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A 3d Superconformal Theory	

U(NC) Chern-Simons theory with NF flavours 

2. Superconformal Field Theory

Starting from Chern-Simons theories coupled to gapped, relativistic matter, one may

take a non-relativistic limit in which anti-particles decouple but particles remain.

Surprisingly, supersymmetry not only survives this limit but is enhanced to a non-

relativistic superconformal (or super-Schrödinger) symmetry. The first construction of

this type was presented in [4] for an N = 2 Abelian Chern-Simons theory coupled to a

single chiral multiplet. Subsequent generalisations to other gauge groups, and di↵erent

amounts of supersymmetry, were described in [6, 11, 12, 13, 14].

In this paper we discuss the resulting non-relativistic physics. We will work with

a U(Nc) Chern-Simons theory, coupled to Nf complex scalars �i and Nf complex

Grassmann-valued fields  i, each of which transforms in the fundamental representation

of the gauge group. The action is2

S =

Z

dtd2x

⇢

i�†
iD0

�i + i †
iD0

 i � k

4⇡
Tr ✏µ⌫⇢(Aµ@⌫A⇢ � 2i

3
AµA⌫A⇢)

� 1

2m

⇣

Da�
†
i Da�i +Da 

†
i Da i �  †

iB i

⌘

(2.1)

� ⇡

mk

⇣

(�†
j�i)(�

†
i�j)� (�†

j i)( 
†
i�j) + 2(�†

i�j)( 
†
j i)

⌘o

Both � and  fields give rise to excitations with mass m. The first order kinetic terms

mean that there are particles, but no anti-particles. The � excitations have spin �1/2k,

while the  excitations have spin 1/2� 1/2k. In what follows we will sometimes refer

to the � excitations as “bosons” and the  excitations as “fermions”, despite the fact

that both are in general anyonic. The action (2.1) also admits a relevant deformation

consistent with supersymmetry which, as discussed in [19], drives the system to a

quantum Hall state. We will not turn on this deformation here.

The quartic potential terms describe a delta-function contact interaction between

anyons. The potential between bosons depends on the sign3 of k: it is repulsive for

k > 0 and attractive for k < 0. This distinction will play an important role in this

paper and the physics of anyons is rather di↵erent in the two cases.

2Conventions: the subscripts µ, ⌫, ⇢ = 0, 1, 2 run over both space and time indices, while a = 1, 2
runs over spatial indices only and i = 1, . . . , Nf labels the flavour. The covariant derivatives read
Dµ� = @µ�� iAµ� and similarly for  . The magnetic field is B = @1A2 � @2A1 � i[A1, A2]. We will
later work with complex coordinates on the plane, z = x

1+ix

2 and z̄ = x

1�ix

2 and the corresponding
derivatives @z = 1

2 (@1 � i@2) and @z̄ = 1
2 (@1 + i@2).

3There is a second class of theories, related to (2.1) by a parity transformation. This flips the sign
of the Chern-Simons term and the Pauli term, leaving the quartic potential invariant.
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•  The particles are anyons 
•  “Boson” φ has spin -1/2k 
•  “Fermion” ψ has spin 1/2 - 1/2k 

•  The gauge invariant operators need dressing by the dual photon σ 
  

•  The sign of the potential depends on the sign of k 
•  k > 0 is a repulsive force between bosons 
•  k < 0 is an attractive force between bosons 

The Chern-Simons coupling in (2.1) ensures that any particle excitation is accompa-

nied by magnetic flux. This is imposed through Gauss’ law which, classically, reads

B =
2⇡

k

⇣

�i�
†
i �  i 

†
i

⌘

(2.2)

At the quantum level, this means that operators �i and  i must be dressed with flux

to make them gauge invariant. This is easily achieved in the Nc = 1 Abelian theory

as explained, for example, in [6]. We introduce the dual photon �, normalised to have

periodicity 2⇡. The Chern-Simons term ensures that ei� has charge �k under the U(1)

gauge symmetry and composite, gauge invariant operators can be defined as

�i = e�i�/k�i ,  i = e�i�/k i (2.3)

For the non-Abelian U(Nc) theories, it is more di�cult to write explicit expressions

for the local gauge invariant operators. (One can easily construct non-local operators

through the addition of a Wilson line.) Nonetheless, one expects that such objects

exist, transforming in the Nc representation of the global part of the gauge group (and

in the Nf representation of the flavour group).

At this point, we pause to note that the operators (2.3) involve fractional monopole

operators. These are acceptable in our non-relativistic theory, and also in gapped

relativistic theories. They would not, however, be allowed in a relativistic Chern-

Simons matter theory at the conformal point4. (See, for example, [15, 16, 17, 18].)

One way to see this is to note that, in relativistic theories, the state-operator map

takes monopole operators inserted in the plane to magnetic flux over the two-sphere,

where standard Dirac quantisation ensures that it is integer valued. In contrast, in non-

relativistic theories the operators are transformed to flux in a harmonic trap, where

there is no such quantisation requirement. The upshot is that in conformal relativistic

theories, one must work with operators of the schematic form e�i��k. For us, however,

� and  defined in (2.3) are sensible operators.

2.1 Symmetries

The action (2.1) is invariant under a superconformal symmetry, both at the classical

level [4] and at the quantum level [20, 21]. Here we review the generators of this

symmetry. We work in the Schrödinger picture so that, in contrast to [2, 4], the

operators below do not have any explicit time dependence.

4We thank Kimyeong Lee for a discussion on this point.
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Bosonic Symmetries	
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•  Particle numbers: 

•  Hamiltonian       and momentum  

•  Galilean boosts:  

 

Bosonic Symmetries

The number of bosons and fermions in the theory are individually conserved, with

Noether charges

NB =

Z

d2x ⇢B and NF =

Z

d2x ⇢F (2.4)

with ⇢B = �†
i�i and ⇢F =  †

i i. We denote the total particle number as N = NB+NF .

The di↵erence between NB and NF , suitably weighted, will become the R-symmetry

of the theory. We postpone a discussion of the appropriate weighting to later.

The spacetime symmetries of the theory give rise to a number of conserved charges.

The Hamiltonian H can be most simply written as

H =
2

m

Z

d2x Dz̄�
†
iDz�i +Dz 

†
iDz̄ i +

⇡

k
(�†

i�j)( 
†
j i) (2.5)

which coincides with the Legendre transform of the Lagrangian (2.1) only after imposing

Gauss’ law (2.2).

Translational invariance gives rise to momentum conservation. The conserved charge

is naturally complexified as P = 1

2

(P
1

� iP
2

), defined by

P =

Z

d2x P with P = � i

2

⇣

�†
iDz�i � (Dz�

†
i )�i +  †

iDz i � (Dz 
†
i ) i

⌘

(2.6)

The Lagrangian enjoys an invariance under Galilean boosts. These too are naturally

complexified as G = 1

2

(G
1

� iG
2

) defined by

G =
m

2

Z

d2x z̄(⇢B + ⇢F ) (2.7)

The theory is also invariant under conformal transformations, generated by the dilata-

tion operator

D =

Z

d2x (zP + z̄P̄) (2.8)

and special conformal transformations

C =
m

2

Z

d2x |z|2(⇢B + ⇢F ) (2.9)

Note that the values of G, D and C are not conserved under time evolution. However,

they evolve in a simple manner so that it is straightforward to construct conserved

quantities G̃ = tP �G, D̃ = Ht�D and K̃ = �t2H + 2tD +K.
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Bosonic Conformal Symmetries	

2. Superconformal Field Theory

Starting from Chern-Simons theories coupled to gapped, relativistic matter, one may
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S =

Z

dtd2x

⇢

i�†
iD0

�i + i †
iD0

 i � k

4⇡
Tr ✏µ⌫⇢(Aµ@⌫A⇢ � 2i

3
AµA⌫A⇢)

� 1

2m

⇣

Da�
†
i Da�i +Da 

†
i Da i �  †

iB i

⌘

(2.1)

� ⇡

mk

⇣

(�†
j�i)(�

†
i�j)� (�†

j i)( 
†
i�j) + 2(�†

i�j)( 
†
j i)

⌘o

Both � and  fields give rise to excitations with mass m. The first order kinetic terms

mean that there are particles, but no anti-particles. The � excitations have spin �1/2k,

while the  excitations have spin 1/2� 1/2k. In what follows we will sometimes refer

to the � excitations as “bosons” and the  excitations as “fermions”, despite the fact

that both are in general anyonic. The action (2.1) also admits a relevant deformation

consistent with supersymmetry which, as discussed in [19], drives the system to a

quantum Hall state. We will not turn on this deformation here.

The quartic potential terms describe a delta-function contact interaction between

anyons. The potential between bosons depends on the sign3 of k: it is repulsive for

k > 0 and attractive for k < 0. This distinction will play an important role in this

paper and the physics of anyons is rather di↵erent in the two cases.

2Conventions: the subscripts µ, ⌫, ⇢ = 0, 1, 2 run over both space and time indices, while a = 1, 2
runs over spatial indices only and i = 1, . . . , Nf labels the flavour. The covariant derivatives read
Dµ� = @µ�� iAµ� and similarly for  . The magnetic field is B = @1A2 � @2A1 � i[A1, A2]. We will
later work with complex coordinates on the plane, z = x

1+ix

2 and z̄ = x

1�ix

2 and the corresponding
derivatives @z = 1

2 (@1 � i@2) and @z̄ = 1
2 (@1 + i@2).

3There is a second class of theories, related to (2.1) by a parity transformation. This flips the sign
of the Chern-Simons term and the Pauli term, leaving the quartic potential invariant.
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Bosonic Symmetries
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d2x ⇢F (2.4)

with ⇢B = �†
i�i and ⇢F =  †

i i. We denote the total particle number as N = NB+NF .

The di↵erence between NB and NF , suitably weighted, will become the R-symmetry

of the theory. We postpone a discussion of the appropriate weighting to later.

The spacetime symmetries of the theory give rise to a number of conserved charges.
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The Lagrangian enjoys an invariance under Galilean boosts. These too are naturally
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) defined by
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The theory is also invariant under conformal transformations, generated by the dilata-

tion operator

D =
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d2x (zP + z̄P̄) (2.8)

and special conformal transformations

C =
m

2

Z

d2x |z|2(⇢B + ⇢F ) (2.9)

Note that the values of G, D and C are not conserved under time evolution. However,

they evolve in a simple manner so that it is straightforward to construct conserved

quantities G̃ = tP �G, D̃ = Ht�D and K̃ = �t2H + 2tD +K.
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We quantize the fields with canonical equal time (anti)-commutation relations. A

well-known subtlety arises because of Gauss’ law, which means that the gauge field does

not commute with the matter fields [2]. In the appendix, we describe the Feynman rules

for this theory and exhibit a number of one-loop computations, including a review of

the result of [20, 21] showing that conformal invariance persists at the quantum level.

It is straightforward to check that the bosonic symmetry generators above obey the

algebra [2, 4]

i[D,P ] = �P , i[D,G] = +G , i[D,H] = �2H , i[D,C] = +2C

i[C, P ] = �G , [H,G] = �iP , [H,C] = �iD , [P,G†] = � im

2
N (2.10)

with all remaining commutators vanishing. This is the Schrödinger algebra. The triplet

of operators H, D and C form an SO(2, 1) subgroup.

Angular Momentum

We didn’t include the angular momentum in the generators above because it deserves

special attention. As usual for particles with internal spin, there are two contributions.

The first comes from the orbital angular momentum and is given by

J
0

=

Z

d2x
�

izP � iz̄P̄�

(2.11)

This should be supplemented with the angular momentum due to the spin of the fields.

Here there is some arbitrariness in the choice. We pick

J = J
0

� 1

2k
NB +

✓

1

2
� 1

2k

◆

NF (2.12)

Note that this di↵ers from the choice of [4, 5, 6] by the presence of the terms proportional

to 1/2k, but as these are proportional to the total particle numberN they do not change

the structure of the algebra. Nor do they change the dimension of chiral primary

operators defined through (1.1) because, as we shall see shortly, the R-symmetry picks

up a compensating shift. However, the choice above will prove more convenient as it

treats the spin of the boson and fermion on equal footing, so that

[J,�†
i ] = � 1

2k
�†
i and [J, †

i ] =
k � 1

2k
 †
i (2.13)

The same commutation relations also hold for the gauge invariant excitations �i and

 i defined in (2.3). The angular momentum operator has only two non-vanishing

commutators with other bosonic symmetry generators: [J, P ] = �P and [J,G] = �G.
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Primary Operators	

The R-symmetry of each of the fermionic symmetry generators is

[R, q] = �q , [R,Q] = �Q , [R, S] = �S (2.22)

The remaining non-vanishing commutators between bosonic and fermionic generators

are

i[D,Q] = �Q , i[D,S] = S

i[C,Q] = S , i[H,S] = �Q i[P, S] = i[G,Q] = �q (2.23)

The various (anti-)commutators collected in (2.10), (2.18), (2.19), (2.22) and (2.23)

make up the non-relativistic N = 2 superconformal algebra, also known as the super-

Schrödinger algebra. These algebras have a long history; some early papers include

[26, 4, 27].

2.2 Operators, States and Chiral Primaries

In the remainder of this section we describe the structure of theories that are invari-

ant under the super-Schrödinger algebra, following [3, 5, 6]. We will mostly discuss

generalities, postponing a more detailed discussion of the theory (2.1) to Section 3.

Our interest lies in the spectrum of the dilatation operator D. Consider the local

operators of the theory O(x = 0), evaluated at the origin. An operator is said to have

scaling dimension �O if it obeys

i[D,O] = ��OO

Since D commutes with J , N and R we can simultaneously assign angular momentum

jO, particle number NO, and R-charge rO to operators O with fixed dimension,

[J,O] = jOO , [N ,O] = NOO , [R,O] = rOO

Given an operator O of dimension �O, one can construct further operators of fixed

dimension using the algebra (2.10).

i[D, [H,O]] = �(�O + 2)[H,O]

i[D, [Pa,O]] = �(�O + 1)[Pa,O]

i[D, [Ga,O]] = �(�O � 1)[Ga,O]

i[D, [C,O]] = �(�O � 2)[C,O]

We see that both the boosts Ga and the special conformal transformation C lower the

dimension of the operator. Assuming that the spectrum of D is bounded below, this

10

We want to compute the dimensions of operators 

From the algebra, it’s simple to show that:  •  H raises dimension by 2 
•  P raises the dimension by 1 
•  G lowers the dimension by 1 
•  C lowers the dimension by 2 

A primary operator sits at the bottom of a tower. It obeys must end somewhere. The places where it ends are called primary operators [3]. (See

also [23].) These are operators of fixed scaling dimension that also obey

[Ga,O] = [C,O] = 0

We can then construct an infinite tower of operators, starting from the primary and

acting with Pa and H. These are descendants. The tower forms an irreducible repre-

sentation of the Schrödinger algebra.

From the commutators of D with the fermionic generators (2.23), we see that S

lowers the dimension of an operator, and Q raises the dimension, while q leaves the

dimension unchanged. We define a superconformal primary by the further requirement

that

[S,O] = [S†,O] = 0 (2.24)

where the commutators are replaced with anti-commutators if O itself is fermionic.

Finally, there are two further special classes of operators that will be of particular

importance [5, 6]. These are chiral primary operators which, in addition to (2.24),

obey

[Q,O] = 0

and anti-chiral primary operators which, in addition to (2.24), obey

[Q†,O] = 0

We’ll see the importance of these below.

Introducing a Harmonic Trap: the State-Operator Map

In relativistic theories, the state-operator map equates the spectrum of the dilatation

operator on the plane to the spectrum of the Hamiltonian of the theory defined on a

sphere. In the non-relativistic context, there is also a state-operator map. Its interpre-

tation is arguably even more physical: the spectrum of the dilatation operator is equal

to the spectrum of the Hamiltonian when the theory is placed in a harmonic trap [3].

The map can be thought of as a field-theoretic generalisation of the usual approach

to conformal quantum mechanics [24]. We introduce the new Hamiltonian

L
0

= H + C (2.25)

From the definition of the special conformal generator (2.9), we see that this is indeed

equivalent to placing the theory in a harmonic trap.

11



The State-Operator Map	
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2

(P
1

� iP
2

), defined by

P =

Z

d2x P with P = � i

2

⇣

�†
iDz�i � (Dz�

†
i )�i +  †

iDz i � (Dz 
†
i ) i

⌘

(2.6)

The Lagrangian enjoys an invariance under Galilean boosts. These too are naturally

complexified as G = 1

2

(G
1

� iG
2

) defined by

G =
m

2

Z

d2x z̄(⇢B + ⇢F ) (2.7)

The theory is also invariant under conformal transformations, generated by the dilata-

tion operator

D =

Z

d2x (zP + z̄P̄) (2.8)

and special conformal transformations

C =
m

2

Z

d2x |z|2(⇢B + ⇢F ) (2.9)

Note that the values of G, D and C are not conserved under time evolution. However,

they evolve in a simple manner so that it is straightforward to construct conserved

quantities G̃ = tP �G, D̃ = Ht�D and K̃ = �t2H + 2tD +K.
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with 

For each primary operator O, we define the state

| Oi = e�HO(0)|0i (2.26)

where |0i is the vacuum of the original Hamiltonian H, the state with no particles

present. It is simple to check, using the algebra (2.10), that

L
0

| Oi = �O| Oi (2.27)

This is the promised result: the spectrum of L
0

acting on states coincides with the

spectrum of D acting on operators. The quantum numbers j, N and r which label

the operator also carry over to label the state, so we have J | Oi = jO| Oi, N| Oi =
NO| Oi and R| Oi = rO| Oi.

In the presence of the trap, it is useful to redefine the remaining operators. We

introduce

L± = H � C ± iD , Pa = Pa + iGa , Ga = Pa � iGa

(We previously used complex notation to denote momentum (2.6) and boosts (2.7); this

complex structure is di↵erent from the one introduced above so we revert to spatial

coordinates here.) These new operators obey

[L
0

, L±] = ±2L± , [L
+

, L�] = �4L
0

, [L
0

,Pa] = Pa , [L
0

,Ga] = �Ga

together with a number of other non-trivial commutation relations which follow from

(2.10). We see that L
+

and Pa increase the energy of the state by 2 and 1 respectively.

Meanwhile, L� and Ga decrease the energy, shifting it by 2 and 1 respectively. It is

simple to show that primary states of the form (2.27), built from primary operators,

obey L�| Oi = Ga| Oi = 0. These lie at the bottom of the tower. One can then con-

struct higher energy states by acting with either L
+

or with Pa. These are descendant

states. Some of these descendant states are null [5].

Chiral Primary States

The super-Schrödinger algebra places further structure on the theory. Both operators

and states sit in supersymmetric multiplets. Here we retain the harmonic trap and

describe the states of the Hamiltonian L
0

. It is simple to adapt the supercharges to

this set-up [6]. We define

Q = Q� iS and S = Q+ iS (2.28)
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2. Superconformal Field Theory

Starting from Chern-Simons theories coupled to gapped, relativistic matter, one may

take a non-relativistic limit in which anti-particles decouple but particles remain.

Surprisingly, supersymmetry not only survives this limit but is enhanced to a non-

relativistic superconformal (or super-Schrödinger) symmetry. The first construction of

this type was presented in [4] for an N = 2 Abelian Chern-Simons theory coupled to a

single chiral multiplet. Subsequent generalisations to other gauge groups, and di↵erent

amounts of supersymmetry, were described in [6, 11, 12, 13, 14].

In this paper we discuss the resulting non-relativistic physics. We will work with

a U(Nc) Chern-Simons theory, coupled to Nf complex scalars �i and Nf complex

Grassmann-valued fields  i, each of which transforms in the fundamental representation

of the gauge group. The action is2

S =

Z

dtd2x

⇢

i�†
iD0

�i + i †
iD0

 i � k

4⇡
Tr ✏µ⌫⇢(Aµ@⌫A⇢ � 2i

3
AµA⌫A⇢)

� 1

2m

⇣

Da�
†
i Da�i +Da 

†
i Da i �  †

iB i

⌘

(2.1)

� ⇡

mk

⇣

(�†
j�i)(�

†
i�j)� (�†

j i)( 
†
i�j) + 2(�†

i�j)( 
†
j i)

⌘o

Both � and  fields give rise to excitations with mass m. The first order kinetic terms

mean that there are particles, but no anti-particles. The � excitations have spin �1/2k,

while the  excitations have spin 1/2� 1/2k. In what follows we will sometimes refer

to the � excitations as “bosons” and the  excitations as “fermions”, despite the fact

that both are in general anyonic. The action (2.1) also admits a relevant deformation

consistent with supersymmetry which, as discussed in [19], drives the system to a

quantum Hall state. We will not turn on this deformation here.

The quartic potential terms describe a delta-function contact interaction between

anyons. The potential between bosons depends on the sign3 of k: it is repulsive for

k > 0 and attractive for k < 0. This distinction will play an important role in this

paper and the physics of anyons is rather di↵erent in the two cases.

2Conventions: the subscripts µ, ⌫, ⇢ = 0, 1, 2 run over both space and time indices, while a = 1, 2
runs over spatial indices only and i = 1, . . . , Nf labels the flavour. The covariant derivatives read
Dµ� = @µ�� iAµ� and similarly for  . The magnetic field is B = @1A2 � @2A1 � i[A1, A2]. We will
later work with complex coordinates on the plane, z = x

1+ix

2 and z̄ = x

1�ix

2 and the corresponding
derivatives @z = 1

2 (@1 � i@2) and @z̄ = 1
2 (@1 + i@2).

3There is a second class of theories, related to (2.1) by a parity transformation. This flips the sign
of the Chern-Simons term and the Pauli term, leaving the quartic potential invariant.
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This is the orbital angular momentum of n anyons. To this, we must add the total spin

which is �n/2k. The final result is

J = �n2

2k
(2.15)

as promised. Note that, in general, this is not the lowest angular momentum of n

anyons: in certain cases, one can decrease the spin by giving the individual particles

additional relative orbital angular momentum. The result (2.15) is, however, the an-

gular momentum that one gets when adiabatically increasing the statistical parameter

of n bosons.

Fermionic Symmetries

The action (2.1) enjoys a number of fermionic symmetries [4]. There are two complex

supersymmetries, generated by

q = i

r

m

2

Z

d2x �†
i i and Q =

r

2

m

Z

d2x �†
iDz̄ i (2.16)

together with a superconformal symmetry, generated by

S = i

r

m

2

Z

d2x z�†
i i (2.17)

These operators all have spin ±1/2, as seen from the commutation relations

[J, q] =
1

2
q , [J,Q] = �1

2
Q , [J, S] = �1

2
S (2.18)

The anti-commutators in the fermionic symmetry generators give the algebra

{q, q†} =
m

2
N , {Q,Q†} = H , {q,Q†} = P (2.19)

{S, S†} = C , {q, S†} = �G , {Q,S†} =
i

2
(iD � J

0

+NB �NF )

The last of these is important. We rewrite it in terms of the angular momentum

operator (2.12), including the spin contribution, as

{Q,S†} =
i

2

✓

iD � J +
3

2
R

◆

(2.20)

This defines the R-symmetry, which is given by

R =
2k � 1

3k
NB � k + 1

3k
NF (2.21)
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susy algebra: 
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In this paper we discuss the resulting non-relativistic physics. We will work with

a U(Nc) Chern-Simons theory, coupled to Nf complex scalars �i and Nf complex

Grassmann-valued fields  i, each of which transforms in the fundamental representation
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Both � and  fields give rise to excitations with mass m. The first order kinetic terms

mean that there are particles, but no anti-particles. The � excitations have spin �1/2k,

while the  excitations have spin 1/2� 1/2k. In what follows we will sometimes refer

to the � excitations as “bosons” and the  excitations as “fermions”, despite the fact

that both are in general anyonic. The action (2.1) also admits a relevant deformation

consistent with supersymmetry which, as discussed in [19], drives the system to a

quantum Hall state. We will not turn on this deformation here.

The quartic potential terms describe a delta-function contact interaction between

anyons. The potential between bosons depends on the sign3 of k: it is repulsive for

k > 0 and attractive for k < 0. This distinction will play an important role in this

paper and the physics of anyons is rather di↵erent in the two cases.
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1�ix
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derivatives @z = 1
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2 (@1 + i@2).
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m

2
N , {Q,Q†} = H , {q,Q†} = P (2.19)

{S, S†} = C , {q, S†} = �G , {Q,S†} =
i

2
(iD � J

0

+NB �NF )

The last of these is important. We rewrite it in terms of the angular momentum

operator (2.12), including the spin contribution, as

{Q,S†} =
i

2

✓

iD � J +
3

2
R

◆

(2.20)

This defines the R-symmetry, which is given by

R =
2k � 1

3k
NB � k + 1

3k
NF (2.21)
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(2.15)

as promised. Note that, in general, this is not the lowest angular momentum of n

anyons: in certain cases, one can decrease the spin by giving the individual particles

additional relative orbital angular momentum. The result (2.15) is, however, the an-

gular momentum that one gets when adiabatically increasing the statistical parameter

of n bosons.
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We quantize the fields with canonical equal time (anti)-commutation relations. A

well-known subtlety arises because of Gauss’ law, which means that the gauge field does

not commute with the matter fields [2]. In the appendix, we describe the Feynman rules

for this theory and exhibit a number of one-loop computations, including a review of

the result of [20, 21] showing that conformal invariance persists at the quantum level.

It is straightforward to check that the bosonic symmetry generators above obey the

algebra [2, 4]

i[D,P ] = �P , i[D,G] = +G , i[D,H] = �2H , i[D,C] = +2C

i[C, P ] = �G , [H,G] = �iP , [H,C] = �iD , [P,G†] = � im

2
N (2.10)

with all remaining commutators vanishing. This is the Schrödinger algebra. The triplet

of operators H, D and C form an SO(2, 1) subgroup.

Angular Momentum

We didn’t include the angular momentum in the generators above because it deserves

special attention. As usual for particles with internal spin, there are two contributions.

The first comes from the orbital angular momentum and is given by

J
0

=

Z

d2x
�

izP � iz̄P̄�

(2.11)

This should be supplemented with the angular momentum due to the spin of the fields.

Here there is some arbitrariness in the choice. We pick

J = J
0

� 1

2k
NB +

✓

1

2
� 1

2k

◆

NF (2.12)

Note that this di↵ers from the choice of [4, 5, 6] by the presence of the terms proportional

to 1/2k, but as these are proportional to the total particle numberN they do not change

the structure of the algebra. Nor do they change the dimension of chiral primary

operators defined through (1.1) because, as we shall see shortly, the R-symmetry picks

up a compensating shift. However, the choice above will prove more convenient as it

treats the spin of the boson and fermion on equal footing, so that

[J,�†
i ] = � 1

2k
�†
i and [J, †

i ] =
k � 1

2k
 †
i (2.13)

The same commutation relations also hold for the gauge invariant excitations �i and

 i defined in (2.3). The angular momentum operator has only two non-vanishing

commutators with other bosonic symmetry generators: [J, P ] = �P and [J,G] = �G.

7

with angular momentum and R-symmetry 



(Anti)-Chiral Primary Operators	

Primary operators sit in supersymmetric multiplets 
•  Long multiplets have 8 primary operators 
•  Short multiplets have just 4 

A chiral primary operator obeys 

The associated multiplet contains four primary states, as shown

Figure 2: A chiral

multiplet

in the figure. Of these, one is special, denoted by the red dot; its

quantum numbers are dictated by the algebra (2.29) and satisfy

�O = �
✓

jO � 3

2
rO

◆

(2.32)

In our theory, the operators �†
i and  i are chiral primary. Or, if we insist on gauge

invariance, the dressed operators �†
i and i defined in (2.3) are chiral primary. However,

only creation operators give rise to physical states, which means that the only chiral

primary states are those involving excitations of �†. We will describe these states in

more detail in the next section.

An anti-chiral primary operator gives rise to an anti-chiral primary state which obeys,

in addition to (2.31),

[Q†,O] = 0 , S†| Oi = 0

(Note that the shift from Q† on operators to S† acting on states

Figure 3: An anti-

chiral multiplet

arises due to the factor of e�H in the state-operator map (2.26)

and the commutation relations (2.23).) There are again four

primary states in the multiplet, as shown in the figure. One of

these, denoted by the red dot, obeys

�O = +

✓

jO � 3

2
rO

◆

(2.33)

The operators �i and  
†
i are anti-chiral primary. The anti-chiral primary states contain

 †
i excitations only.

Unitarity Bounds

There are a number of constraints on the quantum numbers that follow from the al-

gebra alone. The first of these holds for any non-relativistic conformal theory and is

particularly simple

|| Pa| Oi ||2 � 0 ) NO � 0

This is the statement that there are no anti-particles in the theory. The second con-

straint also holds for any non-relativistic conformal theory. Assuming that we are not

in the vacuum state, so NO 6= 0, we have [25]

|| 2mNL
+

� PaPa| Oi ||2 � 0 ) �O � 1 (2.34)
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Chiral Primaries	

Further, states that saturate this bound obey the equation

L
+

| Oi = 1

2mNO
PaPa | Oi (2.35)

This looks, formally, like the Schrödinger equation for a free particle. (Recall that in

relativistic theories, saturation of a unitarity bound indicates that the operator is free.)

The final bound follows from the superconformal invariance of the theory. We look

at the combination

h O|{Q,Q†}| Oi � 0

h O|{S,S†}| Oi � 0

)

) �O �
�

�

�

�

jO � 3

2
rO

�

�

�

�

Clearly this bound is saturated by the (anti)-chiral primary states.

3. The Spectrum

In this section we describe the spectrum of (anti)-chiral primary states in the field theory

defined by (2.1). The physics is rather di↵erent depending on whether the interactions

are repulsive (k > 0) or attractive (k < 0) and we treat the two cases separately.

Moreover, the key ideas already arise for the simplest theory with Nc = Nf = 1 and we

concentrate on this case, mentioning the generalisation to non-Abelian theories with

more flavours only in passing.

3.1 Repulsive Interactions

We start by describing the situation with k > 0. In this case, the quartic terms in

(2.1) describe repulsive delta-function contact interactions between the anyons. This

ensures that the wavefunction vanishes as anyons coincide [20, 3], a point of view that

we will explain in some detail in Section 3.2.

The chiral primary states in our theory arise from excitations of the gauge-invariant

composite bosonic operator �† and the momentum P . The n-particle chiral primary

state of lowest dimension is

O = (�†)n

O = (�†)n

15

The simplest chiral primary creates n bosons 

But there’s a surprise with the angular momentum of this operator 
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rO
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are repulsive (k > 0) or attractive (k < 0) and we treat the two cases separately.

Moreover, the key ideas already arise for the simplest theory with Nc = Nf = 1 and we

concentrate on this case, mentioning the generalisation to non-Abelian theories with

more flavours only in passing.

3.1 Repulsive Interactions

We start by describing the situation with k > 0. In this case, the quartic terms in

(2.1) describe repulsive delta-function contact interactions between the anyons. This

ensures that the wavefunction vanishes as anyons coincide [20, 3], a point of view that

we will explain in some detail in Section 3.2.

The chiral primary states in our theory arise from excitations of the gauge-invariant

composite bosonic operator �† and the momentum P . The n-particle chiral primary

state of lowest dimension is

O = (�†)n

The charge of this operator under the R-symmetry (2.21) scales linearly with n. How-

ever, as explained in the previous section, the angular momentum of this operator does

not: it is instead given by (2.15),

jO = �n2

2k
, rO =

✓

2k � 1

3k

◆

n (3.1)
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This is a well known result for anyons. (Simplest intuition follows from spin-statistics theorem) 

The chiral primary constraint (2.32) then fixes the dimension of this operator to be

�O = n+
n(n� 1)

2k
(3.2)

It is unusual for the dimension of an operator to scale as n2. The classical dimension of

(�†)n is simply n. This means that the second term above, proportional to 1/2k, must

arise as an anomalous dimension. This is indeed the case. This was shown already for

the Abelian theory in [3]. In Appendix A, we extend this result to the non-Abelian

theory. The chiral primary bound ensures that the dimension is one-loop exact.

The states with energy (3.2) and their descendants correspond to a class of known,

exact solutions to the quantum mechanics of n anyons [28, 29]. (Reviews of the anyon

spectrum can be found, for example, in [30, 31].) These are sometimes called “linear”

solutions in the literature because their energy scales linearly with the statistical pa-

rameter 1/2k. The structure of the superconformal theory could, somewhat generously,

be said to explain the existence of this class of solutions. Unfortunately, the supercon-

formal formulation does not seem to help with the so-called “non-linear solutions”;

these correspond to long multiplets which are unprotected by the chiral primary bound

and receive corrections at two loops and, presumably, higher.

Primary operators with higher dimension can be constructed via the insertion of the

momentum operators P and P † or, equivalently, the derivatives @z and @z̄. Those that

consist of @z only are chiral primary since each insertion of @z decreases the angular

momentum by 1, while increasing the dimension by 1. As an example, consider the

n = 2 particle sector. The operators with one derivative are all descendants. There

are six operators with two derivatives: �†@2

z�
†, �†@2

z̄�
†, �†@z@z̄�†, @z̄�†@z̄�†, @z�†@z�†

and @z̄�†@z�†. Of these, three linear combinations are total derivatives and hence

descendants; the remaining three are primary. One of these primary states is chiral

primary.

We note that, for k � 1, the chiral primary (�†)n is the n particle ground state.

However, it is known from the study of anyons that, when n � 3, it is not the true

ground state for all k. Instead, there is a level crossing (as k is varied) and, for small

k, a long multiplet becomes the ground state. For the Abelian theory, it is found

numerically that this cross-over happens around k ⇡ 1.4 for n = 3 and k ⇡ 1.8 for

n = 4 [32, 33].

The anti-chiral primary states arise from the composite fermionic operator  † and

the momentum P †. However, when Nf = Nc = 1 the Grassmann nature of  forbids us

16
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2
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◆
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arises due to the factor of e�H in the state-operator map (2.26)
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primary states in the multiplet, as shown in the figure. One of

these, denoted by the red dot, obeys

�O = +

✓

jO � 3

2
rO

◆

(2.33)

The operators �i and  
†
i are anti-chiral primary. The anti-chiral primary states contain

 †
i excitations only.

Unitarity Bounds

There are a number of constraints on the quantum numbers that follow from the al-

gebra alone. The first of these holds for any non-relativistic conformal theory and is

particularly simple

|| Pa| Oi ||2 � 0 ) NO � 0

This is the statement that there are no anti-particles in the theory. The second con-

straint also holds for any non-relativistic conformal theory. Assuming that we are not

in the vacuum state, so NO 6= 0, we have [25]

|| 2mNL
+

� PaPa| Oi ||2 � 0 ) �O � 1 (2.34)

14

(for NC=NF=1) 
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with 

classical dimension anomalous dimension 

in perturbation theory of the form ↵ log(⇤/µ) where ⇤ is the energy cut-o↵. The

anomalous dimension of the operator O is then given by

� = +2µ
d

dµ

✓

↵ log
⇤

µ

◆

= �2↵

For a single-particle operator, such as � or  , there is no renormalisation. Each has

dimension � = 1. An anomalous dimension first arises with n = 2 particles.

Bosons

We start by considering the two particle bosonic operator �↵
i �

�
j , replete with its flavour

indices i, j = 1, . . . , Nf and colour indices ↵, � = 1, . . . , Nc. At tree-level, this has

dimension 2. The operator is represented by the following diagram

⇠ �

�ii0�
j
j0�↵↵0���0 + �ij0�

j
i0�↵�0��↵0

�

, (A.6)

Here the (i0,↵0) and (j0, �0) indices refer to the external legs, while the (i,↵) and (j, �)

indices refer to the source itself. The delta-functions are telling us that, quite obviously,

these indices must agree. Including the one-loop corrections, the source becomes

= + +

The first one-loop correction is finite. It does not contribute to the anomalous dimen-

sion. The final diagram su↵ers a logarithmic divergence. This is what we’re looking
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The index structure of this one-loop diagram contribution di↵ers from the tree level

diagram (A.6). This reflects the fact that the operator �↵
i �

�
j sits in a reducible represen-

tation of the U(Nc)⇥SU(Nf ) gauge and flavour groups. We should instead decompose

it as

O
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�]
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with the anomalous dimension � given by
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k

The generalisation to multiple bosons is straightforward since the relevant diagrams

are simply pairwise generalisations of the two particle story,

= +
X

pairs

where we have excluded finite loop diagrams from photon exchange. In particular, for

Nf = 1 flavours of boson in the U(1) theory, we have [3]
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As described in the main text, this coincides with the expected result (3.2) based on

the conformal algebra. This ensures that the result is one-loop exact.

Fermions

We now turn to fermions. For Nc > 1 or Nf > 1 we can build anti-chiral operators of

the form  I
i  

J
j without resorting to derivatives. This is renormalised at one-loop by

= +

The loop diagram can be readily computed to be
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This again carries a di↵erent index structure from the tree-level diagram. Breaking

the operator into irreducible representations of U(Nc)⇥ SU(Nf ), we have
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which have anomalous dimensions
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For multiple fermions, the relevant diagrams again involve a pairwise photon exchange.
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We can compute these one-loop anomalous dimensions explicitly 

For two particles 

and for multi-particles Nishida and Son ‘07 

this diagram has  
a log divergence 

(for NC=NF=1) 



Anti-Chiral Primaries	
from constructing operators of the form ( †)n. In the n-particle sector, the anti-chiral

primary operator of the lowest dimension is instead

Õ =  †@z̄ † . . . @n�1

z̄  † (3.3)

Õ =  †@z̄ † . . . @n�1

z̄  † (3.4)

A single fermionic excitation  † has angular momentum 1/2� 1/2k. The operator

Õ has angular momentum

j
˜O =
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1

2
� 1

2k

◆

n2 =
n

2
+

n(n� 1)

2
� n2

2k

The first way of writing j
˜O mimics the expression for the bosonic angular momentum

(3.1); the terms in the second expression can be thought of respectively as the angular

momentum of n fermions, the angular momentum induced by the derivatives and the

angular momentum due to the flux attachment. The R-charge of Õ is r
˜O = �(k +

1)n/3k. The superconformal algebra (2.33) then ensures that the dimension of these

anti-chiral primary operators is given by

�
˜O =

n(n+ 1)

2
� n(n� 1)

2k
(3.5)

Again, the first term is the classical dimension of the operator Õ; the second term

arises as a one-loop anomalous dimension as we show in Appendix A.

One can easily lower the classical dimension of the operator Õ by including both @z
and @z̄ in the string, resulting in an operator with classical dimension ⇠ n3/2 rather

than n2. This operator is primary but not chiral: it gives rise to a long multiplet of

states that, for k � 1, is the ground state in this sector. However, as k decreases there

is a level crossing and the anti-chiral primary operator Õ becomes the ground state.

The bosonic chiral primary operators (3.2) and the fermionic anti-chiral primary

operators (3.4) actually trace out the same spectrum as k is varied continuously: they

are related by 1/k ! 1� 1/k. Indeed, at k = 1, the � excitations are fermions and the

 excitations are bosons and we have

Ok=1

= Õk=1 and Õk=1

= Ok=1

However, in the non-Abelian theory k is necessarily quantised and the spectra of O and

Õ do not coincide as k is varied. Moreover, when Nc > 1 or Nf > 1, the representations

of the bosonic and fermionic operators under the global symmetries di↵er as described

in Appendix A.
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The simplest fermionic anti-chiral primary is 

Again, this operator has an unusual angular momentum 

The associated multiplet contains four primary states, as shown

Figure 2: A chiral

multiplet

in the figure. Of these, one is special, denoted by the red dot; its

quantum numbers are dictated by the algebra (2.29) and satisfy

�O = �
✓

jO � 3

2
rO

◆

(2.32)

In our theory, the operators �†
i and  i are chiral primary. Or, if we insist on gauge

invariance, the dressed operators �†
i and i defined in (2.3) are chiral primary. However,

only creation operators give rise to physical states, which means that the only chiral

primary states are those involving excitations of �†. We will describe these states in

more detail in the next section.

An anti-chiral primary operator gives rise to an anti-chiral primary state which obeys,

in addition to (2.31),

[Q†,O] = 0 , S†| Oi = 0

(Note that the shift from Q† on operators to S† acting on states

Figure 3: An anti-

chiral multiplet

arises due to the factor of e�H in the state-operator map (2.26)

and the commutation relations (2.23).) There are again four

primary states in the multiplet, as shown in the figure. One of

these, denoted by the red dot, obeys
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(2.33)

The operators �i and  
†
i are anti-chiral primary. The anti-chiral primary states contain

 †
i excitations only.

Unitarity Bounds

There are a number of constraints on the quantum numbers that follow from the al-

gebra alone. The first of these holds for any non-relativistic conformal theory and is

particularly simple

|| Pa| Oi ||2 � 0 ) NO � 0

This is the statement that there are no anti-particles in the theory. The second con-

straint also holds for any non-relativistic conformal theory. Assuming that we are not

in the vacuum state, so NO 6= 0, we have [25]

|| 2mNL
+

� PaPa| Oi ||2 � 0 ) �O � 1 (2.34)
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For multiple fermions, the relevant diagrams again involve a pairwise photon exchange.
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Again, we can compute the anomalous dimension explicitly 

(for NC=NF=1) 
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to be odd for fermions.
By substituting the expansion (14) and (15) into the

Faddeev equation, and projecting the equations onto
P„- '(xi)P„- '(yl) we obtain a matrix equation. In order
to solve this equation by a numerical diagonalization, we
truncate the basis to all states below a fixed number of
harmonic-oscillator quanta. The matrix elements are cal-
culated by transforming the complex variables to polar
coordinates. The angular integrations are performed by a
Gauss-Tschebychev integration [16], whereas the radial
integrals are evaluated with a Gauss-Laguerre integration
[16]. The number of points is chosen such that the in-
tegration is exact. This is possible because the integrands
are polynomials in the variables ~xl~, ~yl~ and in the
angular variables exp(iargxl), exp(iargy~) which can be
shown with the help of the following identities for the
Jacobi variables:

x2= ——,
' x~+ —,

' J3yl, y2= ——, J3xi ——,
' y[ (16)

10

9'

5»

x3= p x~ ~ J3yl, y3= 2 J3xl (17)
We have conducted several checks on our numerical re-

sults. First, for 0=+ the exact fermionic three-particle
spectrum is reproduced. Second, for small values of 0 we
have checked for some low-lying states that our results
agree with first-order perturbation theory. Third, by per-
forming calculations with different basis sizes (up to 18
units of the harmonic frequency) we have shown that the
eigenvalues are insensitive to a truncation to a finite basis
set.
Our main numerical results are shown in Fig. 1, where

the behavior of the spectrum of the three-body system is
shown versus the statistical Aux 0 up to an energy of 7.
We observe two kinds of states. First, states for which
the total energy changes by 3 or —3 going from 0=0
(boson) to O=x (fermion). These states have an energy
that depends linearly on 8, and have a simple wave-
function content. They correspond to anyons rotating in
concert (either up or down), and have already been noted
by Wu [11]. Second, we find new states for which the to-
tal energy changes by 1 or —1 going from 0 to x. Some
of these states depend quadratically on 8 near 0-or z.. In
particular, the fermionic ground state expressed in a bo-
sonic wave function belongs in this category. It originates
from a j =—3 and energy of 5 bosonic state, and behaves
as 4+(—', )'i (x—8) for 8 close to z. (A nonlinear
dependence in 8 has also been noted in variational calcu-
lations [17].) We also want to note the symmetry in 8 of
these states about the semionic point (8=@/2).
The angular momentum of the fermionic state (8=x)

can be identified as j—3, where j is the (conserved) an-
gular momentum of the bosonic states. The angular mo-
menta of the bosonic states emerging from energy 2, 4, 5,
6, and 7 are given by [0], [0, ~2], [+ 1, + 3], [0, +. 2,
+ 4], and [~1,+ 3, ~ 5], respectively. The upper
power refers to the multiplicities of the angular momenta.

~ ~

I IG. 1. The energy spectrum of three anyons interacting via
harmonic forces vs the statistical flux 0. The energies are given
in units of the harmonic frequency.

In Fig. 1, degeneracies occur for states with a linear 0
dependence of the energy. For example, states going
from 8 to 11 when 0 goes from 0 to z occur for the angu-
lar momenta 0, —2, —4, and —6 . As far as the 0
dependence for small 0 is concerned, we found that all
slopes that occur at a given energy and angular momen-
turn also occur at higher energies and at the same angu-
lar momentum.
In conclusion, we have obtained the spectrum for three

anyons interacting via harmonic forces. Apart from the
known states with a linear 0 dependence we also find
states with a more complicated 8 dependence for which
the energy changes only by one unit going from 0=0 to
x. The stability of the ground-state fermion energy to
variations in the statistical IIux (the fermionic energy
changes only by about 0.12 in the range OC [0.7x, x])
perhaps justifies the mean-field estimates of the ground-
state energy of the many-anyon problem. Since the slope
of the linearly rising bosonic state grows with the number
of anyons A as A(A —1)/2, further crossings with the
ground-state level cannot be excluded.
A more comprehensive account of the results reported

above, as well as an extension to the many-anyon prob-
lem, will be presented in a future publication.
We would like to thank Hans Hansson for illuminating

1815

The 3 anyon spectrum has been computed numerically for k > 0 
Sporre, Verbaarschot  
and Zahed ‘91 
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Further, states that saturate this bound obey the equation

L
+

| Oi = 1

2mNO
PaPa | Oi (2.35)

This looks, formally, like the Schrödinger equation for a free particle. (Recall that in

relativistic theories, saturation of a unitarity bound indicates that the operator is free.)

The final bound follows from the superconformal invariance of the theory. We look

at the combination

h O|{Q,Q†}| Oi � 0

h O|{S,S†}| Oi � 0
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Clearly this bound is saturated by the (anti)-chiral primary states.

3. The Spectrum

In this section we describe the spectrum of (anti)-chiral primary states in the field theory

defined by (2.1). The physics is rather di↵erent depending on whether the interactions

are repulsive (k > 0) or attractive (k < 0) and we treat the two cases separately.

Moreover, the key ideas already arise for the simplest theory with Nc = Nf = 1 and we

concentrate on this case, mentioning the generalisation to non-Abelian theories with

more flavours only in passing.

3.1 Repulsive Interactions

We start by describing the situation with k > 0. In this case, the quartic terms in

(2.1) describe repulsive delta-function contact interactions between the anyons. This

ensures that the wavefunction vanishes as anyons coincide [20, 3], a point of view that

we will explain in some detail in Section 3.2.

The chiral primary states in our theory arise from excitations of the gauge-invariant

composite bosonic operator �† and the momentum P . The n-particle chiral primary

state of lowest dimension is

O = (�†)n

O = (�†)n
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Bosonic spectrum 

The 3 anyon spectrum has been computed numerically for k > 0 
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gular momentum of the bosonic states. The angular mo-
menta of the bosonic states emerging from energy 2, 4, 5,
6, and 7 are given by [0], [0, ~2], [+ 1, + 3], [0, +. 2,
+ 4], and [~1,+ 3, ~ 5], respectively. The upper
power refers to the multiplicities of the angular momenta.

~ ~

I IG. 1. The energy spectrum of three anyons interacting via
harmonic forces vs the statistical flux 0. The energies are given
in units of the harmonic frequency.

In Fig. 1, degeneracies occur for states with a linear 0
dependence of the energy. For example, states going
from 8 to 11 when 0 goes from 0 to z occur for the angu-
lar momenta 0, —2, —4, and —6 . As far as the 0
dependence for small 0 is concerned, we found that all
slopes that occur at a given energy and angular momen-
turn also occur at higher energies and at the same angu-
lar momentum.
In conclusion, we have obtained the spectrum for three

anyons interacting via harmonic forces. Apart from the
known states with a linear 0 dependence we also find
states with a more complicated 8 dependence for which
the energy changes only by one unit going from 0=0 to
x. The stability of the ground-state fermion energy to
variations in the statistical IIux (the fermionic energy
changes only by about 0.12 in the range OC [0.7x, x])
perhaps justifies the mean-field estimates of the ground-
state energy of the many-anyon problem. Since the slope
of the linearly rising bosonic state grows with the number
of anyons A as A(A —1)/2, further crossings with the
ground-state level cannot be excluded.
A more comprehensive account of the results reported

above, as well as an extension to the many-anyon prob-
lem, will be presented in a future publication.
We would like to thank Hans Hansson for illuminating
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Further, states that saturate this bound obey the equation

L
+

| Oi = 1

2mNO
PaPa | Oi (2.35)

This looks, formally, like the Schrödinger equation for a free particle. (Recall that in

relativistic theories, saturation of a unitarity bound indicates that the operator is free.)

The final bound follows from the superconformal invariance of the theory. We look

at the combination

h O|{Q,Q†}| Oi � 0

h O|{S,S†}| Oi � 0
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Clearly this bound is saturated by the (anti)-chiral primary states.

3. The Spectrum

In this section we describe the spectrum of (anti)-chiral primary states in the field theory

defined by (2.1). The physics is rather di↵erent depending on whether the interactions

are repulsive (k > 0) or attractive (k < 0) and we treat the two cases separately.

Moreover, the key ideas already arise for the simplest theory with Nc = Nf = 1 and we

concentrate on this case, mentioning the generalisation to non-Abelian theories with

more flavours only in passing.

3.1 Repulsive Interactions

We start by describing the situation with k > 0. In this case, the quartic terms in

(2.1) describe repulsive delta-function contact interactions between the anyons. This

ensures that the wavefunction vanishes as anyons coincide [20, 3], a point of view that

we will explain in some detail in Section 3.2.

The chiral primary states in our theory arise from excitations of the gauge-invariant

composite bosonic operator �† and the momentum P . The n-particle chiral primary

state of lowest dimension is

O = (�†)n

O = (�†)n
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All straight lines are  
also chiral primaries  
(with extra derivatives) 

But the interesting states  
are those that bend! These  
are non-chiral primaries 

The 3 anyon spectrum has been computed numerically for k > 0 
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to be odd for fermions.
By substituting the expansion (14) and (15) into the

Faddeev equation, and projecting the equations onto
P„- '(xi)P„- '(yl) we obtain a matrix equation. In order
to solve this equation by a numerical diagonalization, we
truncate the basis to all states below a fixed number of
harmonic-oscillator quanta. The matrix elements are cal-
culated by transforming the complex variables to polar
coordinates. The angular integrations are performed by a
Gauss-Tschebychev integration [16], whereas the radial
integrals are evaluated with a Gauss-Laguerre integration
[16]. The number of points is chosen such that the in-
tegration is exact. This is possible because the integrands
are polynomials in the variables ~xl~, ~yl~ and in the
angular variables exp(iargxl), exp(iargy~) which can be
shown with the help of the following identities for the
Jacobi variables:

x2= ——,
' x~+ —,

' J3yl, y2= ——, J3xi ——,
' y[ (16)

10

9'

5»

x3= p x~ ~ J3yl, y3= 2 J3xl (17)
We have conducted several checks on our numerical re-

sults. First, for 0=+ the exact fermionic three-particle
spectrum is reproduced. Second, for small values of 0 we
have checked for some low-lying states that our results
agree with first-order perturbation theory. Third, by per-
forming calculations with different basis sizes (up to 18
units of the harmonic frequency) we have shown that the
eigenvalues are insensitive to a truncation to a finite basis
set.
Our main numerical results are shown in Fig. 1, where

the behavior of the spectrum of the three-body system is
shown versus the statistical Aux 0 up to an energy of 7.
We observe two kinds of states. First, states for which
the total energy changes by 3 or —3 going from 0=0
(boson) to O=x (fermion). These states have an energy
that depends linearly on 8, and have a simple wave-
function content. They correspond to anyons rotating in
concert (either up or down), and have already been noted
by Wu [11]. Second, we find new states for which the to-
tal energy changes by 1 or —1 going from 0 to x. Some
of these states depend quadratically on 8 near 0-or z.. In
particular, the fermionic ground state expressed in a bo-
sonic wave function belongs in this category. It originates
from a j =—3 and energy of 5 bosonic state, and behaves
as 4+(—', )'i (x—8) for 8 close to z. (A nonlinear
dependence in 8 has also been noted in variational calcu-
lations [17].) We also want to note the symmetry in 8 of
these states about the semionic point (8=@/2).
The angular momentum of the fermionic state (8=x)

can be identified as j—3, where j is the (conserved) an-
gular momentum of the bosonic states. The angular mo-
menta of the bosonic states emerging from energy 2, 4, 5,
6, and 7 are given by [0], [0, ~2], [+ 1, + 3], [0, +. 2,
+ 4], and [~1,+ 3, ~ 5], respectively. The upper
power refers to the multiplicities of the angular momenta.
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I IG. 1. The energy spectrum of three anyons interacting via
harmonic forces vs the statistical flux 0. The energies are given
in units of the harmonic frequency.

In Fig. 1, degeneracies occur for states with a linear 0
dependence of the energy. For example, states going
from 8 to 11 when 0 goes from 0 to z occur for the angu-
lar momenta 0, —2, —4, and —6 . As far as the 0
dependence for small 0 is concerned, we found that all
slopes that occur at a given energy and angular momen-
turn also occur at higher energies and at the same angu-
lar momentum.
In conclusion, we have obtained the spectrum for three

anyons interacting via harmonic forces. Apart from the
known states with a linear 0 dependence we also find
states with a more complicated 8 dependence for which
the energy changes only by one unit going from 0=0 to
x. The stability of the ground-state fermion energy to
variations in the statistical IIux (the fermionic energy
changes only by about 0.12 in the range OC [0.7x, x])
perhaps justifies the mean-field estimates of the ground-
state energy of the many-anyon problem. Since the slope
of the linearly rising bosonic state grows with the number
of anyons A as A(A —1)/2, further crossings with the
ground-state level cannot be excluded.
A more comprehensive account of the results reported

above, as well as an extension to the many-anyon prob-
lem, will be presented in a future publication.
We would like to thank Hans Hansson for illuminating
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Fermionic spectrum 

from constructing operators of the form ( †)n. In the n-particle sector, the anti-chiral

primary operator of the lowest dimension is instead

Õ =  †@z̄ † . . . @n�1

z̄  † (3.3)

Õ =  †@z̄ † . . . @n�1

z̄  † (3.4)

A single fermionic excitation  † has angular momentum 1/2� 1/2k. The operator

Õ has angular momentum

j
˜O =

✓

1

2
� 1

2k

◆

n2 =
n

2
+

n(n� 1)

2
� n2

2k

The first way of writing j
˜O mimics the expression for the bosonic angular momentum

(3.1); the terms in the second expression can be thought of respectively as the angular

momentum of n fermions, the angular momentum induced by the derivatives and the

angular momentum due to the flux attachment. The R-charge of Õ is r
˜O = �(k +

1)n/3k. The superconformal algebra (2.33) then ensures that the dimension of these

anti-chiral primary operators is given by

�
˜O =

n(n+ 1)

2
� n(n� 1)

2k
(3.5)

Again, the first term is the classical dimension of the operator Õ; the second term

arises as a one-loop anomalous dimension as we show in Appendix A.

One can easily lower the classical dimension of the operator Õ by including both @z
and @z̄ in the string, resulting in an operator with classical dimension ⇠ n3/2 rather

than n2. This operator is primary but not chiral: it gives rise to a long multiplet of

states that, for k � 1, is the ground state in this sector. However, as k decreases there

is a level crossing and the anti-chiral primary operator Õ becomes the ground state.

The bosonic chiral primary operators (3.2) and the fermionic anti-chiral primary

operators (3.4) actually trace out the same spectrum as k is varied continuously: they

are related by 1/k ! 1� 1/k. Indeed, at k = 1, the � excitations are fermions and the

 excitations are bosons and we have

Ok=1

= Õk=1 and Õk=1

= Ok=1

However, in the non-Abelian theory k is necessarily quantised and the spectra of O and

Õ do not coincide as k is varied. Moreover, when Nc > 1 or Nf > 1, the representations

of the bosonic and fermionic operators under the global symmetries di↵er as described

in Appendix A.
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is exactly the same as the  
bosonic spectrum… 

..it just comes at it from the 
 other end 

The 3 anyon spectrum has been computed numerically for k > 0 
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Further, states that saturate this bound obey the equation

L
+

| Oi = 1

2mNO
PaPa | Oi (2.35)

This looks, formally, like the Schrödinger equation for a free particle. (Recall that in

relativistic theories, saturation of a unitarity bound indicates that the operator is free.)

The final bound follows from the superconformal invariance of the theory. We look

at the combination

h O|{Q,Q†}| Oi � 0

h O|{S,S†}| Oi � 0

)

) �O �
�

�

�

�

jO � 3

2
rO

�
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Clearly this bound is saturated by the (anti)-chiral primary states.

3. The Spectrum

In this section we describe the spectrum of (anti)-chiral primary states in the field theory

defined by (2.1). The physics is rather di↵erent depending on whether the interactions

are repulsive (k > 0) or attractive (k < 0) and we treat the two cases separately.

Moreover, the key ideas already arise for the simplest theory with Nc = Nf = 1 and we

concentrate on this case, mentioning the generalisation to non-Abelian theories with

more flavours only in passing.

3.1 Repulsive Interactions

We start by describing the situation with k > 0. In this case, the quartic terms in

(2.1) describe repulsive delta-function contact interactions between the anyons. This

ensures that the wavefunction vanishes as anyons coincide [20, 3], a point of view that

we will explain in some detail in Section 3.2.

The chiral primary states in our theory arise from excitations of the gauge-invariant

composite bosonic operator �† and the momentum P . The n-particle chiral primary

state of lowest dimension is

O = (�†)n

O = (�†)n
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The chiral primary constraint (2.32) then fixes the dimension of this operator to be

�O = n+
n(n� 1)

2k
(3.2)

It is unusual for the dimension of an operator to scale as n2. The classical dimension of

(�†)n is simply n. This means that the second term above, proportional to 1/2k, must

arise as an anomalous dimension. This is indeed the case. This was shown already for

the Abelian theory in [3]. In Appendix A, we extend this result to the non-Abelian

theory. The chiral primary bound ensures that the dimension is one-loop exact.

The states with energy (3.2) and their descendants correspond to a class of known,

exact solutions to the quantum mechanics of n anyons [28, 29]. (Reviews of the anyon

spectrum can be found, for example, in [30, 31].) These are sometimes called “linear”

solutions in the literature because their energy scales linearly with the statistical pa-

rameter 1/2k. The structure of the superconformal theory could, somewhat generously,

be said to explain the existence of this class of solutions. Unfortunately, the supercon-

formal formulation does not seem to help with the so-called “non-linear solutions”;

these correspond to long multiplets which are unprotected by the chiral primary bound

and receive corrections at two loops and, presumably, higher.

Primary operators with higher dimension can be constructed via the insertion of the

momentum operators P and P † or, equivalently, the derivatives @z and @z̄. Those that

consist of @z only are chiral primary since each insertion of @z decreases the angular

momentum by 1, while increasing the dimension by 1. As an example, consider the

n = 2 particle sector. The operators with one derivative are all descendants. There

are six operators with two derivatives: �†@2

z�
†, �†@2

z̄�
†, �†@z@z̄�†, @z̄�†@z̄�†, @z�†@z�†

and @z̄�†@z�†. Of these, three linear combinations are total derivatives and hence

descendants; the remaining three are primary. One of these primary states is chiral

primary.

We note that, for k � 1, the chiral primary (�†)n is the n particle ground state.

However, it is known from the study of anyons that, when n � 3, it is not the true

ground state for all k. Instead, there is a level crossing (as k is varied) and, for small

k, a long multiplet becomes the ground state. For the Abelian theory, it is found

numerically that this cross-over happens around k ⇡ 1.4 for n = 3 and k ⇡ 1.8 for

n = 4 [32, 33].

The anti-chiral primary states arise from the composite fermionic operator  † and

the momentum P †. However, when Nf = Nc = 1 the Grassmann nature of  forbids us
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with 

The chiral primaries have 

But unitarity requires 

The associated multiplet contains four primary states, as shown

Figure 2: A chiral

multiplet

in the figure. Of these, one is special, denoted by the red dot; its

quantum numbers are dictated by the algebra (2.29) and satisfy

�O = �
✓

jO � 3

2
rO

◆

(2.32)

In our theory, the operators �†
i and  i are chiral primary. Or, if we insist on gauge

invariance, the dressed operators �†
i and i defined in (2.3) are chiral primary. However,

only creation operators give rise to physical states, which means that the only chiral

primary states are those involving excitations of �†. We will describe these states in

more detail in the next section.

An anti-chiral primary operator gives rise to an anti-chiral primary state which obeys,

in addition to (2.31),

[Q†,O] = 0 , S†| Oi = 0

(Note that the shift from Q† on operators to S† acting on states

Figure 3: An anti-

chiral multiplet

arises due to the factor of e�H in the state-operator map (2.26)

and the commutation relations (2.23).) There are again four

primary states in the multiplet, as shown in the figure. One of

these, denoted by the red dot, obeys

�O = +

✓

jO � 3

2
rO

◆

(2.33)

The operators �i and  
†
i are anti-chiral primary. The anti-chiral primary states contain

 †
i excitations only.

Unitarity Bounds

There are a number of constraints on the quantum numbers that follow from the al-

gebra alone. The first of these holds for any non-relativistic conformal theory and is

particularly simple

|| Pa| Oi ||2 � 0 ) NO � 0

This is the statement that there are no anti-particles in the theory. The second con-

straint also holds for any non-relativistic conformal theory. Assuming that we are not

in the vacuum state, so NO 6= 0, we have [25]

|| 2mNL
+

� PaPa| Oi ||2 � 0 ) �O � 1 (2.34)

14 What’s going on when k < 0? 

We hit the unitarity bound when n = 2|k|. We violate it when n > 2|k|. 
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For fixed number of particles, we can recast the field theory as quantum mechanics 

Note that k < 0 an attractive delta-function potential between particles 

It may be interesting to explore this spectrum further to look for remnants of the

dualities that occur in relativistic Chern-Simons theories, such as [34, 35, 36, 37].

3.2 Attractive Interactions: the View from Quantum Mechanics

We now turn to the case of k < 0. This describes an attractive delta-function contact

interaction between anyons and, as we will see, brings a surprise. This is because the

expressions for the angular momentum, R-charge and, ultimately the dimensions of

(anti)-chiral primary operators are the same as before.

For the fermionic anti-chiral primary states, there is nothing to worry about. In

contrast, for k < 0, the bosonic chiral primary states have energy

�O = n� n(n� 1)

2|k| (3.5)

For a su�ciently large number of particles, this contradicts the unitarity bound � � 1!

We hit the bound when n = 2|k| and violate the bound when n > 2|k|. This requires

an explanation. What’s going on?

Quantum Mechanics of Anyons

To understand why these states violate the unitarity bound, we turn to the quantum

mechanical description of the problem. Such a formulation exists because there are no

anti-particles in the Lagrangian (2.1) and, moreover, the dynamics of the gauge field

is tied to that of the particles. This means that there can be no fluctuation of particle

number so, if you fix the number of bosons and fermions in the problem, then the field

theory (2.1) reduces to the quantum mechanics of a finite number of degrees of freedom.

A derivation of how to move from the field theory language to the quantum mechanics

can be found, for example, in the book [22].

Here we consider the sector with n “bosons” and no “fermions”. Each particle has

position xa
i , with a = 1, 2 the spatial index and i = 1, . . . , n labelling the particle. The

quantum mechanics Hamiltonian is

H = � 1

2m

n
X

i=1

 

@ i
a +

i

k
✏ab @

j
b

X

j 6=i

log |xi � xj|
!

2

+
2⇡

mk

X

i<j

�2(xi � xj) (3.6)

Here the log term arises from the gauge field which is given by (2.14); this is the term

which imposes anyonic statistics on the particles which now pick up a phase ⇡/k when

exchanged. The delta-functions arise from the |�|4 interactions in the Lagrangian.

These contact interactions are repulsive for k > 0 and attractive for k < 0. We should

ultimately add to the Hamiltonian (3.7) the harmonic potential. We’ll do this below,

but it won’t be important for our immediate discussion.
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Solve the Schrodinger equation as two particles approach. The ground state has each pair of particles  
in the S-wave. It is given by 

For us, the role played by the delta-function contact interactions is key. These arise

naturally from the field theory and endow the quantum mechanics with a number of nice

features. Indeed, as we review below, they are necessary for the quantum mechanics to

exhibit scale invariance. For now, their main purpose is to impose boundary conditions

on the wavefunction5  (xi) as anyons get close to each other. For two particles, their

s-wave state has boundary condition

 (x
1

,x
2

) ⇠ |x
1

� x
2

|1/k as x
1

! x
2

(3.7)

with a pairwise generalisation to multiple particles6.

For repulsive contact interactions i.e. k > 0, the wavefunction (3.8) vanishes as the

particles approach; it is equivalent to imposing a hard-core boundary condition.

In contrast, with an attractive contact interaction, corresponding to k < 0, the

wavefunction diverges as the two particles approach. For two particles, this is not

problematic because the wavefunction (3.8) is normalisable as long as |k| > 1. But this

divergence becomes more serious when we add too many particles. The wavefunction

for n particles, in which each pair sits in the s-wave, is given by

 
0

=
Y

i<j

|xi � xj|�1/|k| (3.8)

This corresponds to the operator (�†)n. One can check that it is a zero-energy eigen-

state of the Hamiltonian (3.7). (We will make the connection between operators and

wavefunctions more precise below.) When all n particles coincide, one finds a diver-

gence from each of the n(n� 1)/2 pairs of particles. This means that the wavefunction

takes the schematic form  
0

⇠ r�n(n�1)/2|k| where r measures the “radial” relative

distance from the coincident point. The normalisation is
Z n

Y

i=1

d2xi | 0

|2 ⇠
Z

d2X

Z

dr r2n�3| 
0

|2 ⇠
Z

d2X

Z

dr
r2n�3

rn(n�1)/|k| (3.9)

where X is the centre of mass. We see that the norm is UV finite if and only if

2n� 3� n(n� 1)

|k| > �1 () n < 2|k|
5In this section, we will use  to denote the wavefunction of bosonic anyons. It is not to be confused

with the composite operator introduced in (2.3) to denote fermionic anyons.
6There is an alternative way to view these boundary conditions. One could exclude from the

configuration space the points where particles meet and propose a self-adjoint extension of the quantum
mechanics [40]. There are precisely two such extensions which are compatible with scale invariance,
corresponding to (3.8) with k > 0 and k < 0.
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This diverges as two particles approach. The divergence is non-normalisable when n ≥ 2|k| 

Further, states that saturate this bound obey the equation

L
+

| Oi = 1

2mNO
PaPa | Oi (2.35)

This looks, formally, like the Schrödinger equation for a free particle. (Recall that in

relativistic theories, saturation of a unitarity bound indicates that the operator is free.)

The final bound follows from the superconformal invariance of the theory. We look

at the combination

h O|{Q,Q†}| Oi � 0

h O|{S,S†}| Oi � 0

)
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�

�

�

�

jO � 3

2
rO

�
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Clearly this bound is saturated by the (anti)-chiral primary states.

3. The Spectrum

In this section we describe the spectrum of (anti)-chiral primary states in the field theory

defined by (2.1). The physics is rather di↵erent depending on whether the interactions

are repulsive (k > 0) or attractive (k < 0) and we treat the two cases separately.

Moreover, the key ideas already arise for the simplest theory with Nc = Nf = 1 and we

concentrate on this case, mentioning the generalisation to non-Abelian theories with

more flavours only in passing.

3.1 Repulsive Interactions

We start by describing the situation with k > 0. In this case, the quartic terms in

(2.1) describe repulsive delta-function contact interactions between the anyons. This

ensures that the wavefunction vanishes as anyons coincide [20, 3], a point of view that

we will explain in some detail in Section 3.2.

The chiral primary states in our theory arise from excitations of the gauge-invariant

composite bosonic operator �† and the momentum P . The n-particle chiral primary

state of lowest dimension is

O = (�†)n

O = (�†)n

15



Resolving the Unitarity Puzzle	

We can match all chiral primary operators to the quantum mechanical wavefuntions 

The associated multiplet contains four primary states, as shown

Figure 2: A chiral

multiplet

in the figure. Of these, one is special, denoted by the red dot; its

quantum numbers are dictated by the algebra (2.29) and satisfy

�O = �
✓

jO � 3

2
rO

◆

(2.32)

In our theory, the operators �†
i and  i are chiral primary. Or, if we insist on gauge

invariance, the dressed operators �†
i and i defined in (2.3) are chiral primary. However,

only creation operators give rise to physical states, which means that the only chiral

primary states are those involving excitations of �†. We will describe these states in

more detail in the next section.

An anti-chiral primary operator gives rise to an anti-chiral primary state which obeys,

in addition to (2.31),

[Q†,O] = 0 , S†| Oi = 0

(Note that the shift from Q† on operators to S† acting on states

Figure 3: An anti-

chiral multiplet

arises due to the factor of e�H in the state-operator map (2.26)

and the commutation relations (2.23).) There are again four

primary states in the multiplet, as shown in the figure. One of

these, denoted by the red dot, obeys

�O = +

✓

jO � 3

2
rO

◆

(2.33)

The operators �i and  
†
i are anti-chiral primary. The anti-chiral primary states contain

 †
i excitations only.

Unitarity Bounds

There are a number of constraints on the quantum numbers that follow from the al-

gebra alone. The first of these holds for any non-relativistic conformal theory and is

particularly simple

|| Pa| Oi ||2 � 0 ) NO � 0

This is the statement that there are no anti-particles in the theory. The second con-

straint also holds for any non-relativistic conformal theory. Assuming that we are not

in the vacuum state, so NO 6= 0, we have [25]

|| 2mNL
+

� PaPa| Oi ||2 � 0 ) �O  1 (2.34)

14

Unitarity violated Quantum mechanical 
wavefunction non-normalisable 
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Solutions in the Trap

Finally, for completeness we observe that we can also find explicit chiral wavefunctions

in a trap. The Hamiltonian is now

L
0

= H +
m

2

X

i

|xi|2

It is again more convenient to express this in complex coordinates in a manner analogous

to (3.10). It is

L
0

=  ̃
0

"

n
X

i=1

 

� 2

m
@z̄i �

2

mk

X

j 6=i

1

z̄i � z̄j
+ zi

!

@zi + n+
n(n� 1)

2k
+

n
X

i=1

z̄i@z̄i

#

 ̃�1

0

where  ̃
0

is the ground state wavefunction in the trap,

 ̃
0

=
Y

i<j

|zi � zj|1/k exp
 

�m

2

n
X

i=1

|zi|2
!

Hence writing  = f̄(z̄) ̃
0

with f any symmetric degree d polynomial, we analytically

find a class of wavefunctions with energies

� = n+
n(n� 1)

2k
+ d

This coincides with (3.2) when d = 0 and with the general chiral bound (2.32) for

d 6= 0.

4. Jackiw-Pi Vortices

This section has a somewhat di↵erent focus. The Lagrangian (2.1) admits soliton

solutions. These are non-topological vortices, first discovered by Jackiw and Pi [10, 2].

Despite a vast literature on Jackiw-Pi vortices, their role in the quantum dynamics of

anyons has not, to our knowledge, been explained. We do not present a full picture here.

Instead we describe various aspects of their dynamics and point out a few surprising

connections to aspects of anyons that we described above.

4.1 Vortices in the Plane

We start with a review of Jackiw-Pi vortices. (More detailed expositions can be found,

for example, in [45, 46].) They are classical solitons which, in the U(1) theory with

Nf = 1, obey the equations

B =
2⇡

k
|�|2 , Dz� = 0 (4.1)
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The theory contains vortices. For NC=NF=1, the vortices obey the equations 

These are Jackiw-Pi vortices. They are non-topological but BPS. Despite 300 papers  
on these vortices, no one knows what role they play in the quantum theory. (Including me) 

Some tantalising facts: 
 
•  Solutions only exist when k < 0. 
•  A single vortex on the plane has particle number n = 2|k|.  

This is where our operators hit the unitarity bound. Are these vortices new operators/states in the  
theory? Seems natural, but not at all obvious… 



Thank you for your attention	


