to the flat model if

e [V,] is projectively flat. (The projectively invariant Weyl component of the
curvature of a representative connection vanishes see).

* Va(ﬁb[b@/)c}) = V[a(¢b¢c])
¢ w[avb]wc =0

We will not follow that route here, but the flying saucers construction gives us a
clue of where to look next if we want to construct Gy contact geometries.
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Chapter 5

Legendrean contact structures

In the previous section we showed that a projective structure on a 3-dimensional
manifold M induces an invariant splitting of the contact distribution H on the
“flying saucer” space C' constructed from M. We chose M to be of dimension 3
for the purposes of constructing a G, contact geometry on an open subset of C'.
However, it is obvious that one can repeat the construction on a 2n+ 1-dimensional
manifold M to get an invariant splitting of the rank-4n contact distribution into
two rank-2n subbundles on the 4n + 1-dimensional “flying saucer” space C.

As previously mentioned in passing, the splitting of the contact distribution of
C is called a Legendrean contact structure, and this particular construction first
appeared in [Tak94].

The study of splittings of the contact distribution into a pair of subbundles
on which the Levi form vanishes can be thought of as the contact analogue of
the study of Lagrangian subbundles in symplectic geometry, which are rank-n
subbundles of the tangent bundle on a 2n-dimensional symplectic manifold for
which the sympelctic form vanishes. Usually, the concern is finding Lagrangian
submanifolds, which are n-dimensional submanifolds with tangent spaces on which
the symplectic form vanishes. So an important invariant of a Lagrangian subbundle
is its integrability. Because of this analogue, many authors, for example [CS09)]
and indeed [Tak94], use the terminology Lagrangian or Lagrangean contact instead
of Legendrean contact [1]

Legendrean contact geometry is sometimes called (see for instance [Slo97]) the
“real analogue” of CR geometry, or, to be more specific, the geometry of non-
degenerate almost-CR structures of hypersurface type. The reasons for this is the
following: Such CR structures (see [CS09] Section 4.2.4) consist of a contact mani-
fold (M, H) with a complex structure on H which implies that the complexification
of H splits into two subbundles of complex rank n.

'[DMTT9] writes Legendrian contact, to round out a quartet of names for these structures.
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Returning to C', we see that the vertical subbundle V' — T'C' of the bundle
m : C' — M is always integrable. Its integral submanifolds are the spheres of
possible orientations of the flying saucer at each point in M. So the Legendrean
contact structure on C' is less than generic. In fact, in [Tak94] Takeuchi shows that
P is integrable precisely when the underlying projective structure on M is flat.

With the motivation of constructing more G5 contact geometries in the back
of our minds, this chapter is dedicated to defining and understanding Legendrean
contact geometries. Most importantly for the sequel, as in the G5 contact case,
we give a construction of the preferred partial connection on a Legendrean contact
geometry that arises in the presence of a contact form. We also realise the flat
model as a space of lines inside codimension-1 hyperplanes in Euclidean space.

5.1 Legendrean contact structures

Definition 5.1.1 (Legendrean contact structure). A Legendrean contact structure
is a contact manifold M of dimension 2n + 1 with a splitting H = P &V of the
contact distribution such that P,V are each of rank n and the Levi form restricts
to0 on P andV.

As mentioned before, a consequence of the Levi form vanishing is that there is
a canonical non-degenerate pairing P @ V' — L*.

Definition 5.1.2 (Isomorphism of Legendrean contact structures). Let (M, Hy)
and (N, Hy) be contact manifolds equipped with Legendrean contact structures
Hyr = Py @V and Hy = Py® Vi respectively. Then an isomorphism of ¢ - M —
N of Legendrean contact structure is a diffeomorphism such that do(Vyy) = Vy and
do(Py) = Py.

From the standard contact structure on R?"*! we can easily find an example
of a Legendrean contact structure.

Example 5.1.3 (Standard Legendrean contact structure on R***1). Given R?"*!
with global coordinates (t,py, ..., pn,q*, ..., q") and contact form

a = dt — p;dq’ (5.1.4)

define

P = span {pi%—l—%}, V:span{a(;} (5.1.5)

This is a Legendrean contact structure and P and V' are integrable.
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Proof. The Levi form da = dq* A dp; clearly vanishes on P and V. Next, V is
clearly integrable and

0,90 ,9 a]:0 (5.1.6)

ims + 51 Din A
Piot " g, Mot T o,

since none of the component functions depend on ¢, ¢*,¢’, and so P is integrable
too. (I

Remark 5.1.7. We can construct examples of Legendrean contact structures to
our hearts content by instead writing

P:span{fi(pi%—i-aiqi)}, V = span {gZ%} (5.1.8)

{2

for some smooth functions ft, g;,i = 1,...,n. In particular, P andV are generically
non-integrable. So Legendrean contact geometry, unlike contact geometry, does
have local invariants. In Chapter [ will see that the obstructions to integrability
are not the only local invariants.

5.2 The flat model

There is a more geometrically satisfying realisation of the standard Legendrean
contact structure. Here we take n = 2 but the construction of the flat model to
follow can readily be adapted for arbitrary n.

Consider F 5 (R*) < RP? x (RP?)* consisting of

(Lw)=([z°: 2" 2*: 2%, [yo s 1t 42 1 y3]) € RP? x (RP?)* (5.2.1)
with
Vo + Tyt + 20y® + a3y = 0. (5.2.2)

This space can be thought of as the space of lines inside 3-planes inside R* if we
identify an element of (RP3)* with the plane it annihilates.
We have the usual coordinate charts on RP? x (RP?)*. For example:

RPPx (RP))* DU ([2° 2! :2? 1 1), [1: vy y2 : y3))
= (T0, T1, T1, Y1, Y2, U3) (5.2.3)

with other charts for an atlas being given shifting around the 1s in the obvious
way.
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Note that for (I,w) € Fi3(R?), we have z; = y* = 0 for at most two out of
i=0,1,2,3 so every (l,w) € F; 3(R?) lies in a coordinate chart U C RP3 x (RP3)*
of the form

RP? x (RP*)* DU > (l,w) = (t,p1,p2, 0, ¢°, 5). (5.2.4)
with the pairing RP? x (RP?)* — R having coordinate expression

(t,p1,p2: 4", 6% s) = s =t +p1g' + pag’® (5.2.5)

such that t,q;,gs determine the projection to RP3 and s,p',p? determine the
projection to (RP?)*. Now

RP? x (RP))* DU 3 (I,w) ~ (t,p1,02,¢", ¢*, s — t + p1q" + pag?). (5.2.6)

gives coordinates in U which realises F} 5 (R*) as a regular smooth submanifold of
RP3 x (RP3%)*. This submanifold is sometimes called the incidence variety.

Proposition 5.2.7 (The flat model of Legendrean contact geometry). Let V' C
TF, 3(RY) consist of the vertical subbundle of the projection to Fi3 (R*) — RP?
and P consist of the vertical subbundle of the projection to Fy 5 (R*) — (RP?)*.
Then setting H = P&V CTM gives a Legendrean contact structure on Fj 5 (R*)
and furthermore it is locally isomorphic to the standard structure[5.1.3.

Proof. The geometric interpretation here is that V' and P consist of velocities
of curves moving through a family of lines inside a fixed hyperplane, and curves
moving through a family of hyperplanes containing a fixed line, respectively.

We have coordinates (t,p1,ps,q',q?) such that t,¢', ¢*> completely determine
the projection to RP?. On the other hand inspecting [5.2.6 we can see s, p, p?
determine the projection to (RP®)* where s(t,q', ¢*, p',p?) =t — p1¢* — p2g®.

The vertical subbundle V' of the projection F 5 (R)* — RP? is given by

o 0
V= —_— /. 5.2.8
If we define
a = dt — pidg' — padg? (5.2.9)

and then define

g 0 o 0
P = {pla"i_a_qlaan_'—a_qg} (5.2.10)
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then H = P @V locally equips Fi,3(R*) with the standard Legendrean contact
structure.

All that is left to show is that P is the vertical subbundle of the projection to
(RP?)*. To do this make the coordinate transformation

ay = _q1> Az = _q27
Il = P1, .T2 = P2,
2 =1t—piqg" — pag. (5.2.11)

Given the above coordinate transformation we have s = t —p;q' — paq® = 2 so that
the projection to (RP?)* is determined by z, 2!, % and furthermore we have

0 0z0 00  0da; 0 0

o oto:  otor  otoa  o-
0 0z 0 ozt 0 da; 0O .0 0

— = - — -— = —p/ — 5.2.12
¢ 0¢’ 0z + 0q? Ox? + 0¢’ da; oz + Oa; ( )
which means that
o 0
= {— —} 5.2.13
Spait (9a1 8a2 ( )
is evidently the vertical subbundle of F 5 (R*) — (RP?)*. O

There is a transitive Lie group action of SL(n + 2,R) on the configuration
space F) ., (R"?). Considering what matrices stabilise the configuration of the
line spanned by the standard basis vector lying inside the hyperplane spanned by
the first 2n — 1 standard basis vectors, we see that we can realise Fy ., (R"*?)
as the homogeneous space SL(n + 2,R)/P where P is the subgroup consisting of
matrices in SL(n + 2,R) of the form (in the n = 2 case)

¥ ok k%
0 * *
0 % x x (5.2.14)
0 0 0 =

or in general, block upper-triangular matrices with block sizes 1,n and 1.

However, for technical reasons (explained in [Slo97] Section 5.) Legendrean
contact structures are thought of as parabolic geometries of type (G, P), not with
G being SL(n + 2,R) as above, but with

G={AecGL(n+2R),|det Al = 1}/{A ~ —A}, (5.2.15)

and P the subgroup consisting of block upper-triangular matrices with block sizes
1,n and 1. G = SL(n+ 2,R) only for odd n. Either way F, ., (R"*?) = G/P.
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5.3 Preferred partial connections on Legendrean
contact structures

The splitting H = P @ V naturally splits AL, & P* @ V* where we identify P*
and V* as those elements which restrict to 0 on V' and P respectively. With this
identification the Rumin operator breaks up into six (a priori) first order differential
operators:

P* A2 P*

V* A2 V*

Inspecting the formula it is clear that V* — A?P* and P* — A?V* are
vector bundle homomorphisms, and also that P and V' are integrable precisely
when these homomorphisms vanish.

We will find it convenient to use the notation for Legendrean contact structures
introduce in[4.4] Denote sections of V* like w, € V* and sections of P* with barred
indices like p,. Accordingly we write elements of A}, like (pg,w, ).

There is an important distinguished partial connection that arises on a Legen-
drean contact manifold given a choice of contact form. This basically corresponds
to the partial connection in [CS09] proposition 5.2.14.

Theorem 5.3.1. Given a choice of contact form o € L there is a unique partial
connection V* — A}, @ V* with minimal partial torsion in the sense that the
induced operator P* @ V* = A}, — A% = N*P* & (P* o V*) | & A*V* is equal
to the Rumin operator modulo the homomorphisms V* — A2P* and P* — A?V*,
which are the obstructions to integrability of P,V respectively.

Proof. The freedom for choosing a partial connection (V,, V,) on V* is

(%aw,g, @awb)) = (?&W5 =+ Faﬁ’yw,y, VQWB + @aﬁ’yw,y> (532)
with I';)’w, € P*® End(V) and ®,;" € V* ® End(V). The freedom is rank 2n°.
Of course, picking a partial connection on V* induces one on P* thanks to our

isomorphism J%*. That is

(Vaws, Vows) = (J35 Va(JPws), T35V o (S w,)) (5.3.3)
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and, using J* to raise and lower indices, this changes by

(Vawﬁ,vawﬁ—) = (?@wg — I wav ws — D7 g5 ). (5.3.4)

Under what conditions will the induced connection on Aj; = P* & V* be partial
torsion free? We need to work out the induced operator with the same symbol as
the Rumin operator. Firstly the direct sum partial connection is

(?o'nva)(pﬁ?w,é’) ( a B ? ﬁ7vo<p,§av wﬂ)
e’ PO (PreV)e (Ve P) o V* (5.3.5)

and the projection is
(Viag Vavs = Vel Viavg) € B2PT 0 (PP @ V) @ A°VF = Ay (5.3.6)

Then we take out the trace to get the induced operator

_ 1 o
(ViakzVavs — Vaig — —Jas (V" = Vo), Viavg)

«,

EN’P D (PP V"), @ NV 2 A% . (5.3.7)

We can see that we can’t hope to eliminate the pieces of partial torsion P* — A2V*,
V* — A?P* which are the obstructions to integrability, but can hope to eliminate
the pieces P* — A?P*, V* — A?V* and P* @ V* — (P®V),. The component of
the induced operator mapping into A2V* changes by

~

.,
(8] Yy

a¥p)

So we can arrange that @[avﬁ] is the part of the Rumin operator V* — A2V* and
fixing this means we are restricted to change connections by <I>(a 6)7 = CIDQBV.
Similarly

(5.3.9)

so we can also arrange that %[&,u 5 agrees with the part of the Rumin operator
P* — A%P* and to fix this means de = F(,7 We still have freedom of rank
2n® —2n (g) remaining in picking the partial connection.

Finally

A

3 - 1
VaVs = Vshla = _‘]dﬁ (Vsv? = Vo) = Vavg = Vs — EJ_

Q.

1 , iy
+ Ty, + D7 s — J&B Iy, + 0,7 1). (5.3.10)
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Since jig, Vg are arbitrary the last line is zero if and only if

1 _
A e 5.3.11
apf n ap-v ( )

and
o, J 5 ®,07 = 0. (5.3.12)
Considering the first condition |5.3.11}, if
Faﬁﬂy = Ja58&" (5.3.13)

enforcing I _ 73 = F(;B) gives

6z =065 = & =0 = T, =0. (5.3.14)

Similarly [5.3.12| implies that ®; “ = 0 using the fact (IJ(OQB)7 = ®,;". In particular
the map

1 )
(Fa577q) ) {Fdﬁ7 B EJaBFD ’Y’ (I)g’y - _J 5(1) g } (5315)

for T';5", @, satisfying Paﬁé = F(C_jf and <I>(a6 = ®,," and is injective, which
shows uniqueness. Note that the rank of the bundle Hom(P* & V* (P* ® V*),)
is 2n(n? — 1) which coincides with the freedom 2n?® — Qn( ) for n = 2. Thus the
map is a surjection onto Hom(P* @ V*, (P* ® V*),) for n = 2 and thus we
have also shown existence for n = 2. We are mostly concerned with 5-dimensional

Legendrean contact manifolds, so the proof of existence in the general case is in
appendix [B. O

Note that we have completely accounted for the Rumin operator if and only if
the components of the Rumin operator P* — A?2V* and V* — A2P* vanish which
happens precisely when the contact Legendrean structure is integrable. Accord-
ingly, we will use the terms partial torsion free and integrable interchangeably when
referring to a Legendrean contact structure. If we write Ea; and II_ BW for these
homomorphisms, respectively, then in the case of a general contact Legendrean
structure we can write the Rumin operator

V[auﬁ] + H,ﬁ .
M— _
[Vﬂ] = | Vavy — Vg — +J5 (V VI =V )| (5.3.16)
’ Vial + Eaﬂ Hy



5.3. Preferred partial connections on Legendrean contact structures 93

Lastly note that we get partial connections induced on A?2P* and L, the latter
because (V,, V,,) preserves the image of L under the Levi form. In particular, the
canonical isomorphism P — V* ® L* is parallel.

Using the existence and uniqueness, it is not hard to verify the following for-
mulae for the change of partial connection given a change of contact form & = Qa:

~

(Vawss Vaws) = (Vaws + Jug T, Vows — 27 ,wg))- (5.3.17)

Here T, = V,_logQ and T, = V, log Q. For sections of P*

~

(v—w— \Y% WB) = (v@wg - QT(awB),Vleg + JBaT’yw7>’ (5318)

a”rpr Va

For sections of L we have

(VahsVaf) = (Vaf = Yok Vaf = Tof). (5.3.19)

Lastly, in 5-dimensions we will need the formula for the change of connection
on the line bundle A2P*, which is

(VafsVaf) = (Vaf = 3T f.Vof + Tof). (5.3.20)

Using these it is then straightforward to write down formulas for then change of
connection on all the bundles of interest.

It is worth noting that the formulae and are almost identical to
the formulae in |[GGO5] 2.7, for the change of distinguished partial connection
associated with a choice of contact form for a CR-structure of hypersurface type.
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Chapter 5. Legendrean contact structures
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Chapter 6

A bridge between Legendrean
and (Go contact structures

In this chapter we demonstrate a new link between G, contact geometries and
Legendrean contact structures. The main idea is inspired by the flying saucers
construction. We start with a Legendrean contact structure, and with some extra
choice of input data, a choice of sections, construct a GG, contact geometry.

We calculate the partial torsion of this G5 contact geometry. The formula is in
terms of derivatives of these sections with respect to the preferred partial connec-
tion constructed in Chapter bl and the formula also features the two obstructions
to integrability. Thus we have a way of determining when the resulting G5 contact
structure is locally isomorphic to Gg/ P;.

Lastly, we show that locally, all G5 contact geometries arise via this construc-
tion. The idea is simple: We use a G5 contact geometry plus a choice of two
non-vanishing sections to generate a Legendrean contact structure. The resulting
Legendrean contact structure also comes equipped with appropriate input data to
generate an isomorphic G2 contact geometry via the construction above.

6.1 G, contact geometry from a Legendrean
contact structure

Firstly we will need to fix some notation. We have a canonical section of A2V ®

A2V* that we will use to raise and lower indices, written either e®? or e, 5 depending
on the context. We specify

Capt” =0, (6.1.1)

For the following section let J;; denote the canonical section of P* ® V* ® L*
associated with a Legendrean contact structure. More specifically given &, € V*
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we define
%= JP € P®L
O =Py e VAV
By 1= Sy @ = e ;07 € PPOAPOL (6.1.2)

[0}

so note that e 3 lowers indices in the ‘opposite” way to e, and similarly we have

P = PP 5 The notation is consistent because the following diagram commutes
by construction:

Ve —< v A2V
lﬁﬁ lﬂf’
PRL — ProA2P®L

Inspired by the flying saucers construction, we construct a (G5 contact structure
from a Legendrean contact structure and what amounts to a choice of frame on
one of the rank-2 subbundles.

Theorem 6.1.3. Two sections &5 € P* @ (A*P*)™¥* @ LY* and ¥, € V* @
A2P*)34 @ L=5/4 satisfying @, ]V, = &,V = 1 define a Gy contact geometry.
o B o7

Proof. Firstly note
O U = -0V, =1 (6.1.4)
while
®°d, = 0. (6.1.5)

Define F := ((A2P*)Y4® L='/12) and F := ((A?P*)"Y*® L>/1?), then S = E® F.
Then we get the usual isomorphism

O’ S=E*® E*’FQEF* @ F°
(e. /)@ (e, f) © (e, f) = (¢%, 3¢ f, 3ef?, f). (6.1.6)
Define an isomorphism E° @ E?F @ EF? @ F? = P* @ V* by

1 1
—yV,, ———=2P;5+wV 6.1.7
Ve — s i) (6.L.7)

where we pair factors of L and A?P* with their duals naturally. One can verify
that the inverse P* @ V* — @3S is

(xvya Zaw) = (mq)& -

(Mo‘uyﬁ) = (Maqjav\/g:udq)&a\/gyﬂqjﬂuyﬂq)ﬂ)‘ (618)
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Noting that E3F3 = L, we use the isomorphism

NEOFFOEFPoF) 2 FOE'F9LO L E*F* o EF°
(21, Y1, 21, w1) A (2, Yo, 22, Wa)

= (T1Y2 — Toy1, T122 — 21T, T1Wy — WL,

Y122 — Z1Y2, Y1W2 — YW1, Z1W2 — wle) (6-1-9>

and use the same convention to decompose A?(P*@V*) 2 A2P*@(P*QV*)BA*V*
so that the induced map

AP (PPoV) e NV - BPFe B F*e Le L E*F* e EF°
1S written

(Hags Kap: Vag) F

TV SR LU 0 LT 4 %cp%aﬂ\pﬁ, D, B, %\Iﬂuaﬁqﬁ)
(6.1.10)

We need to check that the map preserves the Levi form. The canonical subbundle
NMESF)N(EeF)@AN(EGF) = A(*EaF)) (6.1.11)

is spanned by

SN f2—3ef Nef? (6.1.12)

where e and f are trivialisations for £’ and F respectively. It is easy to check that
given a choice of contact form a € L

(0, Jyp,0) = (0,0, , =30, 0,0), € L (6.1.13)

which shows the compatibility. O

6.2 Calculating the minimal partial torsion

Consider partial connections on the bundle S = F & F. We will use matrix
notation, with entries taken in sections of powers of the line bundles L and A?P*.
We have the following:
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Proposition 6.2.1. Fizing connections on L and A?>P*, then we can write any
connection on S = E @& F

€l — vae + K€+ )\af
Ve M B [Vaf +pge+u,f (6.2.2)

for appropriately weighted 1-forms k., A,, it,,V,, where the connections on E and
F are the ones induced by the choice of connections L, A*P*.

Choose a contact form o € L, then recall we get a distinguished partial con-
nection V : V* — A}, ® V* which induces partial connections on L < A% and
A%P* and furthermore o € L is parallel. Take the connections on L and A?P* in
6.2.1 to be these induced partial connections.

If k,, A, it,, V, vanish, the induced partial connection on ®3S = E* @ E*F &
EF? @ I3 is manifestly contact since the Levi form is annihilated by the
induced partial connection on the bundle E°F @& F*F? o L& L & E*°F* @ EF°.

This is equivalent to[6.2.2 annihilating a non-zero section of A2(EGF) (the cube
root of the Levi form) and this condition still holds true for non-zero ,, A, i,, v,
so long as kK, = —v,. So a connections on S as in [6.2.2 will induce a contact
connection on ®*S when the connections on F, F are induced by the choice of
contact form and x, = —v,.

Then, one calculates that the induced connection on ®3S = E3@ E2F®EF? @
F3is

x V,x 3k, A, O 0 x
y| _ | Vay e Ky 27, 0 y

Va z| | V,z 1o 20, —K, 3\, z (6.2.3)
w V, w 0 0 pu, —-3k,| |w

Rewriting the above using our isomorphism E* ® E*F @ EF? @ F*~ P* @ V*

1
Va(xa Yy, z, U)) = ((va‘x + 3xlia + yAa)(I)& - ﬁ(vay + 31’:“(1 + YR, + 22)‘(1)\1/077

1
——=(Vo2 +2yp, — 2k, + 3wA,) 5 + (V,w + 2p1, — 3w/£a)\115>

V3
EA;® (P VY (6.2.4)

To calculate the induced operator A | oV we project the above onto the direct sum
decomposition A2P* & (P*®V*) | & A*V*. We write k, = (K4, k,) € P*®V* and
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SO O11.

(/\J_ © V)(%, Y, va) =
[ (Vg +37R 5 +y),)

—\%(V[az + 2ypy, — 2K

—(Vgr + 3zks + yAg) Py +

o T 3WAL) P + (Vi w + 211,

. B B _
Dy — %(V[&y + 3afi, + YR, + 22)\[5[)\1/5}

{ — \/ig(vaz + 2yfiy — 2Rg + 3WA;) P4 + (Vaw + 2fi5 — 3wks) ¥y
\/%(Vﬁy + 3zps + yrg + 22)\5)\11&}J_

— 3wk, )V

Al
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On the other hand, the Rumin operator can be written in terms of the distinguished
partial connection. Feeding|6.1.7 into |5.3.16| we can write the Rumin operator

(6.2.5)

(Via(2P5) = 5Via(y¥s) + 11,77 (=5, +wl,))]
d,(z,y,z,w) = {v&(—\[@ + wq’ﬁ) - V,B( P, — \/ig\lfd)}
Enforce d, — (A} o V) = 0 to obtain a system of 12 equations that must be

satisfied for the connection on S to be partial torsion free.

Via®s = 38%5 — V33V

Via¥s = \/_A[a g+ Fa¥s

H&B 0l 2)\[54 Bl

M0, =
(VB(I)&)L = (3 Qs — \/gﬂﬁqjd)J_
(VPs) = (—201505 — VBA; @5 + k5T y)
(ﬁa‘bﬁh (—FRa®s — \/_ﬁa\pﬁ —22V,)
(Valig), = (—V3A 5 — 3R, Vg) |

Vie®s = —ia®y — V31,

Vi Vs = —V3A, 04 — 3k, Ty

Bas' Uy = 2112y

S5 @5 =0

Solving the above system of equations for «,, A,, 11,, then substituting back (see
appendix |C| for more details) we find the eight components of the minimal partial
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torsion.
ik i LI (6.2.18)
a 1 [T w
= Ha;@ﬂ/ﬁ — %\11 (vd\pﬂ)qfﬁ (6.2.19)
73 = U0(V30,)0% + 07 (V05U — 20%(V, 0 )0 +207(V,0,)0% (6.2.20)
a 2 . 2
T = UV )% 4+ (V0,0 — 207 (Vi W)U 4 207 (V10,0
2
+ =%V, D,) 0" 6.2.21
N (Va®s) ( )
_ o 2 5 2 _ _
= OV, 0,) 07 + U (V,D,)P" + gqﬂ(v[dq)m)\lfﬁ + g<I>a(v5¢115)<1>5

2
+ ——=U(V, 0, )W 6.2.22
73 (V5¥5) ( )
75 = OV Up)U7 + W (V0 5) 07 4 20%(V W 5) U7 + 207(V,,®,) W7 (6.2.23)

_ 1 _

=0y U U+ —F(V, 0, )d” 6.2.24
af y \/g ( B a) ( )
5= 0%, P VP (6.2.25)

These are invariants, as can be checked by using [5.3.17| through |5.3.19
The first observation to be made is that for integrable Legendrean contact

structures, the resulting GGy contact geometry has minimal partial torsion lying in
a bundle of rank 6.

Theorem 6.2.26 (Flat Gy contact structure). Given a 5-dimensional flat Leg-
endrean contact structure (M, H = P @& V') one can construct a flat Gy contact
structure in a neighbourhood of any point.

Proof. Given a flat Legendrean contact structure we can assume locally we are in
the setting of [5.1.3 with n = 2. This comes equipped with a contact form and
it is straightforward to check that the preferred partial connection on the bundle
AL = P* @ V* in the presence of this contact form is given by the canonical
flat partial connection with respect to the frame {d,p;,d pi,d q",d ¢*}. Define
A =d pi Ad ps € A>P* and then define

d =\ p, € PP (AP 3/ e LYY (6.2.27)
U=\, g € V@ (AN2P*)** @ L7/ (6.2.28)

These satisfy the hypotheses of [6.1.3. Since these are parallel with respect to the
preferred connection and the Legendrean contact geometry is integrable, it is clear
that 7, ..., 73 listed above all vanish. O
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Interestingly, the formula does not seem to preclude a flat G5 contact geometry
being generated from a non-integrable Legendrean contact structure.

6.3 Every (G, contact structure arises from a
Legendrean contact structure

Let S — M where M is a contact manifold be a G5 contact geometry so that we
have an isomorphism A}, = ©3S which preserves the Levi form. As we can always
do locally, take two sections

bty €S LTV (6.3.1)

with ¢ 4,94 = 1. Choosing a contact form « we can trivialise ®3S by

041/2¢A¢B¢507 041/2¢(A¢B¢C)a 041/2¢(A¢B¢C)a 041/2¢A¢B¢c- (6~3‘2)

Define
P* = span{a'?¢ 16 dc, 02 Pad ey (6.3.3)
V= Span{al/2¢(A¢BwC)aal/2wAwaC} (6.3.4)

and by contracting with the Levi form it is easy to check this defines a Legendrean
contact structure @3S = P* @ V* on M. This is obviously independent of the
chosen contact form.

Next, let us construct a GGy contact geometry associated with this Legendrean
contact structure. Define a rank-2 vector bundle and then T := E @& F' with:

E=(NPYWio L V2 F=(A2P") Vg L2 (6.3.5)
We have a distinguished section
7 1= V/3/20a050c008Yr) — b105U0)0poror) (6.:3.6)
of A2P* ® L~! which we will denote v and then
7= VBT — gy Py Py ). (6.3.7)
Then if we define

O po =7 Padpdc € PP (NP e L
Vape =7 Yatpie € VF @ (AP*)/* @ L7,
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we have
D 4o AP =1 (6.3.10)

and therefore the data to construct a G5 contact structure as per Theorem [6.1.3.

Recall that in 5-dimensional Legendrean contact geometry we have a canonical
section of A?P* ® A2P which gives an isomorphism P — P* ® A*P written e, or
e, This section is characterised by being identically equal to 2 when paired with
itself (A2P* ® A’P) ® (AP ® A’P*) — R and therefore it is realised as

3
E(m%%%wm—¢<A¢>Bwo)¢D¢E¢F>
(Ol pEpMyp™N) — @ CapHypDapLypMaypNy - (6.3.11)

and suppressing indices we will alternately write it as eapcpgr or eCHIEMN T ike-

wise we have a canonical section of A2V* ® A2V which can be realised as
%<¢A¢B¢%<D¢Ew—¢<A¢ch>¢%%f’>
2
(Veprdbutny — ¢ c¥u¥n¥r¥uty)  (6.3.12)

which we will write as fAPCPEF or f, oo ppp. Then if we define
Oupc = eABCDEF‘I’DEF (6.3.13)
QABC = fABCDEF OPEF (6-3-14)

the isomorphism [6.1.7, E®> @ E*F @ EF? @ F? = &3S defining the Gy contact
geometry is given by
Y z
r,y,z,w) — (zd - —0 ——0 + wW¥ ) 6.3.15
(z,y ) (2P 4pc /3 ABC /3 ABC ABC) ( )
We now show there is an isomorphism 7" =2 S such that the induced map @37 =

®3S agrees with above. If so, we have isomorphism of G5 contact geometries
T — M and S — M as in [3.2.6. Define an isomorphism T'=FE & FF = §

(e, /) = ev A oa+ ' pa. (6.3.16)
The induced map E3 @ E?F @ EF? ® F3 =~ &3S is
(x,y,z,w) = (27 P adpoe +yv dadpic) (6.3.17)
+ 27 S pihoy + wy Yasie) (6.3.18)
Yy <
= (2D 4 p — —=O 4 e — —=Q 4 s + W 6.3.19
( ABC \/g ABC \/g ABC ABC) ( )

which is precisely the map defining our new G5 contact geometry. So the new Gs
contact geometry is isomorphic to the old one. By bootstrapping a Legendrean
contact structure to a (G5 contact structure we have proven:

Theorem 6.3.20. Locally, every G5 contact structure arises via Theorem|[6.1.5.
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Chapter 7

Legendrean contact tractors

Some geometric structures, for example, Riemannian manifolds, are equipped
with canonical affine connections. It is known, see [CS09] proposition 3.1.4, that
parabolic geometries of type (G, P) do not admit such connections. The rea-
son is that there is no G invariant connection on 7'(G/P), a fact which can be
proved in general by Lie algebra structure theory. Riemannian geometry is not
a parabolic geometry, but it is a Cartan geometry modelled on the homogeneous
space Euc(n)/O(n) = R". The canonical flat affine connection on R" is O(n)
invariant and so we see there is no contradiction with what we know about the
Levi-Civita connection. On the other hand we have seen examples of parabolic
geometries: projective structures, Legendrean contact structures and G, contact
structures, each with a class of connections that are compatible with the structure.
In the above examples there was a choice required, a volume form or a contact
form, before a distinguished connection arose. A problem is then that quantities
derived from such a distinguished connection, for example, the curvature, are not
necessarily intrinsic to the geometry.

Tractor calculus as it is known today was introduced in [BEG94] although
the methods themselves originate in the work [Tho26] of Tracy Yerkes Thomas.
The term “tractor” is in fact a blend of “Tracy” with “twistor” or “tensor”. In
light of the above discussion about canonical connections, tractor calculus is well
motivated. It turns out that on Cartan geometries, there are always what are
called tractor bundles, which are bundles which necessarily admit canonical linear
connections called tractor connections.

Tractor bundles have a precise definition as a type of associated bundle of the
parabolic geometry. The general theory is beyond the scope of the thesis. However,
in [BEG94], a particular tractor bundle on conformal structures, (a conformal
structure is a Riemannian metric defined up to scale), called the standard tractor
bundle, along with its canonical tractor connection, is obtained via consideration
of the solution space of the conformal to Einstein equation. This is a conformally
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invariant partial differential equation in o, a section of an appropriate density

bundle
(Vavb + Pab )00- - O (701)

where V, is the Levi-Civita connection associated with a choice of metric in the
conformal class, P,, is some suitable contraction of the curvature, and o denotes
taking the trace-free part with respect to the metric. Solutions correspond to
rescalings of the metric such that the resulting new metric satisfies Einstein’s
equation in a vacuum.

The authors obtain a bundle with connection via prolongation. By this we
mean (omitting all the details) they define pu, := V, o and attempt to solve for
V 1, in terms of known-quantities. The irreducible part V 1% which is unspecified
is then given a new name p and after some algebraic manipulation it is shown
that V,p = —P,, ub. So a system of necessary conditions on the derivatives of
o a solution of [7.0.1 is obtained. Then however, there is a system of first order
differential equations

Vo—pn,=0 (7.0.2)
va:ub + gabIO + Pabg = 0 (703)
Vpo— Py’ =0 (7.0.4)

for which solutions (o, 44, p) correspond to solutions to[7.0.1. Defining a connection
(on the appropriate direct sum) by

o Vo — i,
Volttal = [Vatty + 9up +Pypol, (7.0.5)
p Vop = By

its parallel sections are in 1-1 correspondence with solutions to[7.0.1 and further-
more, by virtue of [7.0.1 being invariant, the connection is conformally invariant.
Accordingly its curvature will be an invariant of the conformal structure, and in
fact it turns out to vanish if and only if the conformal structure is flat.

More examples of prolongation procedures are to be found in [BCEGO07]. It is
worth noting that we can only obtain a finite-rank vector bundle if the prolonged
PDE has a finite dimensional solution space. If the prolongation produces a finite-
rank vector bundle the partial differential equation is said to be of finite-type.

In this chapter, we carry out a similar prolongation procedure to obtain the
standard tractor bundle in the 5-dimensional integrable Legendrean contact case.
We also compute the tractor connection’s partial curvature, and show that van-
ishing of this partial curvature is equivalent to the Legendrean contact structure
being locally isomorphic to the flat model. First however, for sections to
the task is to set up notation and rewrite many of the identities in Chapter [2| in
this notation.
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7.1 Notation for Legendrean contact structures

To facilitate future calculations it is helpful to introduce projectors 112 1% to
denote the projectionsiA}{ — P* and A}, — V* respectively. We transpose the
position of the indices I1¢, 1% in order to denote the inclusion maps P* — AL and
V* — AL
We have

H%HZ‘ = 536“, HEIIE = 05°. (7.1.1)
Dually we can think of [1¢ as the inclusion P — H and so on. Further identities
are

TS + II)TIE = 6, (7.1.2)

Suppose we have a 2-form w,, € A%. Then we write the decomposition of 2-forms
AL, 2 NP e (PV)d AV like

Wy — (l:[gf[%wab, 21121 0w,,, T2 0w, ). (7.1.3)
One can check that the inverse is
(Wags Hagr Vas) = TET w s + TG s + TETT v (7.1.4)

In this chapter we will write .J,4 for the canonical section of P*®V*® L*, and use
this to raise and lower indices. If we write .J,, for the canonical section of A7 ® L*,
then J,45 = HgJabH% so that

_ of7a 8
Jop = 2H[aHb] Ja,@ (7.1.5)
and
a rlarrb] 7a
Je = 2015 JP. (7.1.6)
This means
Jabjac - 5bc, (717)

so that everything is consistent.

Remark 7.1.8. The notation introduced here imitates the “barred and unbarred”
indices in almost complex geometry. The above is similar to the decomposition of
differential forms into type with Wags Wag Wapg denoting forms of type (2,0), (1,1), (0, 2)
respectively. The notation for the projectors is basically the same as [CEMN20),
although in that article the roles of the Greek and Latin indices are swapped and
the projection onto 2-forms of mized type omits the factor of 2.
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7.2 Curvature on Legendrean contact structures

The partial curvature V* — A% | @ V* of the preferred partial connection [5.3.1
V* — AL, ® V* breaks up into three homomorphisms:

/ vrew

V¥ —— (P*V*), V"

\ -

We will define the components by

X&B7V¢y = ?[aﬁlg]gbv + H&BVVVQS’Y (721)
y 1 = _

Yagy 0, 1= §(V&vﬁ¢'y - vﬂvdgby)L (7.2.2)

Zapy v = ViaVg o, + Eaﬁﬁvzﬂby (7.2.3)

By enforcing that ?[a? B](qb;/zﬁ) = —H&BWVW(%lW) as required for the Rumin
operator [5.3.16| to annihilate an exact 1-form we get

X350 = ViaV05 + 1,5V, 05 (7.2.4)
v l = =

_Ydﬂ ¥ ¢y = §(vavﬁ¢7 - Vﬁvaﬁbﬁh (7.2.5)

~Z4p"3%5 = Vi Vb5 + Tag’V, 05 (7.2.6)

So the curvature of the induced partial connection AL — AL ® A}, preserves
the decomposition A}, = P*@&V*. Writing the curvature of the induced connection
on A}, = P*®V* as R, as usual, this means:

Rabcdl:[?yl:[gz = OJ RabcdH»CyH,C/l =0. (727)

Now the partial connection (V,, V) respects the projectors, so we can write the
above pieces of partial curvature in terms of projectors acting on the full partial
curvature. We have

apyp — _Rabcdﬁg‘zﬁ%nfyﬁga (728)
Yapw = _Rabcdﬁgﬂzﬂiﬁga (7.2.9)
Zopyy = _Rabcdngngﬂiﬁga (7.2.10)
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and can work out how other combinations of the projectors act on curvature by
using the fact R, ., is antisymmetric on its first two indices and symmetric on its
last two. The minus signs in the above equations are an unfortunate consequence
of defining the initial partial connection on V* instead of P* or V.

We define “Ricci” tensors

Xop = X515 (7.2.11)

Zos =2 . (7.2.12)
Also define

Yag = Yas, - (7.2.13)

Recall [2.3.6, that V, a contact and partial torsion free partial connection on A},
satisfies:

Rc[ab]c = O (7214)
We will write out the consequences for Legendrean contact partial curvature.

Proposition 7.2.15. The curvature of the distinguished partial connection |5.5.1
on a Legendrean contact structure H = P ®V with P and V integrable satisfies:

X:aB = X(aﬁ:) (7.2.16)
Yooy =YY% (7.2.17)
Zaﬁ = Z(aﬂ) (7218)
Proof. First we rewrite the identity
R = Rc[ab}dJCd = 2Rc[ab]dﬁ[o’fﬂcé] J¥ =0. (7.2.19)
We apply projectors to extract the (2,0) part
2R LIS TIS TP = 0
rTc 17d 78 TTaTTD 7d 17c 7@B8TTATTd
= Raallg S LS — Ry 151 J*P TG = 0. (7.2.20)
The second term vanishes by [7.2.7. So
af _ a
Xapmisin I = Xapn = 0. (7.2.21)
Similarly for the (0,2) part we get
2Rc[ab}dﬁgng} J&,BHiHlb/ =0
e 11¢ 7887172170 d 17c 7887110770
:> Rc[ab]dH&HB‘] H’YHV - RC[ab}dH@HﬂJ H"/Hl/ = 0
= Zgpwia ™ = Z%a = 0. (7.2.22)
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The (1,1) part is a little more complicated to deal with
2R LIS TIG TP T, = 0
e 17d 7a8T1TaTTh dca,Bab_
— RipuaISTISTIATT, — Ry TATIS TP TIETT, = 0
= VYo S Vs JU =0 = YV, L =Y 5, (7.2.23)

a
av ¥y
[

Corollary 7.2.24. On a Legendrean contact structure H = P&V withn = 2 and
P and V integrable satisfies:

wg =0 (7.2.25)
A (7.2.26)

Proof. In this dimension skewing over three indices belonging to P* is the zero
map, so [7.2.15|yields

X[aﬁ 5 = =0 = Xaﬁ7 =0, (7.2.27)
and similarly
v _ v _
O

The next task is to compute formulae for the change of partial curvature given
a change of contact form. We use [5.3.17 and [5.3.18| to calculate the following:

Proposition 7.2.29 (Legendrean contact change of partial curvature). Given a
change of contact form & = Qa the components of the partial curvature of the
distinguished partial connection change by

X&B'yy(bl/ = X&nyy(bl/ + J[B|-y| (va}T»’y)gb:Y + ’][Ey|'y| TB]T—(éTY — *VT(V(b,Y) (7230)
A~ v v _ 1 5 ,

Yasy "0y = Yag, "0 = (VaX(5)0) + 57, (Vs T5)d" + 5 J JTYT,65), (7.2.31)
ZOC/B’Y V(blj - (v[aTﬁ])¢’y - ¢[/Bva}’r7 + T’yT[a¢ﬁ} + b

where Y, and Y, are as in|5.3.17 and |[5.3.18.
In five dimensions we have

I/(bV:Z

aBy

T, ¢7 (7.2.32)

aBy

1o =~ _
ap ap T 5Vals §TaTB - H@BVTV - H&fyBTW (7.2.33)
Yas = Yap 2<vaTﬂ> + Jag (vﬁTﬁ) (7.2.34)
. _ 3 _ 3 .
Vaps " =Vays ' = Valy = 2Jag U507 = Sag VT 4 2dgp Vo T (7.2.35)

Ts— T, T +32,,,T. (7.2.36)
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Proof. The first three can be calculated directly from [5.3.17 and [5.3.18, The next
follow by contracting the first three expressions. The only trick is in the calculation

of [7.2.34 where we need to use that VT, = VT, —1J,,(VTY+ V. T7), which

2vapB

follows from [5.3.16! O

We will also need some formulae relating to commuting derivatives on densities
in the five dimensional integrable case. For a smooth function f the formula[5.3.16
and integrability give that

ViaVgf=0 (7.2.37)
(VaVsf =VsVaf)i =0 (7.2.38)

and we want similar expressions for f a section of LP @ (A2P*)9, p,q € Q. Since
the partial connection is flat on L (it annihilates a chosen contact form), the above
equations still hold for f a section of L, and accordingly this is true for f a section
of LP.

The partial connection is not automatically flat on A?P*. For a moment we
will stop suppressing indices on sections of A2P*. Pick some locally non-vanishing

e - € A*P* in order that we can write a section as f = fea 3 locally, for a smooth

ap
function f. Then we calculate

ViaValess = —X43 vfeﬁ + X5 erm (7.2.40)
(VaVafes, — VVafes,) L = —2Yo, 7 fe,, +2Yo," fe (7.2.41)
V[avﬁ]few = _Zaﬁ 7yf€_— + Z feﬁﬁ. (7242)

Contracting the above with €7 and using the Leibniz rule to calculate the induced
partial connection on tensor powers gives:

Proposition 7.2.43. Let H = P@V be an integrable Legendrean contact structure
on a five dimensional manifold. Let f be a section of LP @ (A*P*)4 then

ViaVgf=0 (7.2.44)
(VaVaf = VsVal)L = —2¢Y,4 f (7.2.45)
V[avB]f — 0 (7246)

These are reminiscent of the formulae in [GG05] proposition 2.2 in the CR case.
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7.3 Bianchi identities for Legendrean contact
structures

Here we collect some (differential) Bianchi-like identities for later.
First we need:

Lemma 7.3.1. Let H = P @&V be a Legendrean contact structure. If V is inte-
grable, given some ¢, € P* we can write, at any point p, ¢sl, = @&f\p for some
smooth function f with V_f = 0 in a neighbourhood. Similarly, if P is an inte-
grable subbundle, given some v, € V* we can write, at any point p, ¥, |, = V.4,
for some smooth function g with Vg = 0 in a neighbourhood.

Proof. Integrability of V' implies we can find coordinates (x,y, z, a, b) so that
o 0 }
da’ Ob

Note that span{d,z,d y,d 2z} = P* — AL since P* is identified as the rank 2
subbundle of A}; which vanishes when restricted to V. For a smooth function f

af of of of of

V= span{ (7.3.2)

dJ_f = dJ_SU -+ 8_dJ_y + a—dJ_Z + a—dJ_CL + %dj_b (733)
0 0
- Vaf = dflv = afda‘v + fdb‘v (734)
0 0 0 0 0
V.f =dflp = fdx\p+afd \p+8£dz\p+ fd lp+ fdb|P (7.3.5)

The condition V_f = 0 in a neighbourhood, in other words % = 0 and % =0,
is just to say f is a function of x,y, z, and given this constraint, at any point p,
V. flp remains completely arbitrary. The same works, interchanging P and V. O

Proposition 7.3.6. For a 5-dimensional Legendrean contact structure with P and
V' integrable

Similarly
V[QZB]V,YV = O Cbnd v[aZﬂ]V'yV = 0 (738)

Proof. Due to the dimension we have the trivial index identity

ViaXg,” =0. (7.3.9)

By
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Contracting gives

]

— v 1 — YV
Vi X5 77 + §VWX5¢BW =0 (7.3.10)
and so the two statements |7.3.7 are equivalent.
We will show
VX" =0. (7.3.11)
At a point p we can replace
VX, 7”@ = @Xd;”vy f (7.3.12)
for some smooth function f with V,f = 0 on a neighbourhood.
Now use the Leibniz rule
VWX& V.f=V. S(X "V, f) — WVV;/VVf (7.3.13)
= (V, v[a g V') - XaBW%VV f (7.3.14)
Using the fact our function is constant in the P directions combined with [5.3.16
gives
_ 1 _ _
VaVsf = §Jdﬁ V.V7f. (7.3.15)

The key point is that differentiating f in the V' direction and then differentiating
in the P direction produces something that is totally trace. Returning to the
expression

(vv[&v-}vﬁ f) =X 5"V VL f, (7.3.16)

we showed previously that X _ 5 _ =0 and so the last terms vanishes. Using|7.3.15
we can rewrite the remaining term as

J S l o = = s

§(V7V[@J5h V.V'f) = §(V[3V@]VDV f)=0 (7.3.17)
at the arbitrary point p. This completes the proof of [7.3.7. The proof of [7.3.8 is
exactly analogous. O]

Remark 7.3.18. [t is interesting to note that the respective calculi with the partial
connections V, and ¥V, on the integrable subbundles P and V resemble the calculus
on flat 2-dimensional projective structures. See [Fas17] for 2-dimensional projec-
tive structures. In particular the tensors ?[dX Bhﬁﬂ and V[QZB}W” are calculated
analogously to the Cotton tensor, which is the obstruction to projective flatness.
Furthermore, observing[5.3.17, one obtains a distinguished projective class of con-
nections by pulling the distinguished partial connections V* — V* ® V* back to
proper connections on an integral submanifold of V. The same argument works

for an integral submanifold of P.



112 Chapter 7. Legendrean contact tractors

It will turn out later that it is a good idea to write down some of the con-
sequences of the second order identity [2.5.30} Recall that for a contact, partial
torsion free partial connection AL, — AL ® AL we have

e 1 e (&
V[av Rb]ecd - Zvev Rabcd _'_ 2Re[a|CdR‘b}d d - O (7319)

Applying barred projectors to the first term yields

N [6 f] afTTa1Tb TTC T7d
2v[“|va|b]ecdeH5 J HBH:YH’YHD

The second term gives
1 rler/] 7aB e b e fd
— iverRabcdHa 1Ly JP TGS I ITG
1 v [e% [Aw
ZZ(V@V -V va)XBq«,a- (7.3.21)
Finally the third term is
rrlery/] raslh oTTaTT0 TTC T7¢
8R, (g 1caRppn e 115 JP 11, 19 JPP T4 TIS IS 11
s aBylh PPTTAT] CT
=(4R oualions, — 4RebcdRa,tfg)H([i g BH% 1) JPPHBHQI?WH”;
:X&B’Yﬁ Yﬁp ap _ YB nyy X’W_’p& _ AX'O?VW7 YBP ap + ny a'wj XB[_)P&_ (7322)
Contracting the three terms with J”7 gives
Vi3 VaYs ¢ — 2Y(5 “X56 =0. (7.3.23)
Similarly we apply unbarred projectors to get
V[A\VQY&\M + 2Yo7[)\ Zu}a - O (7324)

7.4 Legendrean contact standard tractors via
invariant prolongation

Without going into detail, the general theory provides some clues as to what partial
differential equation we should prolong to construct the standard tractor bundle
for Legendrean contact geometry in 5-dimensions. In [CS09] tractor bundles on
parabolic geometries P — M of type (G, P) are defined to be the associated
vector bundles P x_, V where « is a representation of P on V' corresponding to a
restriction of a representation of G on V. The standard tractor bundle is simply
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this construction where we take a to be the restricted standard representation of
G acting as a matrix group. Recalling that the flat model is

% ok ok %
0 % *

G/ 0 % % x (7.4.1)
0 0 0 =

with G as in [5.2.15] we see that fibres of the standard tractor bundle, which are
vector spaces with a representation of P, should be canonically filtered by a rank-
1 subbundle and then a corank-1 subbundle. Thinking about the conformal-to-
Einstein prolongation, and how starting with an operator on a density bundle gave
rise to a canonical line subbundle, this suggests the partial differential equation to
prolong should act on sections of a line bundle L? @ (A2P*)4. If we want

V.f=0, feLP® (AP (7.4.2)

to be invariant, [5.3.20] and [5.3.19| show that we need to take p = —3¢. Unfortu-
nately V_f is then non-invariant and there is seemingly no way to correct this.
So we instead consider V,V,f. This is again non-invariant, but there is hope we
can find an appropriate curvature correction.

In particular

Proposition 7.4.3. Let H = P&V be a Legendrean contact structure with n = 2
and P and V' integrable. There is an invariant differential operator

(AQP*)1/4 ® L—3/4 N (P* ® (AQP*)1/4 ® L_3/4) D (V* QV*® (AZP*)1/4 ® L—3/4)
given by
Fis (%f, V,Vsf —27., f). (7.4.4)

Proof. From [5.3.17| through [5.3.19

VoVaf =V (Vaf +Ysf)
=V, Vuf =20 Vo f + T Vaf +V(Ysf) + T T f + T, Vg

while 7.2.36|in the partial torsion free (equivalently, integrable) case gives

. 1 1

e}

since V[QT 5= 0 in the partial torsion free case. n



114 Chapter 7. Legendrean contact tractors

Remark 7.4.7. We prolong in the integrable case in light of the simplifications
we obtain in section[7.2. We expect a similar procedure can be carried out without
this assumption, but one has to carry the two components of torsion and their
deriwatives throughout the calculation. The operator to prolong also needs some
adjustment. In the non-integrable case

_ 2 _ _
(Vaf, VoVaf =2Z0pf + 3205, + AV YU §v 6’7) (7.4.8)
1S tnvariant.

f being in the kernel of the [7.4.4 is equivalent to

V.f=0 (7.4.9)
Vof =0, (7.4.10)

for some ¢, € V* @ (A2P*)/* @ L=3/* such that

1

Vats = Japd = 5Va5, (7.4.11)
for some g € (A2P*)Y/* @ LY* with
_ 1. _
Vag =2X: 05 + —vy@ Tf (7.4.13)
2 13
Sy By _ By B _ 2By,
V.9 = 3VBZ f 3 Y3, 9, + 5 Ys, ¢ 6V Y, - (7.4.14)

Now (f, ¢, g) are our prolongation variables and (f, ¢,,, g) satisfying[7.4.9 through
are in bijective correspondence with solutions of [7.4.4.

We define T — M as the vector bundle which given a choice of contact form
splits as T = ((AQP*)1/4 ® L—3/4) D (V* ® (AZP*)l/zL ® L_3/4) o) ((Azp*)1/4 ® L1/4)
such that the splitting changes by

/7 f
b, = gb +7T,f (7.4.15)
g g+T ¢+ 5 (VTV)f+T Y7 f

exactly as the definitions for f, ¢, g prescribe. We can check this is well defined
vector bundle by checking that the matrix associated with the change of contact
form & = M is given by composing the matrix for the transformation cor-
responding with & = ya with the matrix corresponding to the transformation
a = Qsa.
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The change of splitting above also induces a change of the splitting of the dual
T* o ((AQP*)—1/4 ® L3/4) D (V ® (A2P*>—1/4 ® L3/4) D ((A2P*)—1/4 ® L—1/4) if
we enforce that the natural pairing T @ T* — R, which is given by pairing each
summand with its dual and summing, is invariant. In practice this means we take
the transpose of the inverse of the transformation and the splitting of T*
changes like

[f o g =[f-"T,0 —33(V,Y7) ¢~—gT> g (7.4.16)
where we will write elements of the bundle T* as horizontal block matrices to
emphasise the pairing.

By construction the differential operator

|/ Vi f
Valds| =| Vats— agg +3 2 Yig f (7.4.17)
g Va9 —2X, ¢B+ VYVf
is invariant and this can be checked explicitly by checking that
[ Vol v f
Vabs — Jagd+3Yas f | = | Vads— / Jog9+ 3Yas [ (7.4.18)
.5 2% 70, + 1.7, 7F] [Vag —2X: 0, + 1,V f
i 0
= i TeVaf ) ) )
_TW(V&W —5.7g+ %Ya TF) + %(V{f”)vdf + 11V, f

For the derivative in the V' direction the naive prescription is

f V. f— qﬁa
YV, |0s| = Vg =2 5f (7.4.19)
g Vg = 3V32.0f +3Y5, 0, + E(VIY, ) f — £V, &

and similarly to above it can be verified that this is an invariant differential op-
erator T — V* ® T. Together, the two invariant differential operators form an
invariant partial connection T — (P* @ V*) ® T. Furthermore, parallel sections of
this partial connection are in bijective correspondence with [7.4.4.

We also will compute the connection on the dual bundle. Enforcing the Leibniz
rule so the partial connection preserves the natural pairing gives

~ T ~ — o
|/ Va f 2 Yap ¢ — %VWY@ g
V., 6% = V.07 +2X.75 (7.4.20)

g Vag + o5
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P17 [Vaf + 395255+ 2 (VY0 )5 + 22,567
v, || = V.08 +6.°f — %YBa PG — 1ve g . (7.4.21)
9 Y

We should compare the construction of the bundle here with constructions of the
standard tractor bundle which appear in [CS09] and also in [EZ20]. In the presence
of a contact form, the bundle splits as the appropriate direct sum. However, at this
point there appears to be a major discrepancy with [CSOQ] proposition 5.2.15. In
the formula presented there (having converted notation appropriately) the change
of splitting of the standard co-tractor bundle given a change of contact form is

T i
bo| = ) CGat Yo f ) : (7.4.22)
g g+ T + (VYT =V T f+ AT f

Accordingly, the formula for the splitting of the dual bundle is also at odds with
the splitting here.

This problem has a nice resolution. It turns out that the bundle T with change
of splitting prescribed by the choice of prolongation variables, can be iden-
tified with the standard tractor bundle with the splitting that appears in the
literature. The relation between the splitting presented here and the usual split-
ting depends on a choice of scale. In particular we can apply the following gauge
transformation

f 1 0 0|[f
6ol =1 0 10| |6, (7.4.23)
h %Yﬁw 01 g

and from [7.2.35 we have %Y’w = %YA—WW — }lﬁﬁTﬁ — A—ILVVTV — %TWT;V. So that

h=h+ T + 1(VYT =V T7)f + 5T T7 f as desired. So we can identify T as
the standard co-tractor bundle in [CS09).
With the benefit of hindsight we could have defined h earlier, during the pro-
longation procedure, by rewriting [7.4.11f as
1 1

Vabs = Jagh = 5V, " f = 5

Yo, Tas Yoy 7 f, (7.4.24)

and letting this define h.
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7.5 'Tractor partial curvature

In this section we compute the partial curvature of the invariant partial connection
T — P*@® V*. While the computations are involved, the result is a simple formula
for a second order differential invariant of the Legendrean contact structure.

As with the partial connection on the bundle V* we can decompose it like:

/ A’P*®T

T— (PPV*), T

\ A V@ T

Proposition 7.5.1. The A’P* @ End(T) and A*V* @ End(T) components of the
partial curvature of the invariant connection T — P* & V* given by|7.4.17 and

7.2.19 vanish.

Proof. Applying V, twice then skew-symmetrising in the P* indices, yields that
the curvature T — A2P* @ T is

f 0 0 0] T
I w 1 — 0% v v

Pg| ilv_[ayﬁh —gj[awvfﬁm Xapy” T 20an X" 0| 19,|  (7.5.2)

9 2ViaVitig ~ A Y —2Via Xy 0] L9

Using the fact that skew-symmetrising over three indices is the zero map we see
l — g _ l — B :y — B v B v — . . .
that QV[dYﬂh QJ[QWVWYM 0 and X&Bv + ZJ[C_MXW] 0 are trivial index
identities. Then the other two components vanish by [7.3.7 and [7.3.23| respectively.

One can use the same strategies to show the component of partial curvature
T — A%V* ® T vanishes, but the calculations are much longer due to the more

complicated derivative in the V' directions and so we leave them to appendix[D] [

Remark 7.5.3. In the non-integrable case, we expect the A*P* @ End(T) and
A?V* @ End(T) components to be expressions in H&BV and Z&BV, respectively.

We now consider the component in the bundle (P* ® V*), ® End(T). We
anticommute the tractor connection in the P and V' directions and then take the
trace-free part to get

f 0 0 0 f
Pa| = [Asap Waas' 0 | |90], (7.5.4)
g Bo?a C&a’y D&a g
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where

_ 1 o5 1 1
Asap = ~VaZas T 30a@ V3Z)s) — 1VaVas [~ gJaa V'¥59

1 _
TV, f (75.5)
_ = 1 _ _ 1 _ _ 1 _
— B B g By
Bda - _vdeZa + Evdv’yyﬁa - 2X07 Zaﬁ — Z—Lvav,—yya — gYBa Ya,)/
1 1 - - _= 1 1 _
VY Z _78 _ vy - Byvy v
oY W Yay + G Iaa Va2 = TV Y+ T Yy, Y
1

_ o 1 _ _
Jaa ViVIY- "+ Ty X Z 5+ = T30V, VY (7.5.6)

6 ax 8 ax
2 5 1= 1_
. = sVa¥s, hr _ VeV = 5VaZa 0 + VX

T |
— T VY b T VY 4 D V2T — ST VX (15.7)

3 ao 94" ac B 4o 9“aa
D = -ty 42y 8 Ly g 7.5.8
da__g&a—i_gga@_g&a,éﬁ ()
and
2 3 1 3 1 1
Y _ vy _ 2 -~ By = -~ By = v - Y
W&aﬁ - Yo‘zaﬁ 3J@5 Yﬁa + 3J@Oc YBIB + 12J075YO¢ + 12 J@QYIB
1 1

— $Yas 07 = JYaa 05" (7.5.9)

There are some simplifications we can immediately make. Using the fact that
skewing over three indices gives the zero map we show that D, = 0, and I/Vmﬁ7 =
Wa(aﬁ)w. In particular

W..z =Y

v Y
aaf a(ap) 0

1 3 1 1
v By YoV
— 3aaY, + a0 " = Y, 5

is the totally trace-free part of Y, ;7.

Proposition 7.5.11. W&aﬁy is an invariant of the Legendrean contact structure.

Proof. By construction it must be invariant since it appears along the diagonal
of the endomorphism part of the tractor curvature. Otherwise, this can also be
checked by direct calculation in a page or so using the formulae provided. O]

The above result is consistent with [DMT19], in which the authors take an
adapted coframe and show that the curvature invariant of an integrable Legendrean
contact structure can be calculated as the totally trace-free part of a tensor of
curvature coefficients.



7.6. Vanishing tractor partial curvature 119

The general theory of parabolic geometries ([CS09] pg. 412) says that a com-
plete set of tensor invariants on a Legendrean contact structure consists of the two
obstructions to integrability and this curvature invariant. Accordingly, it should
be that A5, Baa»Caa’ vanish with W, ;7. Unfortunately, the rather compli-
cated expressions above resisted simplifications and so this could not be shown
explicitly. Once this is done the situation will mirror the conformal case, [BEG94].
There, the tensor invariant of conformal geometry, the Weyl curvature, appears
along the diagonal of the tractor curvature matrix, and the lower triangular off-
diagonal entries are Cotton-York tensors, which turn out to vanish with the Weyl
curvature via a Bianchi-like identity.

7.6 Vanishing tractor partial curvature

In this section we show that an integrable 5-dimensional Legendrean contact struc-
ture is locally isomorphic to the flat model if and only if the tractor curvature
calculated above vanishes. This is immediate from the general theory of parabolic
geometry, and partly motivates the construction of tractor bundles and tractor
connections [CS09]. Nevertheless we give a proof here using relatively elementary
machinery.

The idea of the proof comes from [Easl7]. In fact we will clarify some points
made in that article as a test bed for how to construct the isomorphism in the
Legendrean contact case.

First however, consider the following problem. Let £ — M be a vector bundle
and V a connection on F. If V is flat, parallel transport does not depend on the
curve and so we get canonical isomorphisms P; between fibres of E. See [Lee09]
for the background on parallel transport.

Given a section o we have map M — FE,, given by

x— PYo(x). (7.6.1)

What is the derivative T,M — Ty, Eyy = E,7 We take a curve v with y(0) =«
and calculate

d X

%(Pyé)aﬁ(t))ﬂt:o- (7.6.2)

Let {e;}¥_, be a local, parallel trivialisation. Then we can write o = o'e; for some
smooth functions ¢ and in particular o(y(t)) = o*(v(t))e;|4). Then

d

(P o (5 ())li=o
d

== <0i('y(t))P$&)(€i|v(t))>

(7.6.3)

t=0
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Now since the sections {e;}%_, are parallel, parallel transporting the section at ()
to z¢ simply gives the section at x.

= L G O)edn)lims

= do L. (3(0))eil

— Po(do’],(3(0))er.)

= P¥(V;0) (7.6.4)

So the derivative at x is just
T,M 5 v PP (V,0). (7.6.5)

The article [Easl7] shows that a 2-dimensional projective manifold is projectively
flat when the curvature of the projective tractor bundle vanishes (this implies a
classical result known as Beltrami’s theorem). In a neighbourhood of any point,
the author uses the vanishing tractor curvature to define a local diffeomorphism
with RP2, although a proof that this is a diffecomorphism is not in the article.
Something like this is also done in the conformal case in [PR86] theorem 6.9.23,
although the modern tractor machinery had not been introduced at that time.

Proposition 7.6.6. Let M be a manifold of dimension 2. Suppose we have an
affine connection V, : TM — A' @ TM and the connection

Xt VvV, X~ 6%
ARG (767

on the bundle T = TM & A° is flat. The map M — RP? given by
z+— L(x) (7.6.8)

where L(z) is the subspace of Ty, (identified with R?) given by parallel translating
the subspace

H <T, (7.6.9)

*

to g, is a local diffeomorphism about xg.

Proof. Firstly, [2.2.32| ensures that L(x) has the correct dimension. We can write
this map as the composition M — R?\ {0} — RP? where M — R3\ {0} is the
map which maps

s PP m (7.6.10)
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and then R?\ {0} — RP? is the canonical projectivisation. We have

Va m = {_653} (7.6.11)

and so using [7.6.5 with x = xy we see the derivative T,,,M — T, is just

(7.6.12)

x5

0

Finally, the kernel of T,, — T7(4,)P(Ty,) consists of vectors along L(x,) which is
disjoint to the image of T,,)M — T, and so the derivative T,y M — T (30)P(T4,)
is of full rank. ]

The idea of the proof is similar in the Legendrean contact case, just quite a bit
more involved.

Theorem 7.6.13. Let (M,H = P @ V) be a 5-dimensional Legendrean contact
structure with P and V integrable, suppose that the partial curvature of the in-
variant partial connection given by [7.4.17 in the P direction and|[7.4.19 in the V
direction vanishes. In the presence of a contact form so that T splits as in[7.4.15,
there is a diffeomorphism ¢ : U — V C Fy 3(R*) for some suitable open sets U,V
with o € U defined by

U3z (L(z),U(z)) € Fy3(RY), (7.6.14)
where
f ) f
L(z) = { d5| | €Tu | (Va,Va) [05] =0, flo =005, = 0} (7.6.15)
g | lzo g
and
f ) f
U(CL’) = { qb,B S TCEO | (Véuva) ¢B =0 7f|;t - O} (7616)
g | lzo g

where we have identified T, = R*. Furthermore, this map is an isomorphism of
Legendrean contact structures.

Proof. Firstly, ensures that L(z) and U(z) have the correct dimension. We
recover the notion of parallel transport thanks to the canonical extension of
(Va, V4) to an connection. Furthermore by this extension is flat, so parallel
transport is path independent.
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Consider the map (¢1,vs) : M D U — Ty, x T} which maps x to the parallel
translation from x to xy of the value at x of some choice of non-vanishing sections
of T, T* defined in a sufficiently small U. That is, given non-vanishing

0
0| €T,[f 0 0] €T" (7.6.17)
g
map
0 ~
x = (P1(1),e(2)) = (P;O (0) JPE[f(x) 0 o]). (7.6.18)
glx

Projectivise each factor to get M — RP? x (RP3)*. Since the connection, and
hence parallel transport, preserve the natural pairing, the image factors through to
Fy 3(R*) identified as a smooth submanifold of RP? x (RP?)* in the obvious way,
recovering ¢. If ¢(x) = (L(z),U(x)) it then makes sense to think of the derivative
as a linear map do|, : T,M — Ty,  RP*® T, (RP?)*. Note here that the double
fibration of F 3(R*) over RP? and (RP?)* is just given by the projection in each
factor. In particular, the vertical bundles of these projections are just the kernels
of the projections onto each summand of the tangent bundle.

We want to calculate dL|, : T,M — Ty, R*Pand dU|, : T,M — Ty, (R°P)".
To do this we will first calculate the derivatives of the maps ; : M — T,, and
Yy : M — T using the same trick as in the projective case.

We have,
o] [ o
Vo [0 = |—Tasy (7.6.19)
19 ]| L Va9
0] [ o
v, ol =] 0 (7.6.20)
9] Va9
L 0] [ 59
—Z(vava—vava) 0| = ] 0 . (76.21)
9] | -iVaVig+iVaVig — 5V, by

Using [7.6.5, the first two can be used to calculate the blocks of the derivative
P, - T,,, V, — T,, while using our characterisation of the canonical
extension the third can be used to calculate the derivative (T'), — T,, where (T
is the line subbundle of T'M spanned by the Reeb field. Since TM = P&V & (T)
these account for the blocks of the derivative di|,.
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Now the projectivisation T,, — R3>P has derivative at ¢, (x) € T,, which is
the map T,, — TL(I) R3P with kernel consisting of those tangent vectors parallel
to 11 (x), that is, precisely elements of the form

0
P10y (7.6.22)

*

Now from plugging an element of V,, into[7.6.20| we see, using [7.6.5 that the image
of V, under di|, consists of elements of the form

0
P |0 (7.6.23)

*

and so V, C kerdL|,. Furthermore it is clear from [7.6.19, [7.6.20, [7.6.21| that
Vag =ker : Ty, M — T R*P.
On the other hand the induced connection on T* gives

Volf 0 0] =[Vaf 0 0] (7.6.24)
Vol[f 0 0]=[V.f =6°f 0] (7.6.25)
(VaV* =V V) [f 0 0] = [(VaVT =V V) f 0 —2f] (7.6.26)

which, similarly, can be used to calculate the blocks of the derivative dis|, which
are, P, — T, V, = Ti, (T). — T%,. The projectivisation T,, — (RP?)* has

derivative at ¢s(z) which as a map Ty, — Ty (z,)(RP?)* with kernel consisting of
elements of the form

P« 0 0]. (7.6.27)

Then using the same argument as above, [7.6.24| shows that P, C ker dU|, while at
the base point [7.6.24] [7.6.25] , [7.6.26| show P, = ker Tp,y M — Tyr(y) (RP3)*.

Putting the two pieces together we have shown ker d¢|,, = P, N V,, = {0}, so

¢ has full rank derivative at x.
Moreover we have also shown

dg(P) C TRP®* @ {0} C T(RP? x RP%)* (7.6.28)
dp(V) C {0} @ T(RP*)* C T(RP? x RP?)*. (7.6.29)
So on the neighbourhood of zy where d¢ is of full rank, P and V' are each sent to

the vertical bundles of the double fibration over (RP3)* and RP3. Thus ¢ preserves
the Legendrean contact structure. O]

Corollary 7.6.30. Let (M,H = P @ V) be a 5-dimensional Legendrean contact
structure with P and V integrable. The Legendrean contact structure is locally
isomorphic to the flat model if and only if[7.4.4 has a 4-dimensional space of local
solutions.
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Chapter 8

Towards (G contact tractors

In this chapter we discuss how one might construct the standard tractor bundle
for GGy contact geometries.

8.1 Another invariant PDE

The aim is to write down a (G5 invariant connection on the standard tractor bundle.
We will attempt to do this by the method of invariant prolongation as in[7.4 Refer
to that section for how standard tractors are defined abstractly. We know that
Go — SO(3,4) and so in practice we want to construct a rank-7 bundle equipped
with an invariantly defined 3-form and invariantly defined metric of signature-
(3,4) and, thinking about how P; is defined, the bundle should have an invariantly
defined rank-2 subbundle which is null with respect to both the metric and 3-form.
So the invariant operator should start on a bundle of rank 2, some weighted version
of the bundle S. For ¢p a section of the bundle S ® A2S* ® A%2S* we have from
3.3.26] that

ViapcPp) =0 (8.1.1)

is invariant. Note that superficially, this is reminiscent of the invariant Killing

equation 4.2.12|
Thinking about our decompositions [3.1.20] we see that ¢4 solves [8.1.1 if and

only if
Vapc®p = apEc)p- (8.1.2)

for some pap € ®2S®A2S* and we calculate i,z = pag+ T 4500 The equation
8.1.2 imposes differential constraints on 4. Differentiating gives

VascVper®e = VABCM(DEgF)G (8.1.3)
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and then contracting with e before symmetrising gives

2 1
VI(ABVDE)I¢G = gVI(ABPJngE)G - va(AB:uDE) (8.1.4)

The left-hand side is just curvature minus the torsion contracted with ¢ and V¢

: 1K _ 1K _ 7
respectively, but note Typcp " Vijkbp = Tapep " K€y = TaBcps " i
So

1
RABCDEI¢1 - TABCDEUMIJ = ng(AB:uclgD)E - ng(AB:U’CD)' (8.1.5)

The Clebsch-Gordan decomposition implies we can write

E)

D E D
Vet = aupc”F + B(AB( Oc '+ J(A(SB( Oc) (8.1.6)

for aapepr € ©®3S @ A%2S* and Bapp € @3S and 04 € S ® A2S. Clearly

QABCDE :3T(ABCDE) ”MU - 3R(ABCDE)I¢1

DEILJ 9 RDE

D B)I
= aupc’’ =3Tapc Frs— % (ABC)I¢1 - ER (ABC) ) ¢ (8.1.7)

while contracting[8.1.5 with e”¥ and using the fact the partial torsion is symmetric
on all its indices yields

1 1 1 1
Ryper’ oy = ng(AB:uC)I T EVI(ABM\D|I5C)D + §V1D(AMBI5C)D + évI(AB:uC)I
= VI(AB:“C)I (8.1.8)

On the other hand, contract [8.1.6 over a pair of indices and symmetrise over the
remaining three to obtain 8,5, = gV (A B/“LC)I . Putting it together we have

9 6 o E)I
VABC“DE :3TABCDEUM1J - gRDE(ABC)I¢1 - BR( (ABC) : b
6 D |1J E D. E
+_R(AB( |1r| ‘¢J\5C) )‘|‘U(A5B( 50) ) (8.1.9)

5
Now 04 € S ® A%2S cannot be obtained from the above but in any case [8.1.2 and

B.1.9 are equivalent to [8.1.1.

If, as in the Legendrean contact case, we let the invariance of [8.1.2 and [8.1.9
prescribe a change of splitting formula for the bundle which, in the presence of a
contact form, can be identified

T (S®AS* @AS*) @ (0°S @ A*S*) @ (S @ A*S), (8.1.10)



8.1. Another invariant PDE 127

then one can check that the obvious signature (3,4) metric, namely

bp Yp
tpp| @ |vpe| = 0pA” + pppr”? —opy? (8.1.11)
9D Ap

is not invariant. Since we would like the metric to have a simple form, we can
perform a similar trick to the Legendrean contact case and let p, be defined by

6

9 D B
VABCMDE = 3Tapc DEUMIJ - gRDE(ABC)I¢I - gR( (ABC) ) ¢r

6 D |IJ E D E 1 D E
+5R(AB( 0500+ pad Vo )+§YF(A 6755750, (8.1.12)

18.1.2 and [8.1.12] are still equivalent to[8.1.1, we have just made a change of variables
like in the Legendrean contact case. Then,

1

4VEFGTEFG¢D. (8.1.13)

. 1
pp = pp + Tpppi™" + ETDEFTEFngG -
which ensures that [8.1.11is invariant.
Furthermore, it is possible to check via a few pages of calculations that this
change makes the 3-form

¢p Yp D
Hpe| @ |VpE | @ |KpE|
Pp Ap Cp
ppv" P = Apu g + dprPEN g — wpPPpy
—¢pv? Cp + Y + pppr R (8.1.14)

invariant. Given the change of splitting of the direct sum we see that
{0} ® {0} ® (S ® A%S) is an invariantly defined rank-2 subbundle on which the
invariant 3-form and metric are null, as we expect for the G5 contact standard
tractors.

To check that the prolongation actually closes up, we just need to check we
can completely obtain V ,5~pp from the above expression. Applying V 45~ again
we have

VascVperkcn :3TDEFGHUVABCMU + vABC(ﬂ(D£E\G|€F)H) + .
=3Tprrcuas o)+ Vasc(P0EEGIERH) T - (8.1.15)
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where we will omit terms which are contractions of R,pc-ppr: VascRprramr
TaBCDEGH s Pas g, Which are known quantities. Contact with 4 to get

vKB(JVDEK#GH :TBCDEGHKPK + gvKBCpKS(D\G5|E)H
2

Symmetrising on BCDFE gives

2RBCDE(GI,UH)I - 7'BCDEUKVIJKMGH = TBCDEGH Kor + gvK(BC\pK€|D\G€\E)H

2

Again using the definition of V g tipp

2RBCDE(G]NH)I = 2TBCDEGHKIOK + gvK(BC|pK€|D\G€|E)H

2
Contracting with e&#
E I 5 K 5
—Rpop”a Her :EVK(B(JW S>)lelnn EVG(BCPD) +e (8.1.19)

We have ©3S ® S @ A%2S = (015 ® A2S) @ (%S ® A%2S ® A%S). Symmetrising

5
gV(GBch = —Rpep ey tpr + - - (8.1.20)

So we can solve for the component of V 4 zopp in ©@*S®A2S as a linear combination
of contractions of R pcprr, VascRperami

TagcpEGH @ as liap- Similarly contracting [8.1.19 with eP gives

EDLy i+ (8.1.21)

) D

EVDBCP = —Rpep
which gives the component in ©®%S ® A%2S ® A2S in terms of known tensors. Thus
the prolongation terminates and [8.1.1 is of finite type. Furthermore we have a
invariantly defined connection on the rank-7 bundle T which in the presence of a
scale splits

T (S®AS* @AS*) @ (@S ®A°S*) @ (S ®AS) (8.1.22)
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Such that the components transform according to

ép ¢p
Hpe| = tipp + Lppro” . (8.1.23)
Pp pp+ T pppu + %TDEFTEFGCbG + ivEFGTEFGQbD

Explicitly calculating V 45-pp in the prolongation leads to an exceedingly messy
expression that we will not reproduce here. However, from the argument above we
can see the invariant connection (raising some indices to write down the expression
in a manageable way) takes the form

[ &)
Vasc MDE =

| PD

Vapcop — HaBEc)D

D B)I
Vapet”? + gRDE(ABC)I(bI + gR( (ABC) ) b1

bt B Dy B (8.1.24)
_gR(AB( \I‘ Igle‘SC) )_p(A5B( 50) )_3TABC’DEIJ,U]J

Vasclp + XapcPop + Yape P lips

for some appropriate X 5" and Y, 5 PF.

Now that we have such an expression, the obvious thing to do is to
calculate the partial curvature of this partial connection and check that it vanishes
with 74 peppre- We would then be able to see by relatively elementary means,
the fact from the general theory of parabolic geometry that the sole invariant of a
G5 contact structure is contained in the bundle ®7S ® A2S* ® A2S*. Furthermore,
we would have found a simple partial differential equation: V( ABC? D) = 0, which
has 7-dimensional solution space if and only if the G5 contact geometry is flat.
Unfortunately such calculations seem difficult by hand but we hope to set up the
problem in Maple in the future.
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Appendices

A Cohomology groups of the Rumin complex

To show that the maps [1.3.3, [1.3.4 and [1.3.5 defined on cohomology are well-
defined, we will need to consider various cases. First note that in the case k =
1,...,n the map

{we Ay | doly € L(0L® A1) — ker d*HD
w i @ — (i 0 L7 (dd|g) (A1)

is well-defined as one can readily verify by noting that two lifts of w € A% differ
by a A v and then checking

aAD— (igo L7 (d(aAD)|g)=0. (A.2)

Now we check that descends to [1.3.4 on equivalence classes for k = 2,...,n.
For two representatives to lie in the same equivalence class

w+ L(L®NAN?)] = [+ L(L® A
= w—p+ LILOANG?) =dply + LL @A)
= w—pu=dplg +dajg ANv (A.3)
for some p € Ak v € A% Now
dp+da Ao — (in o L7V (da|y Adv|g) = dp (A.4)
which shows the map descends. Now if

@ — (ig o L7 (d0]) = dp (A.5)

we have w = du|y and w + L(L ® A%?) is in the range of dﬁiﬁfl) which shows
injectivity of [1.3.4. If @ is a closed form then

w+ L(L® A2 (@] (A.6)

which shows surjectivity of [1.3.4. So [1.3.4 is an isomorphism. This argument is
readily modifiable to show descends to an isomorphism [1.3.3 when k = 1.
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Next we will deal with cases k = n +1,...,2n. For k = n + 1 the canonical
inclusion applied to an element in the image of the nth Rumin operator is clearly
exact, by definition. For k > n it is the same story, and so the map [1.3.5 map is
well-defined.

Suppose that for k =n + 1 we had

a A& = dj. (A.7)

Then dji|y = 0 and so o @ w = d(f),u which shows injectivity of |1.3.5.
Then for k > n + 1 suppose we have

aAw = dji. (A.8)

Using the surjectivity of £ : L ® A¥2 — A% we can write fi = da A+ a A &.
Taking the exterior derivative we have a A @ = da A dp + dao AN K — o A dik and
furthermore da|g A (dp|g + k) = 0. Finally

dlaN(dp+EK)=aA© (A.9)

SO

a®w=d" M (a® (djly + k) (A.10)

which shows injectivity of [L.3.5.

To see surjectivity for k& > n + 1 suppose that i € A*! was a closed form.
Again use the surjectivity of £ : L ® A5t — AN to write i = da A p+ a A &.
Using the fact fi is closed one can check that a ® (dp|y A k) € ker df) and then

[a® (dp|lg A k)] — (A.11)
[aNdp+a AR =[daNp—danp)+ o] =] (A.12)

which shows surjectivity [1.3.5.
So we have written down isomorphisms between the cohomology groups of the
Rumin complex and the de Rham cohomology groups. .
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B Existence of the preferred partial connection

For existence in the general case, it is more convenient to discard the conditions
F&YB = F(C_Y”E) and (I)(aﬁ)7 = ®&_," and instead utilise the full rank 2n® in picking

Tag’, @op’ to insist that (ug,v5) = Vavg — @5/1@ agrees with the differential
operator P* @ V* — P*® V* induced by the exterior derivative in the presence of
a contact form. This normalisation is possible as the rank of Hom(P*@V*, P*@V™*)
is 2n3. If we arrange this then the partial torsion P*®V* — (P®V) | automatically
vanishes since the corresponding part of the Rumin operator is just the above
operator with the trace taken out.

Lastly, we will show that the components of partial torsion P* — A?2P* and
similarly V* — A%V* also automatically vanish given the above normalisation.
The calculation is as follows:

XV a5 Y " (B.1)
1 - 1 - R N 1. . -
:§XQV&<NBYB) - éyavd(ﬂﬁXﬂ> - §Xa,uﬁ<vayﬁ ) + iya/ﬁ(vaXﬁ)-
Now the assumed normalisation means this is (using index free notation)
1 1
= SX(u(Y)) = 5Y (X)) = dlda(¥; ))(X, M) +d(da(X, ))(Y, M).  (B2)

Where M € V is defined by M = J(-,u) where J is the non-degenerate skew
form on H distinguished by «. Using the coordinate free formula for the exterior
derivative this simplifies to

= LX) ~ 2 (u(X))~ S X(da(Y, M) + Lda(Y, [X, M)
+%Y(da(X, M) — %da(X, v, M)). (B.3)

Now da(Y, M) = u(Y') and da(X, M) = pu(X) and again using the coordinate free
formula this is

= 5da (Y, [X, M) ~ Jda(X, [V, M]) (B.4)

=1 (o[, M) — ([, [X, M]) — T X(a([Y, M) + ja((X, [V, M]).
The coordinate free formula once more gives da(U, V) = —a([U, V]) for U,V sec-

tions of H and, also using the Jacobi identity we get

_ %X(da(Y, M) — %Y(da(X, M) + ja(M, X, V). (B.5)
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Now 2da(X,Y) = —a([X,Y]), so [X,Y] € H and therefore o([M,[X,Y]]) =
—2da(M,[X,Y]) and so finally, the above is just

= SX(uY)) ~ SY (u(X) — gu([X.Y]) (B.6)

Comparing this to[1.2.19 we see that ?[aﬂg] = dp|p2p and the torsion P* — A%P*
automatically vanishes given the assumed normalisation. Similarly the component
V* — A?V* automatically vanishes. Thus we have shown existence for Legendrean
contact manifolds with n > 2. O
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C Calculation of partial torsion in the G, contact
construction

By contracting each of [6.2.6 to [6.2.17| with the appropriate combination of trivial-
ising sections @, ¥* ® WU the system, equivalent to vanishing torsion, produces
an equivalent system of 20 linear equations over R with 12 unknowns, the un-
knowns being the arbitrary components £ V%, £, P* et cetera. 12 of these are

_ 3 B \/g -
a B B _ Y= a__ VY a
PH(Vi50y) V7 = SFe® 5 Ha¥ (C.1)
- - NI | ,
DUV W)U = — 2N D% + —k D 2
(V[a B}) 2 )\a + 2’%01 (C )
D (V,0,)0% = V30 y, (C.3)
UP(V,0,) 0 = 307w, (C.4)
(V0 ) 0% = —DPuwy (C.5)
UV 00 = 20, 0% — /31,07 (C.6)
DY (V,D,)0" = —/37, 0% + 241,07 (C.7)
U (V@)U = w, U° (C.8)
PNV, 0,)0° = —3w,0° (C.9)
UV U,) 07 = /30, 0° (C.10)
1
(V)0 = ?uaw + 5w P (C.11)
@ B _ é a § o
OV, Uy )W 5 Ha @+ Sw, W (C.12)
then solve to yield
— a 1 ale B
Fa® = @ (Va¥5)® (C.13)
Fa 0% = UV, P,)0° (C.14)
ko 0% = —0F(V,0,) 0% (C.15)
1 _
K U = gqfﬁ(vﬁ@a)\w (C.16)
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A, 0% = _iqﬂ(vm%)w + i\p@(vd@ﬁ)xpﬂ
V3 V3
AU = %\W(va%)w
A0 = —%qfﬁ(vﬁ@a)w + %@a(v[aqfﬁ])w
AU = —%\Ifﬁ(vﬁxpa)w - %@a(?&\pﬂ)@ﬁ - 3@“(?@%)@5
[1,®% = —%@d(v&%)qﬁ - %qfﬁ(vﬁcbd)\l:@ + 0V, V)07
[i, U = —%cba(va%)cbﬁ - %@a(v[a%)w
[, P = %@ﬂ(vﬁcba)cba
1, W = %@a(v[a%)w + %éﬁ(vﬁqf&)cp@

Appendices

(C.17)
(C.18)
(C.19)
(C.20)
(C.21)
(C.22)
(C.23)

(C.24)

which fixes the 12 degrees of freedom. Now the system [6.2.6 to[6.2.17]is equivalent

to to in addition to the 8 equations over R that were not used

_Ha B

0= 0LV W
o o ol B
11,0 =~ b )

V311307 + 3,07 = TP (V,0,)0% + 0F(V,0,)T°
201, % — 1,07 — V3pugd® = WP (V,0,)0% + F(V,T,)T°
20507 + R % — V3, 0% = 0%(V,0,) TP + TH(V,0,) 07
V3OON, — 3R U = O%(V, U0 U7 + 0% (V,T,) 0"

AU = I "0, 07
_ Ho gl B
0=2°%,, D U

Substituting to into the above, we see that the overall system is consis-

tent if and only if [6.2.18 to [6.2.25| all vanish.
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D Further Legendrean contact tractor curvature
calculations

Here we calculate the component of tractor curvature T — A%V ® T. Applying
the connection twice then skewing gives the unfortunately complicated expression

¥ 0 0 0] [ f
qbﬁ —> _QV O‘ZB]"/ Zaﬁ,yy + 2Z[a|75‘yﬁ] O Qsl/ (Dl)
g Uag V" Of |9
where
Z 8y, iy 1 W 4y 7.7 D
Uap = V[a\vﬁ 5 —g s Zon ViV Y5 + 3V 2y (D2)
and
1 3 2
Vagy = ~5Via¥aisl ~ 6V Yotal Jriey + 3V[a\Ym5 4 5V5 0 g (D3)

We can use the fact skew-symmetrising over three indices gives the zero map to
show Z,4." + QZ[awdlyﬁ] =0 W‘hll.e =2V, Zg, = 0 thanks to [7.3.8.
The third row of the matrix is more Comphcated
We yvﬂl deal with U, first. |7.3.24 gives v, VY g ;)Yv[a Z = 0 which
deals with the last two terms. Again using|7. 3 8 1t is true, by commutlng deriva-
tives, that
20 o 4 B

8. &
~5 Vi VsZ Y. 2y, (D.4)

4
vy B Bv —
2,4 Y3 2 = 3V5

4
3Y5lan) 37 5la

B T 3
where the last equality again results from A3V* = 0. So Usg =

To deal with V, ;" first note that the first two terms together vanish using the
fact skew-symmetrising over three indices giving the zero map. To deal with the
last two terms recall that we can, at a point p, assume ¢,|, = (V,f)|, for some
smooth function f with V_f = 0 in a neighbourhood. We skew over three indices
and substitute for ¢, to calculate (in the fibre over p)

le 3 1-
3V5Z[a|6¢m = —3V3Zu Vo f = =3V VRV Y (D.5)

Commuting the first two derivatives yields

25 5 b 2y 1_
3VZu 98 = =3 g Vo VoS = 3V 00, Vig VS = 3VVIVe VL [ (D6)
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Now

3Y’}Ea6] VVVVf
2

2 v

3v7Y[ Vol = 5V V)

1 2 1 -

= 3V VYVl + 3V Y 10g Vol = 3V, VIV Vi f

2 v

= gvaW[am V., f (D.7)

where the first term vanished since V,V [ is totally trace by our assumption on f,
and the last term vanished using the fact derivatives in the V' direction commute
on functions.

Similarly
— 2Y 'V Vo, f
3 laly V18]
:gvﬁyah "N, f — 3 ViVIV V=2V VIV f
=§V6Yah Vol = VIV V.. (D.8)

Combining [D.6 with |D 7 and [D.8, and remembering that ¢,|, = (V,f)|,, yields

2 14
VL b = V.Y 10y "0, + V Y7, 0, = V[BYah @, (D.9)

where again the last equality follows for indices in the rank-2 vector bundle V.
Since p was an arbitrary point we get V, ;" = 0 everywhere and so the component
of partial curvature T — A?V* @ T also vanishes. m
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