2. My First Path Integral

ItOs now time to understand a little better how to deal with the path integral
!
Z = Dm(x) ¢ Primx (2.1)

Our strategy D at least for now B will be to work in situations where the saddle point
dominates, with the integral giving small corrections to this result. In this regime, we
can think of the integral as describing the thermal Buctuations of the order parameter
m(x) around the equilibrium conbguration determined by the saddle point. As we will
see, this approach fails to work at the critical point, which is the regime weOre most
interested in. We will then have to search for other techniques, which we will describe
in Section 3.

Preparing the Scene

Before we get going, weOre going to change notation. First, we will change the name of
our main character and write the magnetisation as

m(x) — o(x)

If you want a reason for this, | could tell you that the change of name is in deference to
universality and the fact that the Peld could describe many things, not just magnetisa-
tion. But the real reason is simply that Pelds in path integrals should have names like
¢. (This is especially true in quantum Peld theory where: is reserved for the mass of

the particle.)

We start by setting B = 0; weQll turnB back on in Section2.2. The free energy is
then
! ) 1 1 1 #
Fol = d's Sap(T)6” + Zau(D)6" + ST (V) + ...

Roughly speaking, path integrals are trivial to do ifF'[¢(x)] is quadratic in ¢, and

possible to do if the higher order terms inF'[¢(x)] give small corrections. If the higher
order terms in F[p(x)] are important, then the path integral is typically impossible

without the use of numerics. Here weOll start with the trivial, building up to the
OpossibleO in later chapters.
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To this end, throughout the rest of this chapter we will restrict attention to a free
energy that contains no terms higher than quadratic iny(x). We have to be a little
careful about whether we sit above or below the critical temperature. Wheh > T,,
things are easy and we simply throw away all higher terms and work with

S %
d'c ANVG-Vo+ 1i*¢? (2.2)

NI =

Flo(x)] =
where 12 = a,(T) is positive.

A word of caution. We are ignoring the quartic terms purely on grounds of expedi-
ency: this makes our life simple. However, these terms become increasingly important
asy? ~ a(T) — 0 and we approach the critical point. This means that nothing we are
about to do can be trusted near the the critical point. Nonetheless, we will be able to
extract some useful intuition from what follows. We will then be well armed to study
critical phenomena in Sectiors.

When T < T,, and a»(T) < 0, we need to do a little more work. Now the saddle
point does not lie at¢ = 0, but rather at (¢) = +mq given in (1.31). In particular, itOs
crucial that we keep the quartic term because this rescues the peld from the upturned
potential it feels at the origin.

However, itOs straightforward to take this into account. We simply compute the path
integral about the appropriate minimum by writing

P(x) = (x) — (9) (2.3)
Substituting this into the free energy gives
! & '
FIB0)I = Flmal+ 5 d's ()& + (THVH + . (2.9

where now the. .. include terms of order@® and @ and higher, all of which weOve
truncated. Importantly, there are no terms linear in@. In fact, this was guaranteed
to happen: the vanishing of the linear terms is equivalent to the requirement that the
equation of motion (L.30 is obeyed. The new quadratic coe!cient is

ay(T) = aa(T) +3mGaa(T) = —2ax(T) (2.5)

In particular, a,(T) > 0.
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Practically, this means that we take the calculations that we do af’ > 7. with the
free energy 2.2) and trivially translate them into calculations at 7' < T.. We just
need to remember that weOre working with a shifteg Peld, and that we should take
u? = ay(T) = |202(T)|. Once again, the same caveats hold: our calculations should

not be trusted near the critical point ;22 = 0.

2.1 The Thermodynamic Free Energy Revisited

For our prst application of the path integral, we will compute something straightforward
and a little bit boring: the thermodynamic free energy. There will be a little insight to
be had from the result of this, although the main purpose of going through these steps
is to prepare us for whatOs to come.

WeOve already found some contributions to the thermodynamic free energy. There is
the constant term Fy(7) and, if weOre working ai” < 7., the additional contribution
F[mg] in (2.4). Here we are interested in further contributions toFihermo, COMing from
Buctuations of the Peld. To keep the formulae simple, we will ignore these two earlier
contributions; you can always put them back in if you please.

Throughout this calculation, weOll seB = 0 so weOre working with the free energy
(2.2. There is a simple trick to compute the partition function when the free en-
ergy is quadratic: we work in Fourier space. We write the Fourier transform of the
magnetisation beld as

b= dlr R G(x)

Since our original beldj(x) is real, the Fourier modes obeys - ¢ .

The k are wavevectors. Following the terminology of quantum mechanics, we will
refer to k as themomentum At this stage, we should remember something about our
roots. Although weOre thinking of(x) as a continuous beld, ultimately it arose from
a lattice and so canOt vary on very small distance scales. This means that the Fourier
modes must all vanish for suitably high momentum,

¢k =0 for |K|>"

Here " is called the ultra-violet (UV) cut-o! . In the present case, we can think of
"= 7/a, with a the distance between the boxes that we used to coarse grain when
prst dePningo(x).
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We can recover our original beld by the inverse Fourier transform. 1tOs useful to have
two di#erent scenarios in mind. In the brst, we place the system in a Pnite spatial
volume V = L4, In this case, the momenta take discrete values,

2
k=-gn n ez (2.6)

and the inverse Fourier transform is

(

k

¢(x) = e gy (2.7)

1
Vv
Alternatively, if we send V' — oo, the sum overk modes becomes an integral and we

have
I

d
o= Ok

(2m)4

e™¥ gy (2.8)

In what follows, weOll jump backwards and forwards between these two forms. Ulti-
mately, we will favour the integral form. But there are times when it will be simpler
to think of the system in a Pnite volume as it will make us less queasy about some of
the formulae weOll encounter.

For now, letOs work with the formZ.8). We substitute this into the free energy to
Pnd
|

Flée] = &

|
dky d¥k, $
2  (2m)4(2n)¢

/0 iK1+ ko) &
Ky Ko+ p° ok ok, €

The integral overx is now straightforward and gives us a delta function
!
ddl’ ei(k1+k2)E'l( — (Zﬂ)déd(kl + k2)

and the free energy takes the simple form

'k
(2m)

|
1 d%%
Flok] = 5

$ %
2 (2m)d VR + p ded T (2.9)

|
$ % 1’
VE? + 1% ek = >

Now we can see the benebt of working in Fourier space: at quadratic order, the free
energy decomposes into individuab, modes. This is because the Fourier basis is the
eigenbasis of-yV? + 12, allowing us to diagonalise this operator.
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To perform the functional integral, we also need to change the measure. Recall that
the path integral was originally an integral overy(x) for each value ofx labelling the
position of a box. Now it is an integral over all Fourier modes, which we write as

I n ' #
Dg(x) = N deedey” (2.10)
k

where we should remember thap. = ¢, x becausep(x) is real. 10ve included a nor-
malisation constant A in this measure. 10l make no attempt to calculate this and,
ultimately, it wonOt play any role because, having computed the partition function, the
prst thing we do is take the log and di#erentiate. At this point, A/ will drop out. In
later formulae, weOll simply ignore it. But itOs worth keeping it in for now.

Our path integral is now
| * | +
) Cd%k S %
Z=' N didolexp —) K2+ 122 o
) 2  (2m)d

If this still looks daunting, we just need to recall that in Pnite volume, the integral in
the exponent is really a sum over discrete momentum values,
[ , -

) ' (% %
Z=" N dodoPexp —1 e i g
) " s wn
0
=) N dbddTexp D 2

. 2V

Note that the placement of brackets shifted in the two lines, because the sum in the
exponent got absorbed into the overall product. If this is confusing, it might be worth
comparing what weOve done above to a simple integral of the formiz dy ¢' =™ ¥* =

C dz e ) dy e v).

WeOre left with something very straightforward: itOs simply a bunch of decoupled
Gaussian integrals, one for each value kf Recall that Gaussian integral over a single

variable is given by

dz e /%% = \/2rq (2.12)
#
Applying this for eachk, we have our expression for the path integral

/|
) 21TV

7= Vk? + P
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where the square root is there, despite the fact that weOre integrating over compiex
becausep. = ¢ « is not an independent variable. Note that we have a product over all
k. In Pnite volume, where the possibl& are discrete, thereOs nothing Pshy going on.
But as we go to inbnite volume, this will become a product over a continuous variable
K.

We can now compute the contribution of these thermal Ructuations to the ther-
modynamic free energy. The free energy per unit volume is given b= e' Pfinermo
or,

* +

2 T T ( 2rTVN?

thermo - ——IogZ: _ og e V./\/

1% 1% 2V vkZ + 12

We can now revert back to the integral ovek, rather than the sum by writing
| * +

Finermo _ T d?k o 2rTVN?
Vo2 @nl Y iz e

This Pnal equation might make you uneasy since there an explicit félctor of the volume
V remains in the argument, but weOve seht — oo to convert from ~ |, to  d?k. At
this point, the normalisation factor A/ will ride to the rescue. However, as advertised
previously, none of these issues are particularly important since they drop out when we
compute physical quantities. LetOs look at the simplest example.

2.1.1 The Heat Capacity

Our real interest lies in the heat capacity per unit volume¢ = C/V. Specibcally, we
would like to understand the temperature dependence of the heat capacity. This is
given by (1.15,

* | *

+ +
1 o) o dk 2rTVN?
== __logZ=> T* = +2T7— g ——
CYorE 9T ottt i Y e 2
The derivatives hit both the factor of 7" in the numerator, and anyT dependence in the
coelcients ~ and 2. For simplicity, letOs work atl” > 7,. WeOll takey constant and
pu? =T —T.. A little bit of algebra shows that the contribution to the heat capacity

from the Ructuations is given by

! " #
1 dek 2T T2

— 1- +
2 (2m)° V2 2 (Yk2 + p?)?

C =

(2.12)
The Prst of these terms has a straightforward interpretation: it is the usual%@BO per

degree of freedom that we expect from equipartition, albeit witthz = 1. (This can be
traced to the original 5 in ' BF)
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The other two terms come from the temperature dependence iR[¢(x)]. What
happens next depends on the dimensieh LetOs look at the middle term, proportional
to

! ! k,d!l

o MR
For d > 2, this integral diverges as we remove the UV cut-o# ". In contrast, when
d=11itis bnite as " — oo. When it is Pnite, we can easily determine the leading
order temperature dependence of the integral by rescaling variables. We learn that
| 1
o k1 "d2  whend > 2

dk —— ~ 2.13
0 k2 + p? 1/ whend=1 @13)
When d = 2, the term " © should be replaced by a logarithm. Similarly, the bnal term
in (2.12 is proportional to
I 1
S Ed 1 nd 4 whend > 4

dk ————= ~
0 (Vk? + p?)? 4 whend < 4

again, with a logarithm whend = 4.

What should we take from this? Whend > 4, the leading contribution to the heat
capacity involves a temperature independent constant, ", albeit a large one. This
constant will be the same on both sides of the transition. (The heat capacity itself is
not quite temperature independent as it comes with the factor af? from the numerator
of (2.12), but this doesnOt do anything particularly dramatic.) In contrast, whed < 4,
the leading order contribution to the heat capacity is proportional tou® 4. And, this
leads to something more interesting.

To see this interesting behaviour, we have to do something naughty. Remember that
our calculation above isnOt valid near the critical poing? = 0, because weOve ignored
the quartic term in the free energy. Suppose, however, that we throw caution to the
wind and apply our result here anyway. We learn that, forl < 4, the heat capacity
diverges at the critical point. The leading order behaviour is

: d
c~ |T =T ® with a=2 — > (2.14)

This is to be contrasted with our mean Peld result which gives = 0.
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As weOve stressed, we canOt trust the resiili4). And, indeed, this is not the right
answer for the critical exponent. But it does give us some sense for how the mean beld
results can be changed by the path integral. It also gives a hint for why the critical
exponents are not a#ected whed > 4, which is the upper critical dimension.

2.2 Correlation Functions

The essential ingredient of Landau-Ginzburg theory B one that was lacking in the earlier
Landau approach b is the existence of spatial structure. With the local order parameter
¢(x), we can start to answer questions about how the magnetisation varies from point
to point.

Such spatial variations exist even in the ground state of the system. Mean pbeld
theory B which is synonymous with the saddle point of the path integral D tells us that
the expectation value of the magnetisation is constant in the ground state

1
0 T>T1T,
= 2.15
(¢(x)) tme T <T. (2.15)

This makes us think of the ground state as a calm Ruid, like the Cambridge mill pond
when the tourists are out of town. This is misleading. The ground state is not a single
Peld conbguration but, as always in statistical mechanics, a sum over many possible
conbgurations in the thermal ensemble. This is what the path integral does for us.
The importance of these other conbgurations will determine whether the ground state
is likely to contain only gentle ripples around the background2(15, or Buctuations so
wild that it makes little sense to talk about an underlying background at all.

These kind of spatial RBuctuations of the ground state are captured kgorrelation
functions. The simplest is the two-point function{¢(x)¢(y)), computed using the prob-
ability distribution ( 1.26. This tells us how the magnetisation at pointx is correlated
with the magnetisation aty. If, for example, there is an unusually large Buctuation at
y, what will the magnitude of the Peld most likely be atx?

Becauseg(¢(x)) takes di#erent values above and below the transition, it is often more
useful to compute theconnected correlation function

(@) e(Y))e = (d(x)8(y)) — () (2.16)

If youOre statistically inclined, this is sometimes calledcamulant of the random vari-
able ¢(x).
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The path integral provides a particularly nice way to compute connected correlation
functions of this kind. We consider the system in the presence of a magnetic b&ld
but now allow B(x) to also vary in space. We take the free energy to be

| " v 1 ’
Flp()]=  d'x E(W)2 + 7¢2(X) — B(x)o(x) (2.17)

We can now think of the partition function as a functional of B(x).
!

Z[B(X)]= D¢ BF

For what itOs worth,Z[B(x)] is related to the Legendre transform of[¢(x)].

Now that Z depends on the functionB(x) it is a much richer and more complicated
object. Indeed, it encodes all the information about the Ructuations of the theory.

Consider, for example, the functional derivative of log,

!
1é6logz 1 o6z _ 1°

BoB( -~ BZeB) 7z P¢eM ¢ P = (X))

Here IOve put a subscripB on (-)p to remind us that this is the expectation value
computed in the presence of the magnetic beld(x). If our real interest is in what
happens as we approach the critical point, we can simply s8t= 0.

Similarly, if we can take two derivatives of logZ. Now when the second derivative
hits, it can either act on the exponente' ¥, or on the 1/Z factor in front. The upshot
is that we get

1 62IogZ 1 6027 1 0z 0z
B20B(x)6B(y)  B2ZB(X)0B(y) [2Z26B(x)dB(Yy)
or
1 4%logZ
BBl (@(X)o(y)) B — (0(X))B(P(Y)) B

which is precisely the connected correlation function2(16. In what follows, weOll
mostly work above the critical temperature so that(¢)s-o = 0. In this case, we set
B=0to bnd

1 logZ 2 ~
3 §B(X)0B(Y) 2, = {(¢(x)o(y)) (2.18)

All thatOs left is for us to compute the path integral[B(x)].
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2.2.1 The Gaussian Path Integral

As in our calculation of the thermodynamic free energy, we work in Fourier space. The
free energy is now a generalisation o2 .9),

' s . %
Flok] = 2 3 vk + 1t Gk — By ki

where By are the Fourier modes ofB(x). To proceed, we complete the square, and
debne the shifted magnetisation

- By
& = o1 — m
We can then write the free energy as
I " #
<o ddk 19 % .. 1 |Bkf?
F — TR + 2 2 = 1Pk
Our path integral is
|
7 = A8, d(@kl:'e! BF[§]

k

where weOve shifted the integration variable from to & ; there is no Jacobian penalty
for doing this. WeOve also dropped the normalisation constakit that we included in
our previous measureZ.10 on the grounds that it clutters equations and does nothing
useful.

The path integral now gives
* |
B d'k  |By|?

AIB] = ¢ e exp (2m)d Y2 + p2

The brst term e' Pfemo s just the contribution we saw before. It does not depend on
the magnetic beldB(x) and wonOt contribute to the correlation function. (Specibcally,
it will drop out when we di#erentiate logZ.) The interesting piece is the dependence
on the Fourier modesBy. To get back to real spaceB(x), we simply need to do an

inverse Fourier transform. We have
* | +

Z[B(x)] = ¢' Pliemo exp g dzdly B(X)G(x —y)B(Y) (2.19)

where
I

G(x) =

ddk‘ 6! ik &
@r)¢ k2 + p?

(2.20)
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WeOre getting there. Di#erentiating the partition function as in2.18, we learn that
the connected two-point function is

(G(X)6(y)) = %G(x ) (2.21)

We just need to do the integral 2.20.

Computing the Fourier Integral

To start, note that the integral G(x) is rotationally invariant, and so G(x) = G(r) with
r = |x|. We write the integral as
!
1° ddk} I ik&
G(r)= = -
v (@m)rkr+1/¢?

where weQOve introduced a length scale
€2 = % (2.22)

This is called the correlation length and it will prove to be important as we move
forwards. WeOll discuss it more in Sectidh2.3

To proceed, we use a trick. We can write
I
t#
1 - dt e! t(k2+1 /&2)
RH1/E7

Using this, we have
! !

d’k # dt ¢ ik&! t(k2+1 /€2)
(2m)? | 0

d'k
(27T)|d 0
1 e 2 an e
= Gy, At A2t /A A (2.23)

e 0

G(r)

1
7
} dt ¢ t(k+ix/2t)2€! r2 /4t t)&?
Y

where, in going to the last line, weOve simply done tdeGaussian integrals ovek.
At this point there are a number of di#erent routes. We could invoke some special-
functionology and note that we can massage the integral into the form of a Bessel
function
! #
dt tV! 16! z(t+1 /t) /2
0

Ky(2) =

NI =
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whose properties you can bPnd in some dog-eared mathematical methods textbook.
However, our interest is only in the behaviour of7(r) in various limits, and for this
purpose it will sulce to perform the integral (2.23 using a saddle point. We ignore

overall constants, and write the integral as
|

o# 2

t d
G(r) ~ dt ¢ SO with S@t) = -+ — + Zlogt
The saddle pointt = ¢sits at S'(t 1= 0. We then approximate the integral as
G(r) e di ¢ S+ s"(w)e/2 = L S(t)
r) ~ e 7 : = e 7V
0 25" (tth

For us the saddle lies at

: / -

" £2 d A2 2
= => _“4+ 4+
S(tch=0 = trF 5 > 1" @

There are two di#erent limits that we are interested in:r > ¢ and r < £. WeOll deal
with them in turn:

r > & In this regime, we havet— r{/2. And so S(tch~ /¢ + (d/2)log(ré/2).
One can also check that™(t )~ 2/r£3. The upshot is that the asymptotic form of the
integral scales as

1 e /8
é&d/Z! 3/2 pd/2! 1/2

G(r) ~ > €

At large distance scales, the correlation function falls o# exponentially.

r < & In the other regime, the saddle point lies at - r2/2d, giving S(tch ~
d+(d/2)log(r?/2d) and S™(th~ 2d°/r*. Putting this together, we see that forr < ¢,
the fall-o# is only power law at short distances,

1
G(T)Nm ’f’<<€

We learn that the correlation function changes its form at the distances scate~ &,

with the limiting form
4

1
(@(x)B(y)) ~ - (2.24)

This is known as theOrnstein-Zernicke correlation.
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2.2.2 The Correlation Function is a GreenOs Function

The result (2.24) is important and we weOll delve a little deeper into it shortly. But
prst, it will prove useful to redo the calculation above in real space, rather than Fourier
space, to highlight some of the machinery hiding behind our path integral.

To set some foundations, we start with a multi-dimensional integral ovet variables.
Suppose thaty is ann-dimensional vector. The simple Gaussian integral now involves
an invertible n x n matrix G,

d"y €' Y& = et 1227G)
I#
This result follows straighforwardly from the single-variable Gaussian integral(11),
by using a basis that diagonalise&. Similarly, if we introduce ann-dimensional vector
B, we can complete the square to bnd

Ay et Y YVHBY = et Y225 2B 4B (2.25)
I#
Now letOs jump to the inPnite dimensional, path integral version of this. Throughout
this section, weOve been working with a quadratic free energy
! ! #
1 1
Flp()]= d'= év(Vcb)z + Euzcbz(X) + B(x)¢(x) (2.26)

We can massage this into the form of the exponent ir2(25 by writing
! ! !

Flp()]=  d% d% %¢(X)G! G y)o(y)+ die B(x)g(x)

where weOve introduced the Oinbnite dimensional matrixO, more commonly known as
an operator

Gt = §(x — $— V2 + 27 2.27
(X,y) X=y) =V, +pu (2.27)

Note that this is the operator that appears in the saddle point evaluation of the free
energy, as we saw earlier in1(30.

Given the operator G' 1, what is the inverse operatorG(x,y)? We have another
name for the inverse of an operator: it is called &reenOs functionsIn the present
case,G(Xx,y) obeys the equation

(V2 + #)G(x,y) = 5(x —y)
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By translational symmetry, we haveG(x,y) = G(x —y). You can simply check that
the GreenOs function is indeed given in Fourier space by our previous restipq)

!
G(x) =

ddk’ 6! k&
@r)dyk? + p?

This route led us to the same result we had previously. Except we learn something
new: the correlation function is the same thing as the GreenOs function(x)¢(y)) =
B' *G(x,y), and hence solves,

(V2 + 12) (6(x)6(0)) = %ad(x)

This is telling us that if we perturb the system at the origin then, for a free energy of
the quadratic form (2.26), the correlator (¢(x)¢(0)) responds by solving the original
saddle point equation.

There is one further avatar of the correlation function that is worth mentioning: it
is related to the susceptibility Recall that previously we debPned the susceptibility in
(1.19 as x = 9m/0B. Now, we have a more rebPned version of susceptibility which
knows about the spatial structure,

d{p(x))
0B(y)

X(X,y) =

But, from our discussion above, this is exactly the correlation functiorny(x,y) =
B{p(x)o(y)). We can recover our original, coarse grained susceptibility as

! !
x=  dzx(x,00= 5 d'z (p(x)$(0)) (2.28)

The two point correlation function will play an increasingly important role in later
calculations. For this reason it is given its own name: it is called thpropagator
Propagators of this kind also arose in the lectures cQuantum Field Theory. In that
case, the propagator was debned for a theory in Minkowski space, which led to an
ambiguity (of integration contour) and a choice of di#erent propagators: advanced,
retarded or Feynman. In the context of Statistical Field Theory, we are working in
Euclidean space and there is no such ambiguity.
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2.2.3 The Correlation Length

LetOs now look a little more closely at the expressichZ4) for the correlation function
which, in two di#erent regimes, scales as

g 1
0O ~ e P (2.29)

wherer = |x —y|. The exponent contains a length scale, called the correlation
length dePned in terms of the parameters in the free energy &= ~/u2.

We see from 2.29 that all correlations die o# quickly at distances > £. In contrast,
for r < ¢ there is only a much slower, power-law fall-o#. In this sensg,provides a
characteristic length scale for the Buctuations. In a given thermal ensemble, there will
be patches where the magnetisation is slightly higher, or slightly lower than the average
(m). The size of these patches will be no larger than

Recall that, close to the critical point, 2 ~ |T'—T,|. This means that as we approach
T = T., the correlation length diverges as

1

€~ TR (2.30)

This is telling us that system will undergo Buctuations of arbitrarily large size. This is
the essence of a second order phase transition, and as we move forward we will try to
better understand these Ructuations.

Numerical Simulations of the Ising Model

ItOs useful to get a sense for what these Ructuations look like. We start in the disordered
phase with7" > T.. In the bgures you can see two typical conbgurations that contribute
to the partition function of the Ising modeP. The up spins are shown in yellow, the
down spins in blue.

On the left, the temperature is7; > 7., while on the right the temperature is
T, > Ty > T.. In both pictures, the spins look random. And yet, you can see by
eye that there is something di#erent between the two pictures; on the right, when the

5These images were generated by the Metropolis algorithm using a mathematica programme created
by Daniel Schroeder. 1tOs well worth playing with to get a feel for whatOs going on. Ising simulations,
in various formats, can be found on his webpagéittp://physics.weber.edu/thermal/computer.html .
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Figure 16: Spins with whenT > T, Figure 17: Spins whenT > T,

temperature is higher, the spins are more Pnely intertwined, with a yellow spin likely
to have a blue dot sitting right next to it. Meanwhile, on the left, the randomness is
coarser.

What youOre seeing here is the correlation length at work. In each pictufesets the
typical length scale of Buctuations. In the right-hand picture, where the temperature
is higher, the correlation length is smaller.

There is a similar story in the ordered phase, with" < 7.. Once again, we show
two conbgurations below. Now the system must choose between one of the two ground
states; here the choice is that the yellow, up spins are dominant. The left-hand con-
pguration has temperatureT; < T,, and the right-hand conbguration temperature
T, < T; < T.. We see that sizes of the Ructuations around the ordered phase become
smaller the further we sit from the critical point.

500F..

300

200

L
400

Figure 18: Spins with whenT < T, Figure 19: Spins whenT <« T,
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Figure 20: T =T,

Finally, we can ask what happens when we sit at the critical poirit’ = 7,.. A typical
conbguration is shown in Figure20. Although it may not be obvious, there is now
no characteristic length scale in the picture. Instead, Ructuations occur on all length
scales, big and smdll This is the meaning of the diverging correlation lengtl§ — co.

Critical Opalescence

There is a nice experimental realisation of these large Ructuations, which can be seen
in liquid-gas transitions or mixing transitions between two di#erent 3uids. (Both of
these lie in the same universality class as the Ising model.) As we approach the second
order phase transition, transparent Buids become cloudy, an e#ect known @gical
opalescence WhatOs happening is that the size of the density Buctuations is becoming
larger and larger, until they begin to scatter visible light.

More Critical Exponents

We saw in previous sections that we get a number of power-laws at critical points,
each of which is related to a critical exponent. The results above give us two further
exponents to add to our list. First, we have a correlation lengtlf which diverges at
the critical point with power (2.30

1

~ W WhereV =

§

NI =

6The best demonstration that IOve seen of this scale invariance at the critical point ithis Youtube
video by Douglas Ashton.
"You can see a number of videos showing critical opalescence on Youtube. For examphere.
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Similarly, we know that the correlation function itself is a power law at the critical
point, with exponent

(P(x)e(y)) ~ rd%*ﬂ wheren =0

Each of these can be thought of as a mean Peld prediction, in the sense that we are
treating the path integral only in quadratic order, which neglects important e#ects near
the critical point. Given our previous discussion, it may not come as a surprise to learn
that these critical exponents are correct whed > 4. However, they are not correct in
lower dimensions. Instead one bPnds

\MF d=2 d=3
nl 0 0.0363
v| L 0.6300

1
4
1

This gives us another challenge, one we will rise to in Secti@n

2.2.4 The Upper Critical Dimension

WeOre Pnally in a position to understand why the mean beld results hold in high di-
mensions, but are incorrect in low dimensions. Recall our story so far: whéh< T,
the saddle point suggests that

(p(x)) = £mo

Meanwhile, there are RRuctuations around this mean Peld value described, at long dis-
tances, by the correlation function 2.29. In order to trust our calculations, these
Ructuations should be smaller than the background around which theyOre Ructuating.
In other words, we require(¢?) < (¢)2.

ItOs straightforward to get an estimate for this. We know that the Ructuations decay
after a distancer > £. We can gain a measure of their importance if we integrate over
a ball of radius¢. WeOre then interested in the ratio

C !
o d'z (6(x)9(0) 1 T F a2

R= N ar
- 2 cd a2 2
Ozdda: mé mgé® o T mg

In order to trust mean Peld theory, we require that this ratio is much less than one.
This is the Ginzburg criterion. We can anticipate trouble as we approach a critical
point, for here ¢ diverges andmg vanishes. According to mean Peld theory, these two
guantities scale as

mo ~ |T - Tc|l/2 and 5 ~ |T - Tc|! 12
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results which can be found, respectively, in1(31) and (2.30. This means that the
ratio R scales as

R ~ ‘T o Tc‘(d! 4)/2

We learn that, as we approach the critical point, mean beld B which, in this context,
means computing small Buctuations around the saddle point B appears trustworthy
only if

d>d, =4

This is the upper critical dimensionfor the Ising model. Actually, at the critical di-
mensiond = 4 there is a logarithmic divergence ink and so we have to treat this case
separately; weOll be more careful about this in the Secti@n

For dimensionsd < 4, mean Peld theory predicts its own demise. WeOll see how to
make progress in Sectiof.

2.3 The Analogy with Quantum Field Theory

There is a very close analogy between the kinds of beld theories weOre looking at here,
and those that arise in quantum Peld theory. This analogy is seen most clearly in
FeynmanOs path integral approach to quantum mecharficsCorrelation functions in
both statistical and quantum Peld theories are captured by partition functions

|

’ !
Statistical Field Theory: Z= D¢ P dz F ()

Quantum Field Theory: Z= Dger =L@
You donOt need to be a visionary to see the similarities. But there are also some
di#erences: the statistical path integral describes a system ihspatial dimensions,

while the quantum path integral describes a system it spacetimedimensions, ord — 1
spatial dimensions.

The factor of i in the exponent of the quantum path integral can be traced to the
fact that it describes a system evolving in time, and means that it has more subtle
convergence properties than its statistical counterpart. In practice, to compute any-
thing in the quantum partition function, one tends to rotate the integration contour
and work with Euclidean time,

=it (2.31)

8You will see this in next termOsAdvanced Quantum Field Theorycourse.
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This is known as aWick rotation. After this, the quantum and statistical partition
functions are mathematically the same kind of objects
! !
7 = D¢ 6%5[@] N 7= Do e Selel/!

where Sg[¢] is the Euclidean action, and is analogous to the free energy in statisti-
cal mechanics. If the original actionS[¢] was Lorentz invariant, then the Euclidean
action Sg[¢] will be rotationally invariant. Suddenly, the d = 4 dimensional peld the-
ories, which seemed so unrealistic in the statistical mechanics context, take on a new
signibcance.

By this stage, the only di#erence between the two theories is the words we drape
around them. In statistical mechanics, the path integral captures the thermal 3uc-
tuations of the local order parameter, with a strength controlled by the temperature
B; in quantum Peld theory the path integral captures the quantum Ructuations of the
Peld ¢, with a strength controlled by !. This means that many of the techniques we
will develop in this course can be translated directly to quantum Peld theory and high
energy physics. Moreover, as we will see in the next section, much of the terminology
has its roots in the applications to quantum Peld theory.

Note that the second order phase transition occurs in our theory when the coelcient
of the quadratic term, vanishes:;u? = 0. From the perspective of quantum Peld theory,
a second order phase transition describes massless particles.

Given that the similarities are so striking, one could ask if there are any di#erences
between statistical and quantum Peld theories. The answer is yes: there are some
guantum Peld theories which, upon Wick rotation, do not have real Euclidean actions.
Perhaps the simplest example is Maxwell (or Yang-Mills) theory, with the addition of
a Otheta termO, proportional tas#'?°F,, F,,;. This gives rise to subtle e#ects in the
guantum theory. However, because it contains a single time derivative, it becomes
imaginary in the 7 variable (2.31) and, correspondingly, there is no interpretation of
e¢' “El9l as probabilities in a thermal ensemble.

A Dilerent Perspective on the Lower Critical Dimension

A statistical beld theory in d = 1 spatial dimensions is related to quantum Peld
theory in d = 0 spatial dimensions. But we have a name for this: we call it quantum
mechanics.
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Viewed in this way, the lower critical dimension be-
comes something very familiar. Consider the quartic po-
tential V(x) shown in the bgure. Classical considerations
suggest that there are two ground states, one for each of the

minima. But we know that this is not the way things work \/
in quantum mechanics. Instead, there is a unique ground
state in which the wavefunction has support in both min- Figure 21:

ima, but with the expectation value (z) = 0. Indeed, the
domain wall calculation that we described in Sectiof.3.3is the same calculation that
one uses to describe quantum tunnelling using the path integral.

Dressed in fancy language, we could say that quantum tunnelling means that tde
symmetry cannot be spontaneously broken in quantum mechanics. This translates to
the statement that there are no phase transitions i = 1 statistical peld theories.
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